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Abstract. We study two machine shop type scheduling problem in this paper. At
shop type scheduling, one job is handled by plural machines. And it generally divided
two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
case which include preemptive job. We also propose a solution to this problem by
extending this result to flexible flowshop.

1 Introduction Shop type scheduling problem is one of the most major part of schedul-
ing problem research. Especially the study for two machine flow shop scheduling problem
by Johnson is one of the most famous results in scheduling problem. There are various types
of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
V. A. Strusevich studied two machine super shop including two types of flow shop jobs and
open shop. He divided the problem to 13 cases based on the processing time and show
the condition which optimal non-preemptive schedule is possibly different from the optimal
preemptive schedule [5].

2000 Mathematics Subject Classification. Primary 65F10, 65F15; Secondary 65H10, 65F03.
Key words and phrases. conjugate gradient algorithm, Lanczos algorithm, variable metric algorithm.
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Two machine Flexible shop scheduling problem 103

3 Super shop problem The procedure for our problem is based on reducing to super
shop problem corresponding to the satisfaction degree. Super shop problem is considered
as a mixed model with two flow shop model and open shop model. The definition for super
shop problem is as follows.

For subset of jobs Q ⊆ N , a(Q) = Σji∈Qai, b(Q) = Σji∈Qbi, a(∅) = b(∅) = 0, define
the subscripts a or b on upside of arbitrary job set Q as Qa = {ji ∈ Q | ai < bi} or
Qb = {ji ∈ Q | ai ≥ bi} respectively.

• N12 : Flow shop type job set with job processing order M1 → M2,

• N21 : Flow shop type job set with job processing order M2 → M1,

• NO : Open shop job set,

• jk : The job jk ∈ Na
O and has maximum processing time on machine M2, i.e. bk =

max{bj | for j ∈ Na
O}. Here Na

O = {j ∈ NO | aj < bj},
• jr : The job jr ∈ N b

O and has maximum processing time on machine M1, i.e. ar =
max{aj | for j ∈ N b

O}. Here N b
O = {j ∈ NO | aj ≥ bj},

• N = N12 ∪N21 ∪NO. Job set of all jobs.

Let T = max{a(N), b(N)}. Let the permutation π(Q) be an arbitrary permutation of
jobs from Q, permutation π(∅) be dummy permutation, and ϕ(N12), ϕ(N21) be an optimal
processing order applying Johnson rule to flow shop job set N12 and N21 respectively.

In our problem, let Cmax(s) be a maximum completion time of super shop schedule s.
Lower bound of maximum completion is as follows

Cmax ≥ max{a(N), b(N), Cmax(s
∗
12), Cmax(s

∗
21),max{ai + bi | Ji ∈ NO}+ τ}

Here s∗12 and s∗21 are the optimal schedules for jobs of N12 and N21 respectively by Johnson’s
rule, τ = min{a(Na

12)+b(N b
12), a(N

a
21)+b(N b

21)}. Strusevich develop the solution algorithm
for this problem. In this algorithm the problem divided to 13 cases based on the sum of
processing time for each part.

Case 1 : a(Na
12) ≥ b(N21 ∪NO)

Optimal schedule is constructed by following procedure, where N12 is an optimal pro-
cessing order applying Johnson rule to flow shop job set N12, and s∗12 is the corresponding
optimal schedule.

1. M1: processing order ϕ(N12) → π(N21 ∪NO) from 0.

2. M2: first processing order π(N21 ∪ NO) from 0 and second processing order ϕ(N12)
from max{b(N21 ∪NO), Cmax(s

∗
12)− b(N12)}.

Case 2 : b(N21) ≤ a(N12) < b(N21∪NO), and a(NO−{jk}) ≤ b(NO−{jr}), a(N−{jk}) ≥
b(N21 ∪NO)

Optimal schedule is constructed by following procedure. Let ψ(NO) = (jr, π(N
b
O −

{jr}), π(Na
O − {jk}), jk).

1. M1: processing order π(N12) → π(N21) → ψ(NO) from 0

2. M2: processing order π(N21) → ψ(NO) → π(N12) from 0, where ψ(NO) = (jr, π(N
b
O−

{jr}), π(Na
O −{jk}), jk) and the corresponding maximum completion time of optimal

schedule in this case is T .
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2 Problem Definition In this paper, we consider the problem adding the flexible jobs
to super shop problem. Flexible jobs are defined as : The order of processing by machine
M1,M2 is unrestricted. However, the satisfaction degree is defined for the order. For
example, in the painting jobs with two colors, any order of painting color is allowable, but
there is the difference in the finish. Our problem settings are as follows;

• There exists a set of n jobs N = J12 ∪ J21 ∪O ∪ F12 ∪ F21.

• J12 : Flow shop type job set M1 → M2.

• J21 : Flow shop type job set M2 → M1.

• O : Open shop type job set which processing order is open i.e. either M1 → M2 or
M2 → M1 is allowable.

• F12: A flexible job preferably should be processed on M1 but in some case first on
M2.

• F21 : A flexible job preferably should be processed on M2 but in some case first on
M1.

• For each job, we define the two satisfaction degrees μ1(j), μ2(j) of processing order
on two machines.

• μ1(j) : the satisfaction degree in case that job j is processed M1 first.

• μ2(j) : the satisfaction degree in case that job j is processed M2 first.

The meanings of satisfaction degree are as follows;

• j ∈ J12: μ1(j) = 1, μ2(j) = 0,

• j ∈ J21: μ1(j) = 0, μ2(j) = 1,

• j ∈ O: μ2(j) = 1, μ1(j) = 1,

• j ∈ F12: μ1(j) = 1, 0 < μ2(j) < 1,

• j ∈ F21: μ2(j) = 1, 0 < μ1(j) < 1.

F12 and F21: call flexible order job set.
For each job j, we define the processing times aj , bj on M1,M2 respectively. Each ma-

chine M1 and M2 processing at most one job at a time and each job is processed on at most
one machine at a time. Under above setting, we seek a schedule minimizing the maximum
completion time and maximizing the minimum satisfaction degree about processing order
on machines, but usually there is no feasible schedule optimizing both criteria. We seek
some non-dominated schedules after the definition of non-domination.

Non-dominated schedule For each schedule s, we define schedule vector vs = (vs1, v
s
2) =

(Cs
max, μ

s) where Cs
max is the maximum completion time of schedule s and μs = min{min{μ1(j),

j ∈ A(s)},min{μ2(j), j ∈ B(s)}}, where A(s) : set of jobs processed on M1 first in sched-
ule s, B(s) : set of jobs processed on M2 first in schedule s. For schedules s1, s2, we

call s1 dominate s2 if vs
1

1 ≤ vs
2

1 , vs
1

2 ≥ vs
2

2 and vs
1 �= vs

2

and we call a schedule s non-
dominated schedule if no schedule dominates s. We seek some non-dominated schedules
a(J) = Σj∈Jaj , b(J) = Σj∈Jbj , π(J): arbitrary schedule of job set J .
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Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
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3 Super shop problem The procedure for our problem is based on reducing to super
shop problem corresponding to the satisfaction degree. Super shop problem is considered
as a mixed model with two flow shop model and open shop model. The definition for super
shop problem is as follows.

For subset of jobs Q ⊆ N , a(Q) = Σji∈Qai, b(Q) = Σji∈Qbi, a(∅) = b(∅) = 0, define
the subscripts a or b on upside of arbitrary job set Q as Qa = {ji ∈ Q | ai < bi} or
Qb = {ji ∈ Q | ai ≥ bi} respectively.

• N12 : Flow shop type job set with job processing order M1 → M2,

• N21 : Flow shop type job set with job processing order M2 → M1,

• NO : Open shop job set,

• jk : The job jk ∈ Na
O and has maximum processing time on machine M2, i.e. bk =

max{bj | for j ∈ Na
O}. Here Na

O = {j ∈ NO | aj < bj},
• jr : The job jr ∈ N b

O and has maximum processing time on machine M1, i.e. ar =
max{aj | for j ∈ N b

O}. Here N b
O = {j ∈ NO | aj ≥ bj},

• N = N12 ∪N21 ∪NO. Job set of all jobs.

Let T = max{a(N), b(N)}. Let the permutation π(Q) be an arbitrary permutation of
jobs from Q, permutation π(∅) be dummy permutation, and ϕ(N12), ϕ(N21) be an optimal
processing order applying Johnson rule to flow shop job set N12 and N21 respectively.

In our problem, let Cmax(s) be a maximum completion time of super shop schedule s.
Lower bound of maximum completion is as follows

Cmax ≥ max{a(N), b(N), Cmax(s
∗
12), Cmax(s

∗
21),max{ai + bi | Ji ∈ NO}+ τ}

Here s∗12 and s∗21 are the optimal schedules for jobs of N12 and N21 respectively by Johnson’s
rule, τ = min{a(Na

12)+b(N b
12), a(N

a
21)+b(N b

21)}. Strusevich develop the solution algorithm
for this problem. In this algorithm the problem divided to 13 cases based on the sum of
processing time for each part.

Case 1 : a(Na
12) ≥ b(N21 ∪NO)

Optimal schedule is constructed by following procedure, where N12 is an optimal pro-
cessing order applying Johnson rule to flow shop job set N12, and s∗12 is the corresponding
optimal schedule.

1. M1: processing order ϕ(N12) → π(N21 ∪NO) from 0.

2. M2: first processing order π(N21 ∪ NO) from 0 and second processing order ϕ(N12)
from max{b(N21 ∪NO), Cmax(s

∗
12)− b(N12)}.

Case 2 : b(N21) ≤ a(N12) < b(N21∪NO), and a(NO−{jk}) ≤ b(NO−{jr}), a(N−{jk}) ≥
b(N21 ∪NO)

Optimal schedule is constructed by following procedure. Let ψ(NO) = (jr, π(N
b
O −

{jr}), π(Na
O − {jk}), jk).

1. M1: processing order π(N12) → π(N21) → ψ(NO) from 0

2. M2: processing order π(N21) → ψ(NO) → π(N12) from 0, where ψ(NO) = (jr, π(N
b
O−

{jr}), π(Na
O −{jk}), jk) and the corresponding maximum completion time of optimal

schedule in this case is T .
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2 Problem Definition In this paper, we consider the problem adding the flexible jobs
to super shop problem. Flexible jobs are defined as : The order of processing by machine
M1,M2 is unrestricted. However, the satisfaction degree is defined for the order. For
example, in the painting jobs with two colors, any order of painting color is allowable, but
there is the difference in the finish. Our problem settings are as follows;

• There exists a set of n jobs N = J12 ∪ J21 ∪O ∪ F12 ∪ F21.

• J12 : Flow shop type job set M1 → M2.

• J21 : Flow shop type job set M2 → M1.

• O : Open shop type job set which processing order is open i.e. either M1 → M2 or
M2 → M1 is allowable.

• F12: A flexible job preferably should be processed on M1 but in some case first on
M2.

• F21 : A flexible job preferably should be processed on M2 but in some case first on
M1.

• For each job, we define the two satisfaction degrees μ1(j), μ2(j) of processing order
on two machines.

• μ1(j) : the satisfaction degree in case that job j is processed M1 first.

• μ2(j) : the satisfaction degree in case that job j is processed M2 first.

The meanings of satisfaction degree are as follows;

• j ∈ J12: μ1(j) = 1, μ2(j) = 0,

• j ∈ J21: μ1(j) = 0, μ2(j) = 1,

• j ∈ O: μ2(j) = 1, μ1(j) = 1,

• j ∈ F12: μ1(j) = 1, 0 < μ2(j) < 1,

• j ∈ F21: μ2(j) = 1, 0 < μ1(j) < 1.

F12 and F21: call flexible order job set.
For each job j, we define the processing times aj , bj on M1,M2 respectively. Each ma-

chine M1 and M2 processing at most one job at a time and each job is processed on at most
one machine at a time. Under above setting, we seek a schedule minimizing the maximum
completion time and maximizing the minimum satisfaction degree about processing order
on machines, but usually there is no feasible schedule optimizing both criteria. We seek
some non-dominated schedules after the definition of non-domination.

Non-dominated schedule For each schedule s, we define schedule vector vs = (vs1, v
s
2) =

(Cs
max, μ

s) where Cs
max is the maximum completion time of schedule s and μs = min{min{μ1(j),

j ∈ A(s)},min{μ2(j), j ∈ B(s)}}, where A(s) : set of jobs processed on M1 first in sched-
ule s, B(s) : set of jobs processed on M2 first in schedule s. For schedules s1, s2, we

call s1 dominate s2 if vs
1

1 ≤ vs
2

1 , vs
1

2 ≥ vs
2

2 and vs
1 �= vs

2

and we call a schedule s non-
dominated schedule if no schedule dominates s. We seek some non-dominated schedules
a(J) = Σj∈Jaj , b(J) = Σj∈Jbj , π(J): arbitrary schedule of job set J .
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Abstract. We study two machine shop type scheduling problem in this paper. At
shop type scheduling, one job is handled by plural machines. And it generally divided
two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
case which include preemptive job. We also propose a solution to this problem by
extending this result to flexible flowshop.

1 Introduction Shop type scheduling problem is one of the most major part of schedul-
ing problem research. Especially the study for two machine flow shop scheduling problem
by Johnson is one of the most famous results in scheduling problem. There are various types
of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
V. A. Strusevich studied two machine super shop including two types of flow shop jobs and
open shop. He divided the problem to 13 cases based on the processing time and show
the condition which optimal non-preemptive schedule is possibly different from the optimal
preemptive schedule [5].
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Case 13(ii) : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am >
b(N12 ∪ NO − {jm}), b(N21) + bm ≤ a(N21 ∪ NO − {jm}), the corresponding maximum
completion time of optimal schedule in this case is a(N). Only in this case, optimal non-
preemptive schedule is possibly different from the optimal preemptive schedule. But in this
case also optimal maximum completion time is one of am + bm, a(N), b(N). We should
check only some cases among 14 cases.

4 Solution procedure of flexible shop scheduling problem In this section, we pro-
pose the solution procedure for our flexible shop model. This procedure is based on super
shop problem. There are multiple optimal solutions for the value of satisfaction degree.
Therefore, we seek the non-domination solution. The detail of the procedure is as follows.

Assignment of processing order and solve the super shop problems

1. Sort μ2(j), j ∈ F12, μ1(j), j ∈ F21 and result be μ(0) = 1 > μ(1) > μ(2) > μ(3) >
· · · > μ(u) > μ(u+ 1) = 0.

2. Consider the super shop problem P (t) with parameter μ(t), t = 0, 1, 2, · · · , u+1 as the
subproblem where u: the number of different values in μ2(j), j ∈ F12, μ1(j), j ∈ F21,

3. P (t) :the super shop problem with

(a) N12 = J12 ∪ {j ∈ F12 | μ2(j) < μ(t)}, N21 = N12 = J21 ∪ {j ∈ F12 | μ(j) < μ(t)}
(b) NO = O ∪ {j ∈ F12 | μ2(j) ≥ μ(t)} ∪ {j ∈ F21 | μ1(j) ≥ μ(t)}
(c) Apply the super shop scheduling algorithm by checking 14 cases and obtain

optimal scheduling s(t). Note that P (0) : N12 = J12 ∪ F12, N21 = J21 ∪ F21,
NO = O, P (u+ 1): N12 = J12, N21 = J21, NO = O ∪ F12 ∪ F21.

4. From s(0), s(1), · · · , s(u+ 1), choose non-dominated schedules. Note that NO is non-
decreasing about t and N12, N21 is non-increasing.

5 Numerical Example In this section, we consider the some numerical example. The
following jobs are considered.

N12 F12 N21 F21 NO

i 1 2 3 4 5 6 7 8
ai 3 4 1 1 2 2 17 2
bi 2 5 4 2 3 1 12 1

μA
i 1 1 1 0 0.6 0.8 1 1

μB
i 0.3 0.7 0.5 1 1 1 1 1

Table 1: Numerical Example

We obtain 5 cases (μ = 1.0, 0.8, 0.7, 0.6, 0.5, 0.3) in non-increasing order of satisfaction,
and seek the optimal schedule in each case.

For μ = 1.0 : In this constraint, the processing order of flexible jobs is fixed.
This case corresponds the case 10 of super-shop from the following checking:
Na

O = ∅, N b
O = {j7, j8}, jr = j7, jk is not defined. Therefore a(No − ∅) = 19 >

b(Na − {j7}) = 1, a(N12 ∪ N21) = 15 < b(N21 ∪ {j7}) = 18 holds and so we set jm = j7.
a7 = 17 > b(N12 ∪NO − {j7}) = 12, a(Na

12) + b(N b
12) + 4 + 1 + 2 = 7 > a(Na

21) + b(N b
21) =

1 + 2 + 1 = 4, a7 = 17 > b(Na
21) = 5
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Case 3 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(NO − {jk}) ≤ b(NO − {jr}), b(N − {jk}) ≥
b(N21 ∪NO).

Optimal schedule is constructed by following procedure.

1. M1: processing order ψ(NO − {jk}) → π(N12) → π(N21) → J from 0.

2. M2: processing order π(N21) → jk → ψ(NO −{jk}) → π(N12) from 0, where ψ(NO −
{jk}) = (π(Na

O − {jk}), π(N b
O − {jr})) and the corresponding maximum completion

time of optimal schedule in this case is T .

Case 4 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(NO − {jk}) > b(NO − {jr}), a(N12 ∪N21) ≥
b(N ∪ {jr}), corresponding maximum completion time of optimal schedule is T .

Case 5 : b(N21 ∪NO) > a(N12) ≥ b(N21), a(NO − {jr}) ≥ b(N21 ∪ {jr}) > a(N12 ∪N21),
corresponding maximum completion time of optimal schedule is T .

Case 6 : first set m, b(N21 ∪NO) > a(NO − {jk}), and a(NO − {jk}) ≤ b(NO − {jr}) ⇒
jm = jk,

a(N21 ∪N12) < b(N21 ∪ {jr}), and a(NO − {jk}) > b(NO − {jr}) ⇒ jm = jr, b(N21) ≤
a(N21) < b(N21∪NO), a(N−{m}) < b(N12−{jm}), am ≤ b(N12∪NO−{jm}) corresponding
maximum completion time of optimal schedule is b(N).

Case 7 : b(N21) ≤ a(N12) < b(N21∪NO), a(N−{jm}) < b(N21∪{jm}), am > b(N12∪NO−
{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(nb
21), a(N

b
12) < bm corresponding maximum completion

time of optimal schedule is max{T, am + bm + a(Na
12) + b(N b

12)}.

Case 8 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO−{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(nb
21), a(N

b
12) < bm, a(N12∪NO) > b(N21∪{jm}),

corresponding maximum completion time of optimal schedule is T .

Case 9 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO−{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(N b
21), a(N

b
12) < bm, a(N12∪NO) > b(N21∪{jm}),

corresponding maximum completion time of optimal schedule is T .

Case 10 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO − {jm}), a(Na

12) + b(N b
12) > a(Na

21) + b(N b
21), am ≥ b(Na

21), corresponding maximum
completion time of optimal schedule is max{T, am + bm + a(Na

12) + b(N b
12)}.

Case 11 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(N −{jm}) < b(N21 ∪ {jm}), b(Na
21) > am >

b(N12 ∪NO − {jm}), a(Na
12) + b(N b

12) > a(Na
21) + b(N b

21), a(N12 ∪ jm) ≥ b(N21 ∪NO), the
corresponding maximum completion time of optimal schedule in this case is b(N).

Case 12 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(N −{jm}) < b(N21 ∪ {jm}), b(Na
21) > am >

b(N12 ∪ NO − {jm}), a(Na
12) + b(N b

12) > a(Na
21) + b(N b

21), a(N12 ∪ {jm}) ≥ b(N21 ∪ NO),
corresponding maximum completion time of optimal schedule in this case is T .

Strusevich proposed the 13 cases for Super shop problem. At only one case, the schedule
includes the nonpreemptive jobs. We divide this case to two cases by precisely condition.

Case 13(i) : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am >
b(N12 ∪ NO − {jm}), b(N21) + bm > a(N21 ∪ NO − {jm}), the corresponding maximum
completion time of optimal schedule in this case is a(N).
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Abstract. We study two machine shop type scheduling problem in this paper. At
shop type scheduling, one job is handled by plural machines. And it generally divided
two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
case which include preemptive job. We also propose a solution to this problem by
extending this result to flexible flowshop.

1 Introduction Shop type scheduling problem is one of the most major part of schedul-
ing problem research. Especially the study for two machine flow shop scheduling problem
by Johnson is one of the most famous results in scheduling problem. There are various types
of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
V. A. Strusevich studied two machine super shop including two types of flow shop jobs and
open shop. He divided the problem to 13 cases based on the processing time and show
the condition which optimal non-preemptive schedule is possibly different from the optimal
preemptive schedule [5].
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Case 13(ii) : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am >
b(N12 ∪ NO − {jm}), b(N21) + bm ≤ a(N21 ∪ NO − {jm}), the corresponding maximum
completion time of optimal schedule in this case is a(N). Only in this case, optimal non-
preemptive schedule is possibly different from the optimal preemptive schedule. But in this
case also optimal maximum completion time is one of am + bm, a(N), b(N). We should
check only some cases among 14 cases.

4 Solution procedure of flexible shop scheduling problem In this section, we pro-
pose the solution procedure for our flexible shop model. This procedure is based on super
shop problem. There are multiple optimal solutions for the value of satisfaction degree.
Therefore, we seek the non-domination solution. The detail of the procedure is as follows.

Assignment of processing order and solve the super shop problems

1. Sort μ2(j), j ∈ F12, μ1(j), j ∈ F21 and result be μ(0) = 1 > μ(1) > μ(2) > μ(3) >
· · · > μ(u) > μ(u+ 1) = 0.

2. Consider the super shop problem P (t) with parameter μ(t), t = 0, 1, 2, · · · , u+1 as the
subproblem where u: the number of different values in μ2(j), j ∈ F12, μ1(j), j ∈ F21,

3. P (t) :the super shop problem with

(a) N12 = J12 ∪ {j ∈ F12 | μ2(j) < μ(t)}, N21 = N12 = J21 ∪ {j ∈ F12 | μ(j) < μ(t)}
(b) NO = O ∪ {j ∈ F12 | μ2(j) ≥ μ(t)} ∪ {j ∈ F21 | μ1(j) ≥ μ(t)}
(c) Apply the super shop scheduling algorithm by checking 14 cases and obtain

optimal scheduling s(t). Note that P (0) : N12 = J12 ∪ F12, N21 = J21 ∪ F21,
NO = O, P (u+ 1): N12 = J12, N21 = J21, NO = O ∪ F12 ∪ F21.

4. From s(0), s(1), · · · , s(u+ 1), choose non-dominated schedules. Note that NO is non-
decreasing about t and N12, N21 is non-increasing.

5 Numerical Example In this section, we consider the some numerical example. The
following jobs are considered.

N12 F12 N21 F21 NO

i 1 2 3 4 5 6 7 8
ai 3 4 1 1 2 2 17 2
bi 2 5 4 2 3 1 12 1

μA
i 1 1 1 0 0.6 0.8 1 1

μB
i 0.3 0.7 0.5 1 1 1 1 1

Table 1: Numerical Example

We obtain 5 cases (μ = 1.0, 0.8, 0.7, 0.6, 0.5, 0.3) in non-increasing order of satisfaction,
and seek the optimal schedule in each case.

For μ = 1.0 : In this constraint, the processing order of flexible jobs is fixed.
This case corresponds the case 10 of super-shop from the following checking:
Na

O = ∅, N b
O = {j7, j8}, jr = j7, jk is not defined. Therefore a(No − ∅) = 19 >

b(Na − {j7}) = 1, a(N12 ∪ N21) = 15 < b(N21 ∪ {j7}) = 18 holds and so we set jm = j7.
a7 = 17 > b(N12 ∪NO − {j7}) = 12, a(Na

12) + b(N b
12) + 4 + 1 + 2 = 7 > a(Na

21) + b(N b
21) =

1 + 2 + 1 = 4, a7 = 17 > b(Na
21) = 5
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Case 3 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(NO − {jk}) ≤ b(NO − {jr}), b(N − {jk}) ≥
b(N21 ∪NO).

Optimal schedule is constructed by following procedure.

1. M1: processing order ψ(NO − {jk}) → π(N12) → π(N21) → J from 0.

2. M2: processing order π(N21) → jk → ψ(NO −{jk}) → π(N12) from 0, where ψ(NO −
{jk}) = (π(Na

O − {jk}), π(N b
O − {jr})) and the corresponding maximum completion

time of optimal schedule in this case is T .

Case 4 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(NO − {jk}) > b(NO − {jr}), a(N12 ∪N21) ≥
b(N ∪ {jr}), corresponding maximum completion time of optimal schedule is T .

Case 5 : b(N21 ∪NO) > a(N12) ≥ b(N21), a(NO − {jr}) ≥ b(N21 ∪ {jr}) > a(N12 ∪N21),
corresponding maximum completion time of optimal schedule is T .

Case 6 : first set m, b(N21 ∪NO) > a(NO − {jk}), and a(NO − {jk}) ≤ b(NO − {jr}) ⇒
jm = jk,

a(N21 ∪N12) < b(N21 ∪ {jr}), and a(NO − {jk}) > b(NO − {jr}) ⇒ jm = jr, b(N21) ≤
a(N21) < b(N21∪NO), a(N−{m}) < b(N12−{jm}), am ≤ b(N12∪NO−{jm}) corresponding
maximum completion time of optimal schedule is b(N).

