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ON 0-MINIMAL IDEALS IN A DUAL ORDERED SEMIGROUP WITH
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ABSTRACT. An ordered semigroup S is called a dual ordered semigroup if I(r(L)) = L
for every left ideal L of S and r(I(R)) = R for every right ideal R of S where r(A) and
I(A) denoted the right annihilator and the left annihilator of a nonempty subset A of
S, respectively. The main result of this paper is to show the existence of 0-minimal
ideals of a dual ordered semigroup.

1 Preliminaries Dual ring credited to Baer [1] and Kaplansky [8] have been widely
studied (see [3], [5], [4], [9]). Using only the multiplication properties of the elements of a
ring, Schwarz ([10], [11]) introduced and studied dual semigroups. Let S be a semigroup
with zero 0 and let A be a nonempty subset of S. The left annihilator of A, denoted by
I(A), is defined by [(A) = {x € S | A = {0}}. Dually, the right annihilator of A, denoted
by r(A), is defined by r(A4) = {x € S | Az = {0}}. The semigroup S is said to be dual if
I(r(L)) = L for all left ideals L of S and r(I(R)) = R for all right ideals R of S. In [11], the
author proved the existence of 0-minimal ideals of a dual semigroup. The purpose of this
paper is to extend the results to ordered semigroups.

A semigroup (5,-) together with a partial order < on S that is compatible with the
semigroup operation, meaning that for x,y,z € S,

r<y=zx<zy 2z <Yz,
is called an ordered semigroup ([2], [4]). If A, B are nonempty subsets of .S, we let

AB
(A]

{zrye S|z e A,ye€ B},
{r €S|z <afor some a € A}.

If z € S, then we write Az and zA instead of A{z} and {z}A, respectively.
If A, B are non-empty subsets of an ordered semigroup (S, -, <), then it was proved in
[6] that the following conditions hold:

(6) ((A](B]] = (AB].

2010 Mathematics Subject Classification. 06F05 .
Key words and phrases. semigroup, dual semigroup, ordered semigroup, dual ordered semigroup, left
(right) ideal, O-minimal ideal, left (right) annihilator .
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The concepts of left ideals, right ideals and (two-sided) ideals in an ordered semigroup
have been introduced in [6] as follows: let (S,-, <) be an ordered semigroup. A nonempty
subset A of S is called a left ideal of S if

(i) SAC A4
(ii) if z € A and y € S such that y < z, then y € A.

A nonempty subset A of S is called a right ideal of S if AS C A and (ii) holds. If A is both
a left and a right ideal of S, then A is called a (two-sided) ideal of S. Tt is known that, for
x €85, (Sx] is a left ideal of S, (z5] is a right ideal of S and (SzS] is an ideal of S.

An element 0 of an ordered semigroup (S, -, <) is called a zero [2] if

(i) Oz =20 =0 for all x € S;
(i) 0<zforallz e S.

Clearly, {0} is an ideal of S which will be denoted by 0. To exclude the trivial case, if an
ordered semigroup (5, -, <) has a zero 0 then we assume that S # {0}.

Let (S,-, <) be an ordered semigroup with zero 0. A left ideal A of S is said to be
0-minimal if {0} # A and {0} is the only left ideal of S properly contained in A. Similarly,
we define O-minimal right ideals and 0-minimal two-sided ideals.

Let (S, -, <) be an ordered semigroup with zero 0. Analogously to [11], if A is a nonempty
subset of S, then the left annihilator of A, denoted by I(A), is defined by

(Ay={z e S|zA=0}.
Dually, the right annihilator of A, denoted by r(A), is defined by
r(A) ={z e S| Az =0}.
It is easy to see that [(A)A =0 and Ar(A4) = 0.

Lemma 1.1 Let (S,-,<) be an ordered semigroup with zero 0 and A, B nonempty subsets
of S. Then the following statements hold:

U, Aa) = Ny UAa), 7(Uy Aa) =Ny 7(Aa).

Proof. (1) We will show that I(A) is a left ideal of S. Dually, we have r(A) is a right
ideal of S. Clearly, [(A) # 0. If z € S,y € [(A), then (xy)A = x(yA) = 0, and so zy € [(A).
Let z € [(A) and y € S such that y < z. Then yA C (yA] C (xA] = 0, and hence y € [(A).

(2) Since I(A)A =0,s0 A C r(I(A)). Similarly, A C I(r(A)).

(3) Assume that A C B. Let z € I[(B). Since A C B, we get xtA C B = 0, and so
x €l(A). Thus I(B) CI(A). Similarly, r(B) C r(A).

(4) The proof is straightforward.



ON 0-MINIMAL IDEALS IN A DUAL ORDERED SEMIGROUP WITH ZERO 3

2 Main Results Analogously to [11], we define a dual ordered semigroup as follows:

Definition 2.1 Let (S, ,<) be an ordered semigroup. Then S is called a dual ordered
semigroup if

(i) U(r(L)) = L for all left ideals L of S;
(ii) r(I(R)) = R for all right ideals R of S.
Lemma 2.2 Let (S,-,<) be a dual ordered semigroup with zero 0.

(1) If {Rs | « € A} is a family of right ideals of S, then

H(Na Ba) = Uy U(Ba)-

(2) If {Lo | @« € A} is a family of left ideals of S, then

(Mo La) = Ua 7(La)-
(3) I(S)=r(S)=0.
(4) If L is a 0-minimal left ideal of S, then r(L) is a mazimal right ideal of S.
(5) If A is a 0-minimal ideal of S, then r(A) and I(A) are mazimal ideals of S.

Proof. For (1) and (2), the proofs are straightforward.
(3) We have

r(S) = (S UL(0)) = r(8) N r(I(0)) = #(S) N0 = 0.

Similarly, {(S) = 0.

(4) Assume that L is a O-minimal left ideal of S. Since L # 0, (L) # S. Let R be
a proper right ideal of S such that (L) C R. Then 0 # [(R) C I(r(L)) = L, and thus
I(R) = L. Hence R =r(I(R)) = r(L).

(5) Assume that A is a O-minimal ideal of S. We will show that r(A4) is a maximal
ideal of S. Tt is easy to see that r(A) is an ideal of S. Let M be a proper ideal of S
such that r(A) € M. Then 0 # (M) C I(r(A)) = A, and thus (M) = A. Hence
M = r(I(M)) = r(A). Therefore, r(A) is a maximal ideal of S. Similar arguments show
that [(A) is a maximal ideal of S.

Lemma 2.3 If (S, -, <) is a dual ordered semigroup with zero 0, then a € (Sa] and a € (aS]
for every a € S. In particular, (S*] = S.

Proof. Let a € S. Since (Sa] is a left ideal of S, by assumption, we have I(r((Sa])) =
(Sa]. If z € r((Sa)), then (Salx = 0, and hence (Saz] = 0. By Lemma 2.2, ax € r(S), and
so axz = 0. This proves that a € I(r((Sa])). Hence a € (Sa]. Dually, a € (aS].

Lemma 2.4 Let (S,-, <) is a dual ordered semigroup with zero 0 and a € S. If (aS] =0
or (Sa]l =0, then a = 0.

Proof. This follows by Lemma 2.3.

Lemma 2.5 Let (S,-,<) be a dual ordered semigroup with zero 0. If S = (aS] for every
a € S\ {0}, then S is itself a 0-minimal right ideal of S.
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Proof. Assume that S = (aS] for every a € S\ {0}. Let A be a right ideal of S such
that A # {0}. Then there exists a € A\ {0}. By assumption, S = (aS], and thus S = A.
This shows that S contains only the right ideals S and {0}. Therefore, the assertion follows.

We now prove the main result analogue to ([11], Theorem 4).

Theorem 2.6 Let (S,-,<) be a dual ordered semigroup with zero 0. Every nonzero right
ideal of S contains a 0-minimal right ideal of S.

Proof. Let R be a non-zero right ideal of S. There are two cases to consider:

Case 1: S = (aS] for every a € S\ {0}. By Lemma 2.5, we have S is itself a 0-minimal
right ideal of S. Therefore, R contains a 0-minimal right ideal of S.

Case 2: (aS] # S for some a € S\ {0}. We have a € (aS] C S. Since a € (Sal, there
exists y € S such that @ < ya. If y € I(aS), then yaS = 0, and so (yaS] = 0. Hence ya = 0.
This is a contradiction. This shows that y ¢ [(aS) which implies y ¢ [((aS]). If [((aS]) =0,
then (aS] = r(1((aS])) = r(0) = S. This is a contradiction. We have I((aS]) # 0.

Let Ly be the union of all left ideals of S which does not contain y. Since

I((aS]) € Lo # S,

it follows that
r(Lo) € r(l((aS])) = (aS] € S

and r(Lg) # 0.

We will show that r(Lg) is a O-minimal right ideal of S. Let Ry be a right ideal of S
such that 0 # Ry C r(Lg). Then Ly C I(Ry) C S, and thus y € I(R;). Since [(R;)R; = 0,
yRy = 0. Since I((aS]) C Lo, R1 C r(Lp) C (aS]. If x € Ry C (aS], then there is z € S

such that z < az < yaz = 0, and thus Ry = 0. This is a contradiction. Hence the proof is
completed.

Theorem 2.7 Let (S,-,<) be a dual ordered semigroup with zero 0. Every nonzero left
ideal of S contains a 0-minimal left ideal of S.

Proof. This can be proved similarly to Theorem 2.6.

Corollary 2.8 Let (S,-,<) be a dual ordered semigroup with zero 0. Every right ideal R
of S such that R # S is contained in a maximal right ideal of S.

Proof. Let R be a right ideal of S such that R # S. Since [(R) is a left ideal of S, by
Theorem 2.6(6), [(R) contains a 0-minimal left ideal L of S. Since 0 # Lo C I[(R), we have
R Cr(Lp) C S, By Lemma 2.2, 7(Lg) is a maximal right ideal of S.

Theorem 2.9 Let (S,-,<) be a dual ordered semigroup with zero 0. Every 0-minimal left
ideal of S is contained in a 0-minimal ideal of S.

Proof. Let Lo be a 0-minimal left ideal of S. By Lemma 2.3, Ly C (L¢S]. We have
(LoS] is a O-minimal ideal of S. This proves the assertion.

We will show that My := (LoS] is a O-minimal ideal of S. It is easy to see that My is
an ideal of S. Setting

Z =8\r(Ly) :={za | a € A},

we have
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Mo = (Lo(r(Lo) U Z)] = (LoZ] = Upen (Lozal-

Note that for a € S, (Lga] = 0 or (Loa] is a O-minimal left ideal of S. In fact: we
assume that (Lga] # 0. Let L be a left ideal of S such that 0 # L C (Lga]. Setting
Ly ={x € Ly | za € L}. It is easy to see that L is a left ideal of S. By the minimality of
Lo, we obtain L = Ly. Hence, L = (Loa).

Now, since Ly C My, there exists zp € Z such that Lo = (Lozo)-

Let M be an ideal of S such that 0 # M C My. We claim that Ly C M. Suppose not,
then

M = Ua€A1 (Loza]

for some Ay C A such that zg ¢ {2z, | @ € A1}. Since MS C M, we obtain

U (Loza]S g U (L()Za],

ach ach;
thus
(U (Lozal(5)) = ( U (Loza8) € (U (Lozal] € U (Lozal
aENy a€EM; aENy acENy
Since

(U @ozal(8] = U ((Zozal(S)] = | (ZozaS),

acN; a€N; acN;

we get UaeAl(LOZaS] - UaeAl(LUZa]~
Let o € A;. Since

(LozaS] = ((Lol(2a5]] = (Lo(2a5]]

and (Lozo] is not contained in M, we have zg ¢ (z,5]. Since r(Lg) is a maximal right ideal
of S, it follows that S = (2,S] Ur(Lo). This is a contradiction sine zg ¢ r(Lg). So we have
the claim.

Now, we get Lo C M C (LS], and thus (LoS] C (M S] C (LoS]. Since M = (MS], we
have M = (LoS] = My. This completes the proof.

Corollary 2.10 Let (S,-,<) be a dual ordered semigroup with zero 0. FEvery ideal of S
contains (at least one) 0-minimal ideal of S.

Proof. This follows by Theorem 2.9.

Corollary 2.11 Let (S,-,<) be a dual ordered semigroup with zero 0. Every mazimal left
ideal of S contains a maximal ideal of S.

Proof. Let L be a maximal left ideal of S. By Theorem 2.9, the 0-minimal right ideal
r(L) is contained in the O-minimal ideal (Sr(L)]. Since r(L) C (Sr(L)] C S, we have
0 CI((Sr(L)]) C L. By Lemma 2.2, [((Sr(L)]) is a maximal ideal of S.

Acknowledgment. The authors would like to thank Professor Klaus Denecke for his
suggestions.
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AND ITS APPLICATIONS
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ABSTRACT. In this paper, we present a Selberg type inequality in a Hilbert C*-
module, which ia simultaneous extensions of the Cauchy-Schwarz inequality and the
Bessel inequality in a Hibert C*-module. As an application, we give a generalization
of the Selberg inequality in a Hilbert C*-module.

1 Introduction The theory of Hilbert C*-modules over non-commutative C*-algebras
firstly appeared in Paschke [18] and Rieffel [19], and it has contributed greatly to the
developments of operator algebras. Recently, many researchers have studied geometric
properties of Hilbert C*-modules from a viewpoint of the operator theory. For example,
Dragomir, Khosravi and Moslehian [4], and Bounader and Chahbi [3] showed several variants
of the Bessel inequality, the Selberg inequality and these generalizations in the framework
of a Hilbert C*-module. We showed in [6] the new Cauchy-Schwarz inequality in a Hilberet
C*-module by means of the operator geometric mean. From the viewpoint, we show a
Hilbert C*-module version of the Selberg inequality which is simultaneous extensions of the
Cauchy-Schwarz inequality and the Bessel one in a Hilbert C*-module.

We briefly review the Selberg inequality and its generalization in a Hilbert space.

Let H be a Hilbert space with the inner product (-,-). The Selberg inequality [2, 17]
states that if y1,y2,...,y, and = are nonzero vectors in H, then

(L.1) Z y“ s el

y] ) yz>
Moreover, Furuta [10] posed conditions enjoying the equality: The equality in (1.1) holds if
and only if x = Z?:l a;y; for some scalars aq,as, ..., a, € C such that for arbitrary ¢ # j
(1.2) (Yi,yj) =0 or |a;| = la;| with (a;y;,a;y;) >0,

also see [7]. Note that the Selberg inequality is simultaneous extensions of the Bessel
inequality and the Cauchy-Schwarz inequality.

Fujii and Nakamoto [9] showed a refinement of the Selberg inequality: If (y,y;) = 0 for
given nonzero vectors yi,...,y, € H, then

(z,9i)] 2 2
(1.3) (@, y)* + Fy IP<ll 12y
Z ZJ 1 [,y z)\
holds for all x € H. Also, Bombieri [1] showed the following generalization of the Bessel
inequality: If z,y1,...,y, are nonzero vectors in H, then
) NS 2
(14) > Il <)o I 2| i)

2010 Mathematics Subject Classification. 46108, 47TA63.
Key words and phrases. Hilbert C*-module, Selberg inequality, Bessel inequality, Cauchy-Schwarz in-
equality.
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Moreover, Mitrinovié, Pecari¢ and Fink [17, Theorem 5 in pp394] mentioned the following
inequality equivalent to Bombieri’s type: If x,y1,...,¥y, are nonzero vectors in H and
ai,y...,a, € C, then

(1.5) Y aila, gl <[l = 12D lal® > [y, 90l
i=1 i=1 j=1

In this paper, from a viewpoint of the operator theory, we propose a Selberg type inequal-
ity in a Hilbert C*-module, which ia simultaneous extensions of the Bessel inequality and the
Cauchy-Schwarz inequality in a Hibert C*-module. As applications, we show Hilbert C*-
module versions of Fujii-Nakamoto type (1.3), Bombieri type (1.4) and Mitrinovié¢, Pecarié
and Fink type (1.5). Moreover, we give a generalization of the Selberg inequality in a
Hilbert C*-module.

2 Preliminaries Let o/ be a unital C*-algebra with the unit element e. An element
a € o is called positive if it is selfadjoint and its spectrum is contained in [0,00). For
a € o, we denote the absolute value of a by |a| = (a*a)z. For positive elements a,b € <7,
the operator geometric mean of a and b is defined by

1

atb=a2 (a_%ba‘ﬂ5 az

for invertible a. If a and b are non invertible, then a f b belongs to the double commutant
/" in general. In fact, since a f b satisfies the upper semicontinuity, it follows that a f b =
lim._yo(a+ce) § (b+ ce) in the strong operator topology. If & is monotone complete in
the sense that every bounded increasing net in the self-adjoint part has a supremum with
respect to the usual partial order, then we have a ff b € &7, see [13]. The operator geometric
mean has the symmetric property: a f b = b § a. In the case that a and b commute, we
have a # b = v/ab. For more details on the operator geometric mean, see [12, 8].

A complex linear space £ is said to be an inner product «7-module (or a pre-Hilbert
&/-module) if 2" is a right &/-module together with a C*-valued map (z,y) — (z,y) :
X x & — o such that

(i) (z,ay + B2) = alz,y) + B{z,2) (z,y,2 € Z,a,8€C),
(i) (

(iii) (y,z) = (z,)" (v,y € Z),

(iv) {(z,2) >0 (z € Z) and if (z,2) = 0, then x = 0.

We always assume that the linear structures of &7 and 2" are compatible. Notice that (ii)
and (iii) imply (za,y) = a*(z,y) for all x,y € Z",a € o. If Z satisfies all conditions for
an inner-product «7-module except for the second part of (iv), then we call 2 a semi-inner
product &7-module.

In this case, we write ||z ||:= /|| (z, z) ||, where the latter norm denotes the C*-norm of
&/ . If an inner-product «7-module £ is complete with respect to its norm, then 2 is called
a Hilbert C*-module. In [6], from a viewpoint of operator theory, we presented the following
Cauchy-Schwarz inequality in the framework of a semi-inner product C*-module over a
unital C*-algebra: If x,y € 2" such that the inner product (z,y) has a polar decomposition
(x,y) = ul{x,y)| with a partial isometry u € o, then

(2.1) [(z,9)] < ™z, z)ut (y,y)-

r,ya) = (x,y)a (v,y € Z,a € ),
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An element z of a Hilbert C*-module 2" is called nonsingular if the element (z,z) € o7
is invertible. The set {z;} C 2 is called orthonormal if (x;,z;) = d;je. For more details
on Hilbert C*-modules, see [16].

In [4], Dragomir, Khosravi and Moslehian showed a version of the Bessel inequality and
some generalizations of this inequality in the framework of Hilbert C*-modules. Moreover,
in [3], Bounader and Chahbi showed a type and refinement of Selberg inequality in Hilbert
C*-modules. We shall show an improvement of the Selberg type inequality due to Bounader
and Chahbi.

3 Main theorem Fiest of all, we show the following Selberg type inequality in a Hilbert
C*-module.

Theorem 1. Let 2 be an inner product C*-module over a unital C*-algbera <. If
TyY1, - -, Yn are monzero vectors in X such that yy, ..., Yy, are nonsingular, then

-1

(31) Z<x7yl> Z |<yj7yl>| <yzvm> < <(E,{E>
j=1

i=1

The equality in (3.1) holds if and only if x =" | y;a; for some a; € & andi=1,...,n
such that for arbitrary i # j (yi,y;) =0 or [{y;, yi)lai = (¥, y;)a;.

Theorem 1 is simultaneous extensions of the Bessel inequality [4] and the Cauchy-
Schwarz inequality [6] in a Hilbert C*-module. As a matter of fact, if {y1,...,yn} is
orthonormal in Theorem 1, then we have the Bessel inequality:

Z |<y1,1’>|2 < <.’E, (E>
i=1

holds for all z € £". If n = 1 and y = y; in Theorem 1 and (x, y) has a polar decomposition
(z,y) = ul(z,y)| with a partial isometry u € &/, then we have u|(x,y)|(y, y) " |{y, z)|u* <
(z,z) and hence

[, ) = [, )y )~ [y, o) 8 (o) < (s 2du (g, y).
This implies the Cauchy-Schwarz inequality (2.1).

To prove Theorem 1, we need the following two lemmas:

Lemma 2. If a € o, then the operator matriz on of @ <f

18 positive, and <7§7> € N(A) if and only if |a*|€ = an, where N(A) is the kernel of A.

Proof. Let a = ula| be the polar decomposition of a, where u is the partial isometry in the
double commutant &/ . Since it follows that |a*| = u|a|u*, we have

~ (ulaju* —ula]\ _ [ula]'/? 0 1 =1\ (ula|'/? 0\
A= <—|a|u* |a‘ ) - ( 0 |a‘1/2 1 1 0 |a|1/2 > 0.
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3

Next, it is obvious that 77) € Ker(A) if and only if |a|n = a*¢ and |a*| = an. Moreover,

it follows that |aln = a*¢ if and only if |a*|§ = an. In fact, if |aln = a*§, then we
have an = ula|n = wa*§ = ulalu™é = |a*|{. Conversely, if |a*|¢ = an, then we have
a* = u*la®|§ = uran = u ulaln = |aln. O

Lemma 3. For any y1,Y2,-..,Yn € Z

(yi,y1) -+ (y1,Yn) Z?:1|<yjay1>| 0
(3.2) < :

Wnov1) - (YnrYn) 0 | i (s )|

Proof. The difference between both sides of (3.2) is the following form:

0 0
zn: (vl — (i, u5)
i.j=1 —(wovi) i)l
0 0
and for each pair 4, j it is positive by Lemma 2. O

Proof of Theorem 1 Foreachi=1,...,n, put ¢; = Z?Zl |(y;,yi)|. Since y; is nonsin-
gular, it follows that ¢; is invertible in «7. It follows from Lemma 3 that

n

Z<xy1> Nyi,yi)es g, )

i=1
wim) o L)\ [t (v
((z,y1)er - (2, yn)e, ) - :
Wnsv1) - Ynoyn) /) \Co ' (Yn, )
c1 0 My, @)
< ((zyn)er -z yn)e, ) - :
0 Cn e My, )

_nyz Yy, )

and this implies

x_zyz yza ﬂf—zyz yzv

n

xx —2255,% y“ +vayz yz»y]> <yg» >

n

< (wx) =Y (@) o).

i=1

Hence we have the desired inequality (3.1).
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The equality in (3.1) holds if and only if the following (3.3) and (3.4) are satisfied:

(33) T = Zyl yu

and for arbitrary i # j

(3.4) (e (o y)e) (<yj’yi>'> |‘<<y“yf>) (gi <yl"x>) 0.

—(i,v) Wy yidl ) \¢e; (yj, @)

_( Wyisual — (i ys)
Pt A= (—<yj7yi> (i,

A1/2< <yz,w>) (0> A (q‘i(yi,fw) _ <0) .

<ijx> Cj_ <yj,l‘> 0
Hence it follows from Lemma 2 that the condition (3.4) is equivalent to the following (3.5)
and (3.6): For arbitrary i # j

) and it follows that the condition (3.4) holds if and only if

(3.5) (yi,y;) =0
or
(36) |<yjayz>|cz_l<ym > <ylayj> <yja >

Conversely, suppose that z = Z?:l yia; for some a; € & and for i # j (yi7yj> =0 or
|<yj7yi>|ai = (yi,yj>aj. Then

D wyd) [ Do lysudl | wnw) = () | D W w)l | Y Wi vs)a;
i=1 j=1 i=1 j=1 j=1
-1
n n
= Z woy) | D Nwiu)l | D i vi)las
j=1 j=1
-1
n n n
i=1 j=1 j=1
n
= <x>yi>
i=1
= (z, )
Whence the proof is complete. 0

Remark 4. (1) In the case that £ is a Hilbert space, the equality condition |(y;, y:)|a; =
(¥i,y;)a; in Theorem 1 implies the condition (1.2). In fact, for some scalars a;,a; € C, it
|f011|0WS| th|at (aiyi, a;y;) = ai (i, yj)a; = a7l{y;, yi)la; > 0, and [(y;,v:)| = [{y;, ys)"| implies
ai| = |aj|.

(2) In the Hilbert space setting, K. Kubo and F. Kubo [15] showed another proof of Selberg’s
inequality (1.1) using Gersgorin’s location of eigenvalues [14, Theorem 6.1.1] and a diagonal
domination theorem of positive semidefinite matrix.
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4 Applications In this section, by using Theorem 1, we consider several Hilbert C*-
module versions of the Selberg inequality and the Bessel inequality.

Bounader and Chahbi in [3, Theorem 3.1] showed that if 2" is an inner product C*-
module and ¥y, ..., ¥y, are nonzero vectors in 2, and z € 2, then

(4.1) Z s [, @ < (z,7).

=1 | ijyZ> I~

By Theorem 1, we have the following corollary, which is an improvement of (4.1):

Corollary 5. Let & be an inner product C*-module over a unital C*-algbera <. If

Ty Y1, ..., Yn are nonzero vectors in X such that yy,...,yn are nonsingular, then
y27
<z, x).
Z [y |<yg,yz>| |

Proof. By assumption it follows that Y., [(y;, ;)| is invertible in &/ and hence

(ZI(yﬁy») > D Kyl 17

i=1
Therefore, Theorem 1 implies Corollary 5. O

Moreover, Bounader and Chahbi showed a Hilbert C*-module version of Fujii-Nakamoto
type (1.3), which is a refinement of (4.1): If y and yy, ..., y, are nonzero vectros in 2" such
that (y,y;) =0fori=1,...,n, and z € £, then

(4.2) \(y, \2+ZZ lyi, 2 I (w9 1<l (w,0) || (, ).

j=1 | yz,yﬁ I

We show a Hilbert C*-module version of a refinement of the Selberg inequality due to Fujii
and Nakamoto, which is another version of (4.2):

Theorem 6. Let Z° be an inner product C*-module over a unital C*-algbera <. If
T, Y, Y1,---,Yn are nonzero vectors in £ such that yi,...,y, are nonsingular, (y,y;) = 0
fori=1,--- n and (x,y) = ul{x,y)| is a polar decomposition in o, i.e., u € & is a partial
isometry, then

-1
n

(4.3) (o)l <wlyghut | (o2) =3 (o) | Do 1wl | (9io)

(< twyut (@.a)).

