


AN INVESTIGATION OF A GENERALIZED LEAST SQUARES
ESTIMATOR FOR NON-LINEAR TIME SERIES MODEL
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Figure 5: Comparison of Ochi’s estimators with different pairs of (¢1,c2) in case of u; ~iid

t(5). Left panels show 6y, right panels show 6.
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Figure 6: Comparison of Ochi(1, 1) estimator and methods of LSE, Burg and Yule-Walker
for 6y in the case of u; ~iid ¢(5). The last two panels show means of the estimates of
parameters 0y and 60 in the case of u; ~iid ¢(5).



Scientiae Mathematicae Japonicae 82, No.1(2019) (45-55)

CLASS p-wA(s,t) OPERATORS AND RANGE KERNEL
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ABSTRACT. Let T'= U|T| be a polar decomposition of a bounded linear oper-
ator T on a complex Hilbert space with ker U = ker |T|. T is said to be class

t sp
pwA(s, t) if (|T*[*|T|>*|T*|")

-ft 2 |T*|2tp and |T|25p 2 (ITls‘T*IQtITls)_+t
with 0 <p <1landO < s,t,s+t < 1. This is a generalization of p-hyponormal
or class A operators. In this paper we prove following assertions. (i) If T is
class p-wA(s,t), then T is normaloid and isoloid. (ii) If 7" is class p-wA(s,t)
and o(T) = {A}, then T" = X. (iii) If T is class p-wA(s,t), then T is finite
and the range of generalized derivation ép : B(H) 3 X - TX — XT € B(H)
is orthogonal to its kernel. (iv) If S is class p-wA(s,t),T* is an invertible
p-wA(t, s) operator and X is a Hilbert-Schmidt operator such that SX = XT,
then S*X = XT*.

Dedicated to the memory of Professor Takayuki Furuta with deep gratitude.

1. INTRODUCTION AND PRELIMINARIES

Let B(H) denote the algebra of all bounded linear operators on a complex Hilbert
space H and let ker(T'), ran(T) and o(T) denote the kernel, the range and the
spectrum of T' € B(H), respectively. Recall that an operator T' is said to be
hyponormal if 7*T > TT*. Aluthge [ | defined p-hyponormal operator as (T*T)P >
(TT*)? with p € (0, 1], and he proved many interesting properties of p-hyponormal
operators by using Furuta’s inequality [ ]. An invertible operator T is said to be
log-hyponormal if log(T*T') > log(TT*). It is known that invertible p-hyponormal
operator is log-hyponormal, but the reverse does not hold by [ ]. Moreover, by
using Furuta’s inequality, Furuta, Ito and Yamazaki [ | define class A operator as

72| > |
and class A(k) operator as
_1
(T*|T|2kT) k+1 > |T|2

These classes are an extension of p-hyponormal, log-hyponormal operators, and
moreover, class A and class A(k) operator are extended to class wA(s, t) operators
with 0 < s,t as

(1.1) (1T | TP |") =+ > |T**
and
(1.2) [T1? > (|T)°|T*[*|T]*) = .

2010 Mathematics Subject Classification. 47B20, 47A10.
Key words and phrases. class p-wA(s,t), normaloid, isoloid, finite, orthogonality.
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In [ ], an operator T is said to be class A(s,t) if T satisfies (1.1). However Ito and
Yamazaki [ | proved that (1.1) implies (1.2). This is a striking result. An operator
T is said to be class A(s,t) if T satisfies (1.1). Hence Ito and Yamazaki proved
that class wA(s,t) coincides with class A(s,t). It is known that every invertible
p-hyponormal operator is log-hyponormal, every p-hyponormal, log-hyponormal
operator is class A(s,t) for all 0 < s,t and if T' is invertible and class A(s,t) for all
0 < s,t then T is log-hyponormal ([ |, [ |,[ ], [ ])-

It is well known that class A(s,t) operators enjoy many interesting properties as
hyponormal operators, for example, Fuglede-Putnam type theorem, Weyl type the-
orem, subscalarity and Putnam’s inequality. Although there are many outstanding
problems which are still open for hyponormal operators, for example, the invariant
subspace problem, investigating new generalizations of hyponormal operators is one
of recent interest in operator theory.