Case 7 : b(N21) ≤ a(N12) < b(N21∪NO), a(N−{jm}) < b(N21∪{jm}), am > b(N12∪NO−
{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(nb
21), a(N

b
12) < bm corresponding maximum completion

time of optimal schedule is max{T, am + bm + a(Na
12) + b(N b

12)}.

Case 8 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO−{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(nb
21), a(N

b
12) < bm, a(N12∪NO) > b(N21∪{jm}),

corresponding maximum completion time of optimal schedule is T .

Case 9 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO−{jm}), a(Na

12)+b(N b
12) ≤ a(Na

21)+b(N b
21), a(N

b
12) < bm, a(N12∪NO) > b(N21∪{jm}),

corresponding maximum completion time of optimal schedule is T .

Case 10 : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am > b(N12 ∪
NO − {jm}), a(Na

12) + b(N b
12) > a(Na

21) + b(N b
21), am ≥ b(Na

21), corresponding maximum
completion time of optimal schedule is max{T, am + bm + a(Na

12) + b(N b
12)}.

Case 11 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(N −{jm}) < b(N21 ∪ {jm}), b(Na
21) > am >

b(N12 ∪NO − {jm}), a(Na
12) + b(N b

12) > a(Na
21) + b(N b

21), a(N12 ∪ jm) ≥ b(N21 ∪NO), the
corresponding maximum completion time of optimal schedule in this case is b(N).

Case 12 : b(N21) ≤ a(N12) < b(N21 ∪NO), a(N −{jm}) < b(N21 ∪ {jm}), b(Na
21) > am >

b(N12 ∪ NO − {jm}), a(Na
12) + b(N b

12) > a(Na
21) + b(N b

21), a(N12 ∪ {jm}) ≥ b(N21 ∪ NO),
corresponding maximum completion time of optimal schedule in this case is T .

Strusevich proposed the 13 cases for Super shop problem. At only one case, the schedule
includes the nonpreemptive jobs. We divide this case to two cases by precisely condition.

Case 13(i) : b(N21) ≤ a(N12) < b(N21 ∪ NO), a(N − {jm}) < b(N21 ∪ {jm}), am >
b(N12 ∪ NO − {jm}), b(N21) + bm > a(N21 ∪ NO − {jm}), the corresponding maximum
completion time of optimal schedule in this case is a(N).
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Abstract. We study two machine shop type scheduling problem in this paper. At
shop type scheduling, one job is handled by plural machines. And it generally divided
two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
case which include preemptive job. We also propose a solution to this problem by
extending this result to flexible flowshop.

1 Introduction Shop type scheduling problem is one of the most major part of schedul-
ing problem research. Especially the study for two machine flow shop scheduling problem
by Johnson is one of the most famous results in scheduling problem. There are various types
of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
V. A. Strusevich studied two machine super shop including two types of flow shop jobs and
open shop. He divided the problem to 13 cases based on the processing time and show
the condition which optimal non-preemptive schedule is possibly different from the optimal
preemptive schedule [5].
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N12 N21 NO

i 1 2 3 4 5 6 7 8
ai 3 4 1 1 2 2 17 2
bi 2 5 4 2 3 1 12 1

Table 2: μ = 1.0

Here N12 = {j1, j2, j3}, N b
21 ∪ NO − {jm} = {j6, j8}, jm = j7, N b

21 = {j4, j5}, and
N b

21 = {j6}, N b
21 = {j4, j5}, N12 ∪NO − {jm} = {j1, j2, j3, j8}.

If preemption of the processing is not allowed, the optimal completion time Cmax(s
∗) =

33.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 

A 

B 

For μ = 0.8 : In this constraint, the processing order of flexible jobs is fixed.

N12 N21 NO

i 1 2 3 4 5 6 7 8
ai 3 4 1 1 2 2 17 2
bi 2 5 4 2 3 1 12 1

Table 3: μ = 0.8

We obtain the two optimal schedule which completion time Cmax(s
∗) = 32 without

preemption.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 

A 

B 

Since completion time 32 is a lower bound, we need not check μ = 0.7, μ = 0.6, μ =
0.5, μ = 0.3.

6 Discussion and Conclusion If case 13(ii) does not occur, we can obtain non-dominated
solutions without preemption. Since a(N), b(N), T = max{a(N), b(N)} are constant inde-
pendent from processing order of any jobs, we can utilize this fact to make our algorithm
efficient. Anyway, we must consider the efficient method to solve each super shop schedul-
ing problem using some sensitivity of the conditions about change on processing order of
F12, F21. For that purpose, we should simplify the cases of the solution method due to
Strusevich including investigation of further division in case(ii) though we divide case 13
into two subcases 13(i) and 13(ii).
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Abstract. We study two machine shop type scheduling problem in this paper. At
shop type scheduling, one job is handled by plural machines. And it generally divided
two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
case which include preemptive job. We also propose a solution to this problem by
extending this result to flexible flowshop.

1 Introduction Shop type scheduling problem is one of the most major part of schedul-
ing problem research. Especially the study for two machine flow shop scheduling problem
by Johnson is one of the most famous results in scheduling problem. There are various types
of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
V. A. Strusevich studied two machine super shop including two types of flow shop jobs and
open shop. He divided the problem to 13 cases based on the processing time and show
the condition which optimal non-preemptive schedule is possibly different from the optimal
preemptive schedule [5].
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6 Discussion and Conclusion If case 13(ii) does not occur, we can obtain non-dominated
solutions without preemption. Since a(N), b(N), T = max{a(N), b(N)} are constant inde-
pendent from processing order of any jobs, we can utilize this fact to make our algorithm
efficient. Anyway, we must consider the efficient method to solve each super shop schedul-
ing problem using some sensitivity of the conditions about change on processing order of
F12, F21. For that purpose, we should simplify the cases of the solution method due to
Strusevich including investigation of further division in case(ii) though we divide case 13
into two subcases 13(i) and 13(ii).

5

4 Conclusion This paper considered construction of two facilities simultaneously at dif-

ferent site or at a same site as a multi-facility under the stochastic construction costs.

Here we considered a finite possible construction sites but following are left further research

problems.

(8) As for more suitable criteria, we should consider environmental load, especially for

obnoxious facility.
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two types of problem. Flowshop type have been determined the order of operation at
each machine. And it is not decided on Openshop type. In this paper, considering a
problem with two machines and flexible jobs which have no strict order of machines,
but have desirably order. The super shop problem which is mixed with flow shop and
open shop is considered by Strusevich and suggests a solution method that based on
13 cases. In this paper, we extend this result and give more detailed condition on one
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extending this result to flexible flowshop.
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of constraints for shop scheduling problem. Two machine shop type scheduling problem is
defined as follows.

• There are two machines M1,M2 and n jobs 1, · · · , n.

• Each job is processed by M1 and M2. And these processes are not allowed to overlap.

• There are constraints in the order of the processes for each job.

• The objective function is the completion time of all jobs.

Two machine flow shop problem is studied by Johnson [1]. In this problem the order of
the processes for each job is fixed as M1 → M2. He showed an optimizing procedure by
sorting in processing time for each job as Johnson rule. The job shop type problem is
defined as there are two types of processing order constraint as M1 → M2 or M2 → M1

for all jobs. This problem is studied by Jackson, J. R [2]. Also, there is no constraint in
order of processes is called Open shop problem. This problem is studied by Gonzalez, T
and Sahni, S [3]. Furthermore, it has been also considered a mixed problem that combines
constraints of these three types. The problem including flow shop type and open shop type
jobs has been studied by Masuda, T., Ishii, H. and Nishida, T [4] as a mixed shop problem.
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Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
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Definition 2.2. (Admissibility in W 1,p∗
0 (Ω) ) Let 1 < p < ∞ and p∗ := max{1, p− 1}. A function

u is said to be admissible in W 1,p∗
0 (Ω) if u ∈ W 1,p∗

0 (Ω), ∆pu ∈ Mb(Ω) and there exists a sequence
{uk}∞

k=1 ⊂W 1,p
0 (Ω)∩L∞(Ω) such that:

1. uk → u a.e. in Ω and uk → u in W 1,p∗
0 (Ω) as k → ∞.

2. ∆puk ∈ L1(Ω) (k = 1,2, · · ·) and

sup
k
||∆puk||Mb(Ω) = sup

k

∫

Ω
|∆puk|< ∞. (2.4)

Roughly speaking, if u is admissible in one of these definitions, then u can be approximated by a
sequence of good functions not only in the sense of the distributions but also in the sense of measures.
Moreover it is possible to approximate u by a sequence of C1-functions provided that u is admissible.
In fact in Proposition 4.1 in Appendix we collect such nice properties of admissible functions together
with a local version of the admissibility in W 1,p∗

loc (Ω). In the subsequent we describe more remarks.

Remark 2.1. 1. For a general class of uniformly elliptic operators with a divergence form, one can
define the admissibility and establish similar results in parallel to the present paper (c.f. [15]).
Further it is possible to construct non-admissible functions in such cases. When p = 2, the ex-
istence of pathological solution, which is non-admissible, was initially shown by J Serrin in the
famous paper [20] (See also [11]).

2. If u ∈ W 1,p∗
loc (Ω), then ∆pu, ∆p(u+) and ∆p(u−) are well-defined in D′(Ω). Let {uk} be the se-

quence in one of the definitions. It follows from the condition 1 that ∆puk = ∆p(u+k )−∆p(u−k ) and
∆puk → ∆pu ( i.e. ∆p(u±k )→ ∆p(u±) ) in D′(Ω) as k → ∞. Moreover, it follows from the condi-
tion 2 and the weak compactness of measures that we have ∆puk → ∆pu ( i.e. ∆p(u±k )→ ∆p(u±)
) in the sense of measures as n → ∞. (In the case of Definition 2.1, |∇uk|p−2 ∂uk

∂n → |∇u|p−2 ∂u
∂n in

the sense of measures as well.) Therefore if u is admissible, then u+ and u− are so as well.

3. Let Ω be a unit ball B1(0) of RN . Let u = |x|α −1 for α = (p−N)/(p−1) and p ∈ (1,N). Then
u satisfies

∆pu = α|α|p−2cNδ in D′(Ω),

where δ denotes a Dirac mass and cN denotes the surface area of the N-dimensional unit ball
B1. Then u is admissible in W 1,p∗

0 (Ω) if p ∈ (2 − 1/N,N) with N ≥ 2. We note that when
1 < p < 2− 1

N , u is not admissible but regarded as a renormalized solution. For the detail see
[2, 4, 17, 18, 19]

3 Main results
Given M > 0, we denote a truncation function TM: R → R by

TM(s) = max{−M,min{M,s}}. (3.1)

Theorem 3.1. If u ∈ Xp, then we have:

1.

[u]Xp =
∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���. (3.2)

2. If u is admissible in Xp, then for every M > 0 TMu ∈W 1,p(Ω) and we have
∫

Ω
|∇TM(u)|p ≤ M[u]Xp . (3.3)

3

On the other hand, by the Riesz Representation Theorem any T ∈ Mb(Ω̄) admits a unique decomposi-
tion

⟨T,ψ⟩=
∫

∂Ω
ψ dν +

∫

Ω
ψ dµ (∀ψ ∈C(Ω̄)),

where µ ∈ Mb(Ω) and ν ∈ Mb(∂Ω). By Mb(Ω) and Mb(∂Ω) we denote the space of all bounded
measures in Ω and ∂Ω, equipped with the standard norms ∥ · ∥Mb(Ω) and ∥ · ∥Mb(∂Ω) respectively. We
remark that measures in Mb(Ω) are identified with measures in Ω which do not charge ∂Ω. More
precisely we have

||µ||Mb(Ω) = sup
{∫

Ω
φ dµ ;φ ∈C0(Ω̄) and ||φ ||L∞(Ω) ≤ 1

}
,

where by C0(Ω̄) we denote the space of all continuous functions on Ω̄ vanishing on ∂Ω. On the other
hand M (Ω) denotes the space of all Radon measures in Ω. In other words µ ∈ M (Ω) if and only if,
for every ω ⊂⊂ Ω, there is Cω > 0 such that |

∫
Ω φ dµ | ≤Cω ||φ ||∞ for all φ ∈C0(ω). When u ∈Xp, we

will denote

µ =−∆pu , ν = |∇u|p−2 ∂u
∂n

,

where n denotes the outer normal. In this paper, for u ∈ Xp we always use the notations ∆pu and
|∇u|p−2 ∂u

∂n in the above sense. Hence if u ∈ Xp, then we have

∫

Ω
|∇u|p−2∇u ·∇ψ =

∫

∂Ω
ψ |∇u|p−2 ∂u

∂n
−

∫

Ω
ψ∆pu (∀ψ ∈C1(Ω̄)).

It follows from Theorem 3.1 that for every u ∈ Xp

[u]Xp =
∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���

and if u is admissible in Xp, then [u]Xp = 0 if and only if u = const. in Ω.

2 Preliminaries: Admissibilities in Xp and W 1,p∗
0 (Ω)

We will work with the standard Sobolev spaces; W 1,p(Ω) and W 1,p
0 (Ω), where the space W 1,p(Ω) is

equipped with the norm
||u||W 1,p(Ω) = |||∇u|||Lp(Ω) + ||u||Lp(Ω), (2.1)

and by W 1,p
0 (Ω) we denote the completion of C∞

c (Ω) in the norm || · ||W 1,p(Ω). Now we introduce two
admissiblities for ∆p to deal with Kato’s inequalities up to the boundary. We note that these notions
become trivial if p = 2 and a local version was already introduced in [14].
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∂n ∈ L1(∂Ω) (k = 1,2, · · ·) and

sup
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||∆puk||Mb(Ω) = sup

k

∫

Ω
|∆puk|< ∞ (2.2)

sup
k

����
����|∇uk|p−2 ∂uk

∂n

����
����
Mb(∂Ω)

= sup
k

∫

∂Ω

����|∇uk|p−2 ∂uk

∂n

����< ∞. (2.3)

2
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where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
2000 mathematics Subject Classification: Primary 35J70, Secondary 35J60
This research was partially supported by Grant-in-Aid for Scientific Research (No. 16K05189) and (No. 15H03621).

1

KATO’S INEQUAlLITIES UP TO THE BOUNDARY 

FOR A QUASILINEAR ELLIPTIC OPERATOR

TOSHIO HORIUCHI, PETER KUMLIN

Received June 29, 2019
Abstract

10



Definition 2.2. (Admissibility in W 1,p∗
0 (Ω) ) Let 1 < p < ∞ and p∗ := max{1, p− 1}. A function

u is said to be admissible in W 1,p∗
0 (Ω) if u ∈ W 1,p∗

0 (Ω), ∆pu ∈ Mb(Ω) and there exists a sequence
{uk}∞

k=1 ⊂W 1,p
0 (Ω)∩L∞(Ω) such that:

1. uk → u a.e. in Ω and uk → u in W 1,p∗
0 (Ω) as k → ∞.

2. ∆puk ∈ L1(Ω) (k = 1,2, · · ·) and

sup
k
||∆puk||Mb(Ω) = sup

k

∫

Ω
|∆puk|< ∞. (2.4)

Roughly speaking, if u is admissible in one of these definitions, then u can be approximated by a
sequence of good functions not only in the sense of the distributions but also in the sense of measures.
Moreover it is possible to approximate u by a sequence of C1-functions provided that u is admissible.
In fact in Proposition 4.1 in Appendix we collect such nice properties of admissible functions together
with a local version of the admissibility in W 1,p∗

loc (Ω). In the subsequent we describe more remarks.

Remark 2.1. 1. For a general class of uniformly elliptic operators with a divergence form, one can
define the admissibility and establish similar results in parallel to the present paper (c.f. [15]).
Further it is possible to construct non-admissible functions in such cases. When p = 2, the ex-
istence of pathological solution, which is non-admissible, was initially shown by J Serrin in the
famous paper [20] (See also [11]).

2. If u ∈ W 1,p∗
loc (Ω), then ∆pu, ∆p(u+) and ∆p(u−) are well-defined in D′(Ω). Let {uk} be the se-

quence in one of the definitions. It follows from the condition 1 that ∆puk = ∆p(u+k )−∆p(u−k ) and
∆puk → ∆pu ( i.e. ∆p(u±k )→ ∆p(u±) ) in D′(Ω) as k → ∞. Moreover, it follows from the condi-
tion 2 and the weak compactness of measures that we have ∆puk → ∆pu ( i.e. ∆p(u±k )→ ∆p(u±)
) in the sense of measures as n → ∞. (In the case of Definition 2.1, |∇uk|p−2 ∂uk

∂n → |∇u|p−2 ∂u
∂n in

the sense of measures as well.) Therefore if u is admissible, then u+ and u− are so as well.

3. Let Ω be a unit ball B1(0) of RN . Let u = |x|α −1 for α = (p−N)/(p−1) and p ∈ (1,N). Then
u satisfies

∆pu = α|α|p−2cNδ in D′(Ω),

where δ denotes a Dirac mass and cN denotes the surface area of the N-dimensional unit ball
B1. Then u is admissible in W 1,p∗

0 (Ω) if p ∈ (2 − 1/N,N) with N ≥ 2. We note that when
1 < p < 2− 1

N , u is not admissible but regarded as a renormalized solution. For the detail see
[2, 4, 17, 18, 19]

3 Main results
Given M > 0, we denote a truncation function TM: R → R by

TM(s) = max{−M,min{M,s}}. (3.1)

Theorem 3.1. If u ∈ Xp, then we have:

1.

[u]Xp =
∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���. (3.2)

2. If u is admissible in Xp, then for every M > 0 TMu ∈W 1,p(Ω) and we have
∫

Ω
|∇TM(u)|p ≤ M[u]Xp . (3.3)

3

On the other hand, by the Riesz Representation Theorem any T ∈ Mb(Ω̄) admits a unique decomposi-
tion

⟨T,ψ⟩=
∫

∂Ω
ψ dν +

∫

Ω
ψ dµ (∀ψ ∈C(Ω̄)),

where µ ∈ Mb(Ω) and ν ∈ Mb(∂Ω). By Mb(Ω) and Mb(∂Ω) we denote the space of all bounded
measures in Ω and ∂Ω, equipped with the standard norms ∥ · ∥Mb(Ω) and ∥ · ∥Mb(∂Ω) respectively. We
remark that measures in Mb(Ω) are identified with measures in Ω which do not charge ∂Ω. More
precisely we have

||µ||Mb(Ω) = sup
{∫

Ω
φ dµ ;φ ∈C0(Ω̄) and ||φ ||L∞(Ω) ≤ 1

}
,

where by C0(Ω̄) we denote the space of all continuous functions on Ω̄ vanishing on ∂Ω. On the other
hand M (Ω) denotes the space of all Radon measures in Ω. In other words µ ∈ M (Ω) if and only if,
for every ω ⊂⊂ Ω, there is Cω > 0 such that |

∫
Ω φ dµ | ≤Cω ||φ ||∞ for all φ ∈C0(ω). When u ∈Xp, we

will denote

µ =−∆pu , ν = |∇u|p−2 ∂u
∂n

,

where n denotes the outer normal. In this paper, for u ∈ Xp we always use the notations ∆pu and
|∇u|p−2 ∂u

∂n in the above sense. Hence if u ∈ Xp, then we have

∫

Ω
|∇u|p−2∇u ·∇ψ =

∫

∂Ω
ψ |∇u|p−2 ∂u

∂n
−

∫

Ω
ψ∆pu (∀ψ ∈C1(Ω̄)).

It follows from Theorem 3.1 that for every u ∈ Xp

[u]Xp =
∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���

and if u is admissible in Xp, then [u]Xp = 0 if and only if u = const. in Ω.

2 Preliminaries: Admissibilities in Xp and W 1,p∗
0 (Ω)

We will work with the standard Sobolev spaces; W 1,p(Ω) and W 1,p
0 (Ω), where the space W 1,p(Ω) is

equipped with the norm
||u||W 1,p(Ω) = |||∇u|||Lp(Ω) + ||u||Lp(Ω), (2.1)

and by W 1,p
0 (Ω) we denote the completion of C∞

c (Ω) in the norm || · ||W 1,p(Ω). Now we introduce two
admissiblities for ∆p to deal with Kato’s inequalities up to the boundary. We note that these notions
become trivial if p = 2 and a local version was already introduced in [14].

Definition 2.1. (Admissibility in Xp ) Let 1 < p < ∞ and p∗ := max{1, p−1}. A function u is said to
be admissible in Xp if u ∈ Xp and there exists a sequence {uk}∞

k=1 ⊂W 1,p(Ω)∩L∞(Ω) such that:

1. uk → u a.e. in Ω and uk → u in W 1,p∗(Ω) as k → ∞.

2. ∆puk ∈ L1(Ω) and |∇uk|p−2 ∂uk
∂n ∈ L1(∂Ω) (k = 1,2, · · ·) and

sup
k
||∆puk||Mb(Ω) = sup

k

∫

Ω
|∆puk|< ∞ (2.2)

sup
k

����
����|∇uk|p−2 ∂uk

∂n

����
����
Mb(∂Ω)

= sup
k

∫

∂Ω

����|∇uk|p−2 ∂uk

∂n

����< ∞. (2.3)
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Proofs of (2) and (3). The assertion (3) clearly follows from (2), we hence prove (2). Assume that u is
admissible in Xp. Then from Definition 2.1 there exists a sequence {uk} ⊂W 1,p(Ω)∩L∞(Ω) satisfying
the properties 1 and 2. Noting that ∇(TMuk) = χ|uk|≤M∇uk, we have

∫

Ω
|∇TM(uk)|p dx =

∫

Ω
|∇uk|p−2 ∇uk ·∇TM(uk)

=
∫

∂Ω
|∇uk|p−2 ∂uk

∂n
TMuk −

∫

Ω
∆pukTMuk

≤ M[uk]Xp .

From the property 1 we see that ∆puk → ∆pu in D′(Ω) as k → ∞. From the property 2 together with
the weak compactness of Radon measures and the uniqueness of weak limit ( see also Remark 2.1.2 ),
limk→∞ ∆puk = ∆pu in the sense of measures. Then by Fatou’s lemma the assertion is proved.

3.2 Proof of Theorem 3.2
First we prove Theorem 3.2 assuming that u ∈C1(Ω) and ∆pu ∈ L1(Ω). Then we treat the general case.

Lemma 3.1. Assume that u ∈C1(Ω̄) and ∆pu ∈ L1(Ω) (in the sense of distribution). Then

∫

Ω
|∇u|p−2∇u+ ·∇ϕ ≤

∫
∂Ω
[u≥0]

ϕ |∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ϕ∆pu (∀ϕ ∈C1(Ω̄),ϕ ≥ 0 in Ω̄). (3.10)

Proof. Let Φ is a C2 convex function in R, Φ′ ≥ 0 in R and Φ′ ∈ L∞(R).
First we assume that p ≥ 2.
By a direct calculation we see that

∆pΦ(u) = Φ′(u)p−1∆pu+(p−1)Φ′(u)p−2Φ′′(u)|∇u|p in D′(Ω). (3.11)

Since Φ′′ ≥ 0, we have

∆pΦ(u)≥ Φ′(u)p−1∆pu in D′(Ω), (3.12)

in particular, ∆pΦ(u) ∈ L1(Ω). Hence, for any ϕ ∈C1(Ω̄),ϕ ≥ 0 in Ω̄ we have

∫

Ω
|∇Φ(u)|p−2∇Φ(u) ·∇ϕ =

∫

∂Ω
|∇Φ(u)|p−2Φ′(u)

∂u
∂n

ϕ −
∫

Ω
∆pΦ(u)ϕ (3.13)

≤
∫

∂Ω
ϕ |Φ′(u)|p−2Φ′(u)|∇u|p−2 ∂u

∂n
−

∫

Ω
ϕ |Φ′(u)|p−2Φ′(u)∆pu.

By the approximation argument, this is still valid for C1 convex function Φ. Now we take a Φ in R such
that Φ(t) = t if t ≥ 0, |Φ(t)|< 1 if t < 0, 0 ≤ Φ′ ≤ 1 in R and limt→−∞Φ′(t) = 0. Set Φn(t) = Φ(nt)/n
for t ∈ R and n = 1,2, .... Then we see that {Φn} is a sequence of C1convex functions in R such that
Φn(t) = t if t ≥ 0, |Φn(t)| < 1

n if t < 0, 0 ≤ Φ′
n ≤ 1 in R. Then we see that Φn(t) → t+ as n → ∞.

Replacing Φ by Φn in (3.13) and letting n → ∞, we have the desired inequality by the dominated
convergence theorem.

We proceed to the case where 1 < p < 2. We set Φη(t) := Φ(t)+ηt for t ∈R with η > 0. Then we
see that for each η > 0

sup
t∈R

(Φη)′(t)p−2(Φη)′′(t) = sup
t∈R

(Φ′(t)+η)p−2Φ′′(t)≤ η p−2 sup
t∈R

Φ′′(t)< ∞. (3.14)

Hence we can apply he previous argument with Φη instead of Φ, so that in a similar way we reach to
the inequality (3.13) replaced Φ by Φη . Letting η → 0, we have (3.10) and this completes the proof. □

5

3. If u is admissible in Xp, then [u]Xp = 0 if and only if u = const. in Ω.

Theorem 3.2. If u is admissible in Xp, then u+ ∈ Xp and we have

[u+]Xp ≤ [u]Xp . (3.4)

Theorem 3.3. Assume that u is admissible in W 1,p∗
0 (Ω). Then we have the followings:

1. u is admissible in Xp ( hence, u+ ∈ Xp ).