-1
Proof. Put z =x—> 1" | y; (Z;;l Ky, yl>|) (yi,x) . By the proof of Theorem 1, we have

-1

(z:2) < (wx) = > (ww) | D wiwdl | (vir ).

i=1 j=1
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Since (y, z) = (y, x), it follows from the monotonicity of the operator geometric mean that

[y, z)| = {y, 2)| < u*(y,y)u § (z,2) by the Cauchy-Schwarz inequality (2.1)
—1

uy,gut | (@w) = (@) Z yisyl | (i)
=1 j=1

In [3, Corollary 3.5], Bounader and Chahbi showed a Hilbert C*-module version of
Bombieri type (1.4): If yy,...,y, are nonzero vectors in 2" and x € 2, then

n

(44) S )P < ) mmax S (i) |-
222

i=1

We show a Hilbert C*-module version of Bombieri type, which is an improvement of
(4.4):

Theorem 7. Let Z be an inner product C*-module over a unital C*-algbera <f. If
TyY1,-- -, Yn are MONZETO vectors in X such that vy, ...,y, are nonsingular, then

n
> ) < o) ||Z winui)l 1
=

Proof. Since fori =1,....,n
n n
ZI Yi,yi)| < z;|<yg,yi>| 1< jmax i 2|<yj,yi>| Il
= ]:
we have this theorem by virtue of Theorem 1. O

As a corollary, we have the following Boas-Bellman type inequality [3, Corollary 3.6]:

Corollary 8. Let 2 be an inner product C*-module over a unital C*-algbera <. If
Ty Y1, .-, Yn are nonzero vectors in Z such that y1,...,y, are nonsingular, then

> o) < o) e 1 e 10— D | ) 1)
i=1
Finally, we show a Mitrinovié-Pecarié-Fink type inequality [17, Theorem 5 in pp394] in
Hilbert C*-modules, which is another version of [4, Theorem 3.8]:

Theorem 9. Let 2 be an inner product C*-module over a unital C*-algbera <. If
T,Y1, - - -, Yn are nonzero vectors in X and ay,- - ,a, € & such that y,...,y, are nonsin-
gular and (x,Y 1 yia;) = ul{z, > yia;)| is a polar decomposition in o, i.e., u € o is
a partial isometry, then

n n n
Y @yl vyt [y ar [ Kywl | @
i=1 i=1 j=1
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Proof. By the Cauchy-Schwarz inequality (2.1), we have

n

1Y (wyias] = [(x, Zyiaﬁl
=1 3
T)u f < > viai, Yy yiai) >
i=1 i=1
n
=u wz)ut [ D ai(yiys)a

i,7=1

I /\

n

n
z)u f Za Z|yj:yi>‘ a; by Lemma 3.

=1 j=1

O

5 Generalization In this section, we present a generalization of the Selberg inequality
in a Hilbert C*-module.

We review the basic concepts of adjointable operators on a Hilbert C*-moduleZ” over
a unital C*-algebra o/. We define £(Z") to be the set of all maps T : 2" — 2 for
which there is a map T : 2" — 2 such that (Tx,y) = (x,T*y) for all z,y € Z". For
T € L(Z), we denote the kernel of T by N(T'). A closed submodule .Z of 2 is said to
be complemented if 2~ = .# @© .#~*. Suppose that the closures of the ranges of T" and
T* are both complemented. Then it follows from [16, Proposition 3.8] that T' has a polar
decomposition T' = U|T| with a partial isometry U € £(2") and N(U) = N(|T|), and the
following hold:

(i) N(T[) = N(T).

(ii) |T*|9 =U|T|?U* for any positive number g > 0.
(i) N(S9) = N(S) for any positive operator S € L(Z") and ¢ > 0,
also see [5, 20].

Theorem 10. Let T be an operator in L(Z") such that the closures of the ranges of T and
T* are both complemented. If y1,...,yn & N(T*) are nonsingular, then

-1
(5.1) > (Tz,y:) ZI (TP yjoyl | (yin Tx) < (TP, )
i=1

7j=1

holds for every x & N(T') and for any «, 8 € [0,1] with o+ 8 = 1. In particular,

-1

(5.2) Z<Tm,yi> Z|<TT*yj,yi>| (y;, Tx) < (U*Uz, )
and
(5.3) S (Twy) | Y KUU gy | (yi. Ta) < (T*Tx,2).

i=1 j=1
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Moreover, the equality in (5.1) holds if and only if Tx = > ., |T*|*Py;a; for some ay, ..., a,
€ o such that for arbitrary i # j, (|T*|*Py;,y;) = 0 or [{|T*|*Py;, vi)la; = (| T*|*Pyi, y;)a;.

Proof. Let T = U|T| be the polar decomposition of T, where U is the partial isometry.
In the case of @ = 0 or 1, it follows from Theorem 1 that replacing « by U*Uxz (resp.
|T|x) and y; by |T|U*y; (resp. U*y;) for all i = 1,...,n, it follows that (U*Uxz, |T|U*y;) =
Uz, U|T\U*y;) = (x, U*|T*|y;) = (x,T"y;) = (Tz,y;) and we have (5.2) (resp. (5.3)).
In the case of 0 < o < 1, we replace = by |T|*x and also replace y; by |T|?U*y; for all
i=1,...,n. Then we have

(T1PU*yi, ITIPU ;) = (UITIPUyis ) = (1T Pyi, ;)

and y1,...,yn € N(T*) = N(|T*|) = N(|T*|?). Thus we have (5.1) by Theorem 1.
Next, we consider the equality condition in (5.1). By (iii), we have

n n n
|T|%z = Z IT|°U*yia; <= |T|*%x = Z |T\U*y;a; = ZT*yiai.
i=1 i=1 i=1

Hence we have the following implication:

Tz = Z |T|BU*yiai = |[T|lz= |T|a+ﬁx = Z |T‘2ﬁU*yiai by (iii)
i=1 1=1

= U[T|e =) UIT**U*ya; by (i) and (iii)

i=1

n
= Tx= Z |T*|*Pysa;. by (ii).
i=1

Whence the proof is complete. O
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ABSTRACT. In this paper we prove the existence of non-positive or non-radial solutions
to semilinear elliptic problems on S? with a small hole. When the hole is sufficiently
small, we prove that the multiplicity of eigenvalues to the corresponding linearized
problem is 1 or 2. Thus, by using the result, we show those eigenvalues are bifur-
cation points, and the corresponding bifurcating solutions are not positive except for
a bifurcating solution which is corresponding to the first eigenvalue. Moreover if the
multiplicity of a eigenvalue is 2, then the corresponding bifurcating solution is not
radially symmetric.

1 Introduction We investigate the existence of non-trivial solutions to
(1.1) Aswu+)\u+\u|p71u:0 in By,,
. u=20 on 0By,

where Agw is the Laplace-Beltrami operator on the N-dimensional unit sphere SV (N > 2)
and 1 < p < co. Here By, is a geodesic ball on S¥ with the geodesic radius . In addition
the origin of By, is at the North Pole (0,0, ...,0,1) in the (N + 1)-dimensional Euclidean
space RVF1. In this paper we consider a classical solution to (1.1) (in fact we shall prove
the existence of a solution u € C*%(By,) to (1.1) with some « € (0,1)).

When (N —2)p < N+ 2 and A < A1 (A is the first eigenvalue of Agn on By, with
the homogeneous Dirichlet boundary condition), we can prove the existence of a solution
to (1.1) by using the mountain pass lemma (e.g., see Theorem 6.2 in Chapter II of Struwe
[17]). In fact, by the Rellich-Kondrachov theorem (e.g., see Theorem 2.34 in Aubin [2]), the
compactness of H}(Bg,) — L?(Bjy,) is guaranteed, and we can apply the mountain pass
lemma.

In the case of N > 3 and p > (N +2)/(N —2), the compactness of H}(By,) — L?(Bg,) is
lost, and hence we need other approaches to prove the existence of solutions. The first result
on this problem is by Bandle, Brillard and Flucher [5]. For N > 3, p = (N + 2)/(N — 2)
and A = 0, they proved the following result: there exists some 6. € [0,7) such that (1.1)
has a positive and radial solution if and only if 6y € (6., 7) (the radial solution means a
solution depending only on the geodesic distance from the North Pole). Additionally if
N >4, then 6, = 0. On the other hand, if N = 3, then 6. # 0. Later Bandle and Peletier
[8] investigated the case N =3, p =5 and A = 0 in detail, and they showed that 6. = 7/2.
Moreover the author of this paper [14] also focused attention on the case N =3, p =5 and
A = 0. Namely, instead of the Dirichlet boundary condition, the author assumed the Robin
boundary condition and clarified the structure of positive and radial solutions to (1.1) under

2010 Mathematics Subject Classification. 35J61, 35B32, 33C45.
Key words and phrases. a semilinear elliptic equation, the associated Legendre function, the Lyapunov-
Schmidt method.
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N = 3 and p = 5. In addition, for p > (N + 2)/(N — 2) with N > 3, a solution to (1.1)
seems to exist, but it seems difficult to investigate the structure of solutions to (1.1).

The case A # 0 is also studied. Bandle and Benguria [6] proved that, for N =3, p =5
and A > —3/4, there exists a unique, positive and radial solution to (1.1). Here A = —3/4
is the second eigenvalue of

Agsw + 4 w =0 in §*

which is the linearized equation of Agsu+\(|u|*u—u) = 0 around u = 1. On the other hand,
Brezis and Peletier [9] showed the existence of positive and radial solutions for negatively
large A\ (they proved that many positive and radial solutions exist). Furthermore Bandle,
Kabeya and Ninomiya [7] investigated the bifurcation structure for A < —3/4 in detail. In
studies above positive solutions are only treated, and no one investigates the structure of
non-positive or non-radial solutions. Thus we focus our attention on those kinds of solutions.
Linearizing (1.1) around u = 0, we obtain
(1.2) {ASNer)\wO in By,,
w=20 on 0By, .

In this paper we only consider the case N = 2 and shall prove that eigenvalues of (1.2) are
bifurcation points of (1.1). For the purpose we shall apply the Lyapunov-Schmidt reduction
method and construct bifurcating solutions (for the Lyapunov—Schmidt reduction method,
e.g., see Section 5.3 in Ambrosetti and Prodi [1]). To apply the method, we are required to
know the multiplicity of eigenvalues for (1.2). Moreover, to see the positivity and the radial
symmetry of the bifurcating solutions, we need to know profiles of eigenfunctions. Hence
we shall investigate eigenvalues and eigenfunctions.
Let the polar coordinates

y1 = sinpsin 6
Yo = sin @ cos 6
y3 = cosf

with (y1,92,y3) € S2 C R3, 0 € (0,6p) and ¢ € [0,27]. Then the operator Agz + \ is

expressed as
1 0 [(Ow 1 0w
Ag2 Aw = — | = sinf — + Aw.
s2W + AW sin989<69 S >+Sin293902+ v

Additionally, for convenience below, we define v > 0 satisfying
(1.3) A=v(v+1).

Solutions to (1.2) are expressed by using the separation of variables. Namely let

with
x = cosf.

Here, by considering the regularity of solutions, |P(1)| < oo, ®(0) = ®(27) and ®'(0) =
®'(27) must be satisfied. Functions P(z) and ®(yp) satisfy

d*pP dP m?
(1.4) (1—352)dx2—2:vdx+{u(u+1)—12}P:O,
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and

d*®
(1.5) @§+nf¢:0
From the periodicity of ®(¢), m is a non-negative integer, and any solutions to (1.5) are
expressed as ®(¢) = Cy cosmep + Ca sinmep.

On the other hand, (1.4) is known as the associated Legendre equation. The equation
(1.4) has two kinds of solutions P = P/*(z) and Q7'(x) such that |P*(1)] < oo and
|Q7 (x)] — oo as  — 1, respectively. In addition these solutions are linearly independent.
From the condition |P(1)| < oo, we have only to treat P = P/*(z). Each P/*(x) satisfies

RAU_{O (m=1,2,..),

and
(1.6) sgn(P)'(z)) = (—=1)™ mnearz =1,

where sgn(a) denotes the signature of a (see (4.1) and (4.3) in Appendix).
We assume v = j > 0 which is an integer. Then, from (1.6) and

PP(—2) = (~1)+™ PP ()

(e.g., p.131 in Moriguchi, Udagawa and Hitotsumatsu [15]), it follows that

m _ (_1)j (m = O)v
PK_U_{O (m=1,2,..).

Hence A = j(j + 1) and C1P["(cos ) cosmp + Ca PI"(cos f) sinmgp are an eigenvalue and
an eigenfunction of Agzw + Aw = 0 on S2, respectively.

On the other hand, to solve the eigenvalue problem (1.2), we are required to find solutions
to (1.4) satisfying the boundary condition

(1.7) P(cosby) = 0.

For any fixed m = 0,1,2..., there exist infinitely many A = v(v + 1) satisfying (1.4),
(1.7) and P(1) = 1 or 0 (e.g., see Chapter 10.6 in Ince [13], which is a general result
on the Sturm-Liouville equations). But, in general, it seems difficult to investigate the
multiplicity of eigenvalues for (1.2). In fact, for any m and n (m # n), it is not known
whether P (cosfy) = P(cosfp) = 0 holds or not (partial results are obtained by Baginski
[3], [4]). Hence, for any 6 € (0,7), we does not see the multiplicity of eigenvalues for (1.2).
Thus, in this paper, we set
Op=m—¢€

and only consider a sufficiently small € > 0, that is, B,_. is S with a small hole. Then we
can exactly prove the multiplicity of eigenvalues A. Hereafter we use the notation
I'(a+k)

(1.8) (a)r i =ala+1)(a+2)...(a+k—-1)= T'(a) )

where k > 0 is an integer and I'(z) is the gamma function ((a)g = 1 and (1) = (k — 1)!).
The result on eigenvalues of (1.2) is as follows:
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Theorem 1.1 Assume N =2, 0 =7 —¢€, 1 <p < oo, and arbitrarily fir an integer j > 0.
Then there exist (j + 1) positive values {V}), _o such that each N}, := vi" (v} + 1) is an
eigenvalue of (1.2). Moreover, as € — 0, it holds that

. 27 +1 1

1 =0

(1.9) A = IG+ D+ 3iog ] +O(Ilogel) m =0,
GG+ 1)+ (25 + 1) me™™ +o(¥™) (1 <m < j),

where ¢ = (7 +m)!/[4"ml(m — DI(j —m)!].
The asymptotic formula (1.9) implies that, for sufficiently small € > 0, it holds that

v/, i i—1 | —2
JUHD <X <X <N <L <A,

and each A7, is located near j (j +1). In addition the eigenspace corresponding to /\9,5 is

spanned by PVOQ (cos ). On the other hand, for 1 < m < j, the eigenspace corresponding
J

to AT is spanned by P,Z{,; (cos 8) cosmy and P,f?n (cos8) sinme. Therefore the multiplicity
of eigenvalues of (1.2) is 1 or 2.
By Theorem 1.1, we can apply the Lyapunov—Schmidt reduction method, and the fol-

lowing result is proved:

Theorem 1.2 Assume the same assumptions as in Theorem 1.1. Let pn:= XA — AJ.. Then
the following statements hold:

(i) For m =0, there exist a constant 6; > 0 and a non-trivial solution

_1
ug,e( IR aM+)‘2,e) = |/’L‘p71 {tg,e(u)v* +l?,e( R ’M)}
to (1.1) for u € (—=9,,0), where t;{e(u) € R and l?,e( <, 3 p) € CPY(By_.) are of
class C* with respect to p. Here t9 (0)=1,12 (-, -;0) =0 and

v, = MoPY% (cosf),

Jse

with some constant My > 0.

(i) Arbitrarily fix t. € R and s, € R such that the condition t2 +s2 = 1. For 1 <m < j,
there exist a constant 0; > 0 and a non-trivial solution

1o m m m
uy,le( SRR U )‘;ne) = |M|p71 {U(tj,e(/j‘)78j,e(u)) +lj,e( R 7/1’>}
to (1.1) for p € (—0;,0), where t7(u), s’ (n) € R and I7%.( -, - ;) € C**(Br_.) are
of class C* with respect to p. Here t1(0) = t., s7%.(0) = s., I7.( -, - ;0) =0 and

v(t,s) = My, {tPlf'}n, (cos ) cosmp + sP) (cos ) sin mgo} (t,s € R)

€

with some constant M,, > 0.

Since I7%.( -, - ;) — 0 uniformly as p — 0 and Pfg (cos ) (the first eigenfunction of (1.2))

is positive on (0,7 — €), the bifurcating solution ug . (1) is also positive. On the other hand,

ul'. with j # 0 are not positive on (0,7 — ¢€). Especially, for each m # 0, u7" () is not

radially symmetric since eigenfunctions P]% (cosf)cosmep and Pk (cos)sinme are not
J,€ J,€

radially symmetric.

In Section 2 we investigate zeros of associated Legendre functions and show Theorem

1.1. In Section 3, by using this result, we prove Theorem 1.2.



BIFURCATION OF SOLUTIONS TO SEMILINEAR ELLIPTIC PROBLEMS 21

2 Zeros of associated Legendre functions and Proof of Theorem 1.1 In this
section we prove Theorem 1.1. In arguments below, we set N = 2 and 6§y, = m — €. Since
our aim in this paper is to investigate (1.1) with a sufficiently small ¢ > 0, it suffices to
investigate zeros of P]*(z) near x = —1. In fact the following proposition holds:

Proposition 2.1 Assume j and m be integers satisfying 0 <m < j. If j <v < j+1, then
P (x) has j —m+1 zeros in (—1,1). Moreover let 2" (v) be the smallest zero of PJ'(z) in
(=1,1). Then 2*(v) € C'((j,5 +1)) and 27*(v) \, =1 as v\, j. Furthermore it holds that

1+2ﬂ+oﬂ»am(yij> (m = 0),

~1+ (djym + 0(1) (v — j)= (1<m<j),

(2.1) 2 (v) =

where dj , = 2[m!(m — DI —m)!/( +m) /™ and o(1) — 0 as v\, j.

By the monotonicity of 27"(v), we obtain a unique solution v = v, to 27" (v) = cos(m — ¢€)
for any sufficiently small ¢ > 0. Moreover (1.9) follows from (2.1). Therefore, to show
Theorem 1.1, we prove Proposition 2.1. Before the proof of Proposition 2.1, we state some
preliminaries.

First we define

P(x) = % logT'(z) =

For I'(x) and 9(x), the following lemma holds:

Lemma 2.1 (Theorem 2.1.1 in [10]) Functions I'(z) and ¥ (z) are analytic on R except
for non-positive integers, that is, x =0, —1,—2,.... Moreover, for an integer k > 0, it holds
that

mlirzlk(x +Ek)(z) = (_kll)k and zlirzlk(x +k)Y(z) = —1.

Second we state some properties of P (z). For P (x), the following two lemmas hold:

Lemma 2.2 It holds that PY(x) = 1 and P™(z) = 0 in (—1,1) (m > 1). Moreover if
m > v, then P"(z) > 0 in (—=1,1) (v is not an integer) or P (x) =0 in (—1,1) (v is an
integer).

Lemma 2.3 Assume that v > 0 and v is not an integer. If m is an integer satisfying
0 < m < v, then it holds that, for any x € (0,1),

()" T+ m+1)

Br(=1420) = I‘(V—m—i—l)ml *(1-2)>
m+1
P™(1 — 22)1
AN OE] (1~ 2x) log
+Z A Mkl £ Mt Dk oyt k)

—~ (m+ 1)k!

+1/J(1/+m+k+1)—w(k+1)—w(m+k+1)}xk]

(m —1)Im! i 1 &
Jr1"(—V—|—m)l"(1/—&—m—i—1 ZO 1— kk" BT

with (=1)!:== 0.
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Concerning proofs of Lemmas 2.2 and 2.3, see Appendix. Lemma 2.3 implies that if v is
not an integer, then P/*(z) tends to co or —oco as x — —1.

Next we prove a result on the number of zeros of PJ*(x). For integers j > 0 and
m =0,1,...,j, it is known that P"(x) has j —m zeros in (—1,1) (e.g., see p.246 in Sansone
[16]). On the other hand, when v is not an integer, the following lemma holds:

Lemma 2.4 Let j and m be integers satisfying 0 < m < j. Ifv € (j,j + 1) is fized, then
P (x) has j —m+ 1 zeros in (—1,1).

Proof. Let m = 0. Then, from Lemma 2.3, we see that, as © — 0, the leading term of
P%(—1 + 2x) is log x. Hence, from P%(1) =1 and

(2.2) LyT(~y+1) =

siny’
(e.g., see p.1 in [15] or Theorem 2.2.3 in Beals and Wong in [10]) it holds that, as x — 0,
1

P (—1+422)=—————PY%1—22)1 1
21+ 20) = ~ iy P~ 20) oga + oflogal)
(2.3) :
sin v
= [log z| 4+ o(]log x|).

On the other hand, let 1 < m < j. Then, from Lemma 2.3, we see that, as x — 0, the
leading term of P (—1 + 2z) is 2~ ™/2. Hence, from (2.2), it holds that, as = — 0,

(D"(m -1 —2)% %

(2.4) Pm_l”‘r):P(v—m+1)r<—u_+m>x +o(z”®)
e R

Hence, from (2.3), (2.4) and

sgn(sin(v — m)7w) = (=1)2~™ for v e (5,j+1),
it holds that
(2.5) sgn(PM"(—142x)) = (—1)7H1 near z = 0.

Now the number of zeros for P)"(x) (x € (—1,1)) is denoted by #(P.*), and we recall
4(P") = j —m. We apply the Sturm-Liouville theorem (e.g., see pp.224-225 in [13]) for
(1.4), and, from v € (j, j + 1), we see that §(P)") > §(P/") = j — m. Similarly, we compare
PJ(r) and P, (), and hence it is proved that §(P") < §(P/,) = j —m + 1. Thus, for
ve(j+1),8(P")=7—morj—m+1.

From (1.6), sgn(P)*(z)) = (—1)™ near z = 1. If §(P]") = j — m, then sgn(P"(z)) =

(=1)7 near z = —1, which is inconsistent with (2.5). Therefore §(P™) = j —m + 1, and
Lemma 2.4 is proved. B

Now we show Proposition 2.1.
Proof of Proposition 2.1. Fix an integer j > 0 and an integer m € [0, j]. The number

of zeros is already known by Lemma 2.4. Thus it suffices to prove the asymptotic formula
(2.1). The following arguments are divided into three steps.
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Step 1. We prove that the smallest zero 2§*(v) is of class C* with respect to v € (5,7 + 1).

Let z = 2]"(v) be the smallest zero of P)'(z) for v € (j,j + 1). By Lemma 2.4, the
number of zeros for P)*(z) (z € (—1,1) and v € (j,j + 1)) is identically j —m + 1 > 1.
Hence z]*(v) always exists for v € (5,7 + 1).

Arbitrarily fix v = g € (4, j + 1) with 2 := 27" (1), and we prove that z]"(v) is of class
C! near 1. In fact, by differentiability with respect to a parameter, P/ (z) is differentiable
with respect to x and v. If (P]'),(20) = 0 holds, then, by the uniqueness of a solution
to (1.4), P)*(20) = 0 and (P]')z(20) = 0 imply P]’(z) = 0, and it is a contradiction to
P (x) #0. Thus (P]’).(20) # 0 holds.

Hence, from the implicit function theorem, there exists an implicit function = z(v) such
that P (2(v)) = 0 and z(v) is of class C! near v = v (for the implicit function theorem,
e.g., see Theorem 2.3 in Chapter 2 of [1]). By the uniqueness of the implicit function
2(v) near v = vy, 27 (v) = z(v) holds near v = vy. Therefore, from the arbitrariness of

j
vo € (4,4 +1), z*(v) € C'((j,j + 1)) holds. Step 1 is finished.

Step 2. We prove that 27" (v) \, =1 as v\ j.

First we prove that z}"(u) — —lasv \,j. Werecall the Gauss hypergeometric function,
and P]"(z) is expressed by using the function (see (4.1) and (4.3) in Appendix). Since the
series (4.1) uniformly converges in any closed interval of (—1, 1], P/*(z) is of class C* as v
in z € [-1+4 §,1] with arbitrarily fixed § € (0,2). Hence, when v varies sufficiently near
j, the number of zeros of PJ*(z) in [~1+4,1] is equal to the number of zeros of P/"(x) in
[—1+4,1].

Assume that 27" (v) / —1 as v\, j. Then we can take § > 0 such that

(2.6) 2" (v) € [-1+46,1] as v\, j

and all of zeros of P/"(v) are contained in [—~1 + d,1]. Since the number of zeros of P} ()
does not varies near v = j, there exists j — m zeros of P*(z) in [-1+ §,1) near v = j.

On the other hand, by Lemma 2.4, P)"(x) has j —m+1 zeros in (—1,1) if v € (5, +1).
Thus 27" (v) € (=1,—1+0) for v > j near j, and it is inconsistent with (2.6). Therefore
2" (v) — —lasv \,J.

Next we show that zI"(v) \, —1 as v\, j. Arbitrarily fix a zero 29 of PJ*(z). By the
uniqueness of a solution to (1.4), P/*(x) = 0 if (P*),(z0) = 0. Hence if P (x) £ 0, then it
holds that

(P}, (20) # 0.

On the other hand, a solution v of PJ*(z) = 0 is simple (e.g., see p.241 in [13]), that is,
(P")w(20) # 0.

Thus, since

0= d% [P (2 ()] = (P (2] (V) + (P (2] (v)) - (2])u (v),
it holds that
P, (2" (v
(2.7) (27" )v(v) = —M #0 forve (4,5 +1).

Since z]"(v) — —1 as v\ j, there exists some v = v, > j such that (2]"),(v.) > 0.
If there exists some v = v}, € (j,v,) such that (z]"), (1) < 0, then, by the continuity of
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(27")u(v), there exists some v, € [v, ] such that (27"),(v.) = 0, and it is a contradiction
to (2.7). Therefore Step 2 is finished.

Step 3. The asymptotic formula (2.1) is proved.

We define ) )
+ 2" (v
) =

Since 27" (v) \, —1 as v\, j, it follows that (J"(v) \, 0 as v\, j.
We assume m = 0. Then, from Lemma 2. 3 it holds that ,

(28)  —P)(1-2G @) logF(v) = v(-v) + (v +1) = 20(1) + BRI (v)  asv \.],

where

(2.9) R =" W{w(—u k) + v+ k+1) =20k + 1)} ()
k=1 ’

Now we prove
(2.10) (v —J)RJ| < Cy  asv\,j,

where Cy > 0 is independent of v near j.
To prove (2.10), we first show that

(2.11) (v = j)i(—v+ k) <k +C ﬂwve(1j+;>7

where C' > 0 is independent of v and k > 1. In fact, from Lemma 2.1, we obtain

E\H;(y_]w(—wk) :—S/h?l {s+ (7 —k)}(s)
(2.12) )1 (k<)
1o (k>3)

with an integer k. For k < j, (2.11) immediately follows from (2.12).
On the other hand, we assume k > j. From the following equality (e.g., see p.34 in [10])

(2.13) P(x+1)=v¢(x)+ l,

it follows that
(2.14) W(—v+k)=v(—v+j+1)+ Z

with 320, (—v +k —1)~" = 0. Here (v — ))¢(—v +j +1) — 0 as v\, j. Moreover, from
le[l,k—j—1], it holds that

v—3j v—j |
< <1 f e |7 — .
Ut k—1- —vtj+1 o <“+2)

Hence we obtain (2.11) for k > j.
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Similarly, from (2.13), it follows that

k-1

(215) Q/J(V—Fk—*‘l):w(l/ﬁ-l)ﬁ‘z:ﬁ,
=0
k-1
(2.16) Yk +1 )+
l:O

Since (2.15) and (2.16) do not have singularity as v\ j, it holds that, for v € (j,j +2-1),

(2.17) (v =iy +k+1)|<k+C,
(2.18) (v =)k +1)] <k+C,

where C' > 0 is independent of v and k > 1.
Let

(—V)e(v + 1)

(2.19)  ap(v) = (k —1)Ik!

{(p(—v+k)+ v +k+1) =20k + 1)} ()

Then, from (2.11), (2.17) and (2.18), it follows that

AF (B +C)R O (w).