For T € B(H), set |T| = (T*T)% as usual. By taking U|T|z = Tx for x € H
and Uz = 0 for z € ker |T|, T has a unique polar decomposition T' = U|T| with
ker U = ker |T'|. An operator T is said to be class p-wA(s,t) [ ] if

(13) (T T PTe)) T = e
and
(1.4) IT|2P > (|T|5‘T*|2t|T‘s)§TZ

where 0 < p < 1 and 0 < s,t,s +t < 1. In [ ], the authors proved that a set of
class p-wA(s,t) operators are increasing for 0 < s,¢ and decreasing for 0 < p < 1.

Lemma 1.1. [ | If T € B(H) is class p-wA(s,t) and 0 < s < 81,0 < t < t1,0 <
p1 <p <1, then T is class p1-wA(s1,t1).

Ito and Yamazaki [ ] proved that (1.1) implies (1.2). However it is not known
that whether (1.3) implies (1.4) or not. Class A(1,1) is said to be class A and
class A(%, %) is said to be w-hyponormal (see [ , ', , ]). It is known that an
operator T of class A is normaloid, i.e., its spectral radius r(T) coincides with its
norm ||T||. Also, class A operator T are isoloid, i.e., its isolated point of spectrum
o(T) is a point spectrum of 7. The first aim of this paper is to prove that class
p-wA(s,t) operator is normaloid and isoloid.

Following [ ], we say that an operator T' € B(H) is finite if
I —(TX —XT)||>1

holds for all X € B(H). The above inequality is the starting point of the study
of commutator approximations, a topic with roots in quantum theory [ ]. Let B
denote a Banach algebra. Recall that b € B is said to be orthogonal to a € B,
written b L a, if the inequality

lall <la + ubl|

holds for all p € C. The above definition of orthogonality has natural geometric
meaning, namely, b L «a if and only if the line {a 4+ pb : p € C} is tangent to the
ball of center zero and radius ||a||. If B = H, then the orthogonality means usual
sense (a,b) = 0.

The generalized derivation dgr : B(H) — B(H) for S,T € B(H) is defined by
dsr(X) = SX — XT for X € B(H), and we note dpp = op. If the following
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ABSTRACT. In this paper, we give a definition of martingale Besov spaces and martin-
gale Triebel-Lizorkin spaces for general filtrations. We investigate several fundamental
properties of these spaces.

1 Introduction The theory of Besov spaces and Triebel-Lizorkin spaces provides us a
unified approach to various important function spaces such as L,-spaces, Hardy spaces,
BMO spaces, Lipschitz spaces and Sobolev spaces. From such diversity, Besov spaces and
Triebel-Lizorkin spaces are useful in various mathematical branches.

In martingale theory, Chao and Peng [5] gave a definition of Besov spaces and Triebel-
Lizorkin spaces for p-adic martingales and pointed out some fundamental properties of these
spaces. They used martingale Besov spaces for characterization of Schatten-von Neumann
properties of commutators. For general filtrations, Weisz [17] proved duality theorems
among martingale Hardy spaces of g-variations, including the duality between martingale
Hardy spaces and martingale BMO spaces of g-variations. We note that these spaces coin-
cide with martingale Triebel-Lizorkin spaces when the smoothness parameter equals to 0,
and that Weisz’s duality theorem is an early general result on martingale Triebel-Lizorkin
spaces.

In this paper, we give a definition of martingale Besov spaces and martingale Triebel-
Lizorkin spaces for general filtrations. We give proofs for several fundamental properties
of these spaces such as duality, complex interpolation and norm equivalence in a general
framework. We also study some embeddings under additional assumptions on filtrations. It
relates to recent progress of the theory of fractional integral of martingales ([4], [7], [8], [11],
[14]). In fact, we apply our results to the boundedness of fractional integrals of martingales
and obtain some improvement.

The organization of this paper is as follows. In the next section, we give the definition
of martingale Besov-Triebel-Lizorkin spaces for general filtrations and describe our results.
In Section 3, we prove some basic properties of martingale Besov-Triebel-Lizorkin spaces.
In Section 4, we show a duality between martingale Besov-Triebel-Lizorkin spaces. In
Section 5, we study complex interpolation of martingale Besov-Triebel-Lizorkin spaces. In
Section 6, we show a norm equivalence in terms of mean oscillations. In Section 7, we prove
some embedding theorem under additional assumptions on filtrations. Finally in Section 8,
we give an application of our results to the boundedness of fractional integral of martingales.

2 Notations, definitions and results Let (2, 7, P) be a probability space. Let {F,, },,>0
be a filtration, that is, nondecreasing sequence of sub-o-algebras of F such that F =
o(U,, Fn)- The expectation operator and the conditional expectation operators relative to
F, are denoted by E and F,, respectively. For simplicity, we use the convention £_; = 0.