2. ∫

Ω
|∆pu+| ≤

∫

Ω
|∆pu|. (3.5)

Remark 3.1. If u does not vanish on ∂Ω, then the assertion (3.5) fails. To see this it suffices to take a
linear function u.

Theorem 3.4. Assume that u is admissible in Xp. Moreover assume that ∆pu ∈ L1(Ω), |∇u|p−2 ∂u
∂n ∈

L1(∂Ω). Then
∫

Ω
|∇u|p−2∇u+ ·∇ψ ≤

∫

∂Ω
Hψ −

∫

Ω
Gψ (∀ψ ∈C1(Ω̄),ψ ≥ 0 in Ω). (3.6)

Here G ∈ L1(Ω) and H ∈ L1(∂Ω) are given by

G =

{
∆pu on [u > 0]
0 on [u ≤ 0]

, H =




|∇u|p−2 ∂u
∂n on [u > 0]

0 on [u < 0]
min{|∇u|p−2 ∂u

∂n ,0} on [u = 0].
(3.7)

Thus, we have
{

∆pu+ ≥ G in Ω
|∇u|p−2 ∂u+

∂n ≤ H on ∂Ω.
(3.8)

3.1 Proof of Theorem 3.1
Proof of Theorem 3.1 (1). This is a standard argument. Since u ∈ Xp, we have

∫

Ω
|∇u|p−2∇u ·∇ψ =

∫

∂Ω
ψν +

∫

∂Ω
ψµ (∀ψ ∈C1(Ω̄)), (3.9)

where µ =−∆pu ∈ Mb(Ω) and ν = |∇u|p−2 ∂u
∂n ∈ Mb(∂Ω). From the definition we have

[u]Xp = sup
ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ ≤

∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���.

To see the opposite inequality, without the loss of generality we assume that µ ∈C∞
c (Ω) and ν ∈C∞

c (RN)
with supp µ ∩suppν = ϕ . Define ψ = sgn(µ)+sgn(ν), where sgn(t) = 1, t > 0;0, t = 0;−1, t < 0. Let
ψε be a mollification of ψ such that ψε ∈C∞

c (RN), |ψε | ≤ 1 and ψε → ψ as ε ↓ 0. Then for any η > 0
there exists a ε > 0 such that we have

∫

Ω
|∇u|p−2∇u ·∇ψε ≥

∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���−η .

Since η is an arbitrary positive number, the desired inequality holds.

4

Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
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Proofs of (2) and (3). The assertion (3) clearly follows from (2), we hence prove (2). Assume that u is
admissible in Xp. Then from Definition 2.1 there exists a sequence {uk} ⊂W 1,p(Ω)∩L∞(Ω) satisfying
the properties 1 and 2. Noting that ∇(TMuk) = χ|uk|≤M∇uk, we have

∫

Ω
|∇TM(uk)|p dx =

∫

Ω
|∇uk|p−2 ∇uk ·∇TM(uk)

=
∫

∂Ω
|∇uk|p−2 ∂uk

∂n
TMuk −

∫

Ω
∆pukTMuk

≤ M[uk]Xp .

From the property 1 we see that ∆puk → ∆pu in D′(Ω) as k → ∞. From the property 2 together with
the weak compactness of Radon measures and the uniqueness of weak limit ( see also Remark 2.1.2 ),
limk→∞ ∆puk = ∆pu in the sense of measures. Then by Fatou’s lemma the assertion is proved.

3.2 Proof of Theorem 3.2
First we prove Theorem 3.2 assuming that u ∈C1(Ω) and ∆pu ∈ L1(Ω). Then we treat the general case.

Lemma 3.1. Assume that u ∈C1(Ω̄) and ∆pu ∈ L1(Ω) (in the sense of distribution). Then

∫

Ω
|∇u|p−2∇u+ ·∇ϕ ≤

∫
∂Ω
[u≥0]

ϕ |∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ϕ∆pu (∀ϕ ∈C1(Ω̄),ϕ ≥ 0 in Ω̄). (3.10)

Proof. Let Φ is a C2 convex function in R, Φ′ ≥ 0 in R and Φ′ ∈ L∞(R).
First we assume that p ≥ 2.
By a direct calculation we see that

∆pΦ(u) = Φ′(u)p−1∆pu+(p−1)Φ′(u)p−2Φ′′(u)|∇u|p in D′(Ω). (3.11)

Since Φ′′ ≥ 0, we have

∆pΦ(u)≥ Φ′(u)p−1∆pu in D′(Ω), (3.12)

in particular, ∆pΦ(u) ∈ L1(Ω). Hence, for any ϕ ∈C1(Ω̄),ϕ ≥ 0 in Ω̄ we have

∫

Ω
|∇Φ(u)|p−2∇Φ(u) ·∇ϕ =

∫

∂Ω
|∇Φ(u)|p−2Φ′(u)

∂u
∂n

ϕ −
∫

Ω
∆pΦ(u)ϕ (3.13)

≤
∫

∂Ω
ϕ |Φ′(u)|p−2Φ′(u)|∇u|p−2 ∂u

∂n
−

∫

Ω
ϕ |Φ′(u)|p−2Φ′(u)∆pu.

By the approximation argument, this is still valid for C1 convex function Φ. Now we take a Φ in R such
that Φ(t) = t if t ≥ 0, |Φ(t)|< 1 if t < 0, 0 ≤ Φ′ ≤ 1 in R and limt→−∞Φ′(t) = 0. Set Φn(t) = Φ(nt)/n
for t ∈ R and n = 1,2, .... Then we see that {Φn} is a sequence of C1convex functions in R such that
Φn(t) = t if t ≥ 0, |Φn(t)| < 1

n if t < 0, 0 ≤ Φ′
n ≤ 1 in R. Then we see that Φn(t) → t+ as n → ∞.

Replacing Φ by Φn in (3.13) and letting n → ∞, we have the desired inequality by the dominated
convergence theorem.

We proceed to the case where 1 < p < 2. We set Φη(t) := Φ(t)+ηt for t ∈R with η > 0. Then we
see that for each η > 0

sup
t∈R

(Φη)′(t)p−2(Φη)′′(t) = sup
t∈R

(Φ′(t)+η)p−2Φ′′(t)≤ η p−2 sup
t∈R

Φ′′(t)< ∞. (3.14)

Hence we can apply he previous argument with Φη instead of Φ, so that in a similar way we reach to
the inequality (3.13) replaced Φ by Φη . Letting η → 0, we have (3.10) and this completes the proof. □

5

3. If u is admissible in Xp, then [u]Xp = 0 if and only if u = const. in Ω.

Theorem 3.2. If u is admissible in Xp, then u+ ∈ Xp and we have

[u+]Xp ≤ [u]Xp . (3.4)

Theorem 3.3. Assume that u is admissible in W 1,p∗
0 (Ω). Then we have the followings:

1. u is admissible in Xp ( hence, u+ ∈ Xp ).

2. ∫

Ω
|∆pu+| ≤

∫

Ω
|∆pu|. (3.5)

Remark 3.1. If u does not vanish on ∂Ω, then the assertion (3.5) fails. To see this it suffices to take a
linear function u.

Theorem 3.4. Assume that u is admissible in Xp. Moreover assume that ∆pu ∈ L1(Ω), |∇u|p−2 ∂u
∂n ∈

L1(∂Ω). Then
∫

Ω
|∇u|p−2∇u+ ·∇ψ ≤

∫

∂Ω
Hψ −

∫

Ω
Gψ (∀ψ ∈C1(Ω̄),ψ ≥ 0 in Ω). (3.6)

Here G ∈ L1(Ω) and H ∈ L1(∂Ω) are given by

G =

{
∆pu on [u > 0]
0 on [u ≤ 0]

, H =




|∇u|p−2 ∂u
∂n on [u > 0]

0 on [u < 0]
min{|∇u|p−2 ∂u

∂n ,0} on [u = 0].
(3.7)

Thus, we have
{

∆pu+ ≥ G in Ω
|∇u|p−2 ∂u+

∂n ≤ H on ∂Ω.
(3.8)

3.1 Proof of Theorem 3.1
Proof of Theorem 3.1 (1). This is a standard argument. Since u ∈ Xp, we have

∫

Ω
|∇u|p−2∇u ·∇ψ =

∫

∂Ω
ψν +

∫

∂Ω
ψµ (∀ψ ∈C1(Ω̄)), (3.9)

where µ =−∆pu ∈ Mb(Ω) and ν = |∇u|p−2 ∂u
∂n ∈ Mb(∂Ω). From the definition we have

[u]Xp = sup
ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ ≤

∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���.

To see the opposite inequality, without the loss of generality we assume that µ ∈C∞
c (Ω) and ν ∈C∞

c (RN)
with supp µ ∩suppν = ϕ . Define ψ = sgn(µ)+sgn(ν), where sgn(t) = 1, t > 0;0, t = 0;−1, t < 0. Let
ψε be a mollification of ψ such that ψε ∈C∞

c (RN), |ψε | ≤ 1 and ψε → ψ as ε ↓ 0. Then for any η > 0
there exists a ε > 0 such that we have

∫

Ω
|∇u|p−2∇u ·∇ψε ≥

∫

Ω
|∆pu|+

∫

∂Ω
|∇u|p−2

���∂u
∂n

���−η .

Since η is an arbitrary positive number, the desired inequality holds.
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By choosing ψ = 1 in (3.19), we have
∫

Ω
∆puk =

∫

∂Ω
|∇uk|p−2 ∂uk

∂n
. (3.22)

Let us set µk =−∆puk and νk = |∇uk|p−2 ∂uk
∂n . Let {µ j

k}⊂C∞
c (Ω̄) and {ν j

k}⊂C∞
c (RN) be two sequences

such that as j → ∞

µ j
k

∗
⇀−∆puk weak∗ in L1(Ω), ∥µ j

k∥L1(Ω) →∥∆puk∥L1(Ω) , (3.23)

ν j
k

∗
⇀ |∇uk|p−2 ∂uk

∂n
weak∗ in L1(∂Ω), ∥ν j

k∥L1(∂Ω) →
���|∇uk|p−2 ∂uk

∂n

���
L1(∂Ω)

. (3.24)

From (3.22) we assume that ∫

∂Ω
ν j

k =−
∫

Ω
µ j

k (∀ j,k ≥ 1).

It follows from Lemma 3.3 that for any n ≥ 1 and k ≥ 1, there exists wk
n ∈C1,σ (Ω̄) such that

{
−∆pw j

k = µ j
k in Ω

|∇w j
k|

p−2 ∂w j
k

∂n = ν j
k on ∂Ω,

(3.25)

or equivalently
∫

Ω
|∇w j

k|
p−2∇w j

k ·∇ψ =
∫

Ω
ψ dµ j

k +
∫

∂Ω
ψ dν j

k , for any ψ ∈C1(Ω̄), (3.26)

and without the loss of generality we also assume that for any j,k ≥ 1
∫

Ω
w j

k =
∫

Ω
uk . (3.27)

Under these preparations we have

Lemma 3.4. For each n ≥ 1, there exists a function wk ∈ W 1,q(Ω) for every q ∈ [1, N(p−1)
N−1 ) such that

w j
k converges to wk in wk ∈W 1,q(Ω) as k → ∞ and wk satisfies (3.19).

Proof. Since for each k ≥ 1, {µ j
k}

∞
j=1 and {ν j

k}
∞
j=1 are bounded in L1(Ω) and L1(∂Ω) respectively, this

assertion follows from the same argument in the proof of Theorem 1 in [3] with an obvious modification.
In fact, one can show that {w j

k}
∞
j=1 is bounded in W 1,q(Ω), using similar test functions for ψ . Then by

the weak compactness, Poincaré’s inequality and the Rellich type theorem, one can see that there exists
a function wk ∈W 1,q(Ω) such that

∇w j
k → ∇wk in Lq (weak)

w j
k → wk in Lq

w j
k → wk a.e..

Moreover one can see that ∇w j
k → ∇wk in L1(Ω). Then by the dominated convergence theorem the

conclusion follows in a quite similar way. For the detail see [3].

Lemma 3.5. We have wk = uk a.e. for k = 1,2, · · · .

Proof. We claim that wk = uk ∈ W 1,q(Ω) for q ∈ [1, N(p−1)
N−1 ). Choose any M > 0. Recalling that

uk ∈W 1,p(Ω)∩L∞(Ω), we use TM(w j
k −uk) ∈W 1,p(Ω)∩L∞(Ω) as a test function in (3.19) and (3.26).

By a subtraction
∫

Ω
(|∇w j

k|
p−2∇w j

k−|∇uk|p−2∇uk) ·∇(TM(w j
k −uk)

=
∫

Ω
TM(w j

k −uk)d(µ j
k −µk)+

∫

∂Ω
TM(w j

k −uk)d(ν j
k −νk).
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Lemma 3.2. Assume that u ∈C1(Ω̄) and ∆pu ∈ L1(Ω) (in the sense of distribution). Then u+ ∈Xp and

[u+]Xp ≤ [u]Xp . (3.15)

Proof. We note that u+ ∈W 1,p∗(Ω). For the proof of Lemma it suffices to show the following.
���
∫

Ω
|∇u|p−2∇u+ ·∇ψ

���≤ [u]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)) . (3.16)

For ψ̃ ∈C1(Ω̄), we apply (3.10) with ψ = ∥ψ̃∥L∞ + ψ̃ . Then
∫

Ω
|∇u|p−2∇u+ ·∇ψ̃ ≤

(∫
∂Ω
[u≥0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

∆pu
)
∥ψ̃∥L∞

+
∫

∂Ω
[u≥0]

ψ̃|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ψ̃∆pu
(3.17)

Noting that ∫
∂Ω
[u≥0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

∆pu =−
∫

∂Ω
[u<0]

|∇u|p−2 ∂u
∂n

+
∫

Ω
[u<0]

∆pu

we have
∫

Ω
|∇u|p−2∇u+ ·∇ψ̃ ≤−

(∫
∂Ω
[u<0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u<0]

∆pu
)
∥ψ̃∥L∞ +

∫
∂Ω
[u≥0]

ψ̃|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ψ̃∆pu

≤
(∫

∂Ω
|∇u|p−2

���∂u
∂n

���+
∫

Ω
|∆pu|

)
∥ψ̃∥L∞ = [u]Xp∥ψ̃∥L∞ .

By replacing ψ̃ by −ψ̃ , we have the desired inequality (3.15).

Secondly we assume that u is admissible in Xp. We recall a lemma on Neumann boundary problem
for a monotone operator ∆p.

Lemma 3.3. Let µ ∈C∞
c (Ω) and ν ∈C∞

c (RN). Assume that
∫

Ω µ +
∫

∂Ω ν = 0.
Then there exists a unique function u ∈C1,σ (Ω̄) for some σ ∈ (0,1) such that




−∆pu = µ in Ω
|∇u|p−2 ∂u

∂n = ν on ∂Ω,∫
Ω u = 0.

(3.18)

Proof. It follows from the standard theory that we have the unique solution u in W 1,p(Ω). For the detail,
refer to [16]; theorems 2.1 and 2.2 for example. Since µ and ν smooth, we see that u ∈ C1,σ (Ω̄) for
some σ ∈ (0,1) (See e.g. DiBenedetto [9]). Here we note that u is p-harmonic near the boundary as
well.

By Definition 2.1 of the admissibility in Xp we have for each k ≥ 1 that

∫

Ω
|∇uk|p−2∇uk ·∇ψ =

∫

∂Ω
ψ|∇uk|p−2 ∂uk

∂n
−

∫

∂Ω
ψ∆puk (∀ψ ∈C1(Ω̄)) . (3.19)

It follows from Remark 2.1(2) that in the sense of weak* topology as n → ∞

∆puk
∗
⇀ ∆pu in Mb(Ω), ∥∆puk∥L1(Ω) →∥∆pu∥Mb(Ω) , (3.20)

|∇uk|p−2 ∂uk

∂n
∗
⇀ |∇u|p−2 ∂u

∂n
in Mb(∂Ω), ∥|∇uk|p−2 ∂uk

∂n
∥L1(∂Ω) →

���|∇u|p−2 ∂u
∂n

���
Mb(∂Ω)

. (3.21)

6

Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
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By choosing ψ = 1 in (3.19), we have
∫

Ω
∆puk =

∫

∂Ω
|∇uk|p−2 ∂uk

∂n
. (3.22)

Let us set µk =−∆puk and νk = |∇uk|p−2 ∂uk
∂n . Let {µ j

k}⊂C∞
c (Ω̄) and {ν j

k}⊂C∞
c (RN) be two sequences

such that as j → ∞

µ j
k

∗
⇀−∆puk weak∗ in L1(Ω), ∥µ j

k∥L1(Ω) →∥∆puk∥L1(Ω) , (3.23)

ν j
k

∗
⇀ |∇uk|p−2 ∂uk

∂n
weak∗ in L1(∂Ω), ∥ν j

k∥L1(∂Ω) →
���|∇uk|p−2 ∂uk

∂n

���
L1(∂Ω)

. (3.24)

From (3.22) we assume that ∫

∂Ω
ν j

k =−
∫

Ω
µ j

k (∀ j,k ≥ 1).

It follows from Lemma 3.3 that for any n ≥ 1 and k ≥ 1, there exists wk
n ∈C1,σ (Ω̄) such that

{
−∆pw j

k = µ j
k in Ω

|∇w j
k|

p−2 ∂w j
k

∂n = ν j
k on ∂Ω,

(3.25)

or equivalently
∫

Ω
|∇w j

k|
p−2∇w j

k ·∇ψ =
∫

Ω
ψ dµ j

k +
∫

∂Ω
ψ dν j

k , for any ψ ∈C1(Ω̄), (3.26)

and without the loss of generality we also assume that for any j,k ≥ 1
∫

Ω
w j

k =
∫

Ω
uk . (3.27)

Under these preparations we have

Lemma 3.4. For each n ≥ 1, there exists a function wk ∈ W 1,q(Ω) for every q ∈ [1, N(p−1)
N−1 ) such that

w j
k converges to wk in wk ∈W 1,q(Ω) as k → ∞ and wk satisfies (3.19).

Proof. Since for each k ≥ 1, {µ j
k}

∞
j=1 and {ν j

k}
∞
j=1 are bounded in L1(Ω) and L1(∂Ω) respectively, this

assertion follows from the same argument in the proof of Theorem 1 in [3] with an obvious modification.
In fact, one can show that {w j

k}
∞
j=1 is bounded in W 1,q(Ω), using similar test functions for ψ . Then by

the weak compactness, Poincaré’s inequality and the Rellich type theorem, one can see that there exists
a function wk ∈W 1,q(Ω) such that

∇w j
k → ∇wk in Lq (weak)

w j
k → wk in Lq

w j
k → wk a.e..

Moreover one can see that ∇w j
k → ∇wk in L1(Ω). Then by the dominated convergence theorem the

conclusion follows in a quite similar way. For the detail see [3].

Lemma 3.5. We have wk = uk a.e. for k = 1,2, · · · .

Proof. We claim that wk = uk ∈ W 1,q(Ω) for q ∈ [1, N(p−1)
N−1 ). Choose any M > 0. Recalling that

uk ∈W 1,p(Ω)∩L∞(Ω), we use TM(w j
k −uk) ∈W 1,p(Ω)∩L∞(Ω) as a test function in (3.19) and (3.26).

By a subtraction
∫

Ω
(|∇w j

k|
p−2∇w j

k−|∇uk|p−2∇uk) ·∇(TM(w j
k −uk)

=
∫

Ω
TM(w j

k −uk)d(µ j
k −µk)+

∫

∂Ω
TM(w j

k −uk)d(ν j
k −νk).
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Lemma 3.2. Assume that u ∈C1(Ω̄) and ∆pu ∈ L1(Ω) (in the sense of distribution). Then u+ ∈Xp and

[u+]Xp ≤ [u]Xp . (3.15)

Proof. We note that u+ ∈W 1,p∗(Ω). For the proof of Lemma it suffices to show the following.
���
∫

Ω
|∇u|p−2∇u+ ·∇ψ

���≤ [u]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)) . (3.16)

For ψ̃ ∈C1(Ω̄), we apply (3.10) with ψ = ∥ψ̃∥L∞ + ψ̃ . Then
∫

Ω
|∇u|p−2∇u+ ·∇ψ̃ ≤

(∫
∂Ω
[u≥0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

∆pu
)
∥ψ̃∥L∞

+
∫

∂Ω
[u≥0]

ψ̃|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ψ̃∆pu
(3.17)

Noting that ∫
∂Ω
[u≥0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

∆pu =−
∫

∂Ω
[u<0]

|∇u|p−2 ∂u
∂n

+
∫

Ω
[u<0]

∆pu

we have
∫

Ω
|∇u|p−2∇u+ ·∇ψ̃ ≤−

(∫
∂Ω
[u<0]

|∇u|p−2 ∂u
∂n

−
∫

Ω
[u<0]

∆pu
)
∥ψ̃∥L∞ +

∫
∂Ω
[u≥0]

ψ̃|∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

ψ̃∆pu

≤
(∫

∂Ω
|∇u|p−2

���∂u
∂n

���+
∫

Ω
|∆pu|

)
∥ψ̃∥L∞ = [u]Xp∥ψ̃∥L∞ .

By replacing ψ̃ by −ψ̃ , we have the desired inequality (3.15).

Secondly we assume that u is admissible in Xp. We recall a lemma on Neumann boundary problem
for a monotone operator ∆p.

Lemma 3.3. Let µ ∈C∞
c (Ω) and ν ∈C∞

c (RN). Assume that
∫

Ω µ +
∫

∂Ω ν = 0.
Then there exists a unique function u ∈C1,σ (Ω̄) for some σ ∈ (0,1) such that




−∆pu = µ in Ω
|∇u|p−2 ∂u

∂n = ν on ∂Ω,∫
Ω u = 0.

(3.18)

Proof. It follows from the standard theory that we have the unique solution u in W 1,p(Ω). For the detail,
refer to [16]; theorems 2.1 and 2.2 for example. Since µ and ν smooth, we see that u ∈ C1,σ (Ω̄) for
some σ ∈ (0,1) (See e.g. DiBenedetto [9]). Here we note that u is p-harmonic near the boundary as
well.

By Definition 2.1 of the admissibility in Xp we have for each k ≥ 1 that

∫

Ω
|∇uk|p−2∇uk ·∇ψ =

∫

∂Ω
ψ|∇uk|p−2 ∂uk

∂n
−

∫

∂Ω
ψ∆puk (∀ψ ∈C1(Ω̄)) . (3.19)

It follows from Remark 2.1(2) that in the sense of weak* topology as n → ∞

∆puk
∗
⇀ ∆pu in Mb(Ω), ∥∆puk∥L1(Ω) →∥∆pu∥Mb(Ω) , (3.20)

|∇uk|p−2 ∂uk

∂n
∗
⇀ |∇u|p−2 ∂u

∂n
in Mb(∂Ω), ∥|∇uk|p−2 ∂uk

∂n
∥L1(∂Ω) →

���|∇u|p−2 ∂u
∂n

���
Mb(∂Ω)

. (3.21)
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It follows from the weak compactness of bounded measures and the uniqueness of weak limit that
∆puk → ∆pu strongly in M (Ω). By the previous step we have

|uk|Xp ≤ 2
∫

Ω
|∆puk| for k = 1,2, · · · . (3.33)

Hence we see that |∇uk|p−2 ∂uk
∂n ∈ L1(∂Ω) converge to some measure ν in M(∂Ω) up to subsequences.

Therefore by the lower semicontinuity of the norm || · ||M(Ω) with respect to the weak* convergence as
n → ∞, we have

[u]Xp ≤ 2
∫

Ω
|∆pu|.

Therefore u is admissible in Xp, and hence u+ ∈ Xp by Theorem 3.2. □

Proof of the assertion 2. We claim that
∫

Ω |∆pu+| ≤
∫

Ω |∆pu|.

Lemma 3.6. Assume that u ∈C1
0(Ω̄) and ∆pu ∈ L1(Ω). Then ∆u+ ∈ Mb(Ω) and

∥∆u+∥Mb(Ω) ≤ ∥∆u∥L1(Ω) . (3.34)

Proof. By applying Lemma 3.2 with u+ ε , where ε > 0, we deduce that

|(u+ ε)+|Xp ≤ |u+ ε|Xp = |u|Xp . (3.35)

Since (u+ ε)+ = u+ ε in a nelghborhood of ∂Ω,

∂
∂n

(u+ ε)+ =
∂u
∂n

on ∂Ω. (3.36)

Noting that

|(u+ ε)+|Xp = ||∆p(u+ ε)+||M (Ω) + |||∇(u+ ε)+|p−2 ∂
∂n

(u+ ε)+||L1(∂Ω)

|u|Xp = ||∆pu||L1(Ω) + |||∇u|p−2 ∂u
∂n

||L1(∂Ω),

we immediately have

||∆p(u+ ε)+||M (Ω) ≤ ||∆pu||L1(Ω) for any ε > 0. (3.37)

The results follows from the lower semicontinuity of the norm || · ||M (Ω) with respect to the weak*
convergence as ε → 0.