(2.20) = Har@)F < ‘”k(“)k

(k— 1)1k

Now we prove that

1
k

— 1 as k — oo

(2.21) ‘(_”)’“(” + 1k

(k — D)lk!

and the asymptotic formula (2.21) is uniform with respect to v sufficiently near j. For the
purpose we use the following result (e.g., see Corollary 2.1.4 in [10])

. @ b—a __ F(b)
(2:22) At T Ty
where a,b # 0,—1,—2,.... From (2.22), we obtain
G RSV ()
kooo (b —1)lk! (—v)(v+1)’

and hence (2.21) holds. Moreover, since |I'(—v)| — oo as v\, j, (2.21) is uniform with
respect to v near j.
Therefore, from (2.20), (k + C)'/* — 1 (k — oo) and ¢9(¥) L 0 (¥ \, j), we obtain

(2.23) (v — far(v)| < & for sufficiently near v = j,

where a constant ¢ € (0,1) is independent of v (near j) and k. Hence, by (2.9), (2.19),
(2.23) and the majorant test, it holds that

o0
R =) < 310w - )] < Cy
k=1
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with some Cy > 0 which is independent of v near j.
Hence, from P2(1) = 1, (2.8), (2.10) and (2.12), the singularity coming from log CJQ(V)
must be canceled by ¥(—v) as v\ j. Namely we obtain

(v=j)log(F(v) = —1+0(1)  asv\j,

where o(1) — 0 as v \,. Therefore, from 2"(v) = =1+ 2¢7"(v), (2.1) holds for m = 0.
Next we assume 1 < m < j. The proof is similar to that of the case m = 0. Namely,
from Lemma 2.3 and P;"(—1+ 2¢;"(v)) = 0, it follows that, as v\ 7,

(=1)™H P (1 = 2¢7(v))
T(—)D(v+1)

m!(m — 1)!
M(—v+m) (v +m+1)

(L4 L7 )G (w) ™ + log (i (v)

= (=)™ —v+m v+m — —(m M (v
= T T (P m) 0 m o+ 1) = 0(1) =l 4+ 1)} 4+ B 0),
where
w N R Dk
Lj —;m(@ (),
and
m > (—v+m)(v+m+ 1)
B *; (m + 1)ik!

xA{A(—v+m+k) + v +m+k+1) =k +1) —p(m+k+ 1) @)
By similar arguments to the case m = 0, we obtain

(2.24) L <,
(2.25) (v - DR} <C.

where C' > 0 is independent of v near j (we apply (2.12), (2.13) and (2.22)).

Now we remark that, as v\ j, it holds that ({f"(v))™log("(v) = o(1). Hence, from
(2.12), (2.24), (2.25) and P;*(1) = 0, the singularity coming from (¢J"(v))™™ must be
canceled by ¥(—v + m). Namely we obtain, as v \ j,

(=D)"T(—v+m) (v +m+1)

where 0o(1) — 0 as v\, j. From Lemma 2.1, it holds that

CD(vam) (G (=
(2.27) gl\H} T(—v) (j —m)! X (=1t (G —m)

Thus, from (2.12), (2.26) and (2.27) and I'(j + m + 1) = (j + m)!, it holds that

_ (j +m)!
m!(m — 1)(j —m)!

lim (v = )¢} ()"

Therefore, from z7"(v) = —1 + 2(7"(v), we obtain (2.1) with 1 <m < j. Now all of steps
are finished, and Proposition 2.1 is completely shown. B
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Theorem 1.1 follows from Proposition 2.1.

Proof of Theorem 1.1. We prove the existence of v satisfying
P (cos(m—¢€)) =0

and investigate its behavior as € — 0. Here we take 2} () which is the same definition as
in Proposition 2.1.
Since 27" (v) \, —1 as v\, j (see Proposition 2.1), the equation

(2.28) 2" (v) = cos(m —¢€)

has a unique solution v = v, for a sufficiently small € > 0. Moreover ™", := v, (v], + 1)
is an eigenvalue of (1.2).
Next if m > v, then, from Lemma 2.2, PJ*(cos#) does not have a zero in (0,7 — €) or
P (cosf) = 0. Therefore, for v € (4,7 + 1), there exist exactly (j + 1) eigenvalues.
Finally we show (1.9). From (2.28), it follows that

1
2 (vl) = -1+ 562 +O0(e") ase—0.

Thus, from Proposition 2.1, it holds that

%62 +O(e*) =
(dj.m + 0(1)) (V1 = j)7 (1<m<j),

where o(1) — 0 as € — 0. Hence, as € — 0, we obtain

 + = +o ! (m =0)
O 2| log €| |log €| -

e
i+ cj’me%” + 0(62m) (1 <m <j),

where ¢;m = (2djm) ™™ = (F+m)!/[4"m!(m —1)!(j —m)!]. Recall A = v(r+1) (see (1.3)),
and (1.9) is shown. Now Theorem 1.1 is proved. B

3 Proof of Theorem 1.2 In Section 2, we investigated eigenvalues {A]".} of (1.2). In
this section we prove that {A\7".} are bifurcation points of (1.1).

We use the Lyapunov—-Schmidt reduction method, that is, we consider our problem by
dividing C?(B,_.) into the eigenspace corresponding to AT and its orthogonal comple-
ment.

We introduce the Banach spaces

X:={uecC*(By_) | u=0o0n0dB, .},
Y = C¥Br—o).

Then the following function
f\u) := Ageu 4+ \u + |[ulPtu

satisfies f € CH(R x X;)) for 1 < p < oco. We see that u = 0 is a solution to f(\,u) = 0.
In arguments below, we show that there exists a non-trivial solution u € X to f(A,u) =0
near A = A7, and u = 0.
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For convenience let A\, := A", and we define

J,€7

L:= fu()‘*,o) =As2 + sy
V= Ker(L),
R := Ran(L),

where Ker(L) and Ran(L) denote the kernel of L and the range of L, respectively. From
Theorem 1.1, the dimension of V is 1 or 2. Moreover L : X — ) is continuous, and V and
R are closed subspaces of X and ), respectively. Moreover we define the following inner
product

T—€ 2m
(u,v) := / / uv sin 0dfdyp (u,v €)).
0 0
For this inner product, the orthogonal complement W of V is defined, and it holds that
X=VoWw.

We remark that L : W — R is one-to-one and onto.
On the other hand, as for R, the following lemma holds:

Lemma 3.1 Let u € Y. Then u belongs to R C Y if and only if
(u,v) =0 for any v € V.
Lemma 3.1 is proved in Appendix. Lemma 3.1 implies that ) is expressed as
(3.1) Y=Ra&V.
By (3.1), we define orthogonal projections

Q:Y—R,
P:Yy—V.

From preliminaries above we show the existence of non-trivial solutions to f(\,u) = 0.
Let p:= XA — A, and we seek a solution whose form is

(3.2) u:|u|z7lj(v+w) withv €V and we W.

Namely we solve
_1
Fl+ s [pl 7= (0 + w)) = 0,
We define

1 1
1) = e 4 A 7 0 )
plp=t

= Lw + p(v +w) + |plfo + wlP~H (v + w)

For i # 0, h(p,v,w) = 0 is equivalent to f(u + A, /P~ (v +w)) = 0.
In fact we can find a non-trivial solution to h(u,v,w) = 0 for p < 0, where

B, v,w) = Lo + p(o + w) — plo + w0~ (v + w).

On the other hand, by arguments below, we cannot find a non-trivial solution to f(u +
A, ) = 0 with g > 0 (in fact, for g > 0, we only obtain a trivial solution by the implicit
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function theorem in proofs of Proposition 3.2 or 3.3 below). Therefore we only consider the
case p < 0.

By orthogonal projections @ and P, h(u,v,w) = 0 is equivalent to the following simul-
taneous equations

(3.3) Qh(p, v, w) =0,
(3.4) Ph(p,v,w) = 0.

Arguments below are divided into the following two steps:

(s1) we show that there exists a function I(u,v) such that Qh(u,v,l(y,v)) =0,

(s2) we solve Ph(p,v,1(p,v)) =0 and find a non-trivial solution v = v(y).
Step (s1). Let

(3.5) J(p, v, w) == Qh(p, v, w) = Lw + pw — pQv + w[P~ (v 4+ w).

For J(u,v,w), the following proposition holds:

Proposition 3.1 Assume v, € V. Then there exists | € C1((—09,0] x Vi; Wy) such that
J(p,v,w) = 0 implies w = I(u,v), where 69 > 0 is some constant, V. CV and Wy C W
are neighborhoods of v, € V and 0 € W, respectively. Namely 1(0,v,) = 0 holds.

Proof. From (3.5), we obtain
J(0,v,,0) =0,

and
Jw(0,v,,0)[¢] = LE for any £ € W.

Therefore, by the implicit function theorem, Proposition 3.1 holds. B

Here we remark that v, is arbitrarily fixed, and I(u,v) depends on v, € V. In addition,
for I(p,v), the following Lemma 3.2 holds:

Lemma 3.2 For l(u,v) defined in Proposition 3.1, it holds that
1,(0,v,) = 0.

Proof. From J(p,v,l(p,v)) =0 and (3.5), it holds that
(3.6) L1, 0) + (1, 0) — Qo + Lpt, )P~ (o + (1, 0) = 0.
Differentiating (3.6) by v, we obtain

Ll (1, ) [€] + (2, 0)[€] = ppQo + (g, 0)[P~HE + Ly (p,0)[€]) =0 for any £ € V.
Hence, by substituting 4 = 0 and v = v,, we obtain
(3.7 L1, (0,v)[€] =0 for any £ € V.

From (3.7) and Proposition 3.1, it follows that 1,(0,v.)[¢] € VNW = {0} for any £ € V.
Therefore, from the arbitrariness of £ € V, Lemma 3.2 is shown. B

Lemma 3.2 is required in arguments below.
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Step (s2). Next we consider (3.4). Hereafter let w = I(u, v) which is defined in Proposi-
tion 3.1. Let

(38) K(p,v) = Ph(u7 v, l(uv ’U)) = HU — /~LP|U + 1w, U)|p_1(v + l(/J, ’U))

We show the existence of v = v(u) # 0 satisfying K (u,v) = 0 by dividing a proof into two
cases, that is, the dimension of V is 1 or 2.

First we consider the case that the dimension of V is 1. Then, from Theorem 1.1, it
follows that

(3.9) V = {tP%(cosh) | t € R},

where v}, is abbreviated to v. Then the following proposition holds.

y€

Proposition 3.2 Assume 1 <p < oo and v = 1/ . Let My > 0 satisfy
(3.10) / {1PO(cos ) — gy~ [PY(cos 9)|p+1} in 06 — 0.
0

Then there exist a constant § > 0 and a C*-function t(u) such that
K (p, t(p) Mo P (cos0)) =0 for p <0,
where t(0) =1 and [t(p) — 1| + |pu] < 0.

Proof. Let
vy 1= MoP(cos ).

Then, by Proposition 3.1, there exists an implicit function w = [(u,v) satisfying (3.3) and
1(0,v,) = 0. From (3.8) and (3.9), it follows that

K(p,tv,) = paN(u,t)P°(cos )
N(:u’ ) . <PO(COSQ) (M?tU*J(NatU*)»
— (P(c0s0), tv — [tv. + L(p, to) P (tv, + 1, t0.)[v.]).

Here ( =27 [ “|P)(cos 0)|? sin 0df. We remark N(u,t) =0 (u # 0) is equivalent to
K(p, tv*) = 0. We show that there exists some t(u) satisfying N (u,t(@)) = 0 by the implicit
function theorem. For the purpose it suffices to prove that N(0,1) =0 and N;(0,1) # 0.
From (3.10) and [(0,v,) = 0, we obtain
N(0,1) = 27‘(’M0/ {|PVO(COS 0)> — M2~ | PY(cos 9)|p+1} sin 6d6
0
=0.

Moreover, from direct calculation, it follows that

N 1) = (P2(c036), v, — plto, + L(ps to.) [P (v + by (11, t0,) o)),

Hence, from [,(0,v,) (see Lemma 3.2) and (3.10), we obtain

N:(0,1) = 27rM0/ {|PB(COS 0)|> — pMP 1| PY(cos 0)|p+1} sin 6do
0

= 27(p— 1)M§/ | P2 (cos 0)|PT sin 6d6 < 0.
0
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Therefore, by the implicit function theorem, there exist a constant § > 0 and a C'-function
t(p) such that

N(p,t(p) =0 for p <0,

where t(0) = 1 and [¢(p) —1|4+|u| < 6. Since K (u, t(p)v,) = 0 is equivalent to N (p,t(n)) =0
(1 # 0) and ¢(0) = 1, Proposition 3.2 is proved. B

Second we consider the case that the dimension of V is 2. Then, from Theorem 1.1, it
follows that

(3.11) V = {P]"(cosf)(tcosmp + ssinmy) | t,s € R} with 1 <m < j.
Then, for K(u,v) defined in (3.8), the following lemma holds:

Proposition 3.3 Assume 1 <p <oo, 1 <m <j andv =vj,. Let My, > 0 satisfy

JARACE

(3.12) L fom
—Mp-t {/ cosm<P|p+1d4 [P} (cos 9)|p+1}sin9d0 =0.
T Jo

Then there exist a constant § > 0 and C*-functions t(u), s(u) such that
K (p, t(p) My, P (cos 0) cosme + s(pu) My, P (cos 0) cosmep) =0 for pn <0,

where 0 < m < j, t(0) = t. s(0) = s and |[t(p) — ta| +|s(u) — s + |p| <. Herety,s. € R
is arbitrarily taken such that t2 + s2 =1, t, # 0 and s, # 0.

Proof. Let
v(t, s) := M, (tP]"(cos @) cosme + sP)*(cos 0) sinmep) .
Moreover we arbitrary fix t, and s, satisfying ti + sz = 1. In addition let v, := v(t«, S«).
Then, by Proposition 3.1, there exists an implicit function I(u,v) for v,.

From (3.8) and (3.11), K(u,v) is expressed as

K(p,v) = pal{N1(u,t)P"*(cos0) cosmp + Na(p, t) P (cos 6) sin mep},

and
(3.13) Ni(p,t,8) := (P(cos ) cos mp, v — v+ 1, v) [P (v + 1(11,0))),
(B8 Nalutys) = (B (cos ) sinme,v — o+ L, )P~ (v -+ 141, 0)),

where (a’)™' = [ | Py (cos 0)|? sin 6df fozﬂ |cosme|?de = m [ |Py(cos 0)|? sin 6df.
The equation K (u,v) =0 (u # 0) is equivalent to

(3.15) Ni(p,t,s) = No(p,t,s) =0.

Thus it suffices to show the existence of non-trivial solutions ¢t = t(u) and s = s(p) to (3.15),
and we prove it by using the implicit function theorem.
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From direct calculation, it follows that

Nl(O,t*,S*)

T—€ 2
=M, / | P (cos 0)|? sin 0d / (t. cos? mep + s, sinm cos me)dyp
0 0

3.16 m—e
(3.16) — MP / | P™ (cos 0)[PT! sin 0df
0

2T
X / |t cosmep + s, sinm[P L (t, cos? my + 5. sin mep cos mep)dep.
0

We see that fo% cos® medyp = 7 and fo% sin me cos mpdy = 0. Moreover let
cosfB:=t, and sinf:=s,.

In addition, since | cos mp|P~! cos my sinmy is odd and periodic, it holds that

K

2
(3.17) / | cos m|P~! cos my sinmedp = / | cos m|P~! cos my sinmedyp = 0.
0

—T

Hence, from (3.17), it holds that
2m
/ |t. cosme + s, sinmep|P~ (t, cos® mep + s, sin mg cos mep)dyp
0
27
= / | cos(my — B)|P~* cos(mep — () cos mepdyp
0
27
= / | cos mep|P~! cos mep cos(my + B)dyp
0
2m
= / | cos m|P~! cos m(t. cosmy — s, sin mep)dep
0

2
=t.Dpm + 54 / | cos m|P~! cos my sin medyp
0
=t Dy
with
1 2 1 2
D, = 7/ | cos my|P T dp = f/ |cos [P ldp (m > 1).
T Jo T Jo
Thus, from (3.12) and (3.16), we obtain
N1(0,ty,54) = t*MmW/ {|P)(cos 0)|* — ME ' Dy| Py (cos 0) [P} sin 6d6
0
=0.
Similarly, since it holds that
27
/ |t cosmp + s, sinmep|P (L, cosmep + s, sinme) sinmedp = s, D,T,
0
we obtain
No(0,t,5,) = S*me/ {|P)"(cos0)|* — ME ' D,| P (cos 0) [P} sin 6d6
0

=0.
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Next, from direct calculation, it holds that

(N1)e(p, t, 8) =(P*(cos 8) cos mep, M,,, P)"* (cos 0) cos mep

— pMp|v + (1, 0) [P~ (1 + 1, (11, v)) P2 (cos ) cos mep).

Thus it holds that

(N1)e(0,ts, 84) = MmTF/ | P™(cos 0)|? sin 0d
0

mT—€
(3.18) - prnw/O | P™ (cos 0)[PT! sin §d6
2m
X / |t cosmy + s, sinmep|P~! cos? mpdep.
0
Here, from (3.17), it follows that
2m
/ |t cosme + s, sinmep|P~! cos? mpdyp
0
27
= / | cos me|P~! cos?(my + B)dyp
0
2m
= / | cos m|P~Y(t, cosmy — s, sinmep)?de
0

2m 27
=t? / | cos mp[P~! cos® mpdp + 52 / | cos mep|P~ ! sin? mepdep.
0 0

Since
2m
/ | cos mp|P~ ! sin? mepdyp
0
1 2 1 27
= [—|cosmg0p_1 cosmnpsinmgo] + f/ | cos mp[P T dyp
mp 0 P Jo
1 2T
= ];/ | cos mp P dop,
0
we obtain

27 9
/ \t* COS MY + Sk Sinm(p|P*1 (3032 mgodsﬁ — Dpﬂ' (ti + S*) .
0 p

Hence, from (3.18), it holds that
(N1)¢(0, 4, 84) = MmW/ | P (cos 0)|? sin 0d6
0

— (pt? +s7) M%Dpw/ | P (cos 0)[PT sin §d6.
0

From (3.12) and pt? + s2 > 1, we obtain (N1)¢(0, ., s.) < 0.
On the other hand, it holds that

(N1)s(p, t, 8) =(P)"(cos 0) cos mep, M, P]**(cos 0) sin myp
— plv 4+ 1, ) [P + 1y (, v)) My, P (cos 0) sin mep).

33
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Thus, by similar calculation above, we obtain

T—€ 2m
(N1)s(0, 2, 84) = me/ | P} (cos 9)|2sin9d9/ cos m sin medyp
0 0

— pMP D,m o | P (cos 0)[PT sin §d6
. 0
X / |t cos mep + s, sin mgp\p_l cos my sin mepdp
=0. ’
Similarly, since (3.12) and t2 + ps? > 1, it follows that
(N2)4(0,t., s4) =0,

(N2)5(0, s, 54) = Mmﬂ'/ | P (cos 0)|? sin 0d6
0

— (t2 +ps?) M,’;LDPW/ | P (cos 6)[PT! sin §df
0
< 0.

Therefore, by the implicit function theorem, there exists a constant 6 > 0 and C'-
functions t(p) and s(p) such that, for [t(u) — t.| + |s(r) — s«| + || < 6, it holds that

with ¢(0) = ¢, and s(0) = s,. Since K (u, t(u)v(t(u), s(n))) = 0 is equivalent to (3.19) with
i # 0, Proposition 3.3 is proved. B

Proposition 3.3 is considered in the case of ¢, # 0 and s, # 0. If t,. = 0 (or s. = 0),
then (N1):(0,0,1) =0 (or (N2)s(0,1,0) = 0), and hence the argument in Proposition 3.3 is
not valid (we cannot apply the implicit function theorem). Thus we show Proposition 3.3
in the case of ¢, = 0 or s, = 0 by another method. Namely we prove that Ni(u,0,s) =0
(N2(p,t,0) = 0) holds if ¢, = 0 (s. = 0), and we follows the same argument as in the proof
of Proposition 3.2.

We prepare for a proof of the case t, = 0 or s, = 0. For J(u,v,w) defined in (3.5), we
remark that

(3.20) J(p, —v, —w) = —Lw — pw — pQlv + wlP ™ (—v — w) = —J (11, v, w).
From Proposition 3.1 and (3.20), it holds that
J(p, —v, =l(p, v)) = J(p, v, 1(p, v)) = 0.
Hence we extend I(u,v) for —v (v € Vi) by
(3.21) W, —v) = =l(p,v).
and then J(p, —v,1(u, —v)) = 0 holds. Thus, from (3.8) and (3.21), it follows that
K(p, —v) = Ph(p, —v,l(p, —v)) = =Ph(p, v, (1, v)) = =K (p,v).

Hence if K (i, v) = 0 holds for the extended I(p,v), then K (i, —v) = 0 also holds.
Now we prove the following lemma.
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Lemma 3.3 Assume the same assumption as in Proposition 3.3 and extend l(u,v) by
(3.21). Ift. = 0 (s« = 0) for N1(p,t,s) and Na(p,t,s) as in (3.13) and (3.14), then it
holds that N1(u,0,8) =0 (Na(u,t,0) =0) near u =0 and s=1 (u=0 and t = 1).

Proof. First we assume t, = 0. Let v1 = v1(0,¢;s) := sM,, P)*(cosf) sinmep. Then,
from f027r cos mep sin medp = 0, it follows that

T—€ 2m
Ny(p,0,8) = st/ | P (cos )| sin 9d0/ cos mep sin mepdep
0 0
T—€ 2m
- Mjfl/ {/ Vi(0, ¢; s) cosm<pd<p} P! (cos 0) sin 6d6
0 0

T—€ 2m
= —M,’,’l/ {/ V1(0, p; s) cos mgpdgﬁ} P (cos 0) sin 6df
0 0
with

Vi(0, 95 8) := [v1(0, @3 8) + L1, v1(8, 03 9)) [P~ (010, 03 5) + U, v1(6, ;3 5)))

The function vy (6, ¢; s) is odd and periodic with respect to ¢. Moreover, from (3.21), it
holds that

U, v1(0, =3 8)) = U(p, sMy P (cos 0) sinm(—¢))
U, —s M, P (cos 0) sinmyp)
= —1l(p,v1(0, ¥;5)).

Hence V1 (0, ¢; s) is odd and periodic with respect to ¢, and it holds that

27 T
Vi(0,¢;8) cosmepdp = | Vi(0, ;) cosmpdp = 0.
0 -

Therefore we obtain
Ni(p,0,5) =0 near (u,s) = (0,1).

Next we assume s, = 0. Let va = v2(0,p;t) := tM,, P])"(cos ) cosme. Then, from
fOQTr cos mp sinmepdp = 0, it follows that

T—€ 2m
No(p,t,0) = —MP, / { V2(0, ; s) sin mgodgo} P!"*(cos 0) sin 6df
0 0
with

Va(0, ¢5t) = [v2(0, @5 8) + L, v2(0, 03 9)) [P~ (v2(6, @5 8) + L, v2(0, 3 5)))

Since v2(0, p;t) is even and periodic with respect to ¢, I(u,v2(6,p;t)) is also even and
periodic with respect to ¢. Therefore, since cosmysinmep and Va(0, p;t) sinmep are odd
and periodic with respect to ¢, we obtain

No(p,t,0) =0 near (u,t) = (0,1).
Lemma 3.3 is proved. B
Lemma 3.3 implies that if V is restricted to V. := {tP]*(cosf)cosmep | t € R} (or
Vs = {tP"(cosf)sinmep | t € R}), then the dimension of the range of P(u,v,l(y,v))

(v € V.) is 1. Hence, by similar arguments to Proposition 3.2, we can prove the existence
of a non-trivial solution:
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Proposition 3.4 Assume the same assumptions as in Proposition 3.3. Then, for t, = 0
or s, = 0, there exists a nontrivial solution of K(u,v) = 0.

Proof. First we assume s, = 0, and then ¢, = 1 (2 + s2 = 1). We define
V. := {tP]*(cosf)cosmep | t € R}.
For V., we define

X =V. oW,
yc = Vc D R.

Let v.(t) := tP(cos ) cosmp. We restrict f(A,u) : X — V.. Then, by almost the
same arguments as in the proof of Proposition 3.1, we can prove that there exists an implicit
function I(u, v) near (u,v) = (0, P (cos #) cos me) such that
(3.22) Ny(u,t) =0 for |p|+ |t —1] < ¢
with some § > 0. On the other hand, by Lemma 3.3, Nay(u,t) = 0 also holds. Since
Niy(p,t) = Nao(p,t) = 0 is equivalent to K(u,v.(t)) = 0, Proposition 3.4 with s, = 0 is
proved.

Next we assume ¢, = 0, and then s, = 1. Let v,(t) := sP]"(cos ) sinmep, and we define

V, := {tP]"(cosf)sinmyp | t € R},
Xy =V W,
Vs =Vs ®R.

Now we replace V., X, and )Y, with V,, X, and ), respectively. Then, from almost the
same arguments above, Proposition 3.4 with ¢, = 0 is proved. B

From Propositions 3.2-3.4, Theorem 1.2 follows.

Proof of Theorem 1.2. Recall (3.2) and Proposition 3.1. If m = 0, then, from arguments
above and Proposition 3.2, we see that, for 4 < 0 near =0,

_1
w(, @i+ X, ) = [l 7T {E()oe + L t(p)va)}
is a solution to (1.1). Here ¢(0) = 1, I(0,v,) = 0 and
v, = MoP% (cosf).

Similarly if 1 < m < j, then, from arguments above and Propositions 3.3 and 3.4, we
see that, for y© < 0 near u = 0,

_1
w(®, 93 p+ A7) = |77 {o(t(w), s(n)) + 1, v(E(p), s(1)}
is a solution to (1.1). Here t(0) = t., s(0) = s, [(0,4,5,) =0, t2 + 52 =1,
v(t, s) = tM,, P)*(cos 0) cosmp + sM,, P (cos 6) sin mep,

and t(p) =0 (s(u) =0) when ¢, =0 (s, = 0). Theorem 1.2 is proved. B
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4 Appendix In Appendix A we show Lemmas 2.2 and 2.3. Additionally, in Appendix
B, we prove Lemma 3.1.

4.1 Proofs of Lemmas 2.2 and 2.3 In this appendix, we prove Lemmas 2.2 and 2.3.
Arguments below follows results in [10].
Recall (1.8), and we define

(4.1) F(a,b,c;x) := i Mzk,

where ¢ is a non-positive integer. The function F'(a, b, c; z) is said to be the Gauss hyperge-
ometric function. The radius of convergence of (4.1) is 1, and F' = F'(a, b, ¢; x) satisfies the
Gauss hypergeometric equation

2

(4.2) x(1— x)d ul

dF
— - — —abF = -1 1).
dx2+{c (a—|—b+1)x}dx a 0 (-l<z<l)

In Appendix we use some properties of F(a,b, c;x), and those results follow from [10].
First, for P*(z) and F(a,b,c;z), the following relation holds (p.319 in [10]):

D)™ (v +m+1)(1—2H)%
2T (v — m+ 1)m!

P =
(4.3)
1—=z
xF(—y+m,V+m—|—1,m+1;2>.

By (4.3), we can prove Lemma 2.2.

Proof of Lemma 2.2. First we assume that v is an integer. If —v 4+ m = —n (n be a
non-negative integer), then

F(n+2v+1)(22-1)%
2mT(—n 4 1)m!