2010 Mathematics Subject Classification. Primary 60G46; Secondary 46E30, 42B35, 60G42.
Key words and phrases. martingale, Besov space, Triebel-Lizorkin space, fractional integral.
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We say a sequence of measurable functions f = (f,,)n>0 is adapted if f,, is F,-measurable
for every n > 0.

We denote by V the set of all adapted sequence of functions v = (v, ), >0 satisfying that
vo = 1 and that there exist constants d, > §; > 1 such that

(2.1) 0 Up—1 < v, < O0qv,—1 forall n>1.
By vp =1 and (2.1), if (vy)n>0 € V, then
(2.2) 07 <w, <0y foral n>0

for some 6o > 61 > 1. For (v,)n>0 € V, we use the convention v_; = vy.

Let (fn)n>0 be a sequence of integrable functions. We say (fn)n>0 is a martingale
relative to {F,}n>0 if it is adapted and satisfies E,[fy] = fn for every n < m. For a
martingale f = (fn)n>0, let df = fn — fn—1 with convention f_; = 0. We denote by M
the set of all martingales.

For p € [1,00), let M), be the set of all L,-bounded martingales. It is known that,
if p € (1,00), then any L,-bounded martingale converges in L,. Moreover, if f € L,,
p € [1,00), then (fn)n>0 with f,, = E,, f is in M,, and converges to f in L, (see for example
[10]). For this reason a function f € L; and the corresponding martingale (fy,),>0 with
fn = Ey, f will be denoted by the same symbol f. Note also that || f||r, = sup,>¢ [|Enflz,-

We now introduce martingale Besov spaces and martingale Triebel-Lizorkin spaces. Our
definition is a generalization of Chao and Peng’s one in [5].

Definition 2.1. Let p € (0,00], ¢ € (0,00], s € Rand v = (vy)n>0 € V. For f = (fn)n>0 €
M, define | fl|B;, = | fllB;,w) and [|fl[rs, = [1f]lrs, @) by

00 1/(1 0o 1/(1
(2:3) |f||B;q=<Z|vf;1dnf||%p> and | f|lgs, = (szldnfw)
n=0 n=0

LP
respectively if p < oo and ¢ < oo with convention v_; = vg and f_; = 0.
If p < 00 and q = oo, then define
IfllB;,, = supllvy _ydnfllz, and |flr;, = |suplv, 1dnfl]|
n>0 n>0 L,
and if p = oo and ¢ < oo, then define
1/q s 1/q
Bs, = vy _1dp, Fs  =sup||FE vy _dpfl9 ,
171 (Z o5 1 f 1. ) 2, = sup | B, LD F1di |
— .
and if p = ¢ = oo, then define
1f1lBs,.. =sup vy, _1dnflL. and sup [vy,
n>0 n>0

oo

respectively with the same convention as in (2.3).
Then, the spaces B, = B, (v) and F;,, = F} (v) are defined by

By ={f e M:|fllp;, < oo} and Fj, ={f € M:|f]r, <oo}

respectively.
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| fllBs, and || f[|r;, are quasi-norms on By, and Iy, respectively. We call By, = B;,(v) a
martingale Besov space associated to v and call F;, = F} (v) a martingale Triebel-Lizorkin
space associated to v.

Remark 2.1. For f = (fn)n>0 € M, the square functions S, (f), where n > 0, and S(f) are

defined by
1/2

n 1/2 00
Sn(f) = <Z |dkf|2> and  S(f) = (Z |dnf|2>
k=0 n=0

with convention f_; = 0. Then, for p € (0,00), the martingale Hardy spaces Hg is defined
by

Hy ={f e M:|IS(f)ll, < oc}.
The space Fy, coincides with HpS for p € (0,00). Moreover, if p > 1, then F, = H; ~ L.
Furthermore, martingale space BMO§9 ~ is defined by

BMOS™ = {f € M: | fllpos- < o0},

where
705~ = Sup I EA[S(7)? = Sua (£l

with convention S_;(f) = 0. The space F, coincides with BMO35~. For the theory of
martingale Hardy spaces and martingale BMO spaces, we refer to [6], [10] and [16].

For v = (vy)n>0 € V, define u = (uy)n>0 by u, = v, ! for n > 0. For @ € R and
f=(fn)n>0 € M, define a martingale I f = (I} f)n)n>0 by

(L4 f)n =Y uf_ydif

k=0

with convention u_; = ug, f—1 =0 and (I¥f)_1 = 0.
Our first result is a lifting property of I. It is a direct consequence of the definition,
but for its importance, we give a proof.