3.4 Proof of Theorem 3.4
We prepare some fundamental lemmas.

Lemma 3.7. Let u ∈W 1,p∗(Ω). Assume that for some h ∈ L1(∂Ω) and g ∈ L1(Ω) we have
∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
hφ +

∫

Ω
gφ for any φ ∈C1(Ω̄),φ ≥ 0. (3.38)

Then u ∈ Xp. Moreover −∆pu ≤ g in M (Ω) and |∇u|p−2 ∂u
∂n ≤ h in M (∂Ω).
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The left hand side is estimated from below in the following way,
∫

Ω
(|∇w j

k|
p−2∇w j

k −|∇uk|p−2∇uk) ·∇TM(w j
k −uk)≥C

∫

Ω
|∇TM(w j

k −uk)|p (3.28)

for some positive number C independent of each j, and the right hand side goes to 0 as j → ∞. Since this
holds for all M > 0, we conclude by the monotonicity of ∆p that ∇wk = ∇uk a.e. Taking into account
that wk ∈W 1,q(Ω), uk ∈W 1,p(Ω) and (3.27), we conclude that uk = wk a.e..

End of proof of Theorem 3.2. By applying Lemma 3.2 we have
���
∫

Ω
|∇(w j

k)
+|p−2∇(w j

k)
+ ·∇ψ

���≤ [w j
k]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)) . (3.29)

From Lemma 3.4 and Lemma 3.5 we have, up to subsequence, that w j
k → uk a.e. and (w j

k)+ → (uk)+ in
W 1,q(Ω) as j → ∞. Letting j → ∞, we have

���
∫

Ω
|∇u+k |

p−2∇u+k ·∇ψ
���≤ [uk]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)).

Finally letting k → ∞ we have the conclusion.

3.3 Proof of Theorem 3.3
Proof of the assertion 1.
1st step. Assume that u is admissible in W 1,p∗

0 (Ω), and hence both u+ and u− are admissible W 1,p∗
0 (Ω).

From the statement 4 of Proposition 4.1, we can assume that {uk}∞
k=1 ⊂W 1,p

0 (Ω)∩C1
0(Ω) in Definition

2.2. We decompose uk ∈ W 1,p
0 (Ω)∩C1

0(Ω) to obtain uk = u+k − u−k , where u+k = max{uk,0}, u−k =

max{−uk,0}. Then each u±k ∈ W 1,p
0 (Ω)∩C1,0

0 (Ω̄). Since u+k ≥ 0 in Ω and u+k = 0 on ∂Ω, we see that
∂u+k
∂n ≤ 0 on ∂Ω. Similarly we have ∂u−k

∂n ≤ 0 on ∂Ω. Therefore

−
∫

∂Ω
|∇u+k |

p−2
����
∂u+k
∂n

����=
∫

∂Ω
|∇u+k |

p−2 ∂u+k
∂n

=
∫

Ω
∆pu+k ,

−
∫

∂Ω
|∇u−k |

p−2
����
∂u−

∂n

����=
∫

∂Ω
|∇u−k |

p−2 ∂u−k
∂n

=
∫

Ω
∆pu−k .

Hence
∫

∂Ω
|∇u+k |

p−2
����
∂u+k
∂n

����≤
����
∫

Ω
∆pu+k

���� ,
∫

∂Ω
|∇u−k |

p−2
����
∂u−k
∂n

����≤
����
∫

Ω
∆pu−k

���� .

After all we have ∫

∂Ω
|∇uk|p−2

����
∂uk

∂n

����≤
∫

Ω
|∆puk|, (3.30)

in particular |∇uk|p−2 ∂uk
∂n ∈ L1(∂Ω). Hence we have

[uk]Xp ≤
∫

∂Ω
|∇uk|p−2

����
∂uk

∂n

����+
∫

Ω
|∆puk| ≤ 2

∫

Ω
|∆puk|< ∞. (3.31)

2nd step. Again assume that {uk}∞
n=1 ⊂ W 1,p

0 (Ω)∩C1
0(Ω) in Definition 2.2. By Definition 2.2 (1) we

have ∫

Ω
|∇uk|p−2∇uk ·∇ψ →

∫

Ω
|∇u|p−2∇u ·∇ψ for any ψ ∈C1

c (Ω). (3.32)

8

Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
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It follows from the weak compactness of bounded measures and the uniqueness of weak limit that
∆puk → ∆pu strongly in M (Ω). By the previous step we have

|uk|Xp ≤ 2
∫

Ω
|∆puk| for k = 1,2, · · · . (3.33)

Hence we see that |∇uk|p−2 ∂uk
∂n ∈ L1(∂Ω) converge to some measure ν in M(∂Ω) up to subsequences.

Therefore by the lower semicontinuity of the norm || · ||M(Ω) with respect to the weak* convergence as
n → ∞, we have

[u]Xp ≤ 2
∫

Ω
|∆pu|.

Therefore u is admissible in Xp, and hence u+ ∈ Xp by Theorem 3.2. □

Proof of the assertion 2. We claim that
∫

Ω |∆pu+| ≤
∫

Ω |∆pu|.

Lemma 3.6. Assume that u ∈C1
0(Ω̄) and ∆pu ∈ L1(Ω). Then ∆u+ ∈ Mb(Ω) and

∥∆u+∥Mb(Ω) ≤ ∥∆u∥L1(Ω) . (3.34)

Proof. By applying Lemma 3.2 with u+ ε , where ε > 0, we deduce that

|(u+ ε)+|Xp ≤ |u+ ε|Xp = |u|Xp . (3.35)

Since (u+ ε)+ = u+ ε in a nelghborhood of ∂Ω,

∂
∂n

(u+ ε)+ =
∂u
∂n

on ∂Ω. (3.36)

Noting that

|(u+ ε)+|Xp = ||∆p(u+ ε)+||M (Ω) + |||∇(u+ ε)+|p−2 ∂
∂n

(u+ ε)+||L1(∂Ω)

|u|Xp = ||∆pu||L1(Ω) + |||∇u|p−2 ∂u
∂n

||L1(∂Ω),

we immediately have

||∆p(u+ ε)+||M (Ω) ≤ ||∆pu||L1(Ω) for any ε > 0. (3.37)

The results follows from the lower semicontinuity of the norm || · ||M (Ω) with respect to the weak*
convergence as ε → 0.

3.4 Proof of Theorem 3.4
We prepare some fundamental lemmas.

Lemma 3.7. Let u ∈W 1,p∗(Ω). Assume that for some h ∈ L1(∂Ω) and g ∈ L1(Ω) we have
∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
hφ +

∫

Ω
gφ for any φ ∈C1(Ω̄),φ ≥ 0. (3.38)

Then u ∈ Xp. Moreover −∆pu ≤ g in M (Ω) and |∇u|p−2 ∂u
∂n ≤ h in M (∂Ω).

9

The left hand side is estimated from below in the following way,
∫

Ω
(|∇w j

k|
p−2∇w j

k −|∇uk|p−2∇uk) ·∇TM(w j
k −uk)≥C

∫

Ω
|∇TM(w j

k −uk)|p (3.28)

for some positive number C independent of each j, and the right hand side goes to 0 as j → ∞. Since this
holds for all M > 0, we conclude by the monotonicity of ∆p that ∇wk = ∇uk a.e. Taking into account
that wk ∈W 1,q(Ω), uk ∈W 1,p(Ω) and (3.27), we conclude that uk = wk a.e..

End of proof of Theorem 3.2. By applying Lemma 3.2 we have
���
∫

Ω
|∇(w j

k)
+|p−2∇(w j

k)
+ ·∇ψ

���≤ [w j
k]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)) . (3.29)

From Lemma 3.4 and Lemma 3.5 we have, up to subsequence, that w j
k → uk a.e. and (w j

k)+ → (uk)+ in
W 1,q(Ω) as j → ∞. Letting j → ∞, we have

���
∫

Ω
|∇u+k |

p−2∇u+k ·∇ψ
���≤ [uk]Xp∥ψ∥L∞ (∀ψ ∈C1(Ω̄)).

Finally letting k → ∞ we have the conclusion.

3.3 Proof of Theorem 3.3
Proof of the assertion 1.
1st step. Assume that u is admissible in W 1,p∗

0 (Ω), and hence both u+ and u− are admissible W 1,p∗
0 (Ω).

From the statement 4 of Proposition 4.1, we can assume that {uk}∞
k=1 ⊂W 1,p

0 (Ω)∩C1
0(Ω) in Definition

2.2. We decompose uk ∈ W 1,p
0 (Ω)∩C1

0(Ω) to obtain uk = u+k − u−k , where u+k = max{uk,0}, u−k =

max{−uk,0}. Then each u±k ∈ W 1,p
0 (Ω)∩C1,0

0 (Ω̄). Since u+k ≥ 0 in Ω and u+k = 0 on ∂Ω, we see that
∂u+k
∂n ≤ 0 on ∂Ω. Similarly we have ∂u−k

∂n ≤ 0 on ∂Ω. Therefore

−
∫

∂Ω
|∇u+k |

p−2
����
∂u+k
∂n

����=
∫

∂Ω
|∇u+k |

p−2 ∂u+k
∂n

=
∫

Ω
∆pu+k ,

−
∫

∂Ω
|∇u−k |

p−2
����
∂u−

∂n

����=
∫

∂Ω
|∇u−k |

p−2 ∂u−k
∂n

=
∫

Ω
∆pu−k .

Hence
∫

∂Ω
|∇u+k |

p−2
����
∂u+k
∂n

����≤
����
∫

Ω
∆pu+k

���� ,
∫

∂Ω
|∇u−k |

p−2
����
∂u−k
∂n

����≤
����
∫

Ω
∆pu−k

���� .

After all we have ∫

∂Ω
|∇uk|p−2

����
∂uk

∂n

����≤
∫

Ω
|∆puk|, (3.30)

in particular |∇uk|p−2 ∂uk
∂n ∈ L1(∂Ω). Hence we have

[uk]Xp ≤
∫

∂Ω
|∇uk|p−2

����
∂uk

∂n

����+
∫

Ω
|∆puk| ≤ 2

∫

Ω
|∆puk|< ∞. (3.31)

2nd step. Again assume that {uk}∞
n=1 ⊂ W 1,p

0 (Ω)∩C1
0(Ω) in Definition 2.2. By Definition 2.2 (1) we

have ∫

Ω
|∇uk|p−2∇uk ·∇ψ →

∫

Ω
|∇u|p−2∇u ·∇ψ for any ψ ∈C1

c (Ω). (3.32)
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Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
2000 mathematics Subject Classification: Primary 35J70, Secondary 35J60
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Corollary 3.1. Assume that u is admissible in Xp and u ∈W 1,p∗
0 (Ω). If u ≥ 0 in Ω, then

|∇u|p−2 ∂u
∂n

≤ 0 on ∂Ω.

Proof.
u = u+ in Ω and u = 0 on ∂Ω, hence applying the Lemma 3.9 we have

∂u
∂n

=
∂u+

∂n
≤ min{∂u

∂n
,0} ≤ 0 on ∂Ω.

□
Proof of Theorem 3.4. By Theorem 3.2 u+ ∈Xp. By applying Kato’s inequality ( Corollary 1.1 in [13]
) to u−a ∈ Xp, we havre

∆p(u−a)+ ≥ χ[u≥a]∆pu = G in Ω

for any a ∈ R. Here we note thatt (∆pu)d = ∆pu, because ∆pu ∈ L1(Ω). Letting a ↓ 0 we have

∆pu+ ≥ χ[u>0]∆pu = G in Ω.

Combining this with Lemma 3.7, we have for any φ ∈C1(Ω̄), φ ≥ 0 in Ω
∫

Ω
|∇u|p−2∇u+ ·∇φ =

∫

∂Ω
φ |∇u|p−2 ∂u+

∂n
−

∫

Ω
φ∆u+ ≤

∫

∂Ω
Hφ −

∫

Ω
Gφ.

□

4 Appendix ( Proposition 4.1)
We begin with recalling a local version of Admissibility in [14].

Definition 4.1. (Admissibility in W 1,p∗
loc (Ω)) Let 1 < p < ∞ and p∗ = max{1, p− 1}. A function u is

said to be admissible in in W 1,p∗
loc (Ω), if u∈W 1,p∗

loc (Ω), ∆pu∈M (Ω) ; the total measure is not necessarily
finite, and if there exists a sequence {uk}∞

k=1 ⊂W 1,p
loc (Ω)∩L∞(Ω) such that:

1. uk → u a.e. in Ω and uk → u in W 1,p∗
loc (Ω) as k → ∞.

2. ∆puk ∈ L1
loc(Ω) (k = 1,2, · · ·) and

sup
k
|∆puk|(ω) = sup

k

∫

ω
|∆puk|< ∞ for all ω ⊂⊂ Ω. (4.1)

Here we describe the following fundamental results, parts of which are already known.

Proposition 4.1. Let Ω be a bounded smooth domain of RN .

1. Assume that u is admissible in W 1,p∗
loc (Ω). Then, for every M > 0, TMu ∈W 1,p

loc (Ω).

2. A function u ∈W 1,p
0 (Ω) is admissible in W 1,p∗

0 (Ω), if ∆pu ∈ Mb(Ω).

3. A function u ∈W 1,p
loc (Ω) is admissible in W 1,p∗

loc (Ω), if ∆pu ∈ M (Ω).

4. In Definition 2.1, the sequence {uk} can be taken in C1(Ω̄).

5. In Definition 2.2, the sequence {uk} can be taken in C1
0(Ω̄) = {φ ∈C1(Ω̄) : u = 0 on ∂Ω}.
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Proof. By (3.38) we have
∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
h+φ +

∫

Ω
g+φ for any φ ∈C1(Ω̄),φ ≥ 0. (3.39)

Using nonnegative test functions ||φ||L∞ ±φ as the argument in the proof of Lemma 3.2, it is easy to see
that ����

∫

Ω
|∇u|p−2∇u ·∇φ

����≤ 2(||h+||L1(∂Ω) + ||g+||L1(Ω))||φ||L∞(Ω). (3.40)

Then we see u ∈ Xp. The rest of the assertions are clear.

Lemma 3.8. In the previous Lemma 3.7, we further assume that u is admissible in Xp. Then we have
∫

Ω
|∇u+|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

hφ +
∫

Ω
[u≥0]

gφ for any φ ∈C1(Ω̄),φ ≥ 0. (3.41)

By the admissibility there exists a sequence {uk} ⊂ W 1,p∗(Ω) having the properties in Definition
2.1. By virtue of Proposition 4.1 we can assume that uk ∈C1(Ω̄). Then it follows from Lemma 3.1 that

∫

Ω
|∇uk|p−2∇u+k ·∇φ ≤

∫
∂Ω

[uk≥0]
φ|∇uk|p−2 ∂uk

∂n
−

∫
Ω

[uk≥0]
φ∆puk (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄) (3.42)

Taking a limit as k → ∞ we have
∫

Ω
|∇u|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

φ |∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

φ∆pu (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄) (3.43)

Using Lemma 3.5 the conclusion holds.

Lemma 3.9. Assume that u ∈C1(Ω̄) is admissible in Xp and
|∇u|p−2 ∂u

∂n ∈ L1(∂Ω). Then

|∇u+|p−2 ∂u+

∂n
≤




|∇u|p−2 ∂u
∂n on [u > 0]

0 on [u < 0]
min{|∇u|p−2 ∂u

∂n ,0} on [u = 0].
(3.44)

Proof. Put µ = (−∆pu)+, h = |∇u|p−2 ∂u
∂n . Then

∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
hφ +

∫

Ω
φ dµ (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄)

It follows from Lemma 3.8 that u+ satisfies∫

Ω
|∇u|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

hφ +
∫

Ω
φ dµ (∀φ ∈C1(Ω̄), φ ≥ 0 in Ω̄) (3.45)

By Theorem 3.2 we have u+ ∈ Xp, hence

|∇u|p−2 ∂u+

∂n
≤ χ[u≥0]h = χ[u≥0]|∇u|p−2 ∂u

∂n
on ∂Ω. (3.46)

By using u− ε , where ε > 0 instead of u we have in a similar way that

|∇u|p−2 ∂u+

∂n
≤ χ[u>0]h = χ[u>0]|∇u|p−2 ∂u

∂n
on ∂Ω. (3.47)

In particular,

|∇u|p−2 ∂u+

∂n
≤ 0 on [u = 0]. (3.48)

Hence the conclusion follows. □
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Corollary 3.1. Assume that u is admissible in Xp and u ∈W 1,p∗
0 (Ω). If u ≥ 0 in Ω, then

|∇u|p−2 ∂u
∂n

≤ 0 on ∂Ω.

Proof.
u = u+ in Ω and u = 0 on ∂Ω, hence applying the Lemma 3.9 we have

∂u
∂n

=
∂u+

∂n
≤ min{∂u

∂n
,0} ≤ 0 on ∂Ω.

□
Proof of Theorem 3.4. By Theorem 3.2 u+ ∈Xp. By applying Kato’s inequality ( Corollary 1.1 in [13]
) to u−a ∈ Xp, we havre

∆p(u−a)+ ≥ χ[u≥a]∆pu = G in Ω

for any a ∈ R. Here we note thatt (∆pu)d = ∆pu, because ∆pu ∈ L1(Ω). Letting a ↓ 0 we have

∆pu+ ≥ χ[u>0]∆pu = G in Ω.

Combining this with Lemma 3.7, we have for any φ ∈C1(Ω̄), φ ≥ 0 in Ω
∫

Ω
|∇u|p−2∇u+ ·∇φ =

∫

∂Ω
φ |∇u|p−2 ∂u+

∂n
−

∫

Ω
φ∆u+ ≤

∫

∂Ω
Hφ −

∫

Ω
Gφ.

□

4 Appendix ( Proposition 4.1)
We begin with recalling a local version of Admissibility in [14].

Definition 4.1. (Admissibility in W 1,p∗
loc (Ω)) Let 1 < p < ∞ and p∗ = max{1, p− 1}. A function u is

said to be admissible in in W 1,p∗
loc (Ω), if u∈W 1,p∗

loc (Ω), ∆pu∈M (Ω) ; the total measure is not necessarily
finite, and if there exists a sequence {uk}∞

k=1 ⊂W 1,p
loc (Ω)∩L∞(Ω) such that:

1. uk → u a.e. in Ω and uk → u in W 1,p∗
loc (Ω) as k → ∞.

2. ∆puk ∈ L1
loc(Ω) (k = 1,2, · · ·) and

sup
k
|∆puk|(ω) = sup

k

∫

ω
|∆puk|< ∞ for all ω ⊂⊂ Ω. (4.1)

Here we describe the following fundamental results, parts of which are already known.

Proposition 4.1. Let Ω be a bounded smooth domain of RN .

1. Assume that u is admissible in W 1,p∗
loc (Ω). Then, for every M > 0, TMu ∈W 1,p

loc (Ω).

2. A function u ∈W 1,p
0 (Ω) is admissible in W 1,p∗

0 (Ω), if ∆pu ∈ Mb(Ω).

3. A function u ∈W 1,p
loc (Ω) is admissible in W 1,p∗

loc (Ω), if ∆pu ∈ M (Ω).

4. In Definition 2.1, the sequence {uk} can be taken in C1(Ω̄).

5. In Definition 2.2, the sequence {uk} can be taken in C1
0(Ω̄) = {φ ∈C1(Ω̄) : u = 0 on ∂Ω}.
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Proof. By (3.38) we have
∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
h+φ +

∫

Ω
g+φ for any φ ∈C1(Ω̄),φ ≥ 0. (3.39)

Using nonnegative test functions ||φ||L∞ ±φ as the argument in the proof of Lemma 3.2, it is easy to see
that ����

∫

Ω
|∇u|p−2∇u ·∇φ

����≤ 2(||h+||L1(∂Ω) + ||g+||L1(Ω))||φ||L∞(Ω). (3.40)

Then we see u ∈ Xp. The rest of the assertions are clear.

Lemma 3.8. In the previous Lemma 3.7, we further assume that u is admissible in Xp. Then we have
∫

Ω
|∇u+|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

hφ +
∫

Ω
[u≥0]

gφ for any φ ∈C1(Ω̄),φ ≥ 0. (3.41)

By the admissibility there exists a sequence {uk} ⊂ W 1,p∗(Ω) having the properties in Definition
2.1. By virtue of Proposition 4.1 we can assume that uk ∈C1(Ω̄). Then it follows from Lemma 3.1 that

∫

Ω
|∇uk|p−2∇u+k ·∇φ ≤

∫
∂Ω

[uk≥0]
φ|∇uk|p−2 ∂uk

∂n
−

∫
Ω

[uk≥0]
φ∆puk (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄) (3.42)

Taking a limit as k → ∞ we have
∫

Ω
|∇u|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

φ |∇u|p−2 ∂u
∂n

−
∫

Ω
[u≥0]

φ∆pu (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄) (3.43)

Using Lemma 3.5 the conclusion holds.

Lemma 3.9. Assume that u ∈C1(Ω̄) is admissible in Xp and
|∇u|p−2 ∂u

∂n ∈ L1(∂Ω). Then

|∇u+|p−2 ∂u+

∂n
≤




|∇u|p−2 ∂u
∂n on [u > 0]

0 on [u < 0]
min{|∇u|p−2 ∂u

∂n ,0} on [u = 0].
(3.44)

Proof. Put µ = (−∆pu)+, h = |∇u|p−2 ∂u
∂n . Then

∫

Ω
|∇u|p−2∇u ·∇φ ≤

∫

∂Ω
hφ +

∫

Ω
φ dµ (∀φ ∈C1(Ω̄),φ ≥ 0 in Ω̄)

It follows from Lemma 3.8 that u+ satisfies∫

Ω
|∇u|p−2∇u+ ·∇φ ≤

∫
∂Ω
[u≥0]

hφ +
∫

Ω
φ dµ (∀φ ∈C1(Ω̄), φ ≥ 0 in Ω̄) (3.45)

By Theorem 3.2 we have u+ ∈ Xp, hence

|∇u|p−2 ∂u+

∂n
≤ χ[u≥0]h = χ[u≥0]|∇u|p−2 ∂u

∂n
on ∂Ω. (3.46)

By using u− ε , where ε > 0 instead of u we have in a similar way that

|∇u|p−2 ∂u+

∂n
≤ χ[u>0]h = χ[u>0]|∇u|p−2 ∂u

∂n
on ∂Ω. (3.47)

In particular,

|∇u|p−2 ∂u+

∂n
≤ 0 on [u = 0]. (3.48)

Hence the conclusion follows. □
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|∆pvk|(ω j) = |∆pu|(ω j) for any k ≥ j. Hence u is admissible in W 1,p∗
loc (ωk) with ∆pu ∈ Mb(ωk) having

an admissible sequence {vk}. By the previous step with obvious modification, one can approximate
each vk inductively by ξk ∈W 1,p

0 (Ω)∩C1(Ω) such that ξk → u in W 1,p∗
loc (Ω) as k → ∞ and ||∆pξk|(ω j)−

|∆pu|(ω j)|< 1
k for k ≥ j. Therefore the assertion is now proved. □

Proof of assertion 5. We assume that u is admissible in W 1,p∗
0 (Ω). Then we have a sequence of

functions {uk} ⊂ W 1,p
0 (Ω)∩ L∞(Ω) (k = 1,2, . . .) satisfying the properties 1 and 2 in Definition 2.2.

By the previous step, we see that each uk is approximated as j → ∞ by a sequence of functions
{w j

k} ⊂W 1,p
0 (Ω)∩C1(Ω) defined by (4.4) with wk = w j

k, u = uk and εk = ε j. Then we choose a suitable
subsequence of {w jk

k } as an approximation of u so that the assertion is verified. □
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The proof of assertion 1 for p = 2 is seen in [5] and [6]) and for p > 1 in [14], and the proof of
assertion 2 is seen in Appendix of [14]. The assertion 4 is already verified in the proof of Theorem 3.2.
Therefore we establish the assertions 3 and 5 in the rest of this section.

Proof of assertion 3. To use a diagonal argument, we choose and fix a family of open set {ωk} such
that

ω1 ⊂⊂ ω2 ⊂⊂ ·· · ⊂⊂ ωk ⊂⊂ ωk+1 ⊂⊂ ·· · ⊂⊂ Ω and Ω = ∪∞
k=0ωk. (4.2)

Let ρ ∈C∞
0 (B1) be a radial, nonnegative and decreasing mollifier. By extending v ∈ L1(Ω) to the whole

space so that v ≡ 0 outside Ω, we define a mollification of v with ε > 0 by

vε(x) := ρε ∗ v(x) =
∫

Ω
ρε(x− y)v(y)dy for x ∈ Ω. (4.3)

First we prove that u ∈ W 1,p
0 (Ω) is admissible in W 1,p∗

loc (Ω), if ∆pu is a Radon measure on Ω. Again
by extending u ∈ W 1,p

0 (Ω) and ∆pu ∈ W−1,p′ to the whole space so that u = 0 and ∆pu = 0 outside Ω
respectively. Let wk ∈W 1,p

0 (Ω)∩C1(Ω) be the unique weak solution of the boundary value problem for
the monotone operator ∆p (see e.g. [16]): For k = 1,2, · · · and ε1 > ε2 > · · ·εk > · · · → 0, we set

{
∆pwk = (∆pu)εk in Ω,

wk = 0 on ∂Ω,
(4.4)

where |∇u|p−2∇u ∈ (Lp′(Ω))N with p′ = p/(p− 1), (|∇u|p−2∇u)εk ∈ (C∞(RN))N and (|∇u|p−2∇u)εk

is a mollification of |∇u|p−2∇u defined by (4.3). Let us set ∆pu = µ . We note that |µ |(ω)< ∞ for any
ω ⊂⊂ Ω. Then we have div(|∇u|p−2∇u)εk = (div |∇u|p−2∇u)εk = (∆pu)εk = µεk in ω provided that εk
is sufficiently small. Hence we clearly have

|∆pwk|(ω) = |µεk |(ω)→ |µ |(ω) as k → ∞.