P ) =

1 —
xF(n,n+2u+1,m+1; 2x>'

If n =0 (v = m), then, from (4.1), it follows that
400 k
1—=x (O)k(QV—Fl)k 1—=z
F 2 1 1; =
(0, v Lm 1 — ) kz:o D \ 3
0

Hence P(xz) = 0 holds. On the other hand, if n > 1 (v > m), then, since I'(x) has
singularity at =0, —1, -2, ..., the identity P, (x) = 0 holds (see (4.3)).
Next we assume that v is not an integer. Then, from (4.1), it holds that

1—=z

F(—V+m,u+m+1,m+1, )>0 for —1<xz<1.

Therefore, from (4.3), P"(x) does not have a zero for —1 < z < 1, and Lemma 2.2 is
proved. W
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Next we show Lemma 2.3 by using properties of F'(a, b, ¢; ). To investigate the behavior
of P™(z) near x = —1, it suffices to consider that of F'(a,b, ¢; x) near x = 1. For the purpose
we use the following formula (see p.273 in [10])

Pla+b+1-—c)I'(1—¢)
IlNa+1—-c)I'(b+1—c¢)
FNa+b+1—-c)'(c—1)

F(a,b,a+b+1—¢l—2xa)=

F(a,b,c;x)
(4.4)
' Fla+1—cb+1—0c¢2—cux).

I'(a)I'(b)
In addition we define
SN I'(l1—o .
Ul(a,b,c;x) R C)F(a,b,c,x)
(4.5)
T(c—1)

" Fla+1—cb+1—¢,2—ca).
F(a)I‘(b)x (a + c,b+ c, ¢ x)

The function U (a, b, ¢; ) is also a solution to (4.2), and moreover F'(a, b, ¢; ) and U(a, b, ¢; x)
are linearly independent (see p.274 in [10]). Thus, from (4.3)—(4.5), it follows that

'm

(—D)"T(v+m+DI(m+ Dz (1 —2)%
(v —m+ 1)m!
xU(—v+m,v+m+1,m+1;2).

P (—1+2z) =

(4.6)

Furthermore if ¢ is an integer (¢ = n), then, for U(a,b,n;z), the following formula holds
(see p.275 in [10]):

LN (= ,
U(a’b’n’x)_F(a+1—n)F(b+1—n)(n—1)! F(a,b,n;z)logx
—+oo
(4.7) +Zm{w(a+m+¢(b+n) w(k+1)—¢(n+k)}xk]
k=0
(m — )' — (a+1—n)g(b+1—n)
OO Z (2 — n)pk! st

Proof of Lemma 2.3. Lemma 2.3 follows from (4.6) and (4.7). &

4.2 Proof of Lemma 3.1 In this section, H*(©2]R?) denotes the usual Sobolev space on
Q) C R2. Before beginning to prove Lemma 3.1, we introduce the Sobolev spaces H*(B,_.)
on B,_. CS?(k=0,1,2and H°(B,_.) = L?*(B;_.)). Now we introduce the stereographic
projection from S? to R2. Namely let

2 2 1— |z|?
ml ) xZ ) |m| G Sz’
T o T o T+ Jof

where (z1,72) € Q. = {z € R? | || < R} (R := tan[(m — €)/2]). Then norms of
H*(B,_.) are expressed as, respectively,

k
(4.8) s, =3 [ 1Dgsu e dodas
s=0 Re
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Here
(4.9) |Dgzul? = [uf?,

ou | ou |?
4.10 DLul?2 = 2= =z
(4.10) Dbl =| 2| 4| 2|
and

2

(4.11) |Dgaul® = >

i,j=1

)

0%u 2 n Ou
axiaij B nz_:lrija

where
a 2
= T 2

—Ti = -T1 = T3 =221 /(1 +[z?) and T'}; = —T1, = ~I35 = 222/(1 + |2]*) (e.g., see
Definitions 2.2 and 2.3 in [2] or Definition 2.1 in Hebey [12]). Moreover we define H¥ (B,_.)
as the closure of C§°(B,_.) in H*(B,_.).

From the definition above, it follows that

(4.12) Agou = q 2 Au,

where A is the Laplace operator on R2.
The relation between the stereographic projection and the polar coordinates is as follows:

(5

x1 =tan | = | cosyp,

2
(3

To = tan 3 sin .

Thus, from

= 2tan (g) cos? (g) dfdy

= sin 6dfdy,

it follows that
(u, ) z/ wog?dzidxs.
QRe

Therefore we prove Lemma 3.1 with the stereographic projection. Now recall definitions of
the operator L and subspaces of V, W, R (see Section 3).

Proof of Lemma 3.1. We remark that, for any g € L?(B,_.), there exists a unique
solution u € H}(Br_.) N H*(Br_) to

Ageu =g in By,
u=0 on 0B, _.
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(e.g., see Theorem 4.8 in [2]). Hence there exists a unique inverse operator G : L?(Br_.) —
H?*(Br_.) C L*(By_.) of Ag2 : H*(B;_.) — L?(B;_.). Now we prove that G is compact
and self-adjoint.

First we show that G is compact. From (4.11), the Minkowski inequality and (a + b)? <
2(a® + b?), it holds that

oy

D2,u|? <
o< (1 2o L

Z F” 8;10

(4.13) b=l hi=1in=1
2 2 2 2

0%u ou

2 2 || =
< i;{axlaxj + ; bllg }

Hence, from (4.8)-(4.10) and (4.13), it follows that

(4.14) lullg2s,_.) < Killullgz@p, r2),

where K7 > 0 is some constant. In addition, from (4.8) and (4.9), it holds that

(4.15) lull2(p, r2) < KollullL2(s,_.),

where some constant K5 > 0. Moreover we apply the regularity theorem of elliptic equations

for

¢ 2 Au=g in Qg,_,
u=0 on g,

where g € L?*(Qg,|R?) (e.g., see Theorem 8.12 in Gilbarg and Trudinger [11]). Then we
obtain

(4.16) [ull 22 (. 1r2) < Ksllgll2n, m2) = Ksllg*Aull L2y, v2)
with some constant K3 > 0. Hence, from (4.8) and (4.14)—(4.16), we obtain
lull 2B, ) < K1K2Ks|lq*Aull 120, |r2) < 2K1K2Ks||Ageull 125, ).

for u € HY(Br_)NH?(B,_.) (see (4.12)). Thus the operator G : L?(B,_.) — H?(B,_.) is
bounded. Furthermore the imbedding H?(B,_.) — L?(B,_.) is compact by the Rellich—
Kondrachov theorem (e.g., see Theorem 2.34 in [2]). Thus G : L?(Br_.) — L*(Bn_.) is
compact.

Second we show that G is self-adjoint. Let G* be the adjoint operator of G. Then, for
any u,v € L?(By_.), it holds that

(u,G%(As20)) = (As2(Gu), v) = (u, v).

Thus, by the uniqueness of the inverse operator G, it holds that G = G* on L?(B,_.).
Thus we can apply the Fredholm alternative theorem (e.g., see Theorem 3 in p.284 of
Yosida [18]) for G. Namely, for any a € L?(B,_,),

M lu+Gu) =a for u € HY(By_c) N H*(By_.)

has a solution u if and only if (a,b) = 0 for any b € Ker(A\~! + G). Especially, for any
w € R C L*(Br_.), a:=A"1G(w) € L?(By_¢) holds. Hence it holds that

= (a,b) = (A\"1G(w),b) = A\ Hw, AG(b)) = —A"2(w, b).
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Thus, for any w € R and b € Ker(A™! + G), we obtain (w,b) = 0.

On the other hand, if b € Ker(L)(= Ker(Ag: + ))), then, from A~1b = G(b), we obtain

G(Ag2b+ Ab) = A(A"'b + G(b)) = 0.

Thus it holds that b € Ker(A~! + G). Similarly if b € Ker(A~! + G), then b € Ker(L),
and hence Ker(L) = Ker(A~! + G). Therefore, since (w,b) = 0 holds for any w € R and
b € Ker(L). Lemma 3.1 is proved. W
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RINGS WITH IDEAL CENTRES
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ABSTRACT. We discuss the condition that the centre of a ring is an ideal. We also show
that some classical commutativity results of Jacobson and Herstein have elementary
proofs under the added assumption that the centre is an ideal.

1 Introduction Since in a group G, the centre Z(G) is always a normal subgroup, one
might expect that the centre Z(R) of a ring would be a (two-sided) ideal in R. This is not
true in general, though it can be true in some cases: at one extreme, it is trivially true
if R is commutative, and at the other extreme it is also trivially true if R is “extremely
non-commutative” in the sense that Z(R) = {0}. Thus rings where it fails to hold are in
some sense “moderately non-commutative”. We say that a ring R has an ideal centre if its
centre is an ideal.

One of the main aims of this paper is to show that some classical ring commutativity
results of Jacobson and Herstein, which we now state, have elementary proofs if we restrict
to rings with ideal centres. Jacobson [12] proved that rings R satisfying an identity of the
form z"(®) = z are commutative. Rings satisfying such an identity are rather special, but
Herstein showed that commutativity is equivalent to the weaker condition 2™(*) —z € Z(R);
see [9]. Herstein then generalized this result further:

Theorem A (Herstein [10]). A ring R is commutative if and only if for each x € R there
exists f(X) € X2Z[X] such that f(z) —x € Z(R).

In the above result, f(X) € X?2Z[X] means that f(X) is a formal polynomial with
integer coefficients (in the indeterminate X) which is formally divisible by X?2. We view f
as a function on R in the natural way.

Subsequently, Herstein gave the following quite different generalization of Jacobson’s
theorem; here and later, [z,y] = zy — yx is the commutator of x and y.

Theorem B (Herstein [11]). A ring R is commutative if and only if for each x,y € R there
exists an integer n(x,y) > 1 such [z,y]" @Y = [z,y].

Known proofs of Theorems A and B require Jacobson’s structure theory of rings, but
we give elementary proofs of the following variants of these results.

Theorem 1. A ring R with ideal centre is commutative if and only if for each x € R there
exists f(X) € X2Z[X] such that f(z) —x € Z(R).

Theorem 2. The following conditions are equivalent for rings R with ideal centres.
(a) R is commutative.

(b) For each x,y € R there exists an integer n(x,y) > 1 such [z, y]" ™) = [z,y].

2010 Mathematics Subject Classification. 16R50.
Key words and phrases. ring, commutativity condition.
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(¢c) For each x,y € R there exists f(X) € X?Z[X] such that f([z,y]) = [x,y].

Obviously Theorem 1 follows immediately from Theorem A, and the equivalence of (a)
and (b) in Theorem 2 follows immediately from Theorem B, so the important feature of
these results is that our proofs avoid structure theory. We do not however know of any
proof that condition (c¢) in Theorem 2 implies commutativity for general rings.

We can view the above theorems as stating in particular that a polynomial g(X) €
XZ[X] whose X-coefficient equals +1 “forces” commutativity of R if g(R) = 0 (meaning
that g(x) = 0 for all z € R), or more generally g(R) C Z(R) (meaning that g(z) € Z(R)
for all x € R), or g([R, R]) = 0 (meaning that g([z,y]) = 0 for all z,y € R). The following
result classifies the polynomials that force rings with ideal centre to be commutative in any
of these three senses.

Theorem 3. Let g(X):=> 1" a; X" € Z[X]. Then
(a) All rings R with ideal centre satisfying g(R) = 0 are commutative if and only if either:

(i) a1 = %1, or
(1) a1 = £2, as is odd, and as + as + - - + a, is odd.

(b) All rings R with ideal centre satisfying g(R) C Z(R) are commutative if and only
a; = +1.

(c) All rings R with ideal centre satisfying g([R, R]) = 0 are commutative if and only
a; = +1.

Each part of the above result follow easily from the corresponding results without the
ideal centre assumption; for these, see the main theorem in [13] for (a), [5, Proposition 4]
for (b), and [6, Theorem 2] for (c). Thus the main value of these parts of Theorem 3 is again
that the proof is elementary, although (c) also lead to the investigation of [6, Theorem 2].

We prove Theorems 1-3 in Section 3, but first in Section 2 we give some examples of
noncommutative rings in which the centre is an ideal, and also answer the following pair of
questions:

What is the order of the smallest finite ring/non-unital ring whose centre is not
an ideal?

2 Examples The concept of a ring with an ideal centre is mainly of interest for non-unital
rings, since clearly a unital ring has an ideal centre if and only if it is commutative.

If we define a good example of a ring R with an ideal centre to be one where Z(R) is both
nonzero and proper, then all good examples are non-unital. The following pair of propo-
sitions give some families of good examples. In these propositions and later, M(n,l,r, Ry)
is the ring of n x n matrices A = (a; ;) over a base ring Ry such that a; ; =0if i > n —1
or j < r, and U(n,m, Ry) is the ring of n x n matrices A = (a;;) over Ry such that
a;; = 0if j < i+ m. We use the more common notation M (n, Ry) and U(n, Ry) in place
of M(n,0,0, Ry) and U(n,0, Ry), respectively.

Proposition 4. Suppose Ry is a commutative unital ring with 1 # 0, and that n,l,7 € N
satisfy n > 3 and l +r < n. Then R := M(n,l,r,Ry) is non-commutative, and Z(R) =
M(n,n —r,n—1,Roy) is a nontrivial proper ideal in R.
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Proof. Let S := M(n,n —r,n —1,Ry). Because n > n—r >landn >n—10>r, it
is clear that S is a proper and nontrivial subring of R. Let ¥ € M(n, Ry) be the matrix
corresponding to the shift map (z1,...,2,) — (22,...,2,,0) in Ry, so that £ = (o, ),
where
1, if2<j=it+1<n,
0ij = .
0, otherwise.

Note that R = X!M(n, Ro)X". Since the matrix X" corresponds to the zero map and
S =¥"""M(n, Ro)X""!, it follows that AB = BA = 0 whenever A € R and B € S. Thus
S is an ideal and S C Z(R).

Taking A = (a;;) € R\ S, it remains to show that A ¢ Z(R). For 1 <4i,j < n, define
M, ; € M(n,Ro) to be the matrix whose (7,7)th entry is 1 and all other entries are 0.
Suppose first that ap , # 0 for some 1 < p,q < n such that p >r. Now B = M; , € R and
YB =0, so AB = 0. On the other hand, the (1, ¢)th entry of BA is a, 4 so BA # 0. Thus
A ¢ Z(R).

The other way that A can fail to be in S is if ap, 4 # 0 for some 1 < p,q¢ < n such that
g<n-1 Now B=M,, € Rand BY =0, so BA =0. On the other hand, the (p,n)th
entry of AB is ap,q, so0 AB # 0. Thus again A ¢ Z(R), and we are done. O

The equation Z(R) = M (n,n —r,n—1, Ry) proved above, and the fact that Z(R) is an
ideal, is true under weaker assumptions on n,l,r: it suffices that n > 2 and 0 <l +1r < n.
However, note that if either I = 0 or » = 0, then Z(R) = {0}.

Our second proposition says various families of strictly upper triangular matrices also
provide good examples.

Proposition 5. Suppose Ry is a commutative unital ring with 1 # 0, and that n,m € N
satisfy n > 3 and m < n/2. Then R := U(n,m, Ry) is non-commutative, and Z(R) =
M(n,n —m,n —m, Ry) is a nontrivial proper ideal in R.

Proof. Tt is readily verified that R C M (n,m, m, Ry) and that S := M (n,n —m,n—m, Ry)
is a proper subset of R. Most of the result now follows from Proposition 4, but we need to
verify that if A € R\ S then A ¢ Z(R). The matrices B used to prove the corresponding
result in Proposition 4 also lie in this ring R, so the same proof works. O

In contrast with the above propositions, M (n, Ry) and U(n, Ry) are unital, so they have
an ideal centre only if they are commutative, i.e. only if n = 1.

We now turn our attention to rings without ideal centres. Our first result is the following
non-existence result.

Theorem 6. Suppose R is a non-unital ring of order p™, where p is prime and n € N,
n < 3. Then R has an ideal centre.

Let us introduce some notation that will be useful in this proof and later: if z is an
element of a ring R, then (z;Z) and ((x; Z)) are the additive subgroup and the subring,
respectively, generated in both cases by = and all z € Z(R); the ring R will be understood
whenever we use such notation. Note that if © ¢ Z(R), then Z(R) C (z;Z) C ((x; Z)), and
that ((x; Z)) is commutative.

Proof of Theorem 6. Suppose for the sake of contradiction that R is a non-unital ring of
order p™, n < 3, and that Z(R) is not an ideal. In particular Z(R) is neither {0} nor R
so, as an additive subgroup of R, it must have order p¥ for some 0 < k < n. In particular
n > 1. We can also quickly rule out n = 2, since then necessarily k = 1, and if z € R\ Z(R),
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then (z; Z) is commutative and strictly contains Z(R), so it must have order p?. Thus R is
commutative, contradicting the assumption that Z(R) is not an ideal.

Finally, suppose n = 3. We can rule out £ = 2 in the same way as we ruled out k =1
for n = 2, so we must have k = 1. Let z be a generator of Z(R) as an additive group.
Suppose first that 22 = 0. Since Z(R) is not an ideal, there exists some u € R\ Z(R) such
that zu ¢ Z(R). Then (u;Z) has order at least p? and, since R cannot be commutative,
({u; Z)) = (u; Z) must have order p?. Thus zu = iz + ju, where i,j € Z, and j # 0. But
then

0 = 2%u = z(zu) = 2(iz + ju) = ijz + j*u

which gives a contradiction because j? # 0 and u ¢ Z(R).

Suppose instead that 2% # 0, and so z? = sz for some s € Z,, s # 0. By distributivity,
we see that z!t! = stz for all ¢ € N, and so in particular ez = z, where e = 2P~1. Thus e
is an identity on Z(R) and in particular e? = e. Since Z(R) is not an ideal, there exists
u € R\ Z(R) such that eu ¢ Z(R). As before, (u;Z) has order at least p?, and ({u; Z))
cannot have order p* lest R be commutative, so ((u;Z)) = (u; Z) has order p?. Thus
eu = ie + ju for some 4,5 € Z,, j # 0. Now

ie + ju = eu = e*u = e(ie + ju) = (i +ij)e + j%u

soi=1i+14j and j = j2. Since j # 0, we have j = 1, and hence i = 0. Thus eu = u = ue.

Now z +— ex is an additive homomorphism on R. Suppose it has trivial kernel. Then
this map is a permutation on R, and so some iterate of it is the identity map. Of course
the nth iterate of this map is just = — e™z, and so = — ex, since e = e. It follows that e
is an identity for R, contradicting the assumption that R is non-unital. Thus there exists
v € R\ {0} such that ev = 0. We deduce that

uv = (ue)v = u(ev) = 0 = (ev)u = v(eu) = vu,

so the subring S generated by Z(R), u, and v is commutative. But ex = z for z = e, u,
so ex = x for all © € ((u;Z)). Since ev # v, we see that v ¢ ((u; Z)). But ((u;Z)) has
order p?, so S must have order p? and equal R. Thus R is commutative, contradicting our
assumptions. O]

It is easily proved that a finite ring can be decomposed as a direct sum of rings of prime
power order. Indeed if n = Hp‘npkl’ is the prime factorization of n, and m, = n/pk» for
each p | n, then R is the direct sum of the ideals R, := m,R; see [8].

Clearly the centre of a direct sum is a direct sum of the centres, and a ring has an ideal
centre if and only if each direct summand has an ideal centre, so to find a ring of minimal
order where the centre is not an ideal it suffices to consider prime powers. It is now a
straightforward matter to find the minimal order of (non-unital) rings in which the centre
is not an ideal. In fact, we get the following result in which N(2) is the ring of order 2 in
which all products are 0.

Theorem 7.

(a) Suppose R is a unital ring of order p™, where p is prime and n < 3. If R does not
have an ideal centre, then n =3 and R is isomorphic to U(2,Z,).

(b) If R is a non-unital ring of order p™, where p is prime and n < 3, then R has an ideal
centre. However, Rig := U(2,Z2) ® N(2) is a non-unital ring of order 2* that fails to
have an ideal centre.
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Consequently, the order of the smallest unital ring failing to have an ideal centre is 8, and
the order of the smallest non-unital ring failing to have an ideal centre is 16.

Proof. By the comments above, the minimal orders must be prime powers. If a ring R is
unital, then 1 € Z(R), and so Z(R) is an ideal if and only if R is commutative. Thus the
unital ring without an ideal centre of minimal order is just the noncommutative unital ring
of minimal order. This minimal order is known to be 8, and any such ring of order 8 must
be isomorphic to the upper triangular matrix ring U (2, Zs); see [7].

Since all prime powers of order less than 16 are of the form p™ for some n < 3, all
such non-unital rings have ideal centres according to Theorem 6. A direct sum has an ideal
centre if and only if all of its direct summands have ideal centres, so Ry¢ fails to have an
ideal centre by (a). The presence of the N(2) summand prevents Ry from being unital. O

Remark 8. Unlike our unital ring of order 8, the non-unital example in the above proof
is decomposable as a direct sum of smaller rings. We prove in [4] that all indecomposable
non-unital rings of order p¥ for k& < 4 have an ideal centre (p being any prime), and that
the smallest indecomposable non-unital ring without an ideal centre has order 32.

Remark 9. The previous remark suggests that perhaps finite indecomposable non-unital
rings rarely fail to have an ideal centre. On the other hand, we will see in the next section
that the assumption that a ring has an ideal centre is of great use for proving commutativ-
ity results. This suggests that the ideal centre assumption may be useful for formulating
conjectures regarding conditions that may imply commutativity: if we can prove a commu-
tativity result for rings with ideal centres, then it seems reasonable to search for a proof of
the corresponding result without the ideal centre assumption. This technique has already
lead to one success: we have been able to drop the ideal centre assumption in Theorem 2(c)
leading to [6, Theorem 2]. Going beyond this, we would like to know if the three conditions
in Theorem 2 are equivalent in the class of all rings.

We conclude this section by strengthening the previously mentioned fact that a non-
commutative ring with an ideal centre cannot have a unity, but first we record a simple
proposition.

Proposition 10. A ring R has an ideal centre if and only if cz = 0 whenever ¢ is a
commutator and z € Z(R).

Proof. If x,y € R, and z € Z(R) then (zy)z = z(zy) and (yx)z = (yz)x = (2y)x. Thus
[z,y]z = 0 for all such z,y, z if and only if zy € Z(R) for all such y, z. O

Theorem 11. Suppose a noncommutative ring R has an ideal centre. Then R/Z(R) does
not have a unity.

Proof. Suppose for the sake of contradiction that R/Z(R) has a unity e + Z(R), where
e € R. Tt follows that for all x € R, © = exe + 2., for some z, € Z(R). Also €? = e + w for
some w € Z(R). Thus

er —xe = e(exe + z;) — (exe + z,)e
= e?ze — exe® = wre — exw = [z, eJw =0,
where the last equation follows from Proposition 10. Since x is arbitrary, it follows that
e € Z(R), so the unity of R/Z(R) is also the zero element. This contradicts the assumption
that Z(R) is not all of R. O
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3 Elementary commutativity results Many results in the literature give elementary
proofs of special cases of the results of Jacobson and Herstein mentioned in the introduction;
in all cases, we use elementary to refer to proofs that do not appeal to Jacobson’s structure
theory of rings. The typical special case involves assuming that n(x) or n(z,y) takes on a
particular constant value n. Let us review a few such results.

In the case of the identity 2™ = xz, elementary commutativity proofs were given by
Morita [17] for all odd n < 25 and all even n < 50. MacHale [16] gave an elementary proof
of commutativity for all even numbers n that can be written as sums or differences of two
powers of 2, but are not themselves powers of 2. Also notable is the proof by Wamsley [19]
of Jacobson’s result which uses only a weak form of structure theory (specifically, the fact
that a finite commutative ring can be written as a direct sum of fields).

For the condition z" — x € Z(R), elementary proofs of commutativity are well known
for n = 2 (see e.g. [1] and [14]), and such a proof for n = 3 can be found in [15, Theorem 2]
and [18, Theorem 1]. Elementary proofs for odd n < 10, and for infinitely many even values
of n, can be found in [3]. In the case of the condition [z,y]™ = [x,y], an elementary proof
for n = 3 (and a fortiori for n = 2) is given in [3, Theorem 17].

Our results are rather different from the above elementary theorems since we do not
restrict n(z) or n(z,y)—indeed we consider more general polynomial conditions—but in-
stead we add the assumption that Z(R) is an ideal. The one result of a similar type in the
literature of which we are aware is Theorem 6 of [16] which implies in particular that if R
is a ring, Z(R) is an ideal, and there exists an even number n > 1 such z" — 2 € Z(R) for
all z € R, then R is commutative. This implication of course follows from a special case of
Theorem 1.

We begin with a well-known lemma, and include a proof for completeness.

Lemma 12. Let R be a ring in which xy = 0 implies yx = 0. If e is an idempotent in R,
then e € Z(R).

Proof. For all r € R, e(r —er) = er —eer = er —er = 0, so (r —er)e = 0, and so
re = ere. By considering (r — re)e, we similarly deduce that er = ere. Thus er = re, and
so e € Z(R). O

We now prove one of our main results.

Proof of Theorem 2. Trivially, (a) implies (b), and (b) implies (c), so we need only prove
that (c) implies (a). Suppose zy = 0 for some z,y € R. Then [y,z] = yx and so there
exists f(X) € X?Z[X] such that yr = f(yz). Each term of the polynomial expression
f(yz) is an integer multiple of (yx)™ for some n > 1. But (yx)™ can be written in the form
y(zy)x’ (where 2’ = x or 2/ = x(yz)" "2, depending on whether n = 2 or n > 2), and so
yx = y(zy)az’ = y(0)2’ = 0. By Lemma 12, idempotents are central.

Let us now fix an arbitrary pair of elements u,v € R, and write w = [u,v]. Let G(X) €
X?27[X] be such that w = G(w). Factorizing G(X) = Xg(X), we have wg(w) = w, and
so g(w) is an identity in the subring generated by w. In particular, g(w) is an idempotent,
and so central. Since w = wg(w) and Z(R) is an ideal, it follows that w € Z(R). Thus all
commutators are central.

In an arbitrary ring, the identity y[z,y] = [y, y] follows immediately from the definition
of commutators. Using this identity and the centrality of commutators, we see that for all
a,b € R,

abla, bl = alba, b] = [ba, bla = ba, bla = bala, V],

and so [a,b]?> = 0. Choosing h(X) € X2Z[X] such that h([a,b]) = [a,b], the identity
[a,b)? = 0 readily implies that h([a,b]) = 0, and so [a,b] = 0. Thus R is commutative. [
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For convenience, we now make the following definition: a ring R is a H-ring if for every
x € R there exists f(X) € X2Z[X] for which f(z) —z € Z(R). (“H” is in honor of Herstein
who proved that H-rings are commutative; see Theorem A.)

The key step in proving Theorem 1 is to prove the following special case.

Lemma 13. Suppose that R is a H-ring with an ideal centre. Then Z(R) contains alle € R
such that € — e € Z(R).

Proof. Let y € R be arbitrary, and define d := eye — ye and z := e? — e. Suppose that

z € Z(R). Since R has an ideal centre, ed = zye € Z(R) and consequently (de)? = d(ed)e €

Z(R). It then follows that (de)* € Z(R) for all k € N, k& > 1, and so f(de) € Z(R)

whenever f(X) € X?Z[X]. Using the H-ring property, we see that de € Z(R). Thus

eye —ye = de — (ey —y)z € Z(R). By symmetry!, eye — ey € Z(R), and so ey —ye € Z(R).
Now (ey)(ey — ye) = (ey — ye)(ey), so

(14) ey’e = yely = yey + 21> .
Next, we show that

(15) (ye)® = (ey’e — 2y%)e = ey’e.