Theorem 2.1. Let v = (v,)n>0 € V. Define u = (up)n>0 by up = vyt for n > 0.
Let o € R. Then, I3 is an isometric isomorphism from B, to B;;I“”‘ and Fyj. to F;q*a
respectively for p € (0,00], ¢ € (0,00] and s € R.

Proof. Since d,,(I*f) = u$_,d, f for n > 0, it is clear that I is a bijection from M to M
with the inverse map I*,. Moreover, we have

(2.4) TV, (I8 f) = vi_ydnf forall n>0.
By (2.4), we have
V2 fll e = I fll;, amd [125)

This is the desired conclusion. O]

Fpae = ||fHF;q~

Our next result is a duality between martingale Besov-Triebel-Lizorkin spaces. For
p € [1,00], we denote by p’ the conjugate exponent of p, that is,

p/lp—1) if 1<p<oo,
1 if p=o0,
o0 if p=1.

P =

We use the notation A;q to denote either B;'q or Flfq for short.
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Theorem 2.2. Let v = (v,)n>0 € V, s €R, p € [1,00) and g € [1,00). Denote by p' and ¢’
the conjugate exponents of p and q respectively. Let (A;q)’ denote the topological dual space
of Ay, Then, (A;,)" is isomorphic to A;,‘;/ under the pairing (g, f) — > .o Eldngd, f]
with convention g_1 = f_1 = 0. More precisely, there exists a positive constant C' depending
only on p and q such that the following (1) and (2) hold:

(1) If g € A%, then the infinite sum Y7 Eld,gd,f] converges for every f € A5,

Moreover,
o0

Z d,gd, f]

< Cllgllaze,

(f €Ay,

(2) Conversely, for each ® € (A,,), there exists h € A7, such that

£) =" Eld.hd.f] (f € A3,)

n=0

and that Al 4~ < Cl|®||(as,y -

The proof of Theorem 2.2 is given in Section 4.

Remark 2.2. The duality of the case s = 0 and A = F was proved in [17, Theorem 14 and
17].

Further, we investigate the complex interpolation between martingale Besov-Triebel-
Lizorkin spaces. We recall the definition of the first Calderén’s complex interpolation func-
tor.

Let S ={z€ C:0<Rez <1} and Sy = {2z € C:0 < Rez < 1}. Let (Ag, A1) be
a compatible couple of Banach spaces. We denote by F(Ap, A1) the set of all (Ag + Ay)-
valued bounded continuous functions F' on S which is holomorphic in Sy and moreover,
t — F(j+it) (j = 0,1) is a function from R into A; satisfying || F'(j + it)||a, — O as
[t| — oo. As is shown in [2, Lemma 4.1.1], the space F(Ag, A1) equipped with the norm

T Pap—— (sup 1F (i), sup | F(1 + z‘t)HAl)
teR teR

is a Banach space.
Definition 2.2. Let (Ag, A1) be a compatible couple of Banach spaces. For 6 € [0,1],
define [Ag, A1]p by
[Ag, A1lo ={f € Ao+ A1 : f=F(0) forsome F € F(Ap, A1)}
equipped with the norm

1 lltao.ants = L inf IF 7 a0,40)-

We now state our result on complex interpolation of martingale Besov-Triebel-Lizorkin

spaces.

Theorem 2.3. Letv €V, 0 € (0,1), so,s1 € R and po, p1,q0,q1 € [1,00] with min(qg, 1) <
o0o. Define s, p and q by

1 1-6 60 1 1-6 6
(2.5) s=(1—-0)sg+0s1, —= + -, —= 4+ =
p Po p1 q do Ua

with convention 1/oo = 0. Then, the following (i) and (i) hold.
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(i) [Bjtar: Biialo = B

g0 B g With equivalence of norms.

(i) Assume that 1 < po,p1 < oo. Then, [F;0, , F3l, lo = Fy, with equivalence of norms.

The proof of Theorem 2.3 is given in Section 5.

Remark 2.3. In the theory of Besov-Triebel-Lizorkin spaces on Euclidean spaces, the com-
plex interpolation is investigated for pg, p1,qo, q1 € (0, 00] by using the framework of distri-
bution valued analytic functions ([15, Section 2.4.4]) and by using isomorphisms to sequence
spaces ([9, Theorem 9.1]). Since these methods are not known for martingales of general
filtrations, we restrict ourselves to the case where pg,p1,qo, q1 € [1, 0]

In the next section, we will show that if s € (0,00), p € [1,00] and ¢ € (0, c], then
B, C Ly and F;, C L. Further, in Section 6, we prove the following norm equivalence in
terms of mean oscillations.