Since µ does not charge ∂Ω, this proves the condition 2. Next we show

wk → u in W 1,p
0 (Ω) as k → ∞. (4.5)

Then we can choose a subsequence so that the condition 1 is satisfied. By using wk −u ∈W 1,p
0 (Ω) as a

test function, we have

−⟨∆pwk −∆pu,wk −u⟩=
∫

Ω
|(∇wk|p−2∇wk −|∇u|p−2∇u) ·∇(wk −u)

≥ c2

∫

Ω
|∇(wk −u)|p. (4.6)

In the left-hand side, using Young’s inequality for δ > 0 we have

−⟨∆pwk −∆pu,wk −u⟩=
∫

Ω
((|∇u|p−2∇u)εk −|∇u|p−2∇u) ·∇(wk −u)

≤C(δ )
∫

Ω
|(|∇u|p−2∇u)εk −|∇u|p−2∇u|p′ +δ

∫

Ω
|∇(wk −u)|p, (4.7)

where C(δ )> 0 is a constant depending only on δ .
We note that ||(|∇u|p−2∇u)εk − |∇u|p−2∇u ||Lp′ (Ω)

→ 0 as k → ∞. It follows from (4.6) and (4.7)
that ∇wk → ∇u in (Lp(Ω))N as n → ∞, which implies (4.5). Then, taking a subsequence if necessary,
{wk} ⊂W 1,p

0 (Ω)∩C1(Ω) satisfies the property wk → u a.e. in Ω as k → ∞.
Lastly we treat the case where u ∈ W 1,p

loc (Ω). For each k we choose ηk ∈ C∞
c (ωk+1) such that 0 ≤

ηk ≤ 1 and ηk = 1 in some neighborhood of ωk. Let us set vk = ηku(k = 1,2,3, · · ·) . Then we see that
vk ∈ W 1,p

0 (ωk+1), vk → u in W 1,p
loc (Ω) as k → ∞ and ∆pvk ∈ W−1,p′(Ω)∩Mb(ωk). Moreover we have
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Let Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We
prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).

∗Keywords: Kato’s inequality, p-Laplace operator
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|∆pvk|(ω j) = |∆pu|(ω j) for any k ≥ j. Hence u is admissible in W 1,p∗
loc (ωk) with ∆pu ∈ Mb(ωk) having

an admissible sequence {vk}. By the previous step with obvious modification, one can approximate
each vk inductively by ξk ∈W 1,p

0 (Ω)∩C1(Ω) such that ξk → u in W 1,p∗
loc (Ω) as k → ∞ and ||∆pξk|(ω j)−

|∆pu|(ω j)|< 1
k for k ≥ j. Therefore the assertion is now proved. □

Proof of assertion 5. We assume that u is admissible in W 1,p∗
0 (Ω). Then we have a sequence of

functions {uk} ⊂ W 1,p
0 (Ω)∩ L∞(Ω) (k = 1,2, . . .) satisfying the properties 1 and 2 in Definition 2.2.

By the previous step, we see that each uk is approximated as j → ∞ by a sequence of functions
{w j

k} ⊂W 1,p
0 (Ω)∩C1(Ω) defined by (4.4) with wk = w j

k, u = uk and εk = ε j. Then we choose a suitable
subsequence of {w jk

k } as an approximation of u so that the assertion is verified. □
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The proof of assertion 1 for p = 2 is seen in [5] and [6]) and for p > 1 in [14], and the proof of
assertion 2 is seen in Appendix of [14]. The assertion 4 is already verified in the proof of Theorem 3.2.
Therefore we establish the assertions 3 and 5 in the rest of this section.

Proof of assertion 3. To use a diagonal argument, we choose and fix a family of open set {ωk} such
that

ω1 ⊂⊂ ω2 ⊂⊂ ·· · ⊂⊂ ωk ⊂⊂ ωk+1 ⊂⊂ ·· · ⊂⊂ Ω and Ω = ∪∞
k=0ωk. (4.2)

Let ρ ∈C∞
0 (B1) be a radial, nonnegative and decreasing mollifier. By extending v ∈ L1(Ω) to the whole

space so that v ≡ 0 outside Ω, we define a mollification of v with ε > 0 by

vε(x) := ρε ∗ v(x) =
∫

Ω
ρε(x− y)v(y)dy for x ∈ Ω. (4.3)

First we prove that u ∈ W 1,p
0 (Ω) is admissible in W 1,p∗

loc (Ω), if ∆pu is a Radon measure on Ω. Again
by extending u ∈ W 1,p

0 (Ω) and ∆pu ∈ W−1,p′ to the whole space so that u = 0 and ∆pu = 0 outside Ω
respectively. Let wk ∈W 1,p

0 (Ω)∩C1(Ω) be the unique weak solution of the boundary value problem for
the monotone operator ∆p (see e.g. [16]): For k = 1,2, · · · and ε1 > ε2 > · · ·εk > · · · → 0, we set

{
∆pwk = (∆pu)εk in Ω,

wk = 0 on ∂Ω,
(4.4)

where |∇u|p−2∇u ∈ (Lp′(Ω))N with p′ = p/(p− 1), (|∇u|p−2∇u)εk ∈ (C∞(RN))N and (|∇u|p−2∇u)εk

is a mollification of |∇u|p−2∇u defined by (4.3). Let us set ∆pu = µ . We note that |µ |(ω)< ∞ for any
ω ⊂⊂ Ω. Then we have div(|∇u|p−2∇u)εk = (div |∇u|p−2∇u)εk = (∆pu)εk = µεk in ω provided that εk
is sufficiently small. Hence we clearly have

|∆pwk|(ω) = |µεk |(ω)→ |µ |(ω) as k → ∞.

Since µ does not charge ∂Ω, this proves the condition 2. Next we show

wk → u in W 1,p
0 (Ω) as k → ∞. (4.5)

Then we can choose a subsequence so that the condition 1 is satisfied. By using wk −u ∈W 1,p
0 (Ω) as a

test function, we have

−⟨∆pwk −∆pu,wk −u⟩=
∫

Ω
|(∇wk|p−2∇wk −|∇u|p−2∇u) ·∇(wk −u)

≥ c2

∫

Ω
|∇(wk −u)|p. (4.6)

In the left-hand side, using Young’s inequality for δ > 0 we have

−⟨∆pwk −∆pu,wk −u⟩=
∫

Ω
((|∇u|p−2∇u)εk −|∇u|p−2∇u) ·∇(wk −u)

≤C(δ )
∫

Ω
|(|∇u|p−2∇u)εk −|∇u|p−2∇u|p′ +δ

∫

Ω
|∇(wk −u)|p, (4.7)

where C(δ )> 0 is a constant depending only on δ .
We note that ||(|∇u|p−2∇u)εk − |∇u|p−2∇u ||Lp′ (Ω)

→ 0 as k → ∞. It follows from (4.6) and (4.7)
that ∇wk → ∇u in (Lp(Ω))N as n → ∞, which implies (4.5). Then, taking a subsequence if necessary,
{wk} ⊂W 1,p

0 (Ω)∩C1(Ω) satisfies the property wk → u a.e. in Ω as k → ∞.
Lastly we treat the case where u ∈ W 1,p

loc (Ω). For each k we choose ηk ∈ C∞
c (ωk+1) such that 0 ≤

ηk ≤ 1 and ηk = 1 in some neighborhood of ωk. Let us set vk = ηku(k = 1,2,3, · · ·) . Then we see that
vk ∈ W 1,p

0 (ωk+1), vk → u in W 1,p
loc (Ω) as k → ∞ and ∆pvk ∈ W−1,p′(Ω)∩Mb(ωk). Moreover we have
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par lesméthodes de Minty-Browder, Bull. Soc. Math. Fr. 93 (1965), 97-107.

[17] G.D. Maso, F.Murat, L.Orsina and A.Prignet, Renormalized solutions of elliptic equations with
general measure data, Annali della Scuola Normale Superiore di Pisa - Classe di Scienze, vol.
4 Tome 28, No. 4 (1999), 741-808.

[18] F. Maeda, Renormalized solutions of Dirichlet problems for quasilinear elliptic equations with
general measure data, Hiroshima Mathematical Journal, vol. 38 (2008), 51-93.

[19] G.D. Maso, F. Murat, L. Orsina, A. Prignet, Renormalized solutions of elliptic equations with
general measure data, Ann. Scuola Norm. Sup. Pisa, 28, (1999), 741-808.

[20] J. Serrin, Pathological solutions of elliptic differential equations, Annali della Scuola Normale
Superiore di Pisa - Classe di Scienze vol. 8, Issue 3(1964), 385-387.

14

Communicated by Yoshitsugu Kabeya

Toshio Horiuchi:
Department of Mathematics, Faculty of Science, Ibaraki University
Bunkyo 2-1-1 Mito City Ibaraki Prefecture Japan e-mail; thoshio.horiuchi.math@vc.ibaraki.ac.jp

Peter Kumlin
Department of Mathematics, Chalmers University of Technology
S-41296 Goteborg, Sweden
e-mail; kumlin@chalmers.se

Sci. Math. Japonicae Vol. xx, No. xx (20xx), xxx–xxx 1

FURUTA TYPE INEQUALITIES RELATED TO ANDO-HIAI

INEQUALITY WITH NEGATIVE POWERS

Masatoshi Ito∗ and Eizaburo Kamei

Received September 25, 2019; revised November 05, 2019

Abstract. Furuta inequality and Ando-Hiai inequality have been actively investi-
gated since they were established about thirty years ago. Recently, Kian and Seo
obtained the Ando-Hiai type inequality with negative powers as follows: For A, B > 0,
A �−α B ≤ I for α ∈ [0, 1] implies Ar �−α Br ≤ I for r ≥ 1. Related to this result,
Fujii and Nakamoto obtained Furuta type inequality with negative powers. Moreover,
they discussed these generalizations. In this paper, we improve their results based on
properties of Furuta inequality and Ando-Hiai inequality.

1 Introduction

Throughout this paper, an operator means a bounded linear operator on a complex
Hilbert space. For convenience, we denote A ≥ 0 (resp. A > 0) if A is a positive (resp.
strictly positive) operator.

First of all, we state Furuta inequality [10] established in 1987 (cf. [2, 11, 15, 19, 23]):
If A ≥ B ≥ 0, then for each r ≥ 0,

(i) (B
r
2 ApB

r
2 )

1
q ≥ B

p+r
q and (ii) A

p+r
q ≥ (A

r
2 BpA

r
2 )

1
q

hold for p ≥ 0 and q ≥ 1 with (1 + r)q ≥ p + r. We remark that Furuta inequality is a
generalization of Loewner-Heinz theorem “A ≥ B ≥ 0 ensures Aα ≥ Bα for any α ∈ [0, 1],”
and also it is known that (i) is equivalent to (ii) under the assumption A ≥ B ≥ 0. As stated
in [19] (cf. [11]), Furuta inequality can be arranged in terms of the weighted geometric mean
�α defined by A �α B = A

1
2 (A

−1
2 BA

−1
2 )αA

1
2 for A, B > 0 and α ∈ [0, 1]:

(F) A ≥ B > 0 implies A−r � 1+r
p+r

Bp ≤ B ≤ A ≤ B−r � 1+r
p+r

Ap for p ≥ 1 and r ≥ 0.

(F) is sometimes called the satellite theorem for Furuta inequality.
On the other hand, in 1994, Ando and Hiai [1] obtained the following inequality called

Ando-Hiai inequality as follows: For A, B > 0,

(AH) A �α B ≤ I for α ∈ (0, 1) implies Ar �α Br ≤ I for r ≥ 1.

We remark that they obtained the log majorization theorem by using (AH).
As a generalization of Furuta and Ando-Hiai inequalities, Furuta established grand Fu-

ruta inequality in [13] (cf. [7, 14, 15, 16, 25]): If A ≥ B ≥ 0 with A > 0, then for each
t ∈ [0, 1] and p ≥ 1,

A1−t+r ≥ {A r
2 (A

−t
2 BpA

−t
2 )sA

r
2 } 1−t+r

(p−t)s+r

2010 Mathematics Subject Classification. Primary 47A63, 47A64.
Key words and phrases. Positive operators, operator mean, Furuta inequality, Ando-Hiai inequality

and grand Furuta inequality.
∗This work was supported by JSPS KAKENHI Grant Number JP16K05181.

FURUTA TYPE INEQUALITIES RELATED TO ANDO-HIAI 
INEQUALITY WITH NEGATIVE POWERSLet Ω be a bounded smooth domain of RN . By ∆p with 1 < p < ∞ we denote p-Laplacian. We

prove that if ∆pu is a finite measure in Ω, then under suitable assumptions on u, ∆pu+ is also a finite
measure in Ω up to the boundary ∂Ω. ∗

1 Introduction
Let Ω be a bounded smooth domain of RN . By ∆p for p ∈ (1,+∞) we denote p-Laplacian. The
classical Kato’s inequality for a Laplacian in [12] asserts that given any function u ∈ L1

loc(Ω) such that
∆u ∈ L1

loc(Ω), then ∆(u+) is a Radon measure and the following holds:

∆(u+)≥ χ[u≥0]∆u in D′(Ω), (1.1)

where u+ = max{u,0}. In [5, 6], H.Brezis and A.Ponce intensively studied Kato’s inequalities with ∆u
being a Radon measure and established the strong maximum principle, the improved Kato’s inequality
and the inverse maximum principle (See also [8, 10]). Then, in [13, 14] Kato’s inequality was further
studied for ∆pu with p ∈ (1,∞) and most of the counter-parts were established under the assumption
that u is admissible in W 1,p∗

loc (Ω), where p∗ := max{1, p− 1}. For the admissibility in W 1,p∗
loc (Ω), see

Definition 4.1 in Appendix and see also [15]. We remark that when p = 2, the notion of admissibility
becomes trivial. On the other hand, H.Brezis and A. Ponce in [7] and A. Ancona in [1] studied Kato’s
inequality (1.1) up to the boundary for p = 2.　

The purpose in the present paper is to study Kato’s inequality for ∆p up to the boundary of Ω. As
a result, we will show that ∆pu+ is also a finite measure under suitable assumptions on u. In these
arguments it is crucial to introduce a class Xp in Definition 1.1, which was originally introduced in
Brezis, Ponce [7] for ∆, and to use effectively a notion of admissibility in Xp for ∆p.

Definition 1.1. We say u ∈ Xp if u ∈W 1,p∗(Ω) and if there exists a constant C > 0 such that
����
∫

Ω
|∇u|p−2∇u ·∇φ

����≤C||φ||L∞(Ω), for any φ ∈C1(Ω), (1.2)

in which case we set
[u]Xp = sup

ψ∈C1(Ω̄)
∥ψ∥L∞≤1

∫

Ω
|∇u|p−2∇u ·∇ψ. (1.3)

If u ∈ Xp, then there exists a unique bounded linear functional T ∈ [C(Ω̄)]∗ = Mb(Ω̄) such that

⟨T,ψ⟩=
∫

Ω
|∇u|p−2∇u ·∇ψ (∀ψ ∈C1(Ω̄)).
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par lesméthodes de Minty-Browder, Bull. Soc. Math. Fr. 93 (1965), 97-107.

[17] G.D. Maso, F.Murat, L.Orsina and A.Prignet, Renormalized solutions of elliptic equations with
general measure data, Annali della Scuola Normale Superiore di Pisa - Classe di Scienze, vol.
4 Tome 28, No. 4 (1999), 741-808.

[18] F. Maeda, Renormalized solutions of Dirichlet problems for quasilinear elliptic equations with
general measure data, Hiroshima Mathematical Journal, vol. 38 (2008), 51-93.

[19] G.D. Maso, F. Murat, L. Orsina, A. Prignet, Renormalized solutions of elliptic equations with
general measure data, Ann. Scuola Norm. Sup. Pisa, 28, (1999), 741-808.

[20] J. Serrin, Pathological solutions of elliptic differential equations, Annali della Scuola Normale
Superiore di Pisa - Classe di Scienze vol. 8, Issue 3(1964), 385-387.

14

Communicated by Yoshitsugu Kabeya

Toshio Horiuchi:
Department of Mathematics, Faculty of Science, Ibaraki University
Bunkyo 2-1-1 Mito City Ibaraki Prefecture Japan e-mail; thoshio.horiuchi.math@vc.ibaraki.ac.jp

Peter Kumlin
Department of Mathematics, Chalmers University of Technology
S-41296 Goteborg, Sweden
e-mail; kumlin@chalmers.se

Sci. Math. Japonicae Vol. xx, No. xx (20xx), xxx–xxx 1

FURUTA TYPE INEQUALITIES RELATED TO ANDO-HIAI

INEQUALITY WITH NEGATIVE POWERS

Masatoshi Ito∗ and Eizaburo Kamei

Received September 25, 2019; revised November 05, 2019

Abstract. Furuta inequality and Ando-Hiai inequality have been actively investi-
gated since they were established about thirty years ago. Recently, Kian and Seo
obtained the Ando-Hiai type inequality with negative powers as follows: For A, B > 0,
A �−α B ≤ I for α ∈ [0, 1] implies Ar �−α Br ≤ I for r ≥ 1. Related to this result,
Fujii and Nakamoto obtained Furuta type inequality with negative powers. Moreover,
they discussed these generalizations. In this paper, we improve their results based on
properties of Furuta inequality and Ando-Hiai inequality.

1 Introduction

Throughout this paper, an operator means a bounded linear operator on a complex
Hilbert space. For convenience, we denote A ≥ 0 (resp. A > 0) if A is a positive (resp.
strictly positive) operator.
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in [19] (cf. [11]), Furuta inequality can be arranged in terms of the weighted geometric mean
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Bp ≤ B ≤ A ≤ B−r � 1+r
p+r

Ap for p ≥ 1 and r ≥ 0.

(F) is sometimes called the satellite theorem for Furuta inequality.
On the other hand, in 1994, Ando and Hiai [1] obtained the following inequality called

Ando-Hiai inequality as follows: For A, B > 0,

(AH) A �α B ≤ I for α ∈ (0, 1) implies Ar �α Br ≤ I for r ≥ 1.

We remark that they obtained the log majorization theorem by using (AH).
As a generalization of Furuta and Ando-Hiai inequalities, Furuta established grand Fu-

ruta inequality in [13] (cf. [7, 14, 15, 16, 25]): If A ≥ B ≥ 0 with A > 0, then for each
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2 Furuta type inequalities and their grand Furuta type generalizations

Firstly, we show an improvement of (FN).

Theorem 2.1. Let A ≥ B > 0 and r > 0. Then for p ≥ 1, the following inequalities hold.

A−r � 1−r
p+r

Bp

{
≤ B1−2r ≤ A1−2r if 0 ≤ r ≤ 1

2 ,

≤ A1−2r ≤ B1−2r if 1
2 ≤ r ≤ 1,

(2.1)

A−r � 1−r
p+r

Bp ≥ A1−2r if r > 1.(2.2)

Proof. Firstly, we show (2.1). If 0 ≤ r ≤ 1, then we have

A−r � 1−r
p+r

Bp ≤ B−r � 1−r
p+r

Bp = B1−2r

and

A−r � 1−r
p+r

Bp = A−r � 1−r
1+r

(A−r � 1+r
p+r

Bp)

≤ A−r � 1−r
1+r

(B−r � 1+r
p+r

Bp) = A−r � 1−r
1+r

B ≤ A−r � 1−r
1+r

A = A1−2r.

Therefore we obtain (2.1) since B1−2r ≤ A1−2r holds if 0 ≤ r ≤ 1
2 and A1−2r ≤ B1−2r

holds if 1
2 ≤ r ≤ 1.

If r > 1, then we have (2.2) since

A−r � 1−r
p+r

Bp = A−r(Ar � r−1
p+r

B−p)A−r

= A−r(B−p � 1+p
r+p

Ar)A−r ≥ A−rAA−r = A1−2r

holds by (∗) and (F).

Next, we discuss grand Furuta type generalizations of Theorem 2.1. As a generalization
of Theorem 1.B, Fujii and Nakamoto [9] showed the following result related to grand Furuta
inequality.

Theorem 2.A ([9, Theorem 3.4]). If A ≥ B > 0 and t ∈ [0, 1], then

A−r+t � 1−t+r
r+(p−t)s

(At �s Bp) ≤ A

holds for p ≤ −1, r ∈ [0, t] and s ∈
[
max

{ −t
p−t ,

−2r−(1−t)
p−t

}
, 1

]
.

Replacing p by −p and using (∗), Theorem 2.A can be rewritten as follows: If A ≥ B > 0
and t ∈ [0, 1], then

A−r+t � 1−t+r
r−(p+t)s

(At �s B−p) ≤ A, that is, Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r)

holds for p ≥ 1, r ∈ [0, t] and s ∈
[
max

{
t

p+t ,
1−t+2r

p+t

}
, 1

]
.

Here, we show an improvement of Theorem 2.A.
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holds for r ≥ t and s ≥ 1. Similarly to (F), it is known in [13] that grand Furuta inequality
can be arranged in terms of the weighted geometric mean, that is, we can get the satellite
theorem for grand Furuta inequality:

(SGF) A ≥ B > 0 implies A−r+t � 1−t+r
(p−t)s+r

(A−t �s Bp) ≤ A−r+t � 1−t+r
p−t+r

Bp ≤ B ≤ A

for t ∈ [0, 1], p ≥ 1, r ≥ t and s ≥ 1, where A �α B = A
1
2 (A

−1
2 BA

−1
2 )αA

1
2 for α ∈ R. The

notation �α is the same as �α if α ∈ [0, 1]. We remark that (SGF) leads (F) by putting t = 0
and s = 1, and also (SGF) leads the equivalent inequality to (AH) by putting t = 1 and
s = r. On Ando-Hiai inequality, its generalization was shown in [8], and also related topics
were discussed in [5, 18].

Recently, Kian and Seo [22] obtained the Ando-Hiai type inequality with negative powers
as follows:

Theorem 1.A ([22]). For A, B > 0,

(KS) A �−α B ≤ I for α ∈ [0, 1] implies Ar �−α Br ≤ I for 0 ≤ r ≤ 1.

Fujii and Nakamoto [9] discussed generalizations of Theorem 1.A, and also they obtained
the Furuta type inequality with negative powers as follows:

Theorem 1.B ([9, Theorem 3.1]). If A ≥ B > 0, then A−r � 1+r
p+r

Bp ≤ A holds for p ≤ −1
and r ∈ [−1, 0].

By replacing p, r by −p,−r respectively, we can rewrite Theorem 1.B as follows:

(FN) A ≥ B > 0 implies A−r � 1−r
p+r

Bp ≤ A1−2r for p ≥ 1 and 0 ≤ r ≤ 1.

We remark that the equivalence between two inequalities

Ar � 1−r
−p−r

B−p ≤ A and A−r � 1−r
p+r

Bp ≤ A1−2r

can be shown by using the relation

(∗) A �−r B = A(A−1 �r B−1)A.

Fujii and Nakamoto [9] also discussed the grand Furuta type inequalities. We state them
later.

In this paper, from the viewpoint of the satellite theorem for Furuta inequality, we
improve some results in [9], and also we discuss relations among Theorem 1.A, Theorem
1.B and our results.

FURUTA TYPE INEQUALITIES RELATED TO ANDO-HIAI 
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Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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holds for r ≥ t and s ≥ 1. Similarly to (F), it is known in [13] that grand Furuta inequality
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notation �α is the same as �α if α ∈ [0, 1]. We remark that (SGF) leads (F) by putting t = 0
and s = 1, and also (SGF) leads the equivalent inequality to (AH) by putting t = 1 and
s = r. On Ando-Hiai inequality, its generalization was shown in [8], and also related topics
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as follows:
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(KS) A �−α B ≤ I for α ∈ [0, 1] implies Ar �−α Br ≤ I for 0 ≤ r ≤ 1.

Fujii and Nakamoto [9] discussed generalizations of Theorem 1.A, and also they obtained
the Furuta type inequality with negative powers as follows:

Theorem 1.B ([9, Theorem 3.1]). If A ≥ B > 0, then A−r � 1+r
p+r

Bp ≤ A holds for p ≤ −1
and r ∈ [−1, 0].

By replacing p, r by −p,−r respectively, we can rewrite Theorem 1.B as follows:

(FN) A ≥ B > 0 implies A−r � 1−r
p+r

Bp ≤ A1−2r for p ≥ 1 and 0 ≤ r ≤ 1.

We remark that the equivalence between two inequalities

Ar � 1−r
−p−r

B−p ≤ A and A−r � 1−r
p+r

Bp ≤ A1−2r

can be shown by using the relation

(∗) A �−r B = A(A−1 �r B−1)A.

Fujii and Nakamoto [9] also discussed the grand Furuta type inequalities. We state them
later.