The first equation in (15) follows immediately from (14). Because z, 2% € Z(R), we deduce
that zy%e = ezy? = ey?z, and the second equation in (15) now follows immediately from
the equation z = e? — e. We deduce from (15) and symmetry that (ey)? = ey?e, and so

(16) (ye)® = (ey)*.
Now e(e +x) = e+ z+ ex and (e + x)e = e + z + xe, S0
(e(e +x))* = €® 4 22 + (ex)? + 2ez + 2zex + €*x + exe

and
((e4z)e)? = e? 4 22 + (we)* + 2ez + 2zxe + xe? + exe

But the expressions on the left of the last two displays are equal by (16) with y = e + «,
and zre = zex since z € Z(R) and Z(R) is an ideal, so we conclude that e?z = ze?. Since
e? —e € Z(R), we finally get ex = xe for all x € R, as required. O

Proof of Theorem 1. 1t suffices to prove that a H-ring with ideal centre R is necessarily
commutative. Fixing an arbitrary z € R, let F(X) € X?Z[X] be such that F(z)—z € Z(R).
We factorize F(X) = X f(X), and write e := f(x). By assumption, ze — z € Z(R). Since
Z(R) is an ideal, we deduce inductively that z"e — 2™ € Z(R) for all n € N, and so
g(z)e — g(z) € Z(R) for all g(X) € XZ[X]. In particular, e — e € Z(R). Lemma 13 now
implies that e € Z(R), and so * = ze — (zre — z) € Z(R). Since x is arbitrary, we are
done. O

Proof of Theorem 3. Sufficiency of the coefficient conditions in (a) and (b) follows trivially
from the proof of the corresponding result for general rings (i.e. the main result in [13] for
(a), and [5, Proposition 4] for (b)). The only non-elementary parts of the earlier proofs
are the use in both cases of results of Herstein mentioned in the introduction: in fact, an

INote that the hypotheses are also satisfied by the opposite ring R°P (this is the ring with the same
addition as R and multiplication * given in terms of R-multiplication by z %y = yz), so appealing to
symmetry to reverse the order of the elements here and later is justified.
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appeal to Theorem A suffices in both cases. For rings with ideal centre, we therefore get
an elementary proof of these implications simply by appealing to Theorem 1 instead of
Theorem A. As for the converse implications in (a) and (b), these are established in [13]
and [5] by giving counterexamples for each of the various situations in which the coefficient
conditions fail. Since it is readily verified that all of these counterexamples are rings with
ideal centres, these same counterexamples establish the converse implications in the current
result.

Finally, we tackle (c). Sufficiency of the coefficient condition follows from Theorem 2.
As for necessity, suppose f is a polynomial such that its coefficient ay is not 1. Thus a
has a prime factor p. Consider the ring R, of 3 x 3 matrices over Z, of the form

0

o o e

b
0 c
0 0
As is readily verified, Z(R,,) consists of all matrices of the above form with a = ¢ = 0 and
R,-Z(R,) = {0}, so Z(R,) is an ideal. Moreover, the set of commutators C, equals Z(R,,),

so it follows from the equation R, - C,, = {0} that f(z) = 0 for all x € C},. However, R, is
not commutative, so we are done. O
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ABSTRACT. In this paper, the uniform flow over the hyperspaces 2% of nonempty compact
subsets of a noncompact metric space X with uniform flow, and F,(X) of nonempty subsets of a
compact metric space X with uniform flow containing atmost n points is introduced and used to
show that the hyperspace 2% has the CIP and the hyperspace F,(X) has the CIPH.!

1. INTRODUCTION

A topological space X is said to possess the complete invariance property (CIP) if each
of its nonempty closed subsets is the fixed point set, for some self continuous map f on X
[14]. In case, f can be found to be a homeomorphism, we say that the space enjoys the
complete invariance property with respect to homeomorphism (CIPH) [6].

A survey of results concerning the CIP may be found in [11] and a number of nonmetric
results may be found in [9]. Some spaces known to have the CIPH are even-dimensional
Euclidean balls [13], compact surfaces and positive-dimensional spheres [12], the Hilbert
cube and metrizable product spaces which have the real line or an odd-dimensional sphere
as a factor [6]. In [9], it is shown that an uncountable self product of circles, real lines
or two point spaces has the C'IP and that connected subgroups of the plane and compact
groups need not have the CIP.

In this paper, it is investigated as to when the hyperspace 2% of nonempty compact
subsets of a metric space X enjoys the notion of complete invariance property (CIP). Tt
is also shown that the hyperspace F,,(X) of nonempty subsets of a compact metric space
X with uniform flow containing atmost n points has the complete invariance property with
respect to homeomorphism (CIPH).

2. PRE-REQUISITES

A. Hyperspaces
For a metric space (X, d), the hyperspace 2% of nonempty compact subsets and the

hyperspace C(X) of nonempty compact connected subsets are topologized by the Hausdorff

12010 AMS subject Classification: 55M20, 54H25, 54B20
Keywords and Phrases: Hyperspaces, Hausdorff metric, CIP, CIPH.
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metric, defined by
dy (A, B) = max{supscad(a, B), suppe pd(b, A)}.

If (X, d) is a compact metric space, then for each n € N the hyperspace F,(X) = {A €
2% : cardA < n} is called the n-symmetric product of X. 1-symmetric product of X is the
hyperspace Fy(X) of singletons of X and F;(X) ~ X. For a compact metric space (X, d)
2X

the hyperspace is compact with respect to the Hausdorff metric and F,(X) C 2% is

closed for every n.

Definition 2.1.[10] A continuum is a nonempty, compact, connected metric space. A
locally connected continuum is called Peano continuum. A continuum that contains more

than one point is called nondegenerate.

Definition 2.2.[10] Any space homeomorphic to the closed interval [0,1] is called an
arc. A free arc in the continuum X is an arc o with end points a and b such that o — {a, b}

is open in X.

Result 2.3. 2% is compact metric space if and only if X is a compact metric space.

C(X) is closed in 2%, hence also compact.

Result 2.4.[5] (Curtis - Shori theorem, a famous result concerning the topology of
hyperspaces) The hyperspace 2% is homeomorphic to the Hilbert cube (Q) if and only if X
is a non-degenerate Peano continuum and C(X) is homeomorphic to Q if and only if X is

a non-degenerate Peano continuum with no free arcs.

B. CIP and CIPH

A topological space X is said to possess the complete invariance property (CIP) [14] if
every nonempty closed subset of X is the fixed point set of some continuous self map f
on X. In case, f can be chosen to be a homeomorphism, the space is said to possess the

complete invariance property with respect to homeomorphism (CIPH) [6].

Definition 2.5.[3] A continuous function ¢ : X x R — X on a metric space (X, d) is
called uniform flow if it satisfies the following conditions :

i. p(z, 0) ==, for all z € X.

ii. p(p(z, s), t) =p(z, s+1t), forall s, t € Rand z € X.

ili. d(z, ¢(z, t)) < C[t|, for some positive C and for all x € X, t € R.

iv. There is a real number p > 0 such that for all t € R and =z € X, ¢(z, t) = z iff
t € pZ.

The map ¢ : X — X defined by p(x) = o(x, t) is a homeomorphism.
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Definition 2.6.[8](1) A space X has property @ if for every nonempty closed subset K
of X there is a point p € K, aretract R of X containing K and a deformation H : X xI — R
such that H(x,t) # x if x # p and ¢ > 0.

(2) If in (1) we omit p and stipulate that H(z,t) # = if + ¢ K and ¢t > 0, then we say
that X has property Q(weak).

(3) A space X has property W if for every point p € X, there is a deformation H :
X x I — X such that H(x,t) #« if ¢ # p and ¢t > 0.

(4) If in (3) H(x,t) # x, whenever t > 0, we say that X has property W (strong).

Remark 2.7. W(strong) = W = Q = Q(weak).
Result 2.8.[8] A metric space (X,d) with property W has the CIP.
Result 2.9.[6] The Hilbert cube Q has the CIPH.

Result 2.10.[3] Let (X, d) be a compact metric space with a uniform flow ¢. Then every
nonempty closed subset of X is the fized point set of an orbit-preserving autohomeomorphism
of X. In particular, X has the CIPH.

3. CIP aNnD CIPH OVER HYPERSPACES

In this section, the notion of uniform flow over the hyperspaces 2% and F,(X) is in-
troduced and using the property of uniform flow we study the CIP and the CIPH over
hyperspaces with respect to the Hausdorff metric.

Theorem 3.1. Let (X, d) be a noncompact metric space with uniform flow ¢ satisfying
wi(A) = A if and only if t = 0, for all nonempty compact subsets A of X. Then the map
® : 2X xR — 2% on the hyperspace of all nonempty compact subsets of X, defined by
DA, t)={pla, t):a € A} is a uniform flow.

Proof. Let constants of uniform flow ¢ be p and C. Now we show that the map
® : 2% x R — 2% defined by ®(4, t) = {¢(a, t) : a € A} is a uniform flow.

i. ®(A, 0)={p(a, 0):a€ A} = A for all A € 2%,

ii. ®(A4, s+1t)=®(P(4, s), t) for all A €2X and s,t € R.

iii. Consider

dr(A, ®(A, 1))
= max{sup,ead(a, ®(A, 1)), sup, (4, nea(a, nd(4; la, 1))}
By noting that
d(a, (A, 1) = infy heaa, pda e(a’, 1) < COlil,

we have

SupaeAd(aa (I)(Aa t)) S C|t|7
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and also
d(A, ¢(a, t)) =inf_,d(a’, (a, ) < Ct,

provides
SUPy(a, t)ed (A, t)d(A7 <p(a, t)) < C‘t|

Thus, we have
dH(Av (I)(Aa t)) < C|t|7

for all A € 2%X.
iv. From the condition ¢;(A) = A if and only if ¢t = 0 we have
D(A, t) ={p(a, t):ac A} = p1(A) = A, if and only if £ = 0.

Remark. If X is compact metric space, then X € 2X. In this case ¢;(X) = X for all
teR.

Example 3.2. Let (S!, di) be a metric space where S is the unit circle and d; is arc
length metric. If (X, do) is any metric space, then the product X x S! is a metric space
with the metric D defined by

D((z1, 1), (x2, ¥2)) = max{da(x1, x2), di(y1, y2)}

The map ¢ : (X x S1) x R — X x S! defined by o((z, €'), t) = (z, e'@t)) o €
[0, 27),t € R is a uniform flow with p = 27 and C = 1.

If we take A = {xg} x S!, then A is a nonempty compact subset of X x S! such that
wi(A) = Afor all t € R.

Example 3.3. The map ¢ : R? x R — R? defined by ¢((x, y), t) = (z +t, y), t €R
is a uniform flow with p =0 and C' = 1.

If A is a nonempty compact subset of R?, then ¢;(A) = A if and only if ¢t = 0.

Example 3.4. Let (S!, d) be a metric space where S! is the unit circle and d is the
arc length metric. If T? = S x S!, then T? is a metric space with the metric D defined by

D((eQﬂizl , e?ﬂiyl )’ (627rim2 , e?ﬂin )) — \/d2 (627”'.161 , 6271'12272) + d2 (627riy1 , eQTrin)’

where x1,z2,y1,y2 € [0,1].
Define a map ¢ on T? by

S@((6271'1'367 6271'1'1/)7 t) _ (eQﬂi($+t)7 627ri(y+\/§t)).

Then
D((e27r7,':v7 eQﬂ'iy)’ S0((6271'2"%’ 6271’@’_1;/)7 t)) _ D((€27riw’ 627riy)’ (627ri(w+t)’ 627Ti(y+\/§t))) <
C |t|, where C' = 2/31 and p((e2™®, ™), t) = (e*™*, ¢>™W) if and only if t = 0, shows

that ¢ is a uniform flow.
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Again the map @ : (T? x R) x R — T? x R defined by

@(((62wi$7 627r1'y), a), t) = ((627ri(m+t)’ 627ri(y+\/§t))’ a),
is a uniform flow with respect to the metric D given by

D(((e27@1, e2mivn), ay), (27972, €27iv2), ay))

= max{D((e?™®1 2™W1)  (e2Ti%2 2Ti2)) |a; — agl}.

Consider A = {e?™®0} x S! x {a}, the nonempty compact set in T? x R. We have
{D((((e2mimo, e2miv), a), 1)) 1 y € [0, 1]} = {((2w0th), 2mil+vD) q) 1y € [0, 1]} =
{((e¥mim0, 2miWHV2)) q) 1y € [0, 1]} = A
Thus, in this case, ®;(A) = A if and only if ¢ =0, is not true.

Theorem 3.5. Let (X, d) be a compact metric space with uniform flow ¢ satisfying
wi(A) = A if and only if t € pZ, for all subsets A of X containing atmost n points, then
the map ® : F,,(X) x R — F,(X) on the hyperspace of subsets of X containing atmost n
points, defined by ®(A, t) = {¢(a, t):a € A} is a uniform flow.

Proof. Since (X,d) is a compact metric space and A € F,(X) is closed in X, hence
A € F,(X) is a compact set in X. Since continuous image of a compact metric space is

compact, we have the result from the proof of Theorem 3.1.

Theorem 3.6.[3] Any metric space with uniform flow has property W (strong).
Proof. Let (X,d) be a metric space with uniform flow ¢.
If p =0, then define H : X x [0,1] — X by

H(z,t) = ¢(z,t), zeX, telo,1].

Then H is continuous and H(z,t) = x if and only if ¢ = 0.
If p > 0, then H : X x [0,1] — X given by

H(z,t) = ¢(z,t/2p), reX, tel0,1]

is a homotopy and H(z,t) = z if and only if ¢ = 0.

Theorem 3.7. Any metric space with uniform flow has the CIP.
Proof. It follows from the fact that a metric space having property W (strong) has the
CIP.

Theorem 3.8. If (X, d) is a noncompact metric space with uniform flow ¢ satisfying
wi(A) = A if and only if t = 0, for all nonempty compact subsets A of X, then the hyperspace
2% of all nonempty compact subsets of X has the CIP.
2X

Proof. Since is a metric space with respect to the Hausdorff metric. The proof is

immediate by Theorem 3.1 and Theorem 3.7.
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Theorem 3.9. If (X, d) is a compact metric space with uniform flow ¢ satisfying
oi(A) = A if and only if t € pZ, for all subsets A of X containing atmost n points, then
the hyperspace F,(X) of subsets of X containing atmost n points has the CIPH.

Proof. Since for a compact metric space X, the hyperspace F,,(X) is compact. From
the Theorem 3.5 we get that F,(X) has uniform flow. Thus F,(X) is a compact metric
space with uniform flow and hence the result follows from Theorem 2.10.

Theorem 3.10 For a nondegenerate Peano continuum X , the hyperspace 2% of nonempty
compact subsets of X and the hyperspace C(X) of nonempty compact connected subsets of
X with no free arcs have the CIPH.

Proof. On account of Result 2.3, 2% and C(X) are homeomorphic to the Hilbert cube
Q. Thus from 2.9 we get the result.

Example 3.11 The closed unit interval I, the Hilbert cube @ and closed unit sphere
S™ are nondegenerate Peano continuum. Thus from Theorem 3.10 the hyperspaecs 27, 22
and 25" have the CIPH.

Example 3.12 For the closed unit interval I and the unit circle S*, hyperspaecs C(I)
and C(S!) are homeomorphic to the product I?. Hence C(I) and C(S!) have the CIPH.
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ABSTRACT. In the previous paper we gave elementary proofs of operator monotonicity
of the representing function of the weighted arithmetic mean and some other related
functions. In this note, we show some extensions and applications of those results.

1 Introduction. A (bounded linear) operator A acting on a Hilbert space H is said to
be positive, denoted by A > 0, if (Av,v) > 0 for all v € H. The definition of positivity
induces the order A > B for self-adjoint operators A and B on H. A real-valued function f
on (0,00) is operator monotone, if 0 < f(A) < f(B) for operators A and B on H such that
0 < A < B. Thus, throughout this paper, we assume that operator monotone functions
are positive and their domains are (0,00). As a typical example, x — 2P (0 < p < 1) is an
operator monotone function, which is well-known as Lowner-Heinz theorem (LH).

For convenience sake, we state the main facts shown in our previous paper with elemen-
tary proofs:

Proposition 1.1 (cf. [11, Theorem 1.2], [1], [2], [3], [4], [5], [8], [9], [13]). The function

ap(x) = (1—;‘%1));7 p#0 (ao(x) :x%)

is operator monotone if (and only if ) —1 <p < 1.

Proposition 1.2 (cf. [11, Theorem 1.1], [13], [1]). The function

sp(z) = (M>llp, p#0,1 (so(x) (: lim sp(g;)> vl @)= 19””1)

P — 1 p—0 ~ loga’ e

is operator monotone if —2 < p < 2.
Proposition 1.3 ([11, Theorem 1.3], [5], [9], [6], [2], [3]). The function

P —1 xlogx r—1

o) =2 p 201 (ha(e) = T ) = )

p  arl— z—1" """ T Joga

is operator monotone if —1 < p < 2.

In this paper, we give some extensions of those propositions and their applications. As
an application of the extension of Proposition 1.2, we give a slight extensions of Uchiyama’s
example in [15] related to Petz-Hasegawa theorem [14].

2010 Mathematics Subject Classification. 47TA63, 47TA64.
Key words and phrases. operator monotone function, operator mean.
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2 Preliminaries. By Kubo-Ando theory [12], an operator mean o is defined as a binary
relation of positive operators, satisfying the following properties in common:

(monotonicity) A<C,B<D=— AocB < CoD,
(transformer inequality) C(AeB)C < (CAC)a(CBC),
(normality) AcA = A,

(strong operator semi-continuity) A, | 4, B, | B= A,cB, | AcB.

Sometimes for the definition of an operator mean we must assume operators to be
invertible. Without any assumption for invertibility every mean is well-defined as the (strong
operator) limits of (A+¢el)o(B +¢l) as ¢ | 0 instead of Ao B. (I is the identity operator.)

Every operator mean o corresponds a unique operator monotone function, that is, its
representing function f, which is defined by f,(z) = lox. Conversely, if f is an operator
monotone function with f(1) = 1, then the definition of the operator mean corresponding
to f is given by

AcB=Abf (A—%BA—%) A3
for positive invertible operators A and B.

For our discussion, we use the following basic facts:

(I) For an operator mean o and for two operator monotone functions g and h, if we
define goh by

(gt @) = g (] )
g g o 9(z) )’
then goh is operator monotone.

(IT) For a strictly positive function f on (0,00), define f°(z) := zf(1/x) (transpose),
f*(z) == 1/f(1/x) (adjoint) and f(x) := x/f(z) (dual), then the four functions
f,f°, f*, f+ are equivalent to one another with respect to operator monotonicity ([12],
(10)).

(III) For a continuous path f; (0 <t < 1) of operator monotone functions, its integral
mean f defined by

f(x)z/o fe(z)dt
])-

is an operator monotone function ([2], [3

3 Main results. Applying (I) to the operator mean o,, corresponding to the operator
monotone function ay(z) (notice ay(1) = 1), as an extension of Proposition 1.1, we showed
in [11]:

Lemma 3.1 (cf. [11, Lemma 3.1], [13]). Let f,g be operator monotone functions, then
1
f0a,9 = (’zﬁ)p (or equivalently, (fP + gp)%) is operator monotone for —1 < p <
1, p # 0. Further, if f1, ..., fn are operator monotone functions, then (Z?zl flp)% is operator
1
monotone. In particular, (3.7, (c; + Bix)P)? (o, 3; > 0) is operator monotone.

Similarly as o,,, let 05, and o, be the operator means corresponding to the operator
monotone functions s, and k,, respectively. Then we obtain the following result:

Theorem 3.2 (cf. [11, Theorem 1.1}, [13], [1]). For operator monotone functions f,g (f #
g), the function

. f
_(p(f -9\ S et L (9
fras= (=) s vro (f%g‘logf—logg’f"“g‘e (%) )



ELEMENTARY PROOFS OF OPERATOR MONOTONICITY OF SOME FUNCTIONS II 63

is operator monotone if —2 < p < 2.

Proof. By Proposition 1.2 (for p # 0,1, ) we have
(s 9 (P “P_(Mf—m)ﬁp
stpg—f <1Uspf>_f <(§Ic)p_1 - fr—gp )

Similarly, we can show:

Theorem 3.3 (cf. [11, Theorem 1.3], [5], [9], [6], [2], [3]). For operator monotone functions
fyg (f # g), the function

p—1 fP—g"
p fri—gr

is operator monotone if —1 < p < 2.

1 p#oalv (fo'kog:f(logf_logg)7 fO'klg:f_g)

for,g =
f-g log f —logyg
In [11], the following fact was shown, as an extension of Proposition 1.3:

Lemma 3.4 (cf. [11, Theorem 3.2]). For —1 <p <1, 0 <s <1, the function

5 —1 _ logaz™* )

| _ ()
~ logas’ |

up ()= L. T~ -
pos p+s aP—1

,p#&—s<wA@

1s operator monotone.

For the operator mean corresponding to the function u, s, we can obtain the following
theorem which is an extension of Theorem 3.3 (and also Lemma 3.4):

Theorem 3.5. For operator monotone functions f,g (f # ¢g), and for —1 <p <1, 0 <
s < 1, the function

D fp+s _gp+s
pts  fr—gp

A fO' g =
log fs —loggs’ @ "7

7p7é0’_3

(*) faup,sg =

ffs _ gfs
log f=5 —logg—*

(fUuo,sg = > 18 operator monotone.
Example (cf. [15, Example 2.4]). For -1 <p <1, 0<q—p <1, p#0, ¢ # 0 (and for
a>0),

p 29— qd

- - is operator monotone.
q xP—a

We can obtain this fact, by putting f =z, g = a, and ¢ = p+ s in (x).
As an application of Proposition 1.2, we showed an alternative proof of the following
result due to Petz and Hasegawa [14], [6]:

Proposition 3.6 (cf. [11, Theorem 3.4]). For —1 <p <2

p(L—p)(z — 1)°
(@ —1)(@ 7 — 1)

r—1

201 () =) = )

~ logx

hy(z) =

1s operator monotone.
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As an extension of this fact and an application of Theorem 3.2, though the range of p
is reduced, we have:

Theorem 3.7. If f,qg,k,l (f # g,k # 1) are operator monotone functions, then for 0 <
p<l1
(f—9)(k—1)
(F7 = gn) (=7 — 1)

Proof. Since fo,,g and ko, 1 are operator monotone, we see ———-(fo, g)t,(kos, 1) =

(i-p)°
(f=g)(k=1) 3 t t 3 ! O
(FP—gP)(k1—P—I1-P) 1S operator monotone.

18 operator monotone.

Example (cf. [15, Theorem 2.7]). Putting f =k =z and g =a, | =b (a,b > 0), we see
that (z—a)(z—b)

@ —ar)(@1-7—b1-7)

is operator monotone.
Further, we have:
Theorem 3.8. For -1 <p<2, a,b>0

p(1 —p)(z—a)(z —b)
(xp — ap)(xlfp — blfp)

(xx)  hp(a,b;z) = is operator monotone.
Proof. We may prove the theorem for p # 0,4+1,2 and a,b > 0. For the case 0 < p < 1,
then (#x) is clear. There remain the two cases:

(i) If 1 < p < 2, then we put p = ¢+ 1, so that 0 < ¢ < 1. We have:

(z —a)(z —b)

hp(a,b;x) = hgy1(a,byz) = (—q)(g + 1) - (@ — i ) (=0 — 1)

_ g+ D)biat(z — a)(z — b)
(;Eq-i-l — aq+1)(xq — bq)

Now since 0 < g < 1, we see that (‘i(f:b?

Further, since 1 < ¢+ 1 < 2, we see that

@+D@®>1®”<@+n@@>;

(n(a,b;z) =) < 2itl — g+l e+l — g+l

is operator monotone by Proposition 1.2, so that its dual

) T s operator monotone by Proposition 1.2.

1
(n*(a,b;z) =) - (%) * is operator monotone. Hence

{(fg_—;})%q . <<q+1><>>} = osbix)

is operator monotone.
(ii) If —1 < p < 0, then putting p = —¢, we can similarly prove (k). O
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APPROXIMATELY DERIVATIVE IN A VECTOR LATTICE

TOSHIHARU KAWASAKI

Received September 29, 2013 ; revised February 7, 2014

ABSTRACT. In previous paper we defined the derivative of mappings from a vector lat-
tice into a complete vector lattice. In this paper we define an approximately derivative
of mappings from a vector lattice into a complete vector lattice. Moreover we consider
a relation between these two derivatives.

1 Introduction The purpose of our researches is to consider some derivatives and some
integrals of mappings in vector spaces and to study their relations, for instance, the funda-
mental theorem of calculus, inclusive relations between integrals and so on; see [9-17].

When we consider extending from restricted Denjoy integral to improper Denjoy integral
for real valued functions, the derivative is transposed to more general derivative, called
approximately derivative. Therefore in this paper we consider approximately derivative for
mappings from a vector lattice into a vector lattice.

In [15] we defined the derivative of mappings from a vector lattice into a complete vector
lattice. In [12] we defined the approximately derivative in the case where the domain is finite
dimension. This derivative seemed to be a subset of bounded linear mappings generally,
however in [14] it was proved that the subset consists of a single point. In this paper we
consider an approximately derivative of mappings from a vector lattice into a complete
vector lattice. Moreover we consider a relation between these two derivatives.

In this paper we use notation and definitions in [15,16]. Let X be a vector lattice. An
element e € X is said to be a unit if e Az > 0 for any z € X with z > 0. Let Kx be the
class of units of X. Let Zx be the class of intervals of X and ZK x the class of intervals
[a,b] with b —a € Kx. Let £L(X,Y) be the class of bounded linear mappings from X into
a vector lattice Y. If Y is complete, then £(X,Y) is also so [2,20,24,25]. A subset D C X
is said to be open if for any x € D and for any e € Kx there exists ¢ € g such that
[t —ee,x +ee] C D. Let Ox be the class of open subsets of X. For an interval [a, b] and
e € KLx let

[a,b]® = {x | there exists € € g such that x —a > ee and b — z > ce}.

Let A be an upward directed set. Then let Ux (A) be the class of {vy | A € A} which satisfies
the following conditions:

(Ul)  wy e X withovy >0

(U2)% vy, > vy, if Ap < Ag;

(U3)  Axeavr=0.

Moreover we consider the following condition:

(M) There exists an interval function ¢ : Zx — [0, 00) such that

2010 Mathematics Subject Classification. 46G05, 46G12.
Key words and phrases. derivative, approximately derivative, vector lattice, Riesz space.
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(Ml) Q(Il) < q(IQ) if I; C Is;
(M2) ¢(I)>0if I € IKx;

(M3) For any x € X, for any e € Kx and for any ¢ € Kg there exists 6 € Kr such
that q([z,z + de]) < e and q([z — de,z]) < e.