Theorem 2.4. Let v € V,s € (0,00), p € [1,00] and g € (0,00]. Let f € L, and iden-
tify [ with the corresponding martingale (fn)n>0 = (Enf)n>0. Then, the following norm
equivalence holds:

(2.6) 1115, ~ |1 Bnlf = faztlllz, )nzoll,, -
Moreover, if 1 <p < oo and g > 1, then
(2.7) 1 lleg, ~ M @p—1 Ealf = famiDnzolle, |l -

Note that we do not need any assumption on {F,},>0 in Theorems 2.1, 2.2, 2.3 and
2.4.

To study embeddings, we need some assumptions on {F,},>0. B € F, is called an
atom (more precisely a (F,, P)-atom), if any A C B with A € F,, satisfies P(A) = P(B)
or P(A) = 0. Below, we assume that

(2.8) every o-algebra F,, is generated by countable atoms.

We denote by A(F,,) the set of all atoms in F,,. We define F,,-measurable functions b,, and
v, by
(2.9) bp= Y  P(B)xp, v.=b,"
BeA(Fy)
We also assume that {F,},>¢ is regular, that is, there exists R > 2 such that
(2.10) E,.f < RE,_1f for all n > 1 and non-negative integrable function f.

Further, for the sake of simplicity, we assume that

(2.11) If Be A(F,—1), B' € A(F,) and B’ C B,
then P(B') < P(B) for every n > 1.
(2.12) Fo={0,9).

If (2.8), (2.10), (2.11) and (2.12) hold, then, by [11, Lemma 3.3,
1

for every n > 1. Hence, we obtain that the sequence v = (v,), >0 defined in (2.9) belongs
to V.

As for embeddings, we show the following two theorems. For quasi-normed space X and
Y, we denote by X — Y if the identity map from X is a continuous map into Y.
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ABSTRACT. The pairwise comparisons in AHP (Analytic Hierarchy Process) are made
using a scale list that indicates the importance of one entity over another entity with
respect to a given criteria. Moreover, the pairwise comparison matrix represents the
intensities of the decision maker’s preference between individual pairs of alternatives.
The matrix is usually determined from the 1-point to 9-point scale. Various methods
for paired comparison method have been proposed, making more intuitive and highly
accurate decision making possible. However, the number of pairwise comparisons in-
creases as the number of criteria increases. Therefore, the burden of decision makers
would become heavier.

In this paper, we propose an algorithm for the allocation problem of the burden
and verify the algorithm by using a programming language called Haskell', which
is specialized in the functional programming. This research contributes not only to
allocation algorithm, but also aids researchers and decision makers in applying the
AHPs effectively.

1 Introduction Pairwise Comparison Method is always used in comparing entities in
pairs, whereby there are more than two entities to evaluate. Because the process of evaluat-
ing is very simple, the pairwise comparison has been broadly used in studies of preference,
precedence and social choice etc.. Methods which utilize pairwise comparison focus on
superiority /inferiority between entities or its differences. Pairwise Comparison Method is
proposed as a typical method in AHP. In 1971, Thomas L. Saaty proposed AHP as a sup-
porting tool for decision making to connect human’s subjective evaluation with reasonable
decision. In AHP, decision maker regards a problem as hierarchy relation of criteria /alter-
natives levels for systematic approaches to problem. As a result, AHP is useful in multiple
criteria problem and in subjective decision-making problem. In real, AHP has been broadly
applied to decision making in business or to consensus building in public works, etc.. How-
ever, AHP uses a great number of pairwise comparisons to calculate numerical weights of
criteria and alternatives in general. While pairwise comparison methods have merits of
simple process and accurate evaluation, many studies have indicated demerits that decision
maker’s comparing burden is heavy if comparing entities increase in Cowan (2001). There
exists similar demerit in AHP because AHP needs to compare with many pairs of criteria
if the number of criteria increases for more exact evaluation. Furthermore, if the number

2010 Mathematics Subject Classification. 91A10, 91A40, 91A50, 91A65.
Key words and phrases. Analytic Hierarchy Process (AHP), Combinatorial design method, Pairwise
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Haskell is a relatively new language that was born in 1990 (Haskell 1.0) as a “standard word” in purely
functional programming language based on lazy evaluation. In 1999, as a stable language definition Haskell
98 was enacted, and gradually became popular.
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