In this paper, from the viewpoint of the satellite theorem for Furuta inequality, we
improve some results in [9], and also we discuss relations among Theorem 1.A, Theorem
1.B and our results.
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Theorem 2.3. Let A ≥ B > 0 and 0 ≤ r ≤ 1. Then

Ar−1 � r
(p+1)s−r

(A−1 �s Bp)

{
≤ B2r−1 ≤ A2r−1 if 1

2 ≤ r ≤ 1,
≤ A2r−1 ≤ B2r−1 if 0 ≤ r < 1

2

holds for p ≥ 1 and 2r
p+1 ≤ s ≤ 1.

Theorem 2.3 implies the following result by putting s = r.

Corollary 2.4. Let A ≥ B > 0 and 0 ≤ r ≤ 1. Then

Ar−1 � 1
p

(A−1 �r Bp) ≤ A2r−1

holds for p ≥ 1.

We understand that Theorem 1.A is equivalent to Corollary 2.4 by the replacements
S = A−1, T = (A− 1

2 BA− 1
2 )−α and p = 1

α as follows: For α ∈ [0, 1],

A �−α B ≤ I ⇐⇒ (A− 1
2 BA− 1

2 )−α ≤ A−1 ⇐⇒ S ≥ T.

Since T = (A− 1
2 BA− 1

2 )−α is equivalent to B = (S
1
2 T

1
α S

1
2 )−1, for r ∈ [0, 1],

Ar �−α Br ≤ I ⇐⇒ S−r �−α (S
1
2 T

1
α S

1
2 )−r ≤ I

⇐⇒ S−r
{

Sr �α (S
1
2 T

1
α S

1
2 )r

}
S−r ≤ I by (∗)

⇐⇒ S
1
2−r

{
Sr−1 �α (S−1 �r T

1
α )

}
S

1
2−r ≤ I

⇐⇒ Sr−1 � 1
p

(S−1 �r T p) ≤ S2r−1.

3 Inequalities for chaotic order

In this section, we show a generalization of Theorems 2.1 and 2.2.

Theorem 3.1. Let log A ≥ log B for A, B > 0 and 0 ≤ r ≤ t.

(i) For p > 0 and 1−t+2r
p+t ≤ s ≤ 1,

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,

≤ A1−2(t−r) if 1
2 ≤ t − r ≤ 1.

(ii) For p > 0 and t−1
p+t ≤ s ≤ 1,

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≥ A1−2(t−r) if t − r > 1.
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Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].

FURUTA TYPE INEQUALITIES RELATED TO ANDO-HIAI 
INEQUALITY WITH NEGATIVE POWERS

4 M. ITO AND E. KAMEI

Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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Theorem 2.3. Let A ≥ B > 0 and 0 ≤ r ≤ 1. Then

Ar−1 � r
(p+1)s−r

(A−1 �s Bp)

{
≤ B2r−1 ≤ A2r−1 if 1

2 ≤ r ≤ 1,
≤ A2r−1 ≤ B2r−1 if 0 ≤ r < 1

2

holds for p ≥ 1 and 2r
p+1 ≤ s ≤ 1.

Theorem 2.3 implies the following result by putting s = r.

Corollary 2.4. Let A ≥ B > 0 and 0 ≤ r ≤ 1. Then

Ar−1 � 1
p

(A−1 �r Bp) ≤ A2r−1

holds for p ≥ 1.

We understand that Theorem 1.A is equivalent to Corollary 2.4 by the replacements
S = A−1, T = (A− 1

2 BA− 1
2 )−α and p = 1

α as follows: For α ∈ [0, 1],

A �−α B ≤ I ⇐⇒ (A− 1
2 BA− 1

2 )−α ≤ A−1 ⇐⇒ S ≥ T.

Since T = (A− 1
2 BA− 1

2 )−α is equivalent to B = (S
1
2 T

1
α S

1
2 )−1, for r ∈ [0, 1],

Ar �−α Br ≤ I ⇐⇒ S−r �−α (S
1
2 T

1
α S

1
2 )−r ≤ I

⇐⇒ S−r
{

Sr �α (S
1
2 T

1
α S

1
2 )r

}
S−r ≤ I by (∗)

⇐⇒ S
1
2−r

{
Sr−1 �α (S−1 �r T

1
α )

}
S

1
2−r ≤ I

⇐⇒ Sr−1 � 1
p

(S−1 �r T p) ≤ S2r−1.

3 Inequalities for chaotic order

In this section, we show a generalization of Theorems 2.1 and 2.2.

Theorem 3.1. Let log A ≥ log B for A, B > 0 and 0 ≤ r ≤ t.

(i) For p > 0 and 1−t+2r
p+t ≤ s ≤ 1,

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,

≤ A1−2(t−r) if 1
2 ≤ t − r ≤ 1.

(ii) For p > 0 and t−1
p+t ≤ s ≤ 1,

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≥ A1−2(t−r) if t − r > 1.

4 M. ITO AND E. KAMEI

Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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Next we show (ii). We note that 1 − t + r < 0, (p + t)s − r > 0 and −1 ≤ 1−t+r
(p+t)s−r < 0

hold. If (p + t)s − t ≥ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) = Ar−t
{

At−r � −1+t−r
(p+t)s−r

(A−t �s Bp)−1
}

Ar−t

≥ Ar−t
{

At−r � −1+t−r
(p+t)s−r

B−((p+t)s−t)
}

Ar−t

= Ar−t

{
B−((p+t)s−t) � 1+(p+t)s−t

t−r+(p+t)s−t

At−r

}
Ar−t

≥ Ar−tAAr−t = A1−2(t−r)

holds for t − r > 1 by (3.2) and Theorem 3.A. If (p + t)s − t ≤ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≥ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r)

holds by (3.2). Therefore the proof of (ii) is complete.

4 Inequalities for s < 1−t+2r
p+t

In [9], Fujii and Nakamoto also considered the case s = t
p+t < 1−t+2r

p+t . As a generaliza-
tion of [9, Theorems 3.6 and 3.8], we obtain the following results.

Theorem 4.1. Let A ≥ B > 0 and 0 ≤ r ≤ t. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A−t � 1−t+2r
p+t

Bp ≤ A1−2(t−r)

holds for p ≥ 1 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

Theorem 4.2. Let log A ≥ log B for A, B > 0 and 0 ≤ r ≤ t with t − r ≥ 1
2 . Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A−t � 1−t+2r
p+t

Bp ≤ A1−2(t−r)

holds for p > 0 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

In order to prove Theorems 4.1 and 4.2, we use the following inequalities in [20] known
as the Furuta type inequalities with negative powers (cf. [4, 17, 24, 27]).

Theorem 4.A ([20]). If A ≥ B ≥ 0 with A > 0, then the following inequalities hold.

(i) At � 1−t
p−t

Bp ≤ B ≤ A holds for 0 ≤ t < p ≤ 1 with p ≥ 1
2 .

(ii) At � 2p−t
p−t

Bp ≤ B ≤ A holds for 0 ≤ t < p ≤ 1
2 .

By replacing A,B, p, t by Aq, Bq, p
q , t

q respectively, we have the following proposition.

6 M. ITO AND E. KAMEI

We remark that inequalities in Theorem 3.1 hold for chaotic order log A ≥ log B, which
is weaker assumption than usual order A ≥ B, and Theorem 3.1 holds for some looser
conditions of parameters than Theorem 2.2. Moreover, Theorem 3.1 gives a generalization
of Theorem 2.1 by putting s = 1 and r = 0 (and replacing t by r).

In order to prove Theorem 3.1, we use the following theorem in [16] (see also [3, 6, 12,
21, 26]).

Theorem 3.A ([16]). Let A, B > 0. Then the following assertions are mutually equivalent.

(i) log A ≥ log B.

(ii) For any fixed q ≥ 0, Fq(p, r) = A−r � q+r
p+r

Bp is decreasing for p ≥ q and r ≥ 0.

(iii) For any fixed q ≤ 0, Fq(p, r) = A−r � q+r
p+r

Bp is decreasing for p ≥ 0 and r ≥ −q.

Since log A ≥ log B is equivalent to log B−1 ≥ log A−1, Theorem 3.A ensures that
log A ≥ log B implies the following two statements.

(i) For any fixed q ≥ 0, F̂q(p, r) = B−r � q+r
p+r

Ap is increasing for p ≥ q and r ≥ 0,

(ii) For any fixed q ≤ 0, F̂q(p, r) = B−r � q+r
p+r

Ap is increasing for p ≥ 0 and r ≥ −q.

We remark that log A ≥ log B implies that

(3.1)
Fq(p, r) ≤ Fq(p, 0) = Bq for p ≥ q and r ≥ 0 if q ≥ 0,

Fq(p, r) ≤ Fq(p,−q) = Aq for p ≥ 0 and r ≥ −q if q ≤ 0

by Theorem 3.A, and also the similar inequalities hold for F̂q(p, r).

Proof of Theorem 3.1. By (3.1), log A ≥ log B implies

(3.2) A−t �s Bp = A−t � (p+t)s−t+t
p+t

Bp

{
≤ B(p+t)s−t if (p + t)s − t ≥ 0,

≤ A(p+t)s−t if (p + t)s − t ≤ 0

for p > 0, t ≥ 0 and 0 ≤ s ≤ 1.
Firstly, we show (i). We may assume t−r < 1. We note that 1−t+r > 0, (p+t)s−r > 0

and 0 < 1−t+r
(p+t)s−r ≤ 1 hold. If (p + t)s − t ≥ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

{
≤ B1−2(t−r) if 1 − 2(t − r) ≥ 0,

≤ A1−2(t−r) if 1 − 2(t − r) ≤ 0

holds for t − r ≥ 0, where the first inequality holds by (3.2) and the second ones hold by
(3.1) since 1−t+r

(p+t)s−r = 1−2(t−r)+(t−r)
(p+t)s−t+(t−r) . If (p + t)s − t ≤ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r)

holds by (3.2). In this case, 1−t+2r
p+t ≤ s ≤ t

p+t holds, so that 1 − 2(t − r) ≤ 0 holds.
Therefore the proof of (i) is complete.
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Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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Next we show (ii). We note that 1 − t + r < 0, (p + t)s − r > 0 and −1 ≤ 1−t+r
(p+t)s−r < 0

hold. If (p + t)s − t ≥ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) = Ar−t
{

At−r � −1+t−r
(p+t)s−r

(A−t �s Bp)−1
}

Ar−t

≥ Ar−t
{

At−r � −1+t−r
(p+t)s−r

B−((p+t)s−t)
}

Ar−t

= Ar−t

{
B−((p+t)s−t) � 1+(p+t)s−t

t−r+(p+t)s−t

At−r

}
Ar−t

≥ Ar−tAAr−t = A1−2(t−r)

holds for t − r > 1 by (3.2) and Theorem 3.A. If (p + t)s − t ≤ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≥ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r)

holds by (3.2). Therefore the proof of (ii) is complete.

4 Inequalities for s < 1−t+2r
p+t

In [9], Fujii and Nakamoto also considered the case s = t
p+t < 1−t+2r

p+t . As a generaliza-
tion of [9, Theorems 3.6 and 3.8], we obtain the following results.

Theorem 4.1. Let A ≥ B > 0 and 0 ≤ r ≤ t. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A−t � 1−t+2r
p+t

Bp ≤ A1−2(t−r)

holds for p ≥ 1 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

Theorem 4.2. Let log A ≥ log B for A, B > 0 and 0 ≤ r ≤ t with t − r ≥ 1
2 . Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A−t � 1−t+2r
p+t

Bp ≤ A1−2(t−r)

holds for p > 0 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

In order to prove Theorems 4.1 and 4.2, we use the following inequalities in [20] known
as the Furuta type inequalities with negative powers (cf. [4, 17, 24, 27]).

Theorem 4.A ([20]). If A ≥ B ≥ 0 with A > 0, then the following inequalities hold.

(i) At � 1−t
p−t

Bp ≤ B ≤ A holds for 0 ≤ t < p ≤ 1 with p ≥ 1
2 .

(ii) At � 2p−t
p−t

Bp ≤ B ≤ A holds for 0 ≤ t < p ≤ 1
2 .

By replacing A,B, p, t by Aq, Bq, p
q , t

q respectively, we have the following proposition.

6 M. ITO AND E. KAMEI

We remark that inequalities in Theorem 3.1 hold for chaotic order log A ≥ log B, which
is weaker assumption than usual order A ≥ B, and Theorem 3.1 holds for some looser
conditions of parameters than Theorem 2.2. Moreover, Theorem 3.1 gives a generalization
of Theorem 2.1 by putting s = 1 and r = 0 (and replacing t by r).

In order to prove Theorem 3.1, we use the following theorem in [16] (see also [3, 6, 12,
21, 26]).

Theorem 3.A ([16]). Let A, B > 0. Then the following assertions are mutually equivalent.

(i) log A ≥ log B.

(ii) For any fixed q ≥ 0, Fq(p, r) = A−r � q+r
p+r

Bp is decreasing for p ≥ q and r ≥ 0.

(iii) For any fixed q ≤ 0, Fq(p, r) = A−r � q+r
p+r

Bp is decreasing for p ≥ 0 and r ≥ −q.

Since log A ≥ log B is equivalent to log B−1 ≥ log A−1, Theorem 3.A ensures that
log A ≥ log B implies the following two statements.

(i) For any fixed q ≥ 0, F̂q(p, r) = B−r � q+r
p+r

Ap is increasing for p ≥ q and r ≥ 0,

(ii) For any fixed q ≤ 0, F̂q(p, r) = B−r � q+r
p+r

Ap is increasing for p ≥ 0 and r ≥ −q.

We remark that log A ≥ log B implies that

(3.1)
Fq(p, r) ≤ Fq(p, 0) = Bq for p ≥ q and r ≥ 0 if q ≥ 0,

Fq(p, r) ≤ Fq(p,−q) = Aq for p ≥ 0 and r ≥ −q if q ≤ 0

by Theorem 3.A, and also the similar inequalities hold for F̂q(p, r).

Proof of Theorem 3.1. By (3.1), log A ≥ log B implies

(3.2) A−t �s Bp = A−t � (p+t)s−t+t
p+t

Bp

{
≤ B(p+t)s−t if (p + t)s − t ≥ 0,

≤ A(p+t)s−t if (p + t)s − t ≤ 0

for p > 0, t ≥ 0 and 0 ≤ s ≤ 1.
Firstly, we show (i). We may assume t−r < 1. We note that 1−t+r > 0, (p+t)s−r > 0

and 0 < 1−t+r
(p+t)s−r ≤ 1 hold. If (p + t)s − t ≥ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

{
≤ B1−2(t−r) if 1 − 2(t − r) ≥ 0,

≤ A1−2(t−r) if 1 − 2(t − r) ≤ 0

holds for t − r ≥ 0, where the first inequality holds by (3.2) and the second ones hold by
(3.1) since 1−t+r

(p+t)s−r = 1−2(t−r)+(t−r)
(p+t)s−t+(t−r) . If (p + t)s − t ≤ 0, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r)

holds by (3.2). In this case, 1−t+2r
p+t ≤ s ≤ t

p+t holds, so that 1 − 2(t − r) ≤ 0 holds.
Therefore the proof of (i) is complete.
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Theorem 4.4. Let A ≥ B > 0 and 0 ≤ r < t with −1 ≤ 1 − 2(t − r) ≤ t. Then

(4.3) Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r)

holds for p ≥ 1 and s = t
p+t .

Proof. By putting s = t
p+t in Theorem 4.1, (4.3) holds for 0 ≤ 1− 2(t− r) ≤ t. By putting

s = t
p+t in (i) of Theorem 3.1, (4.3) holds for −1 ≤ 1 − 2(t − r) ≤ 0.

Acknowledgements. This work was supported by the Research Institute for Mathemati-
cal Sciences, an International Joint Usage/Research Center located in Kyoto University.
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Proposition 4.3. Let A > 0 and B ≥ 0. If Aq ≥ Bq for q > 0, then the following
inequalities hold.

(i) At � q−t
p−t

Bp ≤ Bq ≤ Aq holds for 0 ≤ t < p ≤ q with p ≥ q
2 .

(ii) At � 2p−t
p−t

Bp ≤ Bq ≤ Aq holds for 0 ≤ t < p ≤ q
2 .

Proof of Theorem 4.1. By Furuta inequality, A ≥ B > 0 implies

(4.1) A1+t ≥ (A
t
2 BpA

t
2 )

1+t
p+t

for p ≥ 1 and t ≥ 0. Put A1 = A1+t and B1 = (A
t
2 BpA

t
2 )

1+t
p+t . Then Aq

1 ≥ Bq
1 holds for

0 ≤ q ≤ 1 by (4.1) and Loewner-Heinz theorem. Then by putting p1 = (p+t)s
1+t , t1 = r

1+t and
q = 1−t+2r

1+t , (i) in Proposition 4.3 ensures that

At1
1 � q−t1

p1−t1
Bp1

1 ≤ Bq
1 ≤ Aq

1

holds for 0 ≤ t1 < p1 ≤ q ≤ 1 with p1 ≥ q
2 , that is,

Ar � 1−t+r
(p+t)s−r

(A
t
2 BpA

t
2 )s ≤ (A

t
2 BpA

t
2 )

1−t+2r
p+t ≤ A1−t+2r

holds for 0 ≤ r ≤ t, p ≥ 1 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

Therefore we have the desired result.

Proof of Theorem 4.2. By Theorem 3.A, log A ≥ log B implies

(4.2) At ≥ (A
t
2 BpA

t
2 )

t
p+t

for p > 0 and t ≥ 0. Put A1 = At and B1 = (A
t
2 BpA

t
2 )

t
p+t . Then Aq

1 ≥ Bq
1 holds for

0 ≤ q ≤ 1 by (4.2) and Loewner-Heinz theorem. Then by putting p1 = (p+t)s
t , t1 = r

t and
q = 1−t+2r

t , (i) in Proposition 4.3 ensures that

At1
1 � q−t1

p1−t1
Bp1

1 ≤ Bq
1 ≤ Aq

1

holds for 0 ≤ t1 < p1 ≤ q ≤ 1 with p1 ≥ q
2 , that is,

Ar � 1−t+r
(p+t)s−r

(A
t
2 BpA

t
2 )s ≤ (A

t
2 BpA

t
2 )

1−t+2r
p+t ≤ A1−t+2r

holds for 0 ≤ r ≤ t, p > 0, t−r ≥ 1
2 and max

{
1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p+t)s−r �=

0. Therefore we have the desired result.

Theorems 3.1 and 4.1 ensure the following, which is a slight extension of [9, Theorems
3.6 and 3.8].
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Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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Theorem 4.4. Let A ≥ B > 0 and 0 ≤ r < t with −1 ≤ 1 − 2(t − r) ≤ t. Then

(4.3) Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r)

holds for p ≥ 1 and s = t
p+t .

Proof. By putting s = t
p+t in Theorem 4.1, (4.3) holds for 0 ≤ 1− 2(t− r) ≤ t. By putting

s = t
p+t in (i) of Theorem 3.1, (4.3) holds for −1 ≤ 1 − 2(t − r) ≤ 0.
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Proposition 4.3. Let A > 0 and B ≥ 0. If Aq ≥ Bq for q > 0, then the following
inequalities hold.

(i) At � q−t
p−t

Bp ≤ Bq ≤ Aq holds for 0 ≤ t < p ≤ q with p ≥ q
2 .

(ii) At � 2p−t
p−t

Bp ≤ Bq ≤ Aq holds for 0 ≤ t < p ≤ q
2 .

Proof of Theorem 4.1. By Furuta inequality, A ≥ B > 0 implies

(4.1) A1+t ≥ (A
t
2 BpA

t
2 )

1+t
p+t

for p ≥ 1 and t ≥ 0. Put A1 = A1+t and B1 = (A
t
2 BpA

t
2 )

1+t
p+t . Then Aq

1 ≥ Bq
1 holds for

0 ≤ q ≤ 1 by (4.1) and Loewner-Heinz theorem. Then by putting p1 = (p+t)s
1+t , t1 = r

1+t and
q = 1−t+2r

1+t , (i) in Proposition 4.3 ensures that

At1
1 � q−t1

p1−t1
Bp1

1 ≤ Bq
1 ≤ Aq

1

holds for 0 ≤ t1 < p1 ≤ q ≤ 1 with p1 ≥ q
2 , that is,

Ar � 1−t+r
(p+t)s−r

(A
t
2 BpA

t
2 )s ≤ (A

t
2 BpA

t
2 )

1−t+2r
p+t ≤ A1−t+2r

holds for 0 ≤ r ≤ t, p ≥ 1 and max
{

1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p + t)s − r �= 0.

Therefore we have the desired result.

Proof of Theorem 4.2. By Theorem 3.A, log A ≥ log B implies

(4.2) At ≥ (A
t
2 BpA

t
2 )

t
p+t

for p > 0 and t ≥ 0. Put A1 = At and B1 = (A
t
2 BpA

t
2 )

t
p+t . Then Aq

1 ≥ Bq
1 holds for

0 ≤ q ≤ 1 by (4.2) and Loewner-Heinz theorem. Then by putting p1 = (p+t)s
t , t1 = r

t and
q = 1−t+2r

t , (i) in Proposition 4.3 ensures that

At1
1 � q−t1

p1−t1
Bp1

1 ≤ Bq
1 ≤ Aq

1

holds for 0 ≤ t1 < p1 ≤ q ≤ 1 with p1 ≥ q
2 , that is,

Ar � 1−t+r
(p+t)s−r

(A
t
2 BpA

t
2 )s ≤ (A

t
2 BpA

t
2 )

1−t+2r
p+t ≤ A1−t+2r

holds for 0 ≤ r ≤ t, p > 0, t−r ≥ 1
2 and max

{
1−t+2r
2(p+t) , r

p+t

} ≤ s ≤ 1−t+2r
p+t with (p+t)s−r �=

0. Therefore we have the desired result.

Theorems 3.1 and 4.1 ensure the following, which is a slight extension of [9, Theorems
3.6 and 3.8].
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1 Introduction Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. One of the most well
known notions and also an inspiration source is the notion of b-open sets introduced by
Andrijević in 1996. Andrijević studied several fundamental and interesting properties of b-
open sets. The purpose of this paper is to introduce a new class functions called, subalmost
contra-b-continuous functions. Also, we obtain its characterizations and its basic properties.

2 Preliminaries Throughout the paper (X, τ) and (Y, σ) (or simply X and Y ) represent
topological spaces on which no separation axioms are assumed unless otherwise mentioned.
For a subset A of a topological space (X, τ), Cl(A), Int(A) and Ac denote the closure of
A, the interior of A and the complement of A in X, respectively. A subset A of X is said
to be regular open [14] (resp. semi-open [8], α-open [10], b-open [2](= γ-open [6])) if A =
Int(Cl(A)) (resp. A ⊂ Cl(Int(A)), A ⊂ Int(Cl(Int(A)))), A ⊂ (Int(Cl(A)) ∪ Cl(Int(A))).
The family of all α-open (resp. semi-open, regular open, b-open) subsets of X is denoted
by α(X) (resp. SO(X), RO(X), BO(X)). The family of all semi-open (resp. regular open,
b-closed) subsets of X containing the point x is denoted by SO(X, x) (resp. RO(X, x),
BC(X, x)). The complement of a semi-open (resp. regular open, b-open) set is called a
semiclosed [4] (resp. regular closed, b-closed) set. The intersection of all semi-closed (resp.
b-closed) sets containing A is called the semi-closure [3] (resp. b-closure [2]) of A and is
denoted by sCl(A) (resp. bCl(A)). A subset A is b-closed if and only if A=bCl(A). The
θ-semi-closure [7] (resp. the semi-θ-closure [5]) of A, denoted by θ-sCl(A) (resp. sClθ(A)),
is defined to be the set of all x ∈ X such that A ∩ Cl(U) �= ∅ (resp. A ∩ sCl(U) �= ∅ )
for every U ∈ SO(X, x). A subset A is called θ-semi-closed [7] (resp. semi-θ-closed [5]) if
and only if A = θ-sCl(A) (resp. A = sClθ(A)). The complement of a θ-semi-closed set
(resp. semi-θ-closed set ) is called a θ-semi-open [7] (resp. semi-θ-open [5]) set. It is well
known that θ-sCl(A) �= sClθ(A) for some subset A of a topological space (X, τ). A function
f : (X, τ) → (Y, σ) is said to be b-continuous [6] (resp. contra-b-continuous [9]) if f−1(V ) is
b-open (resp. b-closed) set in (X, τ) for each open set V of (Y, σ).

Definition 2.1 [1] A function f : (X, τ) → (Y, σ) is said to be almost contra-b-continuous
if f−1(V ) ∈ BC(X) for each V ∈ RO(Y ).
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Theorem 2.2. Let A ≥ B > 0 and 0 ≤ r ≤ t ≤ 1. Then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp)

{
≤ B1−2(t−r) ≤ A1−2(t−r) if 0 ≤ t − r ≤ 1

2 ,
≤ A1−2(t−r) ≤ B1−2(t−r) if 1

2 ≤ t − r ≤ 1

holds for p ≥ 1 and 1−t+2r
p+t ≤ s ≤ 1.

Proof. Noting that 0 ≤ 1−t+r
(p+t)s−r ≤ 1 and 0 ≤ t − r ≤ 1 hold, we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Br−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = B1−2(t−r).

Next we show Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ A1−2(t−r) by dividing into three cases. If

(p + t)s − t ≥ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

= Ar−t � 1−t+r
1+t−r

(Ar−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

≤ Ar−t � 1−t+r
1+t−r

(Br−t � 1+(t−r)
(p+t)s−t+(t−r)

B(p+t)s−t)

= Ar−t � 1−t+r
1+t−r

B

≤ Ar−t � 1−t+r
1+t−r

A = A1−2(t−r).