Ezample 1.1. Let X be a Banach lattice, that is, it satisfies that |a| < |b| implies ||a| < ||b].
Suppose that Kx # 0. For any a,b € X with a < b let g([a,b]) = ||[b—al|. Then X endowed
with ¢ satisfies (M). Indeed, if [a,b] C [c,d], then 0 < b —a < d — ¢ and hence ¢([a,b]) =
1o —al|l <||d—¢| = q([e,d]). If b—a € Kx, then a # b and hence ¢([a,b]) = ||b — a| > 0.
Moreover for any x € X, for any e € Kx and for any € € Kg, taking § < H%\I’ then it holds
that ¢([z,z + de]) = d]le|| < e and ¢([x — de,z]) = dlle|| < e. For instance, since C(K),
where K is a compact Hausdorff space, and LP, which 1 < p < oo, are Banach lattices with
unit, these spaces endowed with the above ¢ satisfy (M).

Example 1.2. Let X = R% x X, where X is any vector lattice with unit. For any a =
((a1,...,aq),a"),b = ((b1,...,bq),V’') € X we define a < b whenever a; < b; for any i =
1,....,dand ' < V. Then Kx = {((e1,...,€q),€') | & > 0foranyi =1,...,d and €’ €
Kx,}. Moreover for any a = ((a1,...,aq4),a’),b = ((b1,...,bq),b') € X with a < b let
q([a,b]) = H;i:l(bi —a;). Then X endowed with g satisfies (M). Indeed, if [a,b] C [e,d],
then b; —a; < d; —¢; for any ¢ = 1,...,d and hence ¢([a,b]) < ¢([¢,d]). If b —a € Kx,
then a; < b; for any ¢ = 1,...,d and hence ¢([a,b]) > 0. Moreover for any = € X, for
any e = ((e1,...,eq),€') € Kx and for any ¢ € Kg, taking 6 < T, then it holds that

=17
q([z,z + de]) = 5H§l=1 e; < e and ¢([x — de, z]) = 5]_[?:1 e; < e. For instance, since R,
where S is an arbitrary nonempty set, is such a space, this space endowed with the above
q satisfies (M).

In general a lot of interval functions satisfying (M) in X can be considered. Hereafter
in the case of X = R? we always consider the Lebesgue measure as an interval function q.

2 Definitions

Definition 2.1. Let X be a vector lattice with unit, xg € D € Ox and E C D. Suppose
that X satisfies (M).

xo is said to be a right density point of F if for any e € Kx and for any ¢ € Kg there
exists e; € Kx such that for any h € Kx with 0 < h < e; there exists {[ag, bx] | K =1,2,...}
which satisfies the following conditions:

(RDS) E°nN [xo,.’IJO + h] C Uzozl[akv bk}e.
(RD) 3232 a([ak, bi)) < eq([zo, o + h]).

x( is said to be a left density point of F if for any e € Kx and for any € € K there exists
e1 € Kx such that for any h € Kx with 0 < h < ey there exists {[ag,br] | K = 1,2,...}
which satisfies the following conditions:

(LDS) E“ N[z — h,z0) C U:’;l[ak, br]°.

(LD) 3752 alax, be]) < eq([zo — D, o).

xo is said to be a density point of E if it is a right density point and a left density point.

x is said to be a right dispersion point of F if for any e € Kx and for any € € Kg there
exists e; € Kx such that for any h € Kx with 0 < h < e; there exists {[ag, bx] | K =1,2,...}
which satisfies (RD) and the following condition:
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(RDP) EnN|[xzg,x0+ h] C Uzozl[ak, bi]e.

x is said to be a left dispersion point of F if for any e € Kx and for any ¢ € K there exists
e1 € Kx such that for any h € Kx with 0 < h < e; there exists {[ar,bx] | £ = 1,2,...}
which satisfies (LD) and the following condition:

(LDP) EnN[xzg— h,x0] C U;il[ak, bile.

xo is said to be a dispersion point of E if it is a right dispersion point and a left dispersion
point.

Definition 2.2. Let X be a vector lattice with unit, Y a complete vector lattice, D € Ox
and F' a mapping from D into Y. Suppose that X satisfies (M).
For any [ € £(X,Y) and for any right density point zg of {z |z € D,z — 29 € Kx} let

E;Zp(l;F,xo) = {z|zeDx—x9€Kx,F(z)— Flxg) £ l(x —x0)},
le L(X,Y)
+ _ ) )
Loup(Fymo) - = {l o is a right dispersion point of Ef, (I; F, xo) }

and 0—E+F(x0) the class of [ € £L(X,Y") which satisfies the following conditions:

(a-S1g) For any I’ € L(X,Y) with I’ > 0 there exists I” € L}, (F,zo) such that | <1” <

I+, "
(a-S2g) 1" £ 1 for any 1" € Lf, (F,x0).
Let
E;f(l;F,xo) = {z|zeD,x—x9€Kx,F(z)— Flxg) #l(x —x0)},
L;;Lf(F’ o) = {l lxoe 1§(aXr’1;;1)t’ dispersion point of Ejnf(l; F,xg) }

and 0-ADT F(x) the class of | € £(X,Y) which satisfies the following conditions:

(a-Ilg) For any I’ € L(X,Y) with I’ > 0 there exists " € L;;f(F, xo) such that I > 1" >
1-1.

(a-I2g) 1" #1lforanyl” € L;f(F, Zo)-

For any | € L(X,Y) and for any left density point xo of {x |z € D,xg —x € Kx} let

ES_UP(Z;F,;UO) = {z|zeD,xg—x€Kx,F(zg) — F(z) £ l(xo — )},
_ B le L(X,)Y),
Liup(Fyw0) = {l g is a left dispersion point of E, (I; F, zo) }

and 0-AD F(xg) the class of [ € £L(X,Y) which satisfies the following conditions:

(a-S1z) For any I' € L(X,Y) with I’ > 0 there exists I € Lg,,,(F,zo) such that [ <1” <
I+1.

(a-S2p) 1" £l forany l” € L, (F,xo).

sup
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Let

B, (G Fx) = {z|z€Dxg—2€Kx,F(xo) — F(z) # l(zo —2)},

_ B le L(X,Y),
me(F’ o) = {l T is a left dispersion point of Ei_nf(l;F, Zo) }

and 0-AD™ F(xg) the class of [ € £(X,Y) which satisfies the following conditions:

(a-I1) For any I’ € £L(X,Y) with I’ > 0 there exists " € L .(F,zg) such that [ > 1" >

inf
1-1.

(a-121) 1" # lfor any I" € L, (F, xo).

F is said to be approximately right upper differentiable, approximately right lower differ-
entiable, approximately left upper differentiable and approximately left lower differentiable
at xg if 0—E+F(:U0), 0-ADT F(x), 0-AD™ F(xy) and 0-AD~ F(x) are not empty, respec-
tively. If 0-ADT F(xo) = 0—@+F(sco) No-ADY F(x¢) and 0-AD~ F(z0) = 0-AD F(z0) N
0-AD™ F(x0) are not empty, then F is said to be approximately right differentiable and
approximately left differentiable at xg, respectively. If 0-ADF(x9) = 0-ADTF(x9) N
0-AD~ F(x0) is not empty, then F is said to be approximately differentiable at x(.

3 Properties

Theorem 3.1. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) If F is approximately right upper differentiable at right density point x¢ of {z | x €
D,x—xy € Kx}, then any two different elements in O—E+F(l’0) are incomparable.

(2) If F is approximately right lower differentiable at right density point xo of {z | x €
D,x—x € Kx}, then any two different elements in 0o-AD™ F(xo) are incomparable.

(3) If F is approximately left upper differentiable at left density point xo of {x | x €
D,xo—x € Kx}, then any two different elements in 0-AD F(x0) are incomparable.

(4) If F is approximately left lower differentiable at left density point x¢ of {z | x €
D,xo—x € Kx}, then any two different elements in 0-AD™ F(xq) are incomparable.

Proof. Assume that I; < Iy for I1,ly € 0—E+F(:170). By (a-Slg) for I; there exists I” €
LY, (F,xo) such that I} <1” <1y 4 (l2 — l1) = lo. However it is a contradiction to (a-S2p)

for I, that is, I &£ Iy for any I” € Lf, (F,x). Therefore any two different elements in
0-AD" F(x) must be incomparable. The rest can be proved similarly. O

Lemma 3.1. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) Ifle Lt (F,xg) andl' € L(X,Y) with ' > 1, then I' € LE, (F, ).

sup sup

(2)  Ifle L, (F o) andl' € L(X,Y) with I <1, then I' € Ly, ;(F,x0).

Proof. 1t is clear by definition. O
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Let X be a vector lattice and A, B C X. We write A < B if a < b for any a € A and
for any b € B. Similarly we write A < B and A £ B if a < b and a £ b, respectively, for
any a € A and for any b € B, and so on. Moreover we write A < B if for any a € A there
exists b € B such that a < b and if for any b € B there exists a € A such that a < b.

Lemma 3.2. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F' a mapping from D into Y. Suppose that X satisfies (M).
Then

(1) LGf(F $0) M L F, ’Io) = @

eup(

(2) Linf(F .’L'o) } Lsup(F7 .’IJ()).

(3) LGf(F .To) ‘< L F, .To).

sup(

Proof. (1) Assume that L;‘;lf

Then zg is a right dispersion point of Emf (I; F,zg) and Ef, (I; F, ), that is, for any e € Kx

sup

and for any € € Kg there exists e;y € Kx such that for any h € Kx with 0 < h < ejny
there exists {[ax,bg] | K = 1,2,...} which satisfies

(F,JZ()) NnLT (F :I,’()) # 0. Let I € LGf(F 1’0) N Lsup(F7$0)'

sup

[akn bk]e7

(G

mf(l F,x0) N[xo, 20 +h] C

k=1

M8

q(lar,bx]) < eq([zo, 0 + h]),

=
I

1
and there exists eg,, € Kx such that for any h € Kx with 0 < h < ey, there exists
{[ek,dk] | kK =1,2,...} which satisfies

Sup(l F xo) [I0,$0+h] - U[Ckvdk]ea
k=1

q([er,dr]) < eq([zo,x0 + A]).

hE

~
Il

1

Let e1 = einf A esup- Then the above two inequalities are true for any h € Kx with
0 < h < ep. Since

mf(l F,x0) UES, (I Fya0) ={z |z € D,z — x € Kx},

it holds that

( an(l F$0>UE+ (l F,l‘o))ﬂ[.ﬁo,xo—‘rh}

sup

={z|xz€D,x—xg € Kx}N|xg,z0 + h].

Therefore

{x‘lEED,.’E—CL'OEIC)(}Q[(EO,LU()-F}L] C U akvbk Ckndk]e)v

> allaw b))+ allew, di]) < 2eq([zo,x0 + h).
k=1 k=1
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It is a contradiction to that z is a right density point of {z | x € D,x—xz¢ € Kx}. Therefore
L (F,20) N LY, (F,z0) = 0. Tt can be proved similarly that me(F x0) N L, (F,z0) = 0.

sup

(2) Assume that Iy € me(F xo), la € L;tup(F xo) and Iy > lz. By Lemma 3.1 it holds
that Iy € LE,,(F, ) and I, € LE #(F, zg). However it is a contradiction to (1). Therefore

LGf(F 330) } Lbup(F .730)
(3) Let I € me(F x9) and Iy € LE

sup

(F,z0). By Lemma 3.1 it holds that I; V iy €

Lsup(F xg) and Iy <11 Vls. By Lemma 3.1 it holds that I; Aly € me(F7 xo) and I3 Als < .
Therefore Lj;f(F xg) =X L;tup(F, xo). O

Theorem 3.2. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) If F is approzimately right upper differentiable and approzimately right lower differ-
entiable at right density point zo of {z |z € D,z —x0 € Kx}, then 0-E+F(x0) e
0-ADT F ().

(2) If F is approxzimately left upper differentiable and approximately left lower differen-

tiable at left density point xo of {x | x € D,zg —x € Kx}, then 0-AD F(z) £
0-AD™ F(x).

Proof. Assume that I; € O—E+F($O) ly € 0-ADVF(z0) and I} < lo. Let | = %(ll + la).
Then Iy <1 < ly. By (a-Slg) for Iy there exists If € Lf, (F, o) such that I; <17 <.
By (a-I1g) for Iy there exists I} € me(F7 xo) such that Iy > 1§ > [. By Lemma 3.1 [ is
belonging to both Lsup

Therefore 0-AD F(x0) £ 0-AD" F(x0). Tt can be proved similarly that o-AD F(z¢) #
0-AD™ F(xo). O

(F,zp) and me(F x0), however it is a contradiction to Lemma 3.2.

Lemma 3.3. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox,
F, Fy, F5 mappings from D into Y and a € R. Suppose that X satisfies (M).
Then

(1)
statore = { LI a <o
shere = (G o5
(2)

L:stup(F ‘TO) + Lsup(FQa -TO) C Lsup(Fl + F27x0)7
Linf(Fl,l‘o)—FLinf(Fg,l‘o) C Llnf(F1+F2a-T0)~

Proof. (1) is clear by definition. We show (2). Let Iy € L¥, ,(F1,x0) and Iy € L¥,,(Fa, x0).
If

Fl(LL') — Fl(xo) + Fg(ﬂ?) — FQ(.’L‘Q) 7( ll(.’L‘ - 3?0) + l2(.’17 - SL'()),
then

Fl(.’L‘) — Fl(l‘o) 7( ll(l‘ — l‘o) or FQ(J?) — FQ(J?()) 7( lg(x — J)o).
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Therefore

Ef, (L +1o; Fy + Fy,x0) C B, (I Fr, o) U B, (lo; Fa, o).

sup sup

If zg is a right dispersion point of Ef, (l1; Fi, 7o) and of E}, (I2; Fo,x0), then it is right

sup sup

dispersion point of EJ, (I1 + lz; F1 + Fa,x0). Therefore Iy + 1y € LY, (F1 + F2,10). The
rest can be proved similarly. O

Theorem 3.3. Let X be a vector lattice with unit, Y a complete vector lattice, g € D €
Ox, F, Fy, Fs mappings from D into Y and o € R with o > 0. Suppose that X satisfies
(M).

(1) If F is approzimately right upper differentiable at right density point xo of {x |
x € D,x —xo € Kx}, then oF is also so and O-EJr(aF)(xo) = ao-@+F(:c0)
and —aF' is approximately right lower differentiable at xo and 0-@+(—aF)(xo) =
—a0-AD" F(xg). If F is approzimately right lower differentiable at xo, then oF is
also 5o and 0-AD™ (aF)(z0) = ao-AD F(x¢) and —aF is approzimately right upper
differentiable at xo and 0-AD™ (—aF)(xg) = 7040—@+F(x0).

(2) If F1, Fy, Fy + F5 are approximately right upper differentiable at right density point
xo of {x |z € D,x —x9 € Kx}, then

0-AD " Fy(20) + 0-AD ' Fy(x0) # 0-AD  (Fy + Fy) ().
If Fy, Fy, F1 + Fy are approximately right lower differentiable at xq, then

0-AD* Fy(x0) + 0-AD" Fy(x0) # 0-AD™ (Fy + F)(o).

(3) If F is approximately left upper differentiable at left density point xo of {x | x €
D,zg— 2 € Kx}, then oF is also so and

0-AD (aF)(z0) = ao-AD F(x9)
and —aF is approximately left lower differentiable at xo and
0-AD (—aF)(xg) = —ao0-AD™ F(z0).
If F is approximately left lower differentiable at xg, then oF is also so and
0-AD™ (aF)(xg) = ao-AD™ F(x9)
and —aF is approximately left upper differentiable at x¢ and

0-AD™ (—aF)(xg) = —a0-AD F(xy).

(4) If Fi, Fy, Fy + F5 are approximately left upper differentiable at left density point xg
of {fx |x € D,xg —x € Kx}, then

0-AD Fyi(x9) + 0-AD Fy(xg) £ 0-AD (Fy + F2)(xo).
If F1, Fy, F1 + Fs are approximately left lower differentiable at xq, then

O—AiDiFl(CCo) + O—AiDiFQ(l’O) ?é O—AfDi(Fl + FQ)(.T())
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Proof. (1) and (3) are clear by definition. We show (2) and (4). Let l; € O—E+F1($0)
and Il € 0—@+F2(:170). By (a-Slg) for any I’ € £(X,Y) with I’ > 0 there exist I{ €
LY, (F1, Xo) and 15 € LY, (Fa, Xo) such that Iy <1 <l +1"and I <15 <y +1'. Since

Fy + F is also approximately right upper differentiable at z¢, by (a-S2g) it holds that " £ 1
for any [ € 0—@+(F1 + Fy)(z0) and for any I” € L}, (Fi + Fs, X). Since by Lemma 3.3

sup

IV +15 € Lf,,(Fi + Fy,x0), it holds that Iy + Iy < I + 15 £ I. Note that I{ and I§ can

take near [y and Iy enough. Therefore Iy + o £ [. Actually assume that [y + lo < [. Then
W41y <li+1lo+2I' <lforany !’ < 1(I—1; — ). It is a contradiction. Therefore

oAD" Fi(x0) + 0-AD  Fy(xo) £ 0-AD " (Fy + Fy)(xo).
The rest can be proved similarly. O

Lemma 3.4. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and F a mapping from D into Y. Suppose that X satisfies (M).

(1) 1€ o-ADTF(xg) if and only if | satisfies (a-S1g) and (a-I1g).
(2) 1€ 0-AD F(xg) if and only if | satisfies (a-S1y) and (a-I1p).

Proof. The necessity is clear. We show the sufficiency. We show that if | € £(X,Y") satisfies
(a-S1g), then it satisfies (a-12g). Assume that [ does not satisfy (a-12g). Then there exists
" e L;-;f(F, xo) such that I” > I. By (a-Slg) there exists I € L, (F,xo) such that
I <U" <1". It is a contradiction to Lemma 3.2. Therefore ! satisfies (a-12). The rest can

be proved similarly. O

Theorem 3.4. Let X be a vector lattice with unit, Y a complete vector lattice, xg € D € Ox
and Fy, Fy mappings from D into Y. Suppose that X satisfies (M).

(1) If F1 and Fy are approximately right differentiable at right density point xo of {z |
x € D,x—x9 € Kx}, then Fy + F5 is also so and

O-AD+F1(J}0) + 0-AD+F2(.T0) = O-AD+(F1 + Fg)(.ﬁo)
(2) If Fy and Fs are approzimately left differentiable at left density point xo of {x |z €
D zog —x € Kx}, then Fy + Fy is also so and
O-AD_Fl(.To) + O-AD_FQ(QT()) =0-AD™ (Fl + FQ)(.’E())

Proof. Letl; € 0-ADT Fy(z0) and Iy € 0-ADT Fy(z0). Forany !’ € £L(X,Y) with !’ > 0 there
exist IY € L}, (Fi,x0) and I € LY, (F5,xo) such that Iy <1{ <+ and Iy <1§ <lo+1'.

sup sup

Since by Lemma 3.3 I +15 € Lt (Fy+Fy, z0), l1 +15 satisfies (a-S1g) for F}y + F5. Similarly

sup

Iy + 15 satisfies (a-I1g) for Fy + F5. Therefore by Lemma 3.4 Fy + F is approximately right
differentiable and

O—ADJrFl(Io) + 0—AD+FQ(I0) C 0—AD+(F1 + FQ)(ZEO)
In the above formula we put —F} into F; and F} + F5 into F. Then we get

0-ADT (=Fy)(z0) + 0-AD™ (Fy + F3) (o) C 0-AD™ Fy(z0).
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By Theorem 3.3

0-ADT(Fy + F2)(z0) C 0-AD T Fy(xg) — 0-AD™ (—Fy)(x0)
= O—AD+F2(1‘0) + O—ADJrFl (.To)

Therefore
O-AD+F1(£L'0) + O-AD+F2({E()) = O—AD+(F1 + FQ)(!E(]).
The rest can be proved similarly. O

4 In the case of X = R? Approximately derivative becomes a subset of bounded linear
mappings generally. The problem that it consists of a single point is not solved. However
it is true to show the following in the case where X is finite dimensional; see [14].

Lemma 4.1. Let X and Y be vector lattices and | € L(X,Y).
If {x,,} is relatively uniformly convergent to 0 in X, then {l(z,)} is also so in Y.

Proof. Since {x,} is relatively uniformly convergent to 0 in X, there exist {e,} € Ur(N)
and u € X with u > 0 such that |x,| < €,u for any natural number n. Then there exists
a monotone sequnce {r,} of real numbers such that it is divergent to infinity and {r,z,}
is relatively uniformly convergent to 0. Actually there exists a monotone sequence {N(m)}
of natural numbers such that |z,| < -yu if n > N(m). Let

|1 ifn<N(1),
T\ m #fNm)<n<Nm+1) (m=1,2...).

Since

] = || if n < N(1),
Tl mlz,| EN(m)<n< Nm+1) (m=1,2,...),
and m|z,| < Lu, {ryz,} is relatively uniformly convergent to 0 and {r,} is divergent to
infinity. Since {rpz,} is relatively uniformly convergent to 0, it is bounded. Therefore
{rnl(zn)} is also so, that is, there exists v € Y with v > 0 such that r,|l(z,)] < v. For m
select N such that ryy1 > m. Then |{(z,)] < %v < %fu for any natural number n > N.
It means that [(x,) is relatively uniformly convergent to 0. O
Lemma 4.2. Let X =R, Y a complete vector lattice, zo € X andl € L(X,Y).
Then

0-AD " I(x0) = 0-AD™I(x) = 0-AD I(zg) = 0-AD ™ I(xo) = {1}.

Proof. We show that 0—E+l(xo) = {l}. The rest can be proved similarly. Since [ €
0—E+l(x0) is clear, we show that for any element of 0—E+l(m0) it is equals to {. First
we consider a necessary and sufficient condition for I” € Lf, (I,x0). Note that Kx =
{(e1,...,eq) | e; >0 for any i} and L(X,Y) =Y<L
In the case of I" > I:

Since

E;Zp(l";l,a:o) ={z|x—20€Kx,l(x —x0) £I"(x —20)} =0,

it holds that I” € L}, (I, x¢).

sup
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In the case of I"” =I:
Since

E:;p(l”;l,l'o) = {3}‘ ‘ xr— o € ’CX}7
it holds that for any h € Kx
EL "L xo) N [wo, w0 + h] = {z | & — 29 € Kx} N [0, 0 + h].

Therefore z is never a right dispersion point of E, (I";1,2¢). Then I & Lf, (I, x0).
In the case of I"” 2 I:

Note that for any # € X with x > 0 there exist 7 >0and 0<60; < 5 (i=1,...,d 1)
such that

r = f(T,Hl,...,Qd_l)
= r(cosfy---cosfy_1,co86p---8infy_1,...,sinby).

Therefore there exists f(ro,01,0,...,04-1,0) With 79 > 0,0 < 0;0 < 5 (i =1,...,d—1)
such that

U (f(ro,01,0,---,04-10)) 2 U(f(ro,01,05-..,0a-1,0))-

Then there exists a; with 0 < a;+0;0 < 5, o; # 0 such that for any 0; with [0; —0; 0| < |,
0<9; < 5 it holds that

l”(f(’f'o, 91, ey Gd,l)) z l(f(To,al, ey Qdfl)).

If not, then for a; 1 with 0 < a; 14050 < §, i1 # 0 there exists 0; 1 with 0 < [0;1 —0; 0] <
lovia], 0 < 651 < 7 such that

U(f(ro,01,1,...,0a-11)) > U(f(ro,011,---,0a-1,1))-

Moreover for ;2 with 0 < ;2 +6;0 < 5, 0 # a2 < %\ai,ﬂ there exists 0; 2 with

0 < ‘01"2 — 8¢70| S |Oli’2|, 0 S 01'72 S g SUCh that
U(f(ro,01,2,...,0a-12)) > U(f(ro,012,...,0a-1,2))-

Repeat this way, then we get a sequence {f(ro,01k,...,04—1,%)} such that it is relatively
uniformly convergent to f(rg,61,0,...,04-1,0) and

V(f(ro,01s- -2 0a-11)) = U f(ro, O1ks-- - 0a-1.1))-

It is a contradiction to Lemma 4.1. Therefore there exists a; with 0 < a; +0;0 < 5, a; # 0
such that for any 6; with [0; — 0; 0] < |a;[, 0 < 0; < 7 it holds that

U (f(ro,01,...,04-1)) 2 1(f(ro,01,...,04-1)).
Since I” and [ are linear, the above inequality is true for any r > 0. Let
™ .
W= {f(rvelw"vedfl) T>0,|9i_9i’0‘ < |az|a0§91 < 5 (7,: ].,7d—].)}

Then {x |z —x9 € Kx} N (zo + W) C EY, (I";1,20). Let El(h) = El(hy,...,hq) be the

sup
intersection of an ellipsoid, which radii are hq, ..., hq, and {(z1,...,24) | z; > 0 for any i}.

Then zg + El(h) C [xo,z0 + h]. Since xg is a right density point of {z | x — xy € Kx }, that
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is, for any e € Kx and for any € € K there exists e; € Kx such that for any h € Lx with
0 < h < ey there exists {[ag,br] | K =1,2,...} which satisfies

oo

{w|z—20 € Kx}9Nlwo,zo+h] C | Jlar bl
k=1

Zq akvbk: S 8q([$0,$0+h]),
k=1

if g is a right dispersion point of Esup(l”; l,x0), that is,

eup(l” l ) [‘TO’ o + h] C U [Ck7 dk]ev
k=1

Zq Ckadk S EQ(['r07x0+h])a
k=1

then

(130+W)ﬁ(1‘0+El(h)) C <U ak,bk ) <U Ck,dk ),
k=1 k=1

> allar bel) + D aller, di]) < 2eq([zo,z0 + h])
k=1 k

=1

proving that (zo + W) N (zo + EI(h)) is a null set. On the other hand

iy
El(h))) > hi---h
q((x0+W)ﬂ(:Co+ ( ))) = 2rd—1 F(g+1) * d
o1 - ]
= ——— " hy--hy
2r5I0(4 + 1)
Q1 og—
- Maaaal e,

272710 (4 + 1)

where I' is I'-function. It is a contradiction. Therefore x is never a right dispersion point
of EY,,(I";1,x0). Then I" & L{, (I, o).
Therefore I € L}, (I,z0) if and only if I” > . Let l; € 0—E+l(xo). For any I’ > 0

sup

there exists I € LY, (I,z0) such that [ < 1" <y +1'. Since I’ is arbitrary, it holds that

sup

I <y, moreover by Theorem 3.1 it hold that Iy =I. O
Theorem 4.1. Let X =R Y a complete vector lattice, o € D € Ox and l € L(X,Y).

(1)  If F is approximately right differentiable at right density point xo of {x |z € D,z —
xo € Kx}, then 0-ADT F(xg) consists of a single point.

(2)  If F is approximately left differentiable at left density pont xg of {x |z € D,xog—x €
Kx}, then 0-ADT F(xq) consists of a single point.

Proof. In Theorem 3.4 (1) put F; = F and F; = —F and by Lemma 4.2
0-ADT F(x¢) — 0-ADV F(z0) = 0-AD " 0(z0) = {0}.

Therefore 0-AD™ F(x() consists of a single point. Similarly it can be proved that o-AD™ F(x)
consists of a single point. O
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5 Relation We consider a relation between the approximately derivative and the deriva-
tive. However it is not known any desirable relation. In this section we consider the case
where X =R and Y is totally ordered.

Theorem 5.1. Let X =R, Y a complete vector lattice with total ordering, xo € D € Ox
and F' a mapping from D into Y.

(1) If F is right differentiable at xo, then it is approzimately right differentiable and
0-DT F(zg) = 0-AD" F(x).

(2) If F is left differentiable at xo, then it is approximately right differentiable and
0-D™ F(xg) = 0-AD™ F(xy).

Proof. Let | = 0-DTF(xg). Then there exists {wy, .} € Upx,y)(Kx,>) such that for any
e € Kx there exists 0, € Kg such that |F(zo+h) — F(zo) —l(h)| < wy,e(h) for any h € X
with 0 < h < §.e. Let I € L(X,Y) with I’ > 0. Since Z/{Z(X,},)(ICX7 >) is totally ordered,
there exists e € Kx such that wg, ¢(h) < %l’(h) for any h € Kx with 0 < h < d,,e. Let
I"=1+4l'. Then I <1” <l+1' and I"” € L}, ,(F, x). Actually since for any h € Kx with
0<h<dze, xo+heD

F(wo+ ) — Fxo) < (1 +waq.e) (h) < 1 (R),

it holds that EY (I"; F,x¢) N [z, %o + h] = 0. Therefore zq is a right dispersion point of

sup

B} (" Fyxg). Then I” € LY, (F,x0). Therefore [ satisfies (a-Slg). Similarly it can be
proved that [ satisfies (a-I1g). By Lemma 3.4 F is approximately right differentiable at
zo. By Theorem 4.1 we obtain that o-Dt F(xg) = 0-AD" F (). The rest can be proved

similarly. O
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ABSTRACT. We show that the solution of the 2-variable Karcher equation for the
derivative solidarity coincides with the original interporational path of operator means,
where the derivative solidarity for an interpolational path of operator means A m;B is

_ O0AmB
defined as AsmB = Bt |-

Let m be an operator mean in the sense of Kubo-Ando [7] which is defined by a positive
operator monotone function fy, on the half interval (0, 00) with fi,(1) = 1;

AmB = At f, (A"#BA~%) A

for positive invertible operators A and B on a Hilbert space. Thus the operator mean can be
constructed by a numerical function fr, () = 1 ma which is called the representing function
of m. For a symmetric operator mean m, i.e., Am B = Bm A, the initial conditions

AmgB = A, Am%B =AmB, AmB=20B
and the following inductive relation

(2) Amzk%B:(AmzinB)m(AmﬁB):(AmﬂB)m(AmkB)
on on

i Pi

for nonnegative numbers n and k with 2k +1 < 2"*! determine the continuous path A m;B
from A to B of operator means. In particular,

n times n times
(3) AmiB=Am(Am 1 B)=AAm(Am_. B))=---=A(A(--(AmB)--)).

Then, if the limit
AsuB = lim 2"(Amy B - A)

n—oo
exists, it defines the solidarity whose representing function Fy(z) = 1sx is a strictly increas-
ing operator monotone function. The solidarity s in ([4]) is defined as a binary operation
As B for positive (invertible) operators A and B by

AsB = AR (A*%BA*%) A%

for some operator monotone function F on (0, 00). It has also typical properties of operator
means except the monotonicity on the left-term. In particular, note that the transformer
equality
T(AsB)T* = (TAT*)s (TBT™)
2000 Mathematics Subject Classification. 47A64, 47A63, 26E60.

Key words and phrases. operator mean, operator monotone function, path, geodesic, quasi-arithmetic
mean.
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holds for invertible operators T'.
If this path m; is differentiable for ¢, then
t—0 t ot li=o
So it is called the derivative solidarity for m. Its representing function Fy satisfies F5(1) =0
and F.(1) =1 ([6]).
If a path satisfies

(Am,B)my(AmsB) = Am(_y), 145 B

for all weights r, s, ¢ € [0, 1], then we call it an interporational path and also call the original
mean an interpolational one as in [5, 6]. In the preceding paper [3], we showed that m; is
interpolational if and only if it satisfies the mizing property:

(amb)m (¢cmd) = (amc)m (bmd)
for all positive numbers a, b, ¢ and d. This shows that the logarithmic operator mean
ALB = A% (A75BA™H) A}

for the function ¢(z) = (z—1)/log x is not interpolational. We also showed in [6] that every
interpolational path is convex by the maximality of the arithmetic mean in the symmetric
operator means m = Iy /g;

AmyB + Am,B
Amirs B=(AmB)m (AmyB) < w
2
Moreover it is differentiable and hence has always the derivative solidarity. This construction
is similar to Uhlmann’s one [9] that defines the relative entropy from interpolations.

For r € [—1,1], the following parametrized operator means #ET), which are also called
the quasi-arithmetic ones (cf. [2]),

[N

A#(B =AY ((1- )1 +1 (A*%BA*%)T> A
are interpolational. The path #; = #§°> = lim. #EE);
t
A#,B = A% (A—%BA—%) Ab

is that of the geometric operator mean and it is also the geodesic of the Finsler manifold of
the positive invertible operators by Corach-Porta-Recht [1].

In [5, 6], we considered a map m — s, from the interporational means m to the
solidarities, say Uhlmann’s transform by the above reason, but we could not discuss the
inverse map then. In this paper, we will show that the solution X of the (2-variable)
Karcher equation

(4) (1—t) (X smA) + (X $mB) =0

is the original path Am;B as M.Palfia suggested as we see later. This Karcher equation is
equivalent to

@) (1 -pF (x-tax-b) 4ep (xiBx-4) =0

for the representing function Fg(x) = 1syx.
To see this, we make some preparations. By the interpolationality of my, its representing
function f; has the following property:
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Lemma 1. f(fi(z)) = fa(x).
Proof. By the interpolationality, we have

Js(fe(x)) = 1ms(Imyz) = (Imgz) me(1myx) = 1 mg(1—g)4es T = for (). =

Since m is symmetric and m; is homogeneous, we have:
Lemma 2. Bm; ;A= Am;B and xzf1_; (%) = fi(x).

Proof. The former follows from the construction (2). So we have

xf1_4 (313) =z <1 my_; (i)) =zmi_¢1=1myz = fi(z). 0

Consider the derivative function Fi(x) = % (where Fs = Fp). In [6], we showed
Fo(fi(x)) = tFi(x). Moreover we have:

Lemma 3. F,(f:(x)) =tF(x) and Fy_4 (%) = —%Ft(x).
Proof. By the definition of F; and Lemma 1, we obtain
) — tim 2D = AU @) = fu(@)

r—s r—s r—s tr —ts

= tFtS(.T)

Also the formula

f%Ft(x) = lim L@z = filz)/x = lim

sl = filfa) . (1
iy B = Do (D)

follows from the property fi1_:(1/x) = @ in Lemma 2. O

Let s; be the solidarity defined by the derivative F;. Then the above Lemma shows the
formulae for tangent vectors and the transpose relation:

Theorem 4. For the above solidarity s; for an interpolational path m,

Asy(AmyB) =tAs;s B and — As;B=Bs;_A
for parameters s,t € [0, 1].
Proof. Lemma 2 shows the first formula by

As,(Am,B) = A3 F, (ft (A—%BA—%)) A3

—tabpy (AhBat) 4l —1as, B
Also, since the transformer equality and Lemma 2 imply
Xsl=X(Is, X 1) =XF(X ') =-F_(X),

we have

1

_As,B = B} KB—%AB—%) stf] BY = B3 F,_, (B-%AB—%) B* = Bs, ,A. O
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Now we show the reproducing property:

Theorem 5. Let F be the representing function for a derivative solidarity s, for an in-
terpolational mean m, the solution of the Karcher equation (4) is the interpolational path
Al’l’ltB,

Proof. The homogeneity for operator means shows that we have only to show that the
solution ¥ of the numerical equation

(4 (1-t)F (;) FF (i) =0

is given by y = fi(z) = 1myz. In fact, by the above lemma, we have

a-07 (555) + 5 (755)

1—-t t
— —mFl(ft($)) - mﬂ(ﬁ—t(l/x))
TP (B B
=R W R e
Ot M) 1
=R O W e =0

Thus we obtain y = fi(z). O

In a RIMS Workshop held at November 6-8, 2013 in Kyoto, M.Pélfia [8] posed an
interesting problem when the solution of the Karcher equation (4) is a path of operator
means for an operator monotone function F with F(1) = 0 and F’'(1) = 1. So we observe the
above theorem from this constructive viewpoint: In (4”), it follows from the monotonicity

of F that
T _pt (_HF <1>> )
Yy t Y

g9e(y) = yF ! (—TF Cj)) ,

we have z = g;(y). Thus if we find an interpolational path f; with y = fi(g:(v)) = fi(2),
the solution X coincides with Am;B for the corresponding path 1m;z = fi(z). But we
notice that g; is not monotone:

So, putting

Remark. Let m; be an interpolational path defined by a function

flz) = (1—t+tv/7)%.
Then it must be a solution of (4'). The derivative solidarity is determined by F(x) =
2(y/z —1). Since
Fl(z) = (g + 1)2,
the above function is
2

gt(y)—y(ll_t< 1—1)> :—(ﬂ_(l_t))Q,

t Yy 2
which is convex with the minimum 0 at y = (1—¢)2. Tt is not monotone on (0, c0), but in the
region y > (1—t)?, the function g;(y) is monotone and its inverse function is (1 — ¢ + t\/E)Q,
which is operator monotone.
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Finally we give an example of operator monotone function F' satisfying F'(1) = 0 and
F'(1) = 1 that does not induce an operator mean:

Example. Let F(x) =2(y/2(z + 1) — 2). Then we have F(1) =0, F/(1) =0 and

(z+4)°

Fri(z) = 25

— 1.

It follows that

(2\/§— Lt («/2(1 Ty — 2\@))2

gi(y) = 5 -y

and hence
gi(y) = (3 =20y + (1 — ) = 2(1 — £)\/2(1 + y)y.
Thus we have
91(y) =8y +1—-4v2(1 +y)y.

2442
8

This function is convex and g 1 (y) =0 for y = %Q/E. But, even in the region y >
where g; is monotone and positive, the inverse function

2z 4+1) + V222 + 122 + 2
file) = 5

is not operator monotone. In fact, a concave function h(z) = v/x2 + 6x + 1 is not operator

monotone (and hence not operator concave) since Argz < Arg h(z) for some z in the upper

half complex plane: Consider z = re? for ¢t = ?jT”. Then

1 )
h(z 21+6r(+> —ir?,
(2) WA
Rez? = 0 and Reh(z)? = 1—3v/2r. It follows that Arg f(z) > 2 for r < ﬁ, which shows

h is not operator monotone.
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ABSTRACT. In managing service provider businesses, it is important to decentral-
ize consumers at peak time and increase sales not at peak time as well. Shy and
Stanbacka[5] have dealt with this problem to explore optimal service hours under a
specific ideal time distribution, and discussed the existence of optimal opening and
closing times. In the actual environments, however, service providers strategically
introduce a wide variety of special offers such as discounted price to collect more con-
sumers.

In this study, we deal with optimal service hours with a special offer of price discount
immediately after the opening time and just before the closing time with the view to
attracting extra consumers whose ideal and convenient service times are before the
opening time and after the closing time. Under the ideal service time distribution by
Shy and Stanbacka[5], the provider’s profit is first formulated as an objective function
to be maximized and then clarified is the condition under which the service provider
can earn more profit by special offers than without special offers. An optimal business
hours is also explored to clarify the conditions where there exist optimal opening and
closing times. Numerical examples are also presented to illustrate the proposed model
formulation.

1 Introduction

Business hours have been traditionally regulated particularly in many FEuropean countries
although the liberalization of business hours generated debates in these three decades(see,
e.g., De Meza[4], Ferris[2], Clemenz [1], Inderst and Irmen[3]).

On the other hand, service providers as well as retailers are eager to make more profits
by strategic managements. It is especially important for service industries to decentralize
consumers in peak time and increase sales not in peak time. Shy and Stanbacka[5] have
dealt with this problem to explore optimal service hours. Under a specific ideal service time
distribution of consumers, they discussed the existence of optimal service hours.

A special offer such as early birds specials and/or closing time discount/sale is one of the
effective strategies for service industries as well as retailers since they can possibly increase
the sales not in peak time. We can observe, in the real circumstances, special offers in a
wide variety of service and retailing industries, e.g., morning perm at a beauty salon, happy
hour at a hotel, midnight discount of a telecommunications industry, special time discount
in business logistics and so forth.

This study confines itself to a service provider having a special offer of price discount
immediately after the opening time and just before the closing time. This type of special
offer is effective since they can attract extra consumers whose ideal or convenient service
times are before the opening time or after the closing time.

First, we formulate the provider’s profit as an objective function under the ideal service
time distribution introduced by Shy and Stanbacka[5]. Clarified are the conditions under
which the service provider can increase his profit by the special offer.

2010 Mathematics Subject Classification. 90B05, 90B50 .
Key words and phrases. expected profit, special offer, service hours.
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Second, we explore optimal business hours maximizing the provider’s profit to show the
conditions where there exist unique optimal opening and closing times. Numerical examples
are also presented to illustrate the characteristics of the proposed model.

2 Model Formulation

2.1 Assumptions and notations The assumptions and the relevant notations of this
study are as follows;

(a) Each individual consumer has her own ideal service time to visit the provider or to
receive his service.

(b) The utility of each consumer is given by U; when she purchase a service product at time
t.

(c) Each consumer obtains utility, ug, by purchasing a service product.

(d) The regular selling price of service is p.

(e) The provider sells his service product at price ap as his special offer, where 0 < o < 1.
(f) The time during which a special offer is provided is denoted by 7(> 0).

(g) A consumer owes w per unit time in visiting the provider or receiving his service earlier
or later than her ideal time.

(h) The opening and closing times are, respectively, ¢, and ., where we have 0 < ¢, <t. <
1.

(i) The raw price per service product is given by ¢, while the operation cost of the service
provider per unit of time is co.

2.2 Ideal time distribution In this study, we assume that a demand quantity, g;, at
ideal time t is given by

nlp+4(1 — p)t], 0<t<32
(21) qt = ? )
n[d=3p—4(1—p)t], 3<t<

N[
—_

where n repsresents the population size and p (0 < p < 1) measures the degree of uniformity.
Figure 1 shows the ideal time distribution given by Eq. (21) for n = 1 against various values
of p.

Shy and Stanbacka[5] have assumed the above ideal time distribution on the unit circle
with the view to formalizing the idea that there are spillovers between time periods. In this
study, however, we assume the same structure of the ideal time distribution on the unit
time interval [0, 1]. This is because spillovers are an important factor only when the service
provider sells his products for almost whole unit time period, and in such a situation the
strategic determination of service hours might not be necessary.

We here introduce an additional assumption as follows:

(j) When the selling price is reduced to ap at ¢, demand quantity ¢; increases to [1+ 3(a)]g;
with S(a) > 0 for 0 < o < 1.
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Figure 1: Ideal time distribution(n = 1).

Assumption (j) signifies the price elasticity n of demand is given by

B(o)q
— qt _ ﬁ(a)
=~ np =1’ 0<a<l,
D

where lim, 10 G(e) = 0.

In the following, consumers represented by the demand quantity ¢; are called type <,
while those expressed by («)q; are referred to type %. Moreover, we concentrate upon the
case where values of « and («) are both specified to specific values, and S(«) is written
as (8 for simplicity.

3 Consumers’ Behavior

3.1 Best response Since the ideal time distribution by Eq. (21) reveals a symmetrical
shape, the opening time, t,, and the closing time, t., are also symmetrical with respect to
t= %, accordingly we have

te=1—1t,.

Hence, we focus on the former half of period [0, %] to discuss the opening time, ¢,, hereafter.
(1) Type & consumers’ response ~ When the provider introduces early birds specials and/or
closing time discount/sale, the best response of type &7 consumers with ideal time ¢ becomes
as follows:

i) Ift e [0715((71“)], type &/ consumers are reluctant to wait until ¢,, and purchase no
service product, where

(31) gla) =g, L0 9P
w

Consequently, their net utility is given by
U, =0.
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i) If t € ( E,la), to], type &7 consumers purchase a service product at the discounted price,
ap, by waiting until ¢,. In this case, their net utility becomes

Uy =up—ap—w(t, —t).

iii) Type & consumers with ¢ € (¢,, t,+7] purchase a service product at their ideal service
time at ap, and hence we have
Ui = ug — ap.
iv) In the case of t € (t, + T, tff)], the consumers purchase a service product earlier than
their ideal time at ap, and thereby
Ui =ug—ap—wl[t—(t, +7)],
where

1—
(32) t@ =t,+ 7+ d-ap,

It should be noted in Eq. (32) that tD Lt +7+ “—2L since consumers with ideal
time ¢ can obtain positive utility ug —p even at ¢, and therefore t((f) should be derived

from the condition in reference to t; ug — ap — wlt — (t, + 7)] > up — p.

v) When t € (t((f), %], type o/ consumers will purchase a service product at p, at their
ideal time ¢, and hence
Ut = Uug — p-

(2) Type # consumers’ response  The best response of type % consumers with ideal time
t is described as follows:

i) Ift e [O,t((;lb)]7 type A consumers would not wait until ¢, and purchase no service
product at ap, where
1b (1—a)p
(33) tg ):tO—T.
Consequently, their net utility becomes
U, = 0.

i) If t € (tglb), to], type 9B consumers purchases a service product at ap, by waiting until
t,. In this case, the maximum value of their net utility can be represented by

Uy=(1—-a)p—w(t, —1).

iii) Consumers with t € (¢,,t, + 7] purchase a service product at discounted price, ap, at
their ideal service time, and hence their maximum net utility can be expressed as
Ui =(1-a)p.
iv) In the case of t € (t,+T, tg2)], type £ consumers purchase a product earlier than their
ideal time at ap, and their maximum net utility becomes

Us = (1 - a)p —wlt — (o + 7).

v) When t € (th), %]7 type % consumers would purchase no service product yielding

U, = 0.
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3.2 Domain of opening time It is neither reasonable nor proper for a consumer with
ideal time ¢ < 0 to wait until ¢,, and we assume

min (t(la) t(lb)) )y M0 T AP
o 70 ) o 5 >0,

which constrains the opening time to satisfy

(34) t, > Yo — P

w

The right-hand-side of this equation is denoted by ¢y, in the following.
Likewise, it is reasonable to assume

which is equivalent to
1
(35) to<——7— ——

The right-hand-side of the above equation is denoted by ty.
It should be noted here that Egs.(34) and (35) yield,

uo —ap _ 1 . (1—-a)p

w T2 w
which singifies, at the same time, that w should satisfy

" 2[up + (1 — 2a)p]
- 1-—27

(36)
From Eqs. (34) and (35), the domain of ¢, is, as a result, given by

(37) tLEMStOS**T*wEtU.
w 2 o

4 Provider’s Profit
Let Q14(t,) express the number of type &7 consumers who purchase a service product at
ap, then

(2

(41)  Qualt) = / qedt

E,la)

om [T+“°+(1w_2a)p} {u+2(1—u) <2t0+7—“°w_p>].

By letting Q15(t,) signify the number of type £ consumers who purchase a service product
at ap, we have

e

(42) Quplt) = 2 / Baudt

o(1b)

2ty + 7).

2nfBp {T + W] +4nB(1 — p) |:T + 2(120‘)19}
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On the other hand, let us denote, by Q2(t,), the number of consumers who purchase a
service product at the regular price, p, then we have

2/t22>qtdt
2n {1—150—7—(1_0‘)73} {/L-i—?(l—u) [1+t0+7+(1_a)p”.
2 w w

Hence, the provider’s profit becomes

(44) H(t,) = (ap — c1) [Qra(to) + QiB(to)] + (p — c1)Q2(ts) — c2(1 — 2t,).

We here introduce the following additional constraints so that the provider’s profit can
take on a positive value at its demand peak and a negative value at its demand off-peak;

Q2(to)

(43)

(45) n2—-p)p—c1) > o
(46) nulp—c1) < co

Further, we also assume
c < ap,

not to lose profit by the special offer. This provides a lower bound for a and consequently
the domain of « is given by

C1
47 —<a<l.
(47) )

The above observations yield the following proposition:

Proposition 1 Ifug—p < (1 —a)p and B(ap —c¢1) > (1 — a)p, the service provider can
increase his profit by introducing a special offer.

Proof. When the service provider should not offer the discounted price, ap, type &/
consumers with ideal service time ¢ satisfying t, — “*=2 <t < t, + 7 + w would
purchase a service product at its regular price, p (> ap). This indicates that the service
provider prepares himself for decrease in profit due to the special offer given by

totr U2
(48) I, =(1 - a)p/ qdt.
¢

_ug—p
o w

At the same time, however, the special offer will induce type &/ consumers with ideal time
t satisfying t, — “0==£ <t < t, — “2=F to enjoy the special offer by shifting their ideal time,
and thereby the provider can increase his profit by

ug—p
o T o

t
(49) Iy = (ap — cl)/ qedt.
to

_ro—ap
w

In addition, type % consumers with ideal time ¢ satisfying t,— W <t< tﬁ—r—&—%
would purchase a service product at ap, the provider can further increase his profit by

totr U2

(410) I3 = (ap — cl)/ Bq.dt.

to— (11)04)?
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Let IIy be defined by IIy = Iy 4 I3 — 13, then we have

totr+ U2
M = [Bap—c)—(-ap [ 7 ad
to— 202
to_ uowfp to_ uowip
(411) +(ap —c1) [5/ qtdt+/ qtdt] .
to_@ to_w

If B(ap—c1) > (1—a)p, the first term in the right-hand-side of Eq. (411) takes on a positive
value. In addition, if up —p < (1 — a)p, the second term in the right-hand-side of Eq. (411)
is also positive, and consequently, Il > 0. m

5 Optimal Strategy

This section seeks for an optimal opening time, ¢}, and thereby an optimal closing time, ¢,
can also be obtained by the symmetric structure of the ideal time distribution. Numerical
examples are also presented to illustrate the proposed model formulation.

5.1 Analysis From Eq. (44), we have

dH(to) o dQlA (to) QlB(to) dQQ (to)
(51) a, ~ler-al [ dt, " a, | TP T T e
By letting us denote, by 7(t,), the right-hand-side of Eq. (51), we have
1-2 2(1 —
(52)  7(t,) = 8n(l—p)(ap—c1) {T—i—M—l—ﬁ [T_'_(wa)p]}

—2nu(p — c1) + 2¢9,

=8n(1 = p)(p - 1) [to +7+ (1w0‘)p]

which indicates m(t,) is strictly decreasing in t,.
In addition, we have

(53) m (“O;O‘p) — —8n(l- )1 -a)p [T n “0+(1w—2a)p}
+803(1 - pfap - ) |7+ 21222

—2nu(p — c1) + 2¢a,

w(3-7- 5 = - wip-ep gy [r 220 o or]

w w
(54) —4n(1 — p)(p — c1) — 2nu(p — c1) + 2¢s.
Now, let A and B be defined by

A = —an(l-p)1-a)p [Tﬂoﬂlw—mn)]
(59 Fand(1 = ep - er) |7+ =) oty ) o
B = - per—e) {E+n[r+ D)L 0P

(56) —nu(p —c1) + ez,

and then the optimal opening time, t*, can be discussed under the following classification:

s Yoo
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(a) If we have A > 0, further classification is necessary.

i) In the case of B > 0, t* is given by

ii) On the contrary, in case we have B < 0, ¢ is given by

— apc1{7+uo+(12a)p+ﬂ[7_+2(1a)p}}

° p—c w w
S c2 o (A—ap
= mi-po—a) | @

(b) If we have A <0, then 7(t,) <0 and hence

Uy — o
t::OTp:tL-

As for the optimal opening time, t¥, we have the following proposition:

Proposition 2 For the ideal time distribution with p = 1, if p — ¢y > %%, the optimal

opening time becomes t, = ““—*F =t otherwise we have t}; = % -7 = @ =ty.
Proof.  In the case of y = 1, the relationship, p —¢; > <2, reveals A < 0 from Eq. (55)
along with m(t,) < 0. On the contrary, p — ¢; < £ signifies B > 0 and hence 7(t,) > 0. m

5.2 Numerical examples This subsection presents numerical examples to illustrate
the proposed model. Table 1 shows the optimal opening time, ¢}, and its corresponding
profit, TI(¢*), together with ¢7, and ¢y against various values of 4 and « when (n, 7, ug, p, w, 1,
o, 3) = (1,0.05,10,9, 40,4, 3,0.35). It is observed in Table 1 that the optimal opening time,
t}, satisfies {7, < t} <ty in the case of p = 0.25. In the case of p = 0.5 as well, o = 0.80
and 0.85 indicate t;, < t; < ty. In the other cases, we have t}; = t;. This is because the
ideal time distribution shows a faltter shape with a smaller value of ¢; at its demand peak
when p increases.

Table 1: Optimal strategies
I 0.25 0.5 0.75
o 0.75 | 0.80 | 0.85 | 0.75 | 0.80 | 0.85 | 0.75 | 0.80 | 0.85
tr, 0.081 | 0.07 | 0.059 | 0.081 | 0.07 | 0.059 | 0.081 | 0.07 | 0.059
ty 0.398 | 0.405 | 0.416 | 0.398 | 0.405 | 0.416 | 0.398 | 0.405 | 0.416
th 0.145 | 0.159 | 0.167 | 0.081 | 0.092 | 0.100 | 0.081 | 0.07 | 0.059
II(¢x) | 2.278 | 2.410 | 2.500 | 2.130 | 2.246 | 2.323 | 2.043 | 2.191 | 2.287

Figure 2 shows the shape of the profit function, II(¢,), for 4 = 0.25, 0.50 and 0.75 against
a = 0.8 with the other parameter values set to the same for Table 1. It is observed in Fig.
1 that TI(¢,) apparently has its maximum when p = 0.25. In the case of y = 0.5, II(¢,) has
its maximum at t, = 0.092 as shown in Table 1, while II(¢,) decreases with increasing ¢,
for u = 0.75.
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Figure 2: Behavior of profit function

6 Concluding Remarks
This study proposed a mathematical model of an optimal number of service hours for service
providers that offer early birds specials and closing time discounts for a service product. By
introducing the ideal service time distribution considered by Shy and Stancbaka, clarified
were the conditions under which service proviers can earn more profit by special offers. The
conditions were also shown that there exist optimal opening and closing times. Numerical
examples were presented to illustrate the theoretical underpinnings of the proposed model
formulation, and to show the effectiveness of introducing special offers for service providers.
Under the proposed model, however, optimality of the discounted price has not been
discussed. One of useful extensions of our work is to explicitly introduce the price elasticity
of demand to explore an optimal strategy with regard to the opening (and closing) time as
well as the discounted price.
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ABSTRACT. Based on a curved exponential family, there is a regularity condition that
the score function with random variables is the linear independence, which is commonly
used in the information geometry. An equivalence relation to the regularity condition
is that the Fisher information is positive definite under the curved exponential family.
We investigate a key condition for two regularity conditions and we recognize it as the
linear independence for the first derivative of natural parameter with respect to the
parameter.

1 Introduction [3] introduced the ideas of the statistical curvature with respect to the
asymptotic information loss. [1] introduced the statistical differential manifold and devel-
oped a-connection and m-connection in the curved exponential family. A lot of researchers
have investigated the information geometry and there are a lot of fruitful and valuable
results for the asymptotic.