If 0 ≤ (p + t)s − t ≤ 1 holds, then

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

(B−t �s Bp) = Ar−t � 1−t+r
(p+t)s−r

B(p+t)s−t

≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

If (p + t)s − t ≤ 0 holds, then

A−t �s Bp = A−t � (p+t)s
t

(A−t � t
p+t

Bp)

≤ A−t � (p+t)s
t

(B−t � t
p+t

Bp) = A−t � (p+t)s
t

I = A(p+t)s−t,

so that we have

Ar−t � 1−t+r
(p+t)s−r

(A−t �s Bp) ≤ Ar−t � 1−t+r
(p+t)s−r

A(p+t)s−t = A1−2(t−r).

Therefore we obtain the desired result since B1−2(t−r) ≤ A1−2(t−r) holds if 0 ≤ t−r ≤ 1
2

and A1−2(t−r) ≤ B1−2(t−r) holds if 1
2 ≤ t − r ≤ 1.

We remark that Theorem 2.2 (grand Furuta type inequality) interpolates Theorem 2.1
(Furuta type inequality) and Theorem 1.A (Ando-Hiai type inequality) as follows: By
putting s = 1 and r = 0 (and replacing t by r) in Theorem 2.2, we have (2.1) in Theorem
2.1.

On the other hand, by putting t = 1, Theorem 2.2 implies the following Theorem 2.3,
which is an improvement of [9, Theorem 3.2].
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1 Introduction Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. One of the most well
known notions and also an inspiration source is the notion of b-open sets introduced by
Andrijević in 1996. Andrijević studied several fundamental and interesting properties of b-
open sets. The purpose of this paper is to introduce a new class functions called, subalmost
contra-b-continuous functions. Also, we obtain its characterizations and its basic properties.

2 Preliminaries Throughout the paper (X, τ) and (Y, σ) (or simply X and Y ) represent
topological spaces on which no separation axioms are assumed unless otherwise mentioned.
For a subset A of a topological space (X, τ), Cl(A), Int(A) and Ac denote the closure of
A, the interior of A and the complement of A in X, respectively. A subset A of X is said
to be regular open [14] (resp. semi-open [8], α-open [10], b-open [2](= γ-open [6])) if A =
Int(Cl(A)) (resp. A ⊂ Cl(Int(A)), A ⊂ Int(Cl(Int(A)))), A ⊂ (Int(Cl(A)) ∪ Cl(Int(A))).
The family of all α-open (resp. semi-open, regular open, b-open) subsets of X is denoted
by α(X) (resp. SO(X), RO(X), BO(X)). The family of all semi-open (resp. regular open,
b-closed) subsets of X containing the point x is denoted by SO(X, x) (resp. RO(X, x),
BC(X, x)). The complement of a semi-open (resp. regular open, b-open) set is called a
semiclosed [4] (resp. regular closed, b-closed) set. The intersection of all semi-closed (resp.
b-closed) sets containing A is called the semi-closure [3] (resp. b-closure [2]) of A and is
denoted by sCl(A) (resp. bCl(A)). A subset A is b-closed if and only if A=bCl(A). The
θ-semi-closure [7] (resp. the semi-θ-closure [5]) of A, denoted by θ-sCl(A) (resp. sClθ(A)),
is defined to be the set of all x ∈ X such that A ∩ Cl(U) �= ∅ (resp. A ∩ sCl(U) �= ∅ )
for every U ∈ SO(X, x). A subset A is called θ-semi-closed [7] (resp. semi-θ-closed [5]) if
and only if A = θ-sCl(A) (resp. A = sClθ(A)). The complement of a θ-semi-closed set
(resp. semi-θ-closed set ) is called a θ-semi-open [7] (resp. semi-θ-open [5]) set. It is well
known that θ-sCl(A) �= sClθ(A) for some subset A of a topological space (X, τ). A function
f : (X, τ) → (Y, σ) is said to be b-continuous [6] (resp. contra-b-continuous [9]) if f−1(V ) is
b-open (resp. b-closed) set in (X, τ) for each open set V of (Y, σ).

Definition 2.1 [1] A function f : (X, τ) → (Y, σ) is said to be almost contra-b-continuous
if f−1(V ) ∈ BC(X) for each V ∈ RO(Y ).
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Proof. If V ∈ B, then bCl(f−1(V )) = bCl(g−1(X × V )) ⊂ g−1(sCl(X × V )) = g−1(X ×
sCl(V )) = f−1(sCl(V )). Hence f is subalmost contra-b-continuous with respect to B. �

Recall that a space (X, τ) is said to be zero-dimensional provided that (X, τ) has a clopen
base (cf. [15]).

Theorem 3.9 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and X is zero-
dimensional, then the graph function of f, g : X → X ×Y is subalmost contra-b-continuous.

Proof. Let B be an open base for the topology on Y such that bCl(f−1(V )) ⊂ f−1(Int(Cl(V )))
for every V ∈ B. Then B1 = {U×V : U ⊂ X is clopen and V ∈ B} is a base for the topology
on X×Y . For U×V ∈ B1, we have bCl(g−1(U×V )) = bCl(U∩f−1(V )) ⊂ U∩bCl(f−1(V )) ⊂
Int(Cl(U)) ∩ f−1(Int(Cl(V ))) = g−1(Int(Cl(U)) × Int(Cl(V ))) = g−1(Int(Cl(U × V ))).
Therefore the graph function g is subalmost contra-b-continuous. �

Definition 3.10 A topological space (X, τ) is said to be weakly Hausdorff [13] if each
element of X is an intersection of regular closed sets.

Definition 3.11 A topological space (X, τ) is said to be b-T1 [11] if for each pair of distinct
points x and y of X, there exist b-open sets U and V containing x and y, respectively such
that y /∈ U and x /∈ V .

Theorem 3.12 If f : (X, τ) → (Y, σ) is a subalmost contra-b-continuous injection and
(Y, σ) is weakly Hausdorff, then (X, τ) is b-T1.

Proof. Let x1 and x2 be distinct points in X. Then f(x1) �= f(x2), and since Y is weakly
Hausdorff, there exists a regular closed subset F of Y such that f(x1) ∈ F and f(x2) /∈ F .
Then f(x2) ∈ X \ F , which is regular open. Let B be an open base for the topology on
Y such that bCl(f−1(V )) ⊂ f−1(sCl(V )) for every V ∈ B. Then let V ∈ B such that
f(x2) ∈ V ⊂ Y \F . Then x2 �∈ X \ bCl(f−1(V )), which is b-open. Also f(x1) ∈ F , which is
regular closed and therefore also semi-open. Since F ∩V = ∅, it follows that f(x1) �∈ sCl(V ),
and hence x1 �∈ f−1(sCl(V )). Then x1 ∈ X \ f−1(sCl(V )) ⊂ X \ bCl(f−1(V )). Hence
X \ bCl(f−1(V )) is a b-open set containing x1 but not x2, which proves that X is b-T1. �

Theorem 3.13 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous with respect to the
open base B for the topology on Y and A is an α-open subset of X, then fA : (A, τA) → (Y, σ)
is subalmost contra-b-continuous with respect to B, where τA is the relative topology for A
and fA is the restriction of f to A.

Proof. Let V ∈ B. Then bClA(f−1
A (V )) ⊂ A ∩ bCl(f−1

A (V )) = A ∩ bCl(f−1(V ) ∩ A) ⊂
A ∩ bCl(f−1(V )) ∩ bCl(A) = A ∩ bCl(f−1(V )) ⊂ A ∩ f−1(sCl(V )) = f−1

A (sCl(V )). Hence,
fA : A → Y is subalmost contra-b-continuous with respect to B. �

If we take B to be the topology on Y in the above theorem, we obtain the following
result.

Corollary 3.14 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and A is an α-open
subset of X, then fA : (A, τA) → (Y, σ) is subalmost contra-b-continuous . �

Theorem 3.15 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and A is an open
subset of (Y, σ) with f(X) ⊂ A, then f : (X, τ) → (A, σA) is subalmost contra-b-continuous.

Proof. Let B be an open base for the topology on Y such that bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Then BA := {V ∩ A : V ∈ B} is an open base for the relative topology
σA on A. For V ∩ A ∈ BA, where V ∈ B, we have bCl(f−1(V ∩ A)) = bCl(f−1(V )) ⊂
f−1(Int(Cl(V ))) = f−1(Int(Cl(V )) ∩ A) ⊂ f−1(IntA(ClA(V ∩ A))), which proves that
f : (X, τ) → (A, σA) is subalmost contra-b-continuous with respect to the base BA. �

2 N. Rajesh, R. Saranya

Lemma 2.2 [11, Lemma 5.3] If B ⊂ A ⊂ X and A is α-open in (X, τ), then bClA(B) =
bCl(B) ∩ A.

Lemma 2.3 [5, Lemma 2.1] If V is an open set, then sCl(V ) =Int(Cl(V )).

Lemma 2.4 [5, Proposition 2.1(a)] If V is a semi-open set, then sClθ(V ) = sCl(V ).

3 Subalmost contra-b-continuous functions

Definition 3.1 A function f : (X, τ) → (Y, σ) is said to be subalmost contra-b-continuous
if there exists an open base B for the topology on Y for which bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Sometimes, f is called subalmost contra-b-continuous with respect to an
open base B.

Theorem 3.2 For a function f : (X, τ) → (Y, σ), the following statements are equivalent:
(1) f is subalmost contra-b-continuous with respect to an open base B.
(2) bCl(f−1(V )) ⊂ f−1(sClθ(V )) for every V ∈ B.
(3) bCl(f−1(V )) ⊂ f−1(Int(Cl(V )) for every V ∈ B.

Proof. (1) ⇔ (2): The proof follows from Lemma 2.4 and a well known property that
τ ⊂ SO(X).

(1) ⇔ (3): The proof follows from Lemma 2.3. �

Theorem 3.3 If f : (X, τ) → (Y, σ) is subweakly b-continuous [12] and satisfies the addi-
tional property that images of b-closed sets are open, then f is subalmost contra-b-continuous.

Proof. By the definition of subweakly b-continuity [12, Definition 3.1], there exists an
open base B for the topology on Y such that bCl(f−1(V )) ⊂ f−1(Cl(V )) for every V ∈ B.
Since images of b-closed sets are open, f(bCl(f−1(V ))) ⊂ Int(Cl(V )) or bCl(f−1(V )) ⊂
f−1(Int(Cl(V ))). Therefore, by Theorem 3.2, f is subalmost contra-b-continuous. �

Recall that for a function f : (X, τ) → (Y, σ), the subset {(x, f(x));x ∈ X} ⊂ X × Y is
called the graph of f and is denoted by G(f).

Definition 3.4 A graph G(f) of a function f : (X, τ) → (Y, σ) is said to be regular b-closed
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
(U × V ) ∩ G(f) = ∅.
Theorem 3.5 A graph G(f) of a function f : (X, τ) → (Y, σ) is regular b-closed if and only
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
f(U) ∩ V = ∅. �

Theorem 3.6 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and (Y, σ) is a Haus-
dorff space, then the graph of f , G(f) is regular b-closed.

Proof. Let (x, y) ∈ X × Y \ G(f). Then y �= f(x). Let B be an open base for the topology
on Y such that bCl(f−1(V )) ⊂ f−1(Int(Cl(V ))) for every V ∈ B. Since Y is Hausdorff,
there exist disjoint open sets V and W such that f(x) ∈ V , y ∈ W , and V ∈ B. Then,
since Int(Cl(V )) ∩ Int(Cl(W )) = ∅, it follows that (x, y) ∈ bCl(f−1(V )) × Int(Cl(W )) ⊂
(X × Y ) \ G(f), which proves that G(f) is regular b-closed. �

Corollary 3.7 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and (Y, σ) is a Hausdorff
space, then the graph G(f) is regular b-closed. �

Theorem 3.8 Let f : (X, τ) → (Y, σ) be a function and let B be an open base for σ. Let
C := {U × V : U ∈ τ, V ∈ B}. If the graph function of f, g : X → X × Y is subalmost
contra-b-continuous with respect to C, then f is subalmost contra-b-continuous with respect
to B.
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Lemma 2.2 [11, Lemma 5.3] If B ⊂ A ⊂ X and A is α-open in (X, τ), then bClA(B) =
bCl(B) ∩ A.

Lemma 2.3 [5, Lemma 2.1] If V is an open set, then sCl(V ) =Int(Cl(V )).

Lemma 2.4 [5, Proposition 2.1(a)] If V is a semi-open set, then sClθ(V ) = sCl(V ).

3 Subalmost contra-b-continuous functions

Definition 3.1 A function f : (X, τ) → (Y, σ) is said to be subalmost contra-b-continuous
if there exists an open base B for the topology on Y for which bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Sometimes, f is called subalmost contra-b-continuous with respect to an
open base B.

Theorem 3.2 For a function f : (X, τ) → (Y, σ), the following statements are equivalent:
(1) f is subalmost contra-b-continuous with respect to an open base B.
(2) bCl(f−1(V )) ⊂ f−1(sClθ(V )) for every V ∈ B.
(3) bCl(f−1(V )) ⊂ f−1(Int(Cl(V )) for every V ∈ B.

Proof. (1) ⇔ (2): The proof follows from Lemma 2.4 and a well known property that
τ ⊂ SO(X).

(1) ⇔ (3): The proof follows from Lemma 2.3. �

Theorem 3.3 If f : (X, τ) → (Y, σ) is subweakly b-continuous [12] and satisfies the addi-
tional property that images of b-closed sets are open, then f is subalmost contra-b-continuous.

Proof. By the definition of subweakly b-continuity [12, Definition 3.1], there exists an
open base B for the topology on Y such that bCl(f−1(V )) ⊂ f−1(Cl(V )) for every V ∈ B.
Since images of b-closed sets are open, f(bCl(f−1(V ))) ⊂ Int(Cl(V )) or bCl(f−1(V )) ⊂
f−1(Int(Cl(V ))). Therefore, by Theorem 3.2, f is subalmost contra-b-continuous. �

Recall that for a function f : (X, τ) → (Y, σ), the subset {(x, f(x));x ∈ X} ⊂ X × Y is
called the graph of f and is denoted by G(f).

Definition 3.4 A graph G(f) of a function f : (X, τ) → (Y, σ) is said to be regular b-closed
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
(U × V ) ∩ G(f) = ∅.
Theorem 3.5 A graph G(f) of a function f : (X, τ) → (Y, σ) is regular b-closed if and only
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
f(U) ∩ V = ∅. �

Theorem 3.6 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and (Y, σ) is a Haus-
dorff space, then the graph of f , G(f) is regular b-closed.

Proof. Let (x, y) ∈ X × Y \ G(f). Then y �= f(x). Let B be an open base for the topology
on Y such that bCl(f−1(V )) ⊂ f−1(Int(Cl(V ))) for every V ∈ B. Since Y is Hausdorff,
there exist disjoint open sets V and W such that f(x) ∈ V , y ∈ W , and V ∈ B. Then,
since Int(Cl(V )) ∩ Int(Cl(W )) = ∅, it follows that (x, y) ∈ bCl(f−1(V )) × Int(Cl(W )) ⊂
(X × Y ) \ G(f), which proves that G(f) is regular b-closed. �

Corollary 3.7 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and (Y, σ) is a Hausdorff
space, then the graph G(f) is regular b-closed. �

Theorem 3.8 Let f : (X, τ) → (Y, σ) be a function and let B be an open base for σ. Let
C := {U × V : U ∈ τ, V ∈ B}. If the graph function of f, g : X → X × Y is subalmost
contra-b-continuous with respect to C, then f is subalmost contra-b-continuous with respect
to B.
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Proof. If V ∈ B, then bCl(f−1(V )) = bCl(g−1(X × V )) ⊂ g−1(sCl(X × V )) = g−1(X ×
sCl(V )) = f−1(sCl(V )). Hence f is subalmost contra-b-continuous with respect to B. �

Recall that a space (X, τ) is said to be zero-dimensional provided that (X, τ) has a clopen
base (cf. [15]).

Theorem 3.9 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and X is zero-
dimensional, then the graph function of f, g : X → X ×Y is subalmost contra-b-continuous.

Proof. Let B be an open base for the topology on Y such that bCl(f−1(V )) ⊂ f−1(Int(Cl(V )))
for every V ∈ B. Then B1 = {U×V : U ⊂ X is clopen and V ∈ B} is a base for the topology
on X×Y . For U×V ∈ B1, we have bCl(g−1(U×V )) = bCl(U∩f−1(V )) ⊂ U∩bCl(f−1(V )) ⊂
Int(Cl(U)) ∩ f−1(Int(Cl(V ))) = g−1(Int(Cl(U)) × Int(Cl(V ))) = g−1(Int(Cl(U × V ))).
Therefore the graph function g is subalmost contra-b-continuous. �

Definition 3.10 A topological space (X, τ) is said to be weakly Hausdorff [13] if each
element of X is an intersection of regular closed sets.

Definition 3.11 A topological space (X, τ) is said to be b-T1 [11] if for each pair of distinct
points x and y of X, there exist b-open sets U and V containing x and y, respectively such
that y /∈ U and x /∈ V .

Theorem 3.12 If f : (X, τ) → (Y, σ) is a subalmost contra-b-continuous injection and
(Y, σ) is weakly Hausdorff, then (X, τ) is b-T1.

Proof. Let x1 and x2 be distinct points in X. Then f(x1) �= f(x2), and since Y is weakly
Hausdorff, there exists a regular closed subset F of Y such that f(x1) ∈ F and f(x2) /∈ F .
Then f(x2) ∈ X \ F , which is regular open. Let B be an open base for the topology on
Y such that bCl(f−1(V )) ⊂ f−1(sCl(V )) for every V ∈ B. Then let V ∈ B such that
f(x2) ∈ V ⊂ Y \F . Then x2 �∈ X \ bCl(f−1(V )), which is b-open. Also f(x1) ∈ F , which is
regular closed and therefore also semi-open. Since F ∩V = ∅, it follows that f(x1) �∈ sCl(V ),
and hence x1 �∈ f−1(sCl(V )). Then x1 ∈ X \ f−1(sCl(V )) ⊂ X \ bCl(f−1(V )). Hence
X \ bCl(f−1(V )) is a b-open set containing x1 but not x2, which proves that X is b-T1. �

Theorem 3.13 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous with respect to the
open base B for the topology on Y and A is an α-open subset of X, then fA : (A, τA) → (Y, σ)
is subalmost contra-b-continuous with respect to B, where τA is the relative topology for A
and fA is the restriction of f to A.

Proof. Let V ∈ B. Then bClA(f−1
A (V )) ⊂ A ∩ bCl(f−1

A (V )) = A ∩ bCl(f−1(V ) ∩ A) ⊂
A ∩ bCl(f−1(V )) ∩ bCl(A) = A ∩ bCl(f−1(V )) ⊂ A ∩ f−1(sCl(V )) = f−1

A (sCl(V )). Hence,
fA : A → Y is subalmost contra-b-continuous with respect to B. �

If we take B to be the topology on Y in the above theorem, we obtain the following
result.

Corollary 3.14 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and A is an α-open
subset of X, then fA : (A, τA) → (Y, σ) is subalmost contra-b-continuous . �

Theorem 3.15 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and A is an open
subset of (Y, σ) with f(X) ⊂ A, then f : (X, τ) → (A, σA) is subalmost contra-b-continuous.

Proof. Let B be an open base for the topology on Y such that bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Then BA := {V ∩ A : V ∈ B} is an open base for the relative topology
σA on A. For V ∩ A ∈ BA, where V ∈ B, we have bCl(f−1(V ∩ A)) = bCl(f−1(V )) ⊂
f−1(Int(Cl(V ))) = f−1(Int(Cl(V )) ∩ A) ⊂ f−1(IntA(ClA(V ∩ A))), which proves that
f : (X, τ) → (A, σA) is subalmost contra-b-continuous with respect to the base BA. �
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Definition 3.16 The θ-closure [16] of A, denoted by Clθ(A), is defined to be the set of all
x ∈ X such that Cl(U) ∩ A �= ∅ for every open set U containing x. A subset A is called
θ-closed [16] if and only if A = Clθ(A). The complement of a θ-closed set is called a θ-open
set [16].

Theorem 3.17 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous, then for every
θ-open (resp. θ-closed) subset W of Y , f−1(W ) is a union of b-closed sets (resp. an inter-
section of b-open sets).

Proof. Let B be an open base for the topology on Y such that bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Let W be a θ-open set of Y and let x ∈ f−1(W ). Let V ∈ B such that
f(x) ∈ V ⊂ Cl(V ) ⊂ W . Then x ∈ bCl(f−1(V )) ⊂ f−1(sCl(V )) ⊂ f−1(Cl(V )) ⊂ f−1(W ).
Since bCl(f−1(V )) is b-closed, it follows that f−1(W ) is a union of b-closed sets. An argu-
ment using complements will prove the remaining part of the theorem. �
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Lemma 2.2 [11, Lemma 5.3] If B ⊂ A ⊂ X and A is α-open in (X, τ), then bClA(B) =
bCl(B) ∩ A.

Lemma 2.3 [5, Lemma 2.1] If V is an open set, then sCl(V ) =Int(Cl(V )).

Lemma 2.4 [5, Proposition 2.1(a)] If V is a semi-open set, then sClθ(V ) = sCl(V ).

3 Subalmost contra-b-continuous functions

Definition 3.1 A function f : (X, τ) → (Y, σ) is said to be subalmost contra-b-continuous
if there exists an open base B for the topology on Y for which bCl(f−1(V )) ⊂ f−1(sCl(V ))
for every V ∈ B. Sometimes, f is called subalmost contra-b-continuous with respect to an
open base B.

Theorem 3.2 For a function f : (X, τ) → (Y, σ), the following statements are equivalent:
(1) f is subalmost contra-b-continuous with respect to an open base B.
(2) bCl(f−1(V )) ⊂ f−1(sClθ(V )) for every V ∈ B.
(3) bCl(f−1(V )) ⊂ f−1(Int(Cl(V )) for every V ∈ B.

Proof. (1) ⇔ (2): The proof follows from Lemma 2.4 and a well known property that
τ ⊂ SO(X).

(1) ⇔ (3): The proof follows from Lemma 2.3. �

Theorem 3.3 If f : (X, τ) → (Y, σ) is subweakly b-continuous [12] and satisfies the addi-
tional property that images of b-closed sets are open, then f is subalmost contra-b-continuous.

Proof. By the definition of subweakly b-continuity [12, Definition 3.1], there exists an
open base B for the topology on Y such that bCl(f−1(V )) ⊂ f−1(Cl(V )) for every V ∈ B.
Since images of b-closed sets are open, f(bCl(f−1(V ))) ⊂ Int(Cl(V )) or bCl(f−1(V )) ⊂
f−1(Int(Cl(V ))). Therefore, by Theorem 3.2, f is subalmost contra-b-continuous. �

Recall that for a function f : (X, τ) → (Y, σ), the subset {(x, f(x));x ∈ X} ⊂ X × Y is
called the graph of f and is denoted by G(f).

Definition 3.4 A graph G(f) of a function f : (X, τ) → (Y, σ) is said to be regular b-closed
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
(U × V ) ∩ G(f) = ∅.
Theorem 3.5 A graph G(f) of a function f : (X, τ) → (Y, σ) is regular b-closed if and only
if for each (x, y) ∈ (X × Y ) \ G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y) such that
f(U) ∩ V = ∅. �

Theorem 3.6 If f : (X, τ) → (Y, σ) is subalmost contra-b-continuous and (Y, σ) is a Haus-
dorff space, then the graph of f , G(f) is regular b-closed.

Proof. Let (x, y) ∈ X × Y \ G(f). Then y �= f(x). Let B be an open base for the topology
on Y such that bCl(f−1(V )) ⊂ f−1(Int(Cl(V ))) for every V ∈ B. Since Y is Hausdorff,
there exist disjoint open sets V and W such that f(x) ∈ V , y ∈ W , and V ∈ B. Then,
since Int(Cl(V )) ∩ Int(Cl(W )) = ∅, it follows that (x, y) ∈ bCl(f−1(V )) × Int(Cl(W )) ⊂
(X × Y ) \ G(f), which proves that G(f) is regular b-closed. �

Corollary 3.7 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and (Y, σ) is a Hausdorff
space, then the graph G(f) is regular b-closed. �

Theorem 3.8 Let f : (X, τ) → (Y, σ) be a function and let B be an open base for σ. Let
C := {U × V : U ∈ τ, V ∈ B}. If the graph function of f, g : X → X × Y is subalmost
contra-b-continuous with respect to C, then f is subalmost contra-b-continuous with respect
to B.
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Abstract. Directional statistics have received a great deal of interest in recent years,
and a variety of distributions on the circle have been proposed. In this paper, we
propose circular distributions of a moving average model of order p type which includes
the cardioid distribution, and discuss estimation of trigonometric moments based on
binary series. We give an explicit form of the root n consistent estimator based on
clipped series, which enables us to construct an efficient estimator by the Newton–
Raphson iterative method. We also show a robustness of the proposed estimator when
the probability density function is contaminated with a noise term.

1 Introduction Directional statistics is an important field which deals with directional
data. The history of directional statistics dates back to 1950s. Fisher (1953) had large
influence and appealed the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In recent
years, directional statistics has attracted attention because of Mardia and Jupp (2000).