In the framework of the information geometry, the statistical manifold {p(x; )} is based
on the family of distributions with a parameter 8 € © C R*. Among the regularity
conditions in this framework, a regularity condition which we consider is that the derivatives
{00(0)/00;} are linearly independent where £(6) is the log-likelihood ([4](page 76), [2](page
29)). It seems that the linear independence on the derivatives is reasonable for constructing a
tangent space in the statistical manifold, but we wonder whether this assumption is rational
with respect to the underlying distribution of the random variable. Remark that we do not
intend to consider singular models that do not satisfy the usual regularity conditions.

Based on a curved exponential family, an equivalence relation to the regularity condition
that the score function with random variables is the linear independence is the regularity
condition that the Fisher information is positive definite ([2](pages 25-29)). We investi-
gate a key condition for above two regularity conditions and we recognize it as the linear
independence for the first derivative of natural parameter with respect to the parameter.

2 The regularity condition [2](pages 25-29) considers a family of probability distribu-
tion on X, i.e., S = {pp = p(xz;0) |6 € © C R*} as k-dimensional statistical model on a set
X which is a discrete set or R™ (k < m). Letting p be a probability (density) function on

X, the support of p is defined by supp(p) e {x | p(x) > 0} which is assumed to be constant
with respect to 6, and X is redefined as supp(p), so that the statistical model S is a subset

of

px) {p:X—>R‘p(az)>0(VmEz’\,’), a/X

pla)de = 1 } .

Note that the integral is interpreted as the summation if X is a discrete case. For the
statistical model S = {py}, defining the mapping ¢ : S — R* by ©(py) = @ implies a

2010 Mathematics Subject Classification. 62B10.
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coordinate system for §. Furthermore suppose that there is a C*° diffeomorphism v :
0 — ¥(0)(c RF), so that, if we use n = (@) as another parameter, then it holds that
S ={pe|0 € O} = {py-1(y|m € ¥(O)}. Thus a parameterization of S is a coordinate
system of S as a C*° differentiable manifold.

Letting [#] be a coordinate system in the statistical manifold S implies the vector fields
formed by the natural bases {0;} € Tp(S) which is the tangent space. Note that 9; means

20 and {0;} are vector fields. The Fisher information matrix at 0 in S is defined by the
k x k matrix G(0) = (¢;;(0)) where the (i, j)-th element of G(0) is, for 7,5 =1,...,k,

g:;(0) & Eg[aiz aje} = / dil(x;0) 9;((x; 0) p(x; 0) dx (€ R),
X

where ¢ = {(x; 0) = log p(x; 0) is the log-likelihood function and Ey means the expectation
with respect to the distribution py. [2] shows the assumptions as follows:

(page 28, line 3 from below to page 29, line 5) The matriz G(0) is symmetric

(9:(0) = g;:(0)), and since for any k-dimensional vector ¢ = (c',...,c®)" (' denotes
transpose),

i 2
(1) c'G(@)c = /{Zc 81-6(:1:;0)} p(xz;0)dx > 0,

i=1

it is also positive semidefinite. We assume further that G(0) is positive definite.
sFrom the equation above, we see that this is equivalent to stating that the elements

of {014, ...,0l} when viewed as functions on X are linearly independent, which,
in turn, is equivalent to stating that the elements of {Oipe,...,0wpe} are linearly
independent.

(page 29, lines 13—-16, 18) Now suppose that the assumption above hold, and define
the inner product of the natural basis of the coordinate system [0] by gi;(0) = (0;, 9;).
This uniquely determines a Riemannian metric g(0) = (,). We call this the Fisher
metric, or alternatively, the information metric.

(page 29, line 18) Indeed we may write (X,Y )y = Eo[(XL)(Y )] for all tangent
vectors X,Y € Ty(S).

The above assumptions seem to be the key to the regularity conditions in the information
geometry. For convenience sake, we shall define the following conditions:

Condition A The matrix G(0) = (<8¢, 8j>9> = (Eg [0:0 @Q) in (1) is positive definite
where 0;,0; are the natural bases in Ty(S) and ¢ is the log-likelihood function.
Condition B The elements of {816, e ,ake} are linearly independent.

In the curved exponential family with a parameter & € © C RF, the density of the
random variable X € R™ is p(x;0) = exp{{(a(0), ) — ¥ (a(0))}po(x), where po(x) is a
pivotal probability measure, a(@) € R™ is a curved natural parameter parametrized by 8,
the Euclidean inner product (,) in the exponent is the usual product of two vectors, and
¥(a(0)) € R is the cumulant generating function. Note that the natural parameter space
A is defined by A = {a € R™| [ exp{(ex, z)}po(x)dz < oo} and {a(0)} € A.

Now we assume that supp(p) = R™ which is independent of the parameter 8. The usual
derivative of the log-likelihood ¢ = log p(x; @) with respect to the vector 0 is defined by

def OY

dgt = oo = (ut...0u0)" = (al0), X - BO)) (¢ RY),
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where &(0) = 0 (0)/00" and B(8) = Ey[X], that is, the i-th element is
0 = (Bic(0), X —B(0)) (€R) (i=1,....k),

where 0;a(0) = 55-(6). The matrix G(8) is obtained by

(2) G(0) = Eo[(0gl.01)] = &(0)' Z(0) a(6) (€ R**P),

where X(6) is the covariance matrix of X under the probability p(x; ).
Since the derivative of £ is 8¢ = (&(0), X — 3(0)) for k < m, Condition B means the
following relationship:

k k
(3) S ot = <Zci8ia(0),X—ﬁ(0)> -0 — V¢ = 0.

Although the derivatives {9;¢} (i = 1,...,k) are supposed to be linearly independent, they
are also random variables based on the distribution py and the matrix G(0) is assumed
to be calculated by both the random variables {0;¢} and their distribution pg. Note that,
in the exponential family (kK = m), since 8¢ = X — 3, Condition B means the following
relationship:

=1 i=1

3 An underlying condition for those regularity conditions With respect to the
two conditions in the previous section, we investigate what are an underlying condition if
Condition A is equivalent to Condition B under the curved exponential family.

LEMMA 3.1 In the curved exponential family, assume that the covariance matriz (0) is

positive definite. Then Condition A is equivalent to the linear independence of {0;a(0)},
i.e.,

k
i=1

Proof:  Since the covariance matrix is positive definite, we decompose the matrix as
follows: X(8) = £(0)'/2%2(0)'/2. Then the matrix G(0) in (2) is decomposed by

t
Go) = (Z(0)2a0)) (3(0)2(0))
and is considered as the Gram matrix, so that, by its property, Condition A is equivalent

to that the k components {X(8)'/20;c(8)} of m x 1 vectors in %(8)'/2&(0) are linearly
independent, i.e.,

k k
> aX(0)0,a(0) = X(0)'/? (Zq@mx(@)) =0 — V=0,
i=1 i=1

so that, since the matrix 3(8)'/2 has the inverse, Condition A equals that {9;(8)} are
linearly independent. d
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This lemma means that Condition A depends on only the derivatives of the natural
parameter a(0), not the log-likelihood function ¢(0) with the random variable X directly.

Note that, since a(0) = e in an exponential family, it holds that J;& = e; which is the
i-th unit vector, so that the equivalent condition in Lemma 3.1 is

(6) Zciei =0 = V=0,
i=1

which is trivial because of the property of unit vectors. Next we consider the equivalent
condition for Condition B.

LEMMA 3.2 In the curved exponential family, Condition B is equivalent to the condition
(5), i.e., the linear independence of {0;c(0)}.

Proof: Since Condition B is that the derivatives {9;¢} are linearly independent, i.e., (3),
for the equation

k
(7) <Z c; 0;a(0), X /3(9)> =0

in Condition B, we consider two cases as follows: Case (i) Zle ¢; 0;a(0) = 0 and Case (ii)
Ele ¢; 0;a(0) # 0. For the Case (i), the equation (7) always holds without reference to
the random variable X, so that the Condition (5) implies Condition B.

On the other hand, for the Case (ii), it holds under the condition as follows:

k
(8) X-B0) ¢ N (Z ¢ Oia(0)> :

i=1

which is a normal space against the vector Zle ¢i 0;a(0)(# 0). If the random variable X
satisfies the condition (8) for the Case (ii), then the equation (7) holds, but the necessary
condition Y¢; = 0 in Condition B contradicts the Case (ii).

Therefore the equation (7) in Condition B is equivalent to the Case (i), i.e., the sufficient
condition in (5) without reference to the random variable X in {9;£}, so that we have the
required result. O

Note that, since a(0) = « in an exponential family, it holds that, in the same fashion
before, the equivalent condition in Lemma 3.2 is (4), which is equivalent to the condition
(6) because of (e;, X — B) = X; — ; for i = 1,...,m. The previous two lemmas imply the
following theorem:

THEOREM 3.1 If the first derivative c&(0) of the natural parameter is full rank in the
curved exponential family and the covariance matriz 3(0) is positive definite, then, without
reference to the random variable X in the derivatives of log-likelihood function, Condition
A with respect to the Fisher information matriz G(0) is equivalent to Condition B with
respect to the log-likelihood function £(0). O

Therefore, from Theorem 3.1, what [2](page 29) stated that “We assume further that
G(0) is positive definite. ;From the equation above, we see that this is equivalent to stating
that the elements of {014, ..., 0xl} when viewed as functions on X are linearly independent.”
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just means that the derivatives {9;cx(0)} are linearly independent under the positive definite
covariance matrix 3(6).
Because a relationship in the curved exponential family

(9) B(6) = £(6) ()
holds, we have the following corollary:

COROLLARY 3.1 If the first derivative ﬁ(@) of the expectation parameter is full rank in
the curved exponential family and the covariance matriz 3(0) is positive definite, then,
without reference to the random wvariable X in the derivatives of log-likelihood function,
Condition A is equivalent to Condition B.

Proof: Because of the relationship (9), if the first derivative ,@(0) of the expectation
parameter is full rank in a curved exponential family and the covariance matrix 3(6) is
positive definite, then the first derivative &(0) of the natural parameter is full rank, so
that the derivatives {0;ax(6)} are linearly independent and we have the required result by
Theorem 3.1. O

4 Conclusion Based on the curved exponential family, we investigate the regularity con-
ditions of Condition A and Condition B with respect to the linear independence and we
conclude they are equivalent to the linear independence for the first derivative of the natural
parameter with respect to the parameter under the condition that the covariance matrix is
positive definite.
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ABSTRACT. In this paper we prove a mean value property for polycaloric functions in
one space dimensional case. The proof given here is a slight modification of that of
the recent paper by F.Da Lio and L.Rodino [3] and seems more straightforward.

1 Introduction There are many papers that deal with a mean value property for poly-
harmonic functions (see [1, 2, 4, 6, 7] etc.). Especially, in 2011, G. Lysik ([7]) gave a simple
and elegant proof of the following mean value property for polyharmonic functions and its
inverse. Let m € N and let U be a domain in RY. If u € C?™(U) and A™u = 0, then for
any ball Bg(x) C U it holds

1 “ AFu(x) ok
1.1 u(y)dy = —— R
(1) B Jonen "% = 2 BT 5 Do

where (a)p =ala+1)---(a+k—1)fork € N.
The main subject of this paper concerns the heat version of the result (1.1). First, we

fix some terminologies. Let U C R" be an open set and Ur = U x (0, T] denote a parabolic
cylinder. We say that a function u defined on Uy is caloric if u is a solution of the linear

heat equation (0 — Ay)u(z,t) =0, (x,t) € Ur, where A, = va 1 527 . Also, in this paper,

u is called polycaloric if u is a solution of the equation (9; — A,)"u ( t) =0,(z,t) € Up
for some m € N. For fixed z € RY,t € R, and r > 0, let

1
E(x,t;r) = {(y,s) e RN x R’S <t,®(x—y,t —s) > 'I"N}
denote a heat ball with a top point (x,t), where

O(x,t) =4  (dnt)N2 P <_ i
0 (x e RNt <0)

is the fundamental solution of the heat equation. Note that a heat ball is symmetric with
respect to y;-axis (i =1,--- ,N) and

1
E(0,0;1) = {(y,s) cRY xR| ~ <s<0,yl < 2Nslog(—47rs)}.
7

It is well known that caloric functions possess the mean value property. Namely, if u is
caloric on Uy, then for each heat ball E(x,t;r) C Ur it holds

(1.2) //E(x“) (y,s |( _y)|2dyds

2010 Mathematics Subject Classification. Primary 35B05, Secondary 35K05, 35K25.
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(see [5]: p.p 53-54 Theorem 3, or [10]). There is also an inverse mean value property of
caloric functions under certain conditions ([9]).

Heat version of the result (1.1) is also known. Namely, in 2006, F. Da Lio and L. Rodino
[3] proved the following asymptotic expansion formula for the heat integral mean (1.2) as a

power series with respect to the radius of the heat ball:
Let u € C®°(RN*1) and (x,t) € RV*!, then it holds

1 |z —yl?
1. —
(13) v [, ) s
M
= u(x,t) + ZT%Hku(x,t) + O (r*M*2) as r —0,
k=1

where Hy, is given by

N k—1
(1.4) Hyu = BN <at - MAx> (0 —Az)u

N1 N O\EFP
Ay = (=1) k! (2k + N) (2k+N) (47r> '

One of the key ideas in [3] is to introduce the differential operator Hj which is the
k-th power of different heat operators whose diffusion coefficients depend on the iteration
number k, though the exact meaning of Hy, is less clear.

In this paper, we prove the formula (1.3) in [3] by another method, when the space
dimension N = 1. We do not need to introduce the weighted power Hy and, in the author’s
opinion, the method seems more straightforward.

Theorem 1. Let N =1, u € C®(Ur), r >0 and M € N. Then we have

i g 0

ok k—1

M
tH’ZT/T!Z — 02)" 10 u(x,t) x Cr + O(r*M*?) as r — 0,
1=
(

and

k=1

1)* k—1

Theorem 1 is the formula (1.3) in one space dimensional case.

where Cpj, =

Remark 2. Theorem 1 was proved in [3]. Indeed, by using the binomial theorem, we get

Hyu = By.n Z ( ' ) (2k2—fN>l (Qkif N)k_l_l (00— 8)" (G0

Therefore we obtain Theorem 1 for general dimensional case. However we do not need to
introduce the differential operator Hy, (1.4) in one space dimensional case. An assumption
of one space dimension is a technical problem due to obtain representations (2.7, 2.8) in
Lemma 4 by factorizing v**)(0) (k = 1,2,---) concretely (see §2). It seems to be difficult
in higher dimension case.

We finally give mean value properties for the polycaloric equation (see Corollary 10
in §3) and the higher order heat equation (see Proposition 12 in §3). The author hopes
that mean value properties are useful for getting qualitative properties of solutions for the
polycaloric equation and the higher order heat equation.
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2 Proof of theorem 1 In this section, we prove Theorem 1. We set (z,t) = (
simplify the description. Let u : R x R — R be a smooth function. Set E(r) = E
and put

| \2 lyl?
(2.1) — ——dxdt = u(ry,r s) 5 dyds.
r E(r) E(1)

In the following, we will carry out the Maclaurin expansion of ¢(r) with respect to r € R.
Set v(r) = u(x,t) = u(ry,r?s) for (y,s) € RN x R. By differentiating ¢(r) directly, we
have

(2.2) //E(l |y|2 YL dyds.

We use standard notations of multi-indices; for y = (y1,--- ,yn) € RY and a multi-index
a= (a1, ,ay) € NYV, we write y® =y -y~ and |a| = a3 + -+ + ay. Next lemma

concerns the evaluation of v(™ (0) and is valid for general dimension N € N.

0,0) to
(0,0,7

Lemma 3 ( v(™(0) ). For k € Ny, we obtain

(2.3) $2D(0) = 0,
k
(2.4) v (0) =) (92)7(9¢)u(0,0) x Ag (y, s)
J=0|B|=k—j
where
k)! ,
Aﬁ k(y’ ) (gzﬁ)?J‘yQBSJ

Proof. Since v(r) is a C* function of r, for all M > 1 we have

2M+1 U(") (O)

(2.5) v(r) = Z . ™+ O(r*MT2) as r — 0.

n=0
On the other hand, since v(r) is a composed function of u(z,t) and z = ry,t = r?s, we have

2M+1

o(r) = mE:O % ((Tyl)ail ot (WN)% + (7“28);) u(0,0) + O(r*M+2)
2M+1 m' )
= Z CY L = (ry)* (P8)7 (959 )u(0,0) + O(r*M+?)
|a|+1 m U an'ts!
2M+1
(2.6) = > Z 207 )u(0,0) x r1oF2 L O(r2M+2),

m=0 |a|+j=m

By comparing the coefficients of 7™ in the both expressions of (2.5) and (2.6), we obtain

v (0 gl
Yo L @)
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Thus,
() (g) m) (o
@™ (0) = v'"™(0) —5-dyds
E(1) $
n! a aJ a |y|2
= Z o (050 )u(0,0) x Y sjs—Qdyds.
|| +2j=n - B(1)
Since E(1) is symmetric about y;-axis(i = 1,--- , N), ffE(1) yasj‘g—lgzdyds vanishes when at
least one «; of @ = (a1, ,an) is odd (i.e. when n is odd because |a| + 25 = n). This

proves (2.3). Next, we consider the case a = 23 for some 8 € N}’ and let n = 2k (k € N).
Then we obtain

. | .
W) = Y (@) @) u(0,0) x Ay
2|6|+2j=2k (284t
k
; 2k)! ;
=3 ST (0@ u(0,0) x g,
7=01Bl=k~j @0)4!
which implies (2.4).
O
Lemma 4 (Factorization). Let N = 1. Then
k
(27) Qk) Z 82 = l ) U(0,0) X Bl,k(y78)
1=0
where
l —l+m
(2.8) Bi(y,s) = (=1 > < ) X Ap—t4m, k(Y 5)
m=0
for0<I<k.

Proof. By the assumption N =1 and (2.4), it is enough to prove that

k k

(2.9) D (02577 (00 u(0,0) x Ap_jk = Y (9 — 92)*71(91)'u(0,0) x By .

=0 1=0

We prove (2.9) by comparing the coefficients of (92)*~7(9;)7u(0,0) in both sides.
Since

k
> (0 = 02)¥71(0) u(0,0) By i

=0
= (0 — 05)*u(0,0)By & + (8; — 02 1 (0:)u(0,0) By + - - - + (0:)*u(0,0) By 1.,
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the coefficient of (02)¥=7(9;)7u(0,0) on the right hand side of (2.9) is given by

. k k—1 k—2
_1\k—J
(=1 [(k_j>Bo,k+<k_j>31,k+<k_j>32,k-+
k—j+1 k—j
+< K >Bj—1,k+<k_j>3jk]

=0

Inserting the definition of By in (2.8) into this expression, we assure that the coefficient of
(02)k=7(8;)7u(0,0) on the right hand side of (2.9) is given by

J l
. k—1 k—1+
U 0 Y G D ISV oY (L PR

=0 m=0

Since
I k-1 L k—l+4m
Z < k—j ) (_1)k+l Z ( m ) Ak—l-i—m,k
=0
A

k—37 k=3 k—1 k
(k_j)(—l)kﬂ ( OJ)Ak—j,k+"'+<j_1)Ak—l,k+<j>Ak,k:|7

coefficients of Ay_;j for all 0 < ¢ < j —1in (2.10) is given by

(—Ukﬂ(—nk”ifﬂ—nn< k;i;Tl>< k;i>

n=0
oS (F2) (900) o

P
where the last equality comes from Z(—l)” ( 2 ) =(-1+1)P=0.
n=0
Then we prove that

N N k—l+m k—j
(2.11) §:< b )(_1ﬁ+z§: ( . >thmk::< ko )(_nkwAkjk.
1=0 m=0

Therefore, by (2.10) and (2.11), the coefficient of (02)*~7(8;)7u(0,0) on the right hand side
of (2.9) is Ag—,; k. We have thus proved Lemma 4. O
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From (2.2) and (2.7), we deduce

k

2\k— l l’LL s S
(2.12) =30 — 0210, u(0,0) x / /E Bty )y

=0

Note that, on the right hand side of (2.12), the heat operator (9; — 92) acts on u except for

l=k.
~ y2
Cii = // Bk (y, s) =5 dyds.
E(1) s
Then we get

5 (2k)(-1)k4 k-1 !
(2.13) Cl,k—k!(4ﬂ)k(2k+1)k+g< ) )(2k)

Lemma 5. We put

for0<I<k-1 andé’k,k:O.

Proof. We prove Lemma 5 by simple calculations. First, by the definition of By in (2.8)

l
—l+m (2k) _ _
k+l 2k—2l42m l—m
mz_:( )(2k2l+2m)(l m)t” s

for 0 <1 <k, we have

: k—1l4+m (2k)!
- —(—1 k+1 E // 2k—21+2m+2 l—m—2 )
Cie = (=1) ( m ) (2k — 21 4+ 2m)!I(I — m)! EQ1) Y 5 dyds

m=0

Direct calculation shows that

=0
// y2k72l+2m+25l7m72dyd5 — /S 517777,72\/ y2k72l+2m+2dyd5
E(1) s=—1/4m ly|<+/2slog (—4ms)

2 o o
B (2k—21+2m+3)/ /4 7 {2slog (—dms) TR ds
—1/4m

-1 l—ka—l+m+§ o] 1
_ (1) 2 1 / th—ltm+§ exp (_ (k + ) t> dt
(k—1l4+m+ 3)dm)k+z Jo 2

(= 1)EmgR 3T (ke — | m - 3)
B (47)* /T (2K 4 1)k—ltmt3

where I'(+) is the Gamma function. Thus, we get

o (—1)k(2k) 4%~ l8 : (k —1+m)4mT(k — 1+ m+ 3)
T mk 2k + )R E (k- D) Z m' 2k—2l+2m> ([~ m)l(2k + D
_ (—1)*(2k)14 k Lo 1\ 2%k —2+2m+1
- k!(4ﬂ')k(2k+1)k*l+% ( l >m_0( ) ( m ) 2k +1)m



A MEAN VALUE PROPERTY FOR POLYCALORIC FUNCTIONS 109

where the last equality comes from the fact T'(s + 1) = sI'(s).
Since we have the following equation

l 2k — 21 +2m 4 1
2k+1l§::0 ( ) T
1
= (2k+1) )™ (2k + 1)1 - 2 (I —m)(2k +1)"
13 () Sy
1 — m -1 l—m—1
= (2k+1)(2k) — 202k +1) > (1) ( o )(2k+1)
m=0

=2(k—1)(2k) 12k + 1)
Therefore we obtain Cy x = 0 and (2.13). O

From all Lemmas, we obtain

k—1
R (0) = (0 — 9210 u(0,0) x Crpp (k=1,2,...),
=0

which proves Theorem 1.

3 A mean value property for polycaloric functions In this section, first we recall
the well-known regularity property of (poly-) caloric functions.

Proposition 6 (caloric function is smooth). If u : Up — R is caloric, then u € C*°(Ur).

Proof. See [5]: p.p 59-61 Theorem 8. O

Proposition 7 (polycaloric function is smooth). If u : Ur — R is polycaloric, then u €
C>(Ur).

Proof. Assume that there exists m € N such that (9, — A;)™u = 0 in Up. Then we find
caloric functions ug, uy, - ,um_1 : Ur — R such that

(3.1) u(z,t) = uo(z,t) + tuy (z,t) + - + " Ly (2, 1)

holds true, by proposition 1 in [8]. Indeed, for j =1,2,--- ,m, we may choose

e (@,8) = — ]z_:(_t.)k(at—Ax)m_j+ku(x,t).

Therefore ug, uy, - -+ ,um—1 are caloric and satisfy the equation (3.1). By proposition 6 and
(3.1), we obtain u € C*>°(Ur). O

By proposition 6 and proposition 7, we obtain several corollaries which are proved by
F.Da Lio and L.Rodino [3] as follows. We do not need the additional assumption that u is
smooth, after assuming that u is caloric or polycaloric.
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corollary 8 (A mean value property for analytic functions. [3] Proposition 2.2). Let N =1
and u € C*(Ur). Assume that (9, — 0%)u(x,t) is an analytic function in Ur. Then ¢(r)
given in (2.1) is an analytic function of r € R in a neighborhood of r = 0, and it holds

)+ Z T—, — )0y u(x, ) x

- 1y L (’ﬁl)@k)l.

Remark 9. If u is caloric on Ur, then u € C*®(Ur) and (0; — 0?)u(x,t) is obviously
analytic in Up and for each heat ball E(x,t;r) C Ur the following equation holds:

//E(mr (v, 5 t_y)) dyds = u(w,1).

Corollary 10 can be considered as the generalization of (1.1) to the polycaloric case.

where Cpp =

corollary 10 (A mean value property for polycaloric functions). Let N = 1 and (9; —
d2)u(x,t) be an analytic function in Up. If u is polycaloric on Up (i.e.(0s — 02)™u(y, s) =
0, (y,s) € Up, m € N), then for each heat ball E(x,t;r) C Ur the following equality holds:

,
+> oTh Z (8, — 02 (0 u(, t) x Cpp,

_ (-1)*F k—1 !
where Cyj, = (@) 2k 1 1) < ! ) (2k)".

Proof. This is a direct consequence of Theorem 1 and Proposition 7. O

corollary 11 ([3] Corollary 2.1). Let N = 1. Suppose that there exist ny > 0 and ng > 1
such that
(0 — 02)(8,)" u =0 and (0; — 0%)"2u =0 in Ur.

Then for all r > 0 we have

(3.2) // — u(y, s y)) dyds

ok k—1
u(x,t) + ’",7, > (0= ) @) ulw,t) x Cu,
k T 1=0

=1

with M =ny +ny — 1 (when ny =0 or ng = 1 the sum in the right-hand side of (3.2) does
not appear).
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Proof. Note that we get u € C°°(Ur), since w is polycaloric in Ur. See the proof of corollary
2.1 in [3]. O

We finally give a mean value property for the higher order heat equation dyu+(—1)" A"y =
0 (m € N) for general dimension. In the proof, we use proposition 2.2 and a result in the
proof of proposition 2.1 in [3].

Proposition 12 (A mean value property for the higher order heat equation). Let u €
C™(Ur) and (0y — Ag)u(z,t) be an analytic function in Ur. Assume that u is a solution of
the higher order heat equation Oyu+(—1)"A™u = 0. Then for each heat ball E(z,t;1) C Ur
the following equality holds:

y|2 2k
3.3 ——dyds = t H t
(3.3) 4TN//E(xtr) Y, S t e yds = u(x, +,§1T wu(z,t),

where Hy, is given by

k h
Pk, Kk N mk+(1—m
’;,N > -1kt ( . ) (N +2h) (2k+N) ATREA=mRy (s odd)

Hk-’lL — hEO

h
pZ'N Z ( ]:L ) (N + 2h) (2/{:JIN) AEEA=mRy (1 : even)

h=0
1 N J+1 1\*
h = —) .
where  Pk,N 21<:+N<2k:+N> <47r>

Proof. Let p € N. Note that u satisfies

(3.4) afu_{ AP, (m odd)

(=1)PAP™y,  (m : even)

since u is a smooth solution of the higher order heat equation dyu + (—1)™A™wu = 0. On
the other hand, (3.3) holds by proposition 2.2 in [3], and according to a result in [3] (p,268,
line 2 and 9), Hy, is given by

(3.5) Hyu = p’]:!N zk:(—m’“—h ( ;‘; ) (N + 2h) (

h=0

h
h k—h
2k+N) ANG)T

Finally, combining (3.4) and (3.5), we get the proposition 12. O
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