Many distributions on the circle have been developed (e.g. uniform, cardioid, wrapped
Cauchy, von Mises distribution). These distributions are closely related to the spectral
density functions in time series with complex valued coefficients. For example, the spectral
density of the autoregressive model of order 1, that of the moving average model of order 1,
and that of the autoregressive model of order 2 correspond to wrapped Cauchy distribution,
cardioid distribution, and the more flexible distribution proposed by Kato and Jones (2013),
respectively.

Binary series are processes that each of realizations takes value 0 or 1. The execution
time of methods based on clipped processes are significantly short, and estimation accu-
racy of methods based on 0-1 valued processes are high when the original processes are
contaminated with outliers (see Bagnall and Janacek (2005), Kedem (1994, p.172), Goto
and Taniguchi (2019), Goto and Taniguchi). Methods based on binary series have been
applied to various fields including biology and linguistics. For example, analysis of vocal
sounds of humpback whales of Kedem and Li (1989); speech discrimination of Panagio-
takis and Tziritas (2005)); and emotion recognition using brain signals of Petrantonakis
and Hadjileontiadis (2010).

Binary series have been studied by many researchers (see Rice (1944), Lomnicki and
Zaremba (1955), McNeil (1967), Kedem (1980), Kedem (1994)). Rice (1944) gave a pioneer
study in this field, and showed a relationship between correlations of Gaussian processes and
correlations of a binary series generated by the Gaussian processes. Kedem (1980) showed
the asymptotic normality of the estimator of autocorrelation based on clipped processes. In
recent years, related to binary data, the categorical time series (see Fokianos and Kedem
(2003)) and the quantile based spectra (e.g. Li (2014) and Dette et al. (2015)) have been
developed. However, binary series in directional statistics have not yet been investigated.
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3

where ρj = 2(φj + φj+1φ1 + · · · + φpφp−j)/(1 + φ2
1 + · · · + φ2

p). If we take p = 1, (2) is
the well-known cardioid distribution (see Mardia and Jupp (2000, p.45)). Clearly, if φj = 0
for any j ∈ {1, . . . , p}, (2) is a uniform distribution. The proposed model (1) is generally

non-identifiable. Actually, for p = 2 and (φ1, φ2, ψ1, ψ2) := (0,− 1
2 ,±

�
1
2 ,−1), we have

p(θ;φ1, φ2) = p(θ;ψ1, ψ2).

In this paper, we discuss the estimation problem of ρ1, . . ., ρp of the proposed probability
density function by using clipped series. Hereafter, we confine ourselves to the case that
(φ1, . . . , φp) satisfies φ1 + φ2φ1 + · · ·+ φpφp−1 ≥ 0. Define (α1, α2, . . ., αp) ∈ Rp such that

0 < α1 < α2 < · · · < αp < π. For each αj , j = 1, . . ., p, binary series {Xj
k} are defined, for

any j = 1, . . ., p,

Xk
j =

�
1 −αj ≤ Θk ≤ αj ,

0 otherwise.
(3)

Applying the technique for the derivation of an orthant probability for normal distribution
(see Kedem (1994, p.48)), we have the following equation

⎛
⎜⎜⎜⎝

P (−α1 ≤ Θ1 ≤ α1)
P (−α2 ≤ Θ1 ≤ α2)

...
P (−αp ≤ Θ1 ≤ αp)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

α1

π
α2

π
...
αp

π

⎞
⎟⎟⎟⎠+

1

2π

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p
b21 b22 · · · b2p
...

...
. . .

...
bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

ρ1
ρ2
...
ρp

⎞
⎟⎟⎟⎠ ,

where

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p
b21 b22 · · · b2p
...

...
. . .

...
bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

� α1

−α1
cos θdθ

� α1

−α1
cos 2θdθ · · · � α1

−α1
cos pθdθ� α2

−α2
cos θdθ

� α2

−α2
cos 2θdθ · · · � α2

−α2
cos pθdθ

...
...

. . .
...� αp

−αp
cos θdθ

� αp

−αp
cos 2θdθ · · · � αp

−αp
cos pθdθ

⎞
⎟⎟⎟⎟⎠

.

Here, we suppose the observed stretch {Θ1, . . .,Θn} is available. We choose (α1, α2, . . ., αp) ∈
Rp adequately so that (bij)

p
i,j=1 is a nonsingular matrix, and substitute�

1/n
�n

k=1 Xk
1, . . ., 1/n

�n
k=1 Xk

p
�T

for (P (−α1 ≤ Θ1 ≤ α1), . . ., P (−αp ≤ Θ1 ≤ αp))
T
. Then,

the binary estimator (ρ̂1, . . ., ρ̂p)
T
can be defined as

⎛
⎜⎜⎜⎝

ρ̂1
ρ̂2
...
ρ̂p

⎞
⎟⎟⎟⎠ = 2π

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p

b21 b22 · · · b2p

...
...

. . .
...

bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1
n

�n
k=1 Xk

1 − α1

π
1
n

�n
k=1 Xk

2 − α2

π
...

1
n

�n
k=1 Xk

p − αp

π

⎞
⎟⎟⎟⎠ ,

where (bij)pi,j=1 is the inverse matrix of (bij)
p
i,j=1.

Before we derive the asymptotic distribution of the proposed estimator, we give some
examples that (bij)

p
i,j=1 is a nonsingular matrix for specific models.

Example 2.1. MA(2) case: if we take α1 = π
4 and α2 = π

2 , then

(bij)
2
i,j=1 =

�√
2 1
2 0

�
, (bij)2i,j=1 =

�
0 1

2
1 − 1√

2

�
.

2

In this paper, we propose a family of circular distributions of a moving average model of
order p type, and discuss estimation of trigonometric moments based on binary series. We
derive an explicit form of the root n consistent estimator. Although the estimator based on
clipped series does not attain Cramér–Rao lower bound, it enables us to construct efficient
estimator by the Newton–Raphson iterative method. We also show a robustness of the
estimator when the true probability density function is contaminated with noise. The finite
sample performance of proposed estimator is also investigated.

The paper is organized as follows: In Section 2, we introduce circular distributions
of the moving average model of order p type and the estimator of trigonometric moments
based on binary series for the proposed distribution. We show the asymptotic normality and
compare the asymptotic variance with Cramér–Rao lower bound. In Section 3, we elucidate
a robustness of the estimator when the probability density function is contaminated with
noise. The finite sample performance of proposed estimator is investigated, and asymptotic
normality of the proposed estimator is illustrated by computer simulation in Section 4.
Finally, we conclude this paper with proofs of the theorems and the proposition in Sections
2 and 3.

2 Settings and Main Result In this section, we define a family of circular distributions
of MA(p) type and propose a root n consistent estimator based on binary series. After that,
we show the asymptotic normality and compare the asymptotic variance of the proposed
estimator with Cramér–Rao lower bound.

Throughout this paper, we consider a family of circular distributions of MA(p) type
whose probability density function is defined by

p(θ) =
1

2π(1 + φ2
1 + · · ·+ φ2

p)
|φ(eiθ)|2(1)

where φ(z) = 1 + φ1z + φ2z
2 + · · ·+ φpz

p and φj ∈ R for any j.
Let {Θk : k ∈ N} be independent random variables with a common circular distribution

defined by (1). From the residue theorem and symmetry of (1), the j-th sine and cosine
moments can be obtained as

E{sin(jΘk)} = 0 for j ∈ Z,

E{cos(jΘk)} =

�
φj+φj+1φ1+···+φpφp−j

1+φ2
1+···+φ2

p
for |j| ≤ p,

0 for |j| ≥ p+ 1,

respectively. Then, the mean resultant length and the mean direction of {Θk : k ∈ N} can
be obtained as

|E{eiΘk}| =
���φ1+φ2φ1+···+φpφp−1

1+φ2
1+···+φ2

p

��� ,

arg E{eiΘk} =

⎧⎪⎨
⎪⎩

0 φ1 + φ2φ1 + · · ·+ φpφp−1 > 0,

π φ1 + φ2φ1 + · · ·+ φpφp−1 < 0,

undefined φ1 + φ2φ1 + · · ·+ φpφp−1 = 0,

respectively. From Mardia and Jupp (2000, p.31), (1) can be written as

p(θ) =
1

2π

⎛
⎝1 +

p�
j=1

ρj cos(jθ)

⎞
⎠ ,(2)
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Abstract. Directional statistics have received a great deal of interest in recent years,
and a variety of distributions on the circle have been proposed. In this paper, we
propose circular distributions of a moving average model of order p type which includes
the cardioid distribution, and discuss estimation of trigonometric moments based on
binary series. We give an explicit form of the root n consistent estimator based on
clipped series, which enables us to construct an efficient estimator by the Newton–
Raphson iterative method. We also show a robustness of the proposed estimator when
the probability density function is contaminated with a noise term.

1 Introduction Directional statistics is an important field which deals with directional
data. The history of directional statistics dates back to 1950s. Fisher (1953) had large
influence and appealed the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In recent
years, directional statistics has attracted attention because of Mardia and Jupp (2000).

Many distributions on the circle have been developed (e.g. uniform, cardioid, wrapped
Cauchy, von Mises distribution). These distributions are closely related to the spectral
density functions in time series with complex valued coefficients. For example, the spectral
density of the autoregressive model of order 1, that of the moving average model of order 1,
and that of the autoregressive model of order 2 correspond to wrapped Cauchy distribution,
cardioid distribution, and the more flexible distribution proposed by Kato and Jones (2013),
respectively.

Binary series are processes that each of realizations takes value 0 or 1. The execution
time of methods based on clipped processes are significantly short, and estimation accu-
racy of methods based on 0-1 valued processes are high when the original processes are
contaminated with outliers (see Bagnall and Janacek (2005), Kedem (1994, p.172), Goto
and Taniguchi (2019), Goto and Taniguchi). Methods based on binary series have been
applied to various fields including biology and linguistics. For example, analysis of vocal
sounds of humpback whales of Kedem and Li (1989); speech discrimination of Panagio-
takis and Tziritas (2005)); and emotion recognition using brain signals of Petrantonakis
and Hadjileontiadis (2010).

Binary series have been studied by many researchers (see Rice (1944), Lomnicki and
Zaremba (1955), McNeil (1967), Kedem (1980), Kedem (1994)). Rice (1944) gave a pioneer
study in this field, and showed a relationship between correlations of Gaussian processes and
correlations of a binary series generated by the Gaussian processes. Kedem (1980) showed
the asymptotic normality of the estimator of autocorrelation based on clipped processes. In
recent years, related to binary data, the categorical time series (see Fokianos and Kedem
(2003)) and the quantile based spectra (e.g. Li (2014) and Dette et al. (2015)) have been
developed. However, binary series in directional statistics have not yet been investigated.
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where ρj = 2(φj + φj+1φ1 + · · · + φpφp−j)/(1 + φ2
1 + · · · + φ2

p). If we take p = 1, (2) is
the well-known cardioid distribution (see Mardia and Jupp (2000, p.45)). Clearly, if φj = 0
for any j ∈ {1, . . . , p}, (2) is a uniform distribution. The proposed model (1) is generally

non-identifiable. Actually, for p = 2 and (φ1, φ2, ψ1, ψ2) := (0,− 1
2 ,±

�
1
2 ,−1), we have

p(θ;φ1, φ2) = p(θ;ψ1, ψ2).

In this paper, we discuss the estimation problem of ρ1, . . ., ρp of the proposed probability
density function by using clipped series. Hereafter, we confine ourselves to the case that
(φ1, . . . , φp) satisfies φ1 + φ2φ1 + · · ·+ φpφp−1 ≥ 0. Define (α1, α2, . . ., αp) ∈ Rp such that

0 < α1 < α2 < · · · < αp < π. For each αj , j = 1, . . ., p, binary series {Xj
k} are defined, for

any j = 1, . . ., p,

Xk
j =

�
1 −αj ≤ Θk ≤ αj ,

0 otherwise.
(3)

Applying the technique for the derivation of an orthant probability for normal distribution
(see Kedem (1994, p.48)), we have the following equation

⎛
⎜⎜⎜⎝

P (−α1 ≤ Θ1 ≤ α1)
P (−α2 ≤ Θ1 ≤ α2)

...
P (−αp ≤ Θ1 ≤ αp)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

α1

π
α2

π
...
αp

π

⎞
⎟⎟⎟⎠+

1

2π

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p
b21 b22 · · · b2p
...

...
. . .

...
bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

ρ1
ρ2
...
ρp

⎞
⎟⎟⎟⎠ ,

where

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p
b21 b22 · · · b2p
...

...
. . .

...
bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

� α1

−α1
cos θdθ

� α1

−α1
cos 2θdθ · · · � α1

−α1
cos pθdθ� α2

−α2
cos θdθ

� α2

−α2
cos 2θdθ · · · � α2

−α2
cos pθdθ

...
...

. . .
...� αp

−αp
cos θdθ

� αp

−αp
cos 2θdθ · · · � αp

−αp
cos pθdθ

⎞
⎟⎟⎟⎟⎠

.

Here, we suppose the observed stretch {Θ1, . . .,Θn} is available. We choose (α1, α2, . . ., αp) ∈
Rp adequately so that (bij)

p
i,j=1 is a nonsingular matrix, and substitute�

1/n
�n

k=1 Xk
1, . . ., 1/n

�n
k=1 Xk

p
�T

for (P (−α1 ≤ Θ1 ≤ α1), . . ., P (−αp ≤ Θ1 ≤ αp))
T
. Then,

the binary estimator (ρ̂1, . . ., ρ̂p)
T
can be defined as

⎛
⎜⎜⎜⎝

ρ̂1
ρ̂2
...
ρ̂p

⎞
⎟⎟⎟⎠ = 2π

⎛
⎜⎜⎜⎝

b11 b12 · · · b1p

b21 b22 · · · b2p

...
...

. . .
...

bp1 bp2 · · · bpp

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

1
n

�n
k=1 Xk

1 − α1

π
1
n

�n
k=1 Xk

2 − α2

π
...

1
n

�n
k=1 Xk

p − αp

π

⎞
⎟⎟⎟⎠ ,

where (bij)pi,j=1 is the inverse matrix of (bij)
p
i,j=1.

Before we derive the asymptotic distribution of the proposed estimator, we give some
examples that (bij)

p
i,j=1 is a nonsingular matrix for specific models.

Example 2.1. MA(2) case: if we take α1 = π
4 and α2 = π

2 , then

(bij)
2
i,j=1 =

�√
2 1
2 0

�
, (bij)2i,j=1 =

�
0 1

2
1 − 1√

2

�
.

ESTIMATION OF TRIGONOMETRIC MOMENTS FOR CIRCULAR DISTRIBUTION 
OF MA(p)TYPE BY USING BINARY SERIES 41



5

where p(θ) is defined by (1), g(θ) is a non-negative function with
∫ π+β

π−β
g(θ)dθ > 0, c is

some constant such that q(θ) is probability density function. In the above setting, cg(θ)
corresponds to a noise. Assume that the process {Θk : k ∈ N} is misspecified, that is, the
true model of {Θk : k ∈ N} comes from q(θ), but we fit the process to p(θ).

Theorem 3.1. If αp and β satisfy αp < π−β, then the our estimator does not be influenced
by the contamination.

Thus, the proposed method is robust against the contamination of probability density.

4 Simulation Study In this section, we study finite sample performance of the proposed
method, and confirm the asymptotic normality of the proposed estimator based on binary
process. In this simulation, the circular distributions of MA(1) and MA(2) types are dis-
cussed. First, we illustrate finite sample performance. The procedure is the following; first,
we generate random variables {Ui : i = 1, . . . , n} (n = 100, 300, 500, 1000), which follows
i.i.d. standard uniform distribution. Next, we compute {Θi = 1 . . . , n} := {F−1(Ui) : i =
1, . . . , n}, where F−1 is the generalized inverse of a distribution function of (1), which fol-
lows the circular distribution of MA(p) type for p = 1, 2. Then, we calculate the proposed
estimators of ρ1 and ρ2 for the each set of parameters φ1 = 0.4, 0.7,−0.5 and angulars α1 =
π/4, π/2, 3π/4 for MA(1) type distribution, and (φ1, φ2) = (0.7, 0.4), (1.0, 0.7), (0.9,−0.3)
and (α1, α2) = (π/4, π/2), (π/2, 3π/4) for MA(2) type distribution. We iterate 1000 times

and calculate mean absolute error, defined as MAEj :=
∑1000

k=1 |ρ̂(k)j − ρj |/n for j = 1, 2,

where ρ̂
(k)
j is the estimator of ρj of k-th iteration. Next, we calculate, for n = 1000,

{√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 10000} and {√n(ρ̂

(k)
1 − ρ1),

√
n(ρ̂

(k)
2 − ρ2); k = 1, . . . , 10000}

for circular distributions of MA(1) type with φ1 = 0.7 and MA(2) type with (φ1, φ2) =
(0.7, 0.4), respectively to confirm the asymptotic normality of the proposed estimator.
Then, we give the Q-Q plots in Figures 1, 2, and 3. We also provide the Kolmogorov–
Smirnov test of normality to check the asymptotic normality of the proposed estimator.
The null hypothesis is that {√n(ρ̂1 − ρ1)} follows the normal distribution for large n. For

n = 100, 1000, 10000, {√n(ρ̂
(k)
1 −ρ1); k = 1, . . . , 100} and {√n(ρ̂

(k)
1 −ρ1),

√
n(ρ̂

(k)
2 −ρ2); k =

1, . . . , 100} are calculated for circular distributions of MA(1) type with φ1 = 0.7 and MA(2)
type with (φ1, φ2) = (0.7, 0.4). Then, we compute p-value by using R-function ks.test()

when {√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 100} regarded as a set of i.i.d. observations with respect

to k. Note that, from the definition of binary estimator, we possibly have the exact same

value ρ̂
(k)
j = ρ̂

(k′)
j for some k and k�( �= k). Therefore, we added a small perturbation to

{√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 100} by R function jitter() in order to compute p-value (see

Robert et al. (2010, p.17-18)).
The results are shown in Tables 1 and 2 and Figures 1, 2, and 3. Tables 1 and 2 show

the proposed estimator works well, and the mean absolute errors get smaller as the sample
size increases. In Table 1, for φ1 = 0.4 and 0.7 in MA(1) type model, MAE1 is smallest
when α1 = 3π/4 among α1 = π/4, π/2, 3π/4. On the other hand, for φ1 = −0.5 in MA(1)
type model, MAE1 is smallest when α1 = π/4 among three angulars. It is because MA(1)
model with φ1 = −0.5 has a mean direction π. The mean directions of the proposed model
are 0 in the other cases. In Table 2, MAE1 are smaller than MAE2. For better estimation of
φ2, the set of angulars (π/2, 3π/4) is better than (π/4, π/2). Regarding to estimation of φ1,
both sets of angulars (π/2, 3π/4) and (π/4, π/2) provide almost the same MAE1. Figures
1 2, and 3 show that almost of all points are on the reference line, that is, we could confirm
that our estimator has asymptotic normality. Moreover, for MA(1) model, the p-values of
the KS test are obtained as 0.582, 0.987, 0.981 for n = 100, 1000 10000, respectively. For

4

Example 2.2. MA(3) case: if we take α1 = π
4 , α2 = π

2 , and α3 = 3π
4 , then

(bij)
3
i,j=1 =

⎛
⎜⎝
√
2 1

√
2
3

2 0 − 2
3√

2 −1
√
2
3

⎞
⎟⎠ , (bij)3i,j=1 =

⎛
⎝

1
4
√
2

1
4

1
4
√
2

1
2 0 − 1

2
3

4
√
2

− 3
4

1
4
√
2

⎞
⎠ .

The following theorem shows that the asymptotic normality of the proposed estimator.

Theorem 2.1. It holds that

√
n

⎛
⎜⎜⎜⎝

ρ̂1 − ρ1
ρ̂2 − ρ2

...
ρ̂p − ρp

⎞
⎟⎟⎟⎠ ⇒ N(0,V ),

where V = (vij)
p
i,j=1 and

vij = 4π2
�p

s,k=1 b
isbjk{P (−αs ≤ Θ1 ≤ αs,−αk ≤ Θ1 ≤ αk)

−P (−αs ≤ Θ1 ≤ αs)P (−αk ≤ Θ1 ≤ αk)}.

Next, we investigate whether our proposed method attains the Cramér–Rao lower bound
or not. For simplicity, we confine ourselves to the case of circular distributions of MA(1)
type.

Proposition 2.1. The Cramér–Rao lower bound is given by

I−1(ρ1) = 1− ρ21 +
�
1− ρ21.

Proposition 2.1 enables us to compare the asymptotic variance of the proposed estimator
with the Cramér–Rao lower bound. Thus, we have the following statement.

Remark 2.1. The Binary estimator is not efficient.

Actually, If we consider the case ρ1 = 1, then it is easy to see that

(Covariance of ρ̂1)− I−1(ρ1) > 0.

Remark 2.1 is not a preferable property of the estimator. However, from Hosoya and
Taniguchi (1982, Theorem 5.1), we can construct an efficient estimator from ρ̂1, . . ., ρ̂p by
the Newton–Raphson iterative method. In the next section, we show a robust property of
the estimator when the true probability density function is contaminated.

3 Robustness of proposed estimator against contamination In the previous sec-
tion, we showed that proposed estimator is root n consistent, and it enable us to construct
the efficient estimator by the Newton–Raphson iterative method. In this section, we show
our estimator is robust when the true probability density function is contaminated with
noise. Let q(·) be a contaminated probability density function defined, for θ ∈ [−π, π] and
some β ∈ (0, π/2), as

q(θ) =

�
p(θ) if − π + β ≤ θ ≤ π − β,

cg(θ) otherwise,
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Abstract. Directional statistics have received a great deal of interest in recent years,
and a variety of distributions on the circle have been proposed. In this paper, we
propose circular distributions of a moving average model of order p type which includes
the cardioid distribution, and discuss estimation of trigonometric moments based on
binary series. We give an explicit form of the root n consistent estimator based on
clipped series, which enables us to construct an efficient estimator by the Newton–
Raphson iterative method. We also show a robustness of the proposed estimator when
the probability density function is contaminated with a noise term.

1 Introduction Directional statistics is an important field which deals with directional
data. The history of directional statistics dates back to 1950s. Fisher (1953) had large
influence and appealed the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In recent
years, directional statistics has attracted attention because of Mardia and Jupp (2000).

Many distributions on the circle have been developed (e.g. uniform, cardioid, wrapped
Cauchy, von Mises distribution). These distributions are closely related to the spectral
density functions in time series with complex valued coefficients. For example, the spectral
density of the autoregressive model of order 1, that of the moving average model of order 1,
and that of the autoregressive model of order 2 correspond to wrapped Cauchy distribution,
cardioid distribution, and the more flexible distribution proposed by Kato and Jones (2013),
respectively.

Binary series are processes that each of realizations takes value 0 or 1. The execution
time of methods based on clipped processes are significantly short, and estimation accu-
racy of methods based on 0-1 valued processes are high when the original processes are
contaminated with outliers (see Bagnall and Janacek (2005), Kedem (1994, p.172), Goto
and Taniguchi (2019), Goto and Taniguchi). Methods based on binary series have been
applied to various fields including biology and linguistics. For example, analysis of vocal
sounds of humpback whales of Kedem and Li (1989); speech discrimination of Panagio-
takis and Tziritas (2005)); and emotion recognition using brain signals of Petrantonakis
and Hadjileontiadis (2010).

Binary series have been studied by many researchers (see Rice (1944), Lomnicki and
Zaremba (1955), McNeil (1967), Kedem (1980), Kedem (1994)). Rice (1944) gave a pioneer
study in this field, and showed a relationship between correlations of Gaussian processes and
correlations of a binary series generated by the Gaussian processes. Kedem (1980) showed
the asymptotic normality of the estimator of autocorrelation based on clipped processes. In
recent years, related to binary data, the categorical time series (see Fokianos and Kedem
(2003)) and the quantile based spectra (e.g. Li (2014) and Dette et al. (2015)) have been
developed. However, binary series in directional statistics have not yet been investigated.
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where p(θ) is defined by (1), g(θ) is a non-negative function with
∫ π+β

π−β
g(θ)dθ > 0, c is

some constant such that q(θ) is probability density function. In the above setting, cg(θ)
corresponds to a noise. Assume that the process {Θk : k ∈ N} is misspecified, that is, the
true model of {Θk : k ∈ N} comes from q(θ), but we fit the process to p(θ).

Theorem 3.1. If αp and β satisfy αp < π−β, then the our estimator does not be influenced
by the contamination.

Thus, the proposed method is robust against the contamination of probability density.

4 Simulation Study In this section, we study finite sample performance of the proposed
method, and confirm the asymptotic normality of the proposed estimator based on binary
process. In this simulation, the circular distributions of MA(1) and MA(2) types are dis-
cussed. First, we illustrate finite sample performance. The procedure is the following; first,
we generate random variables {Ui : i = 1, . . . , n} (n = 100, 300, 500, 1000), which follows
i.i.d. standard uniform distribution. Next, we compute {Θi = 1 . . . , n} := {F−1(Ui) : i =
1, . . . , n}, where F−1 is the generalized inverse of a distribution function of (1), which fol-
lows the circular distribution of MA(p) type for p = 1, 2. Then, we calculate the proposed
estimators of ρ1 and ρ2 for the each set of parameters φ1 = 0.4, 0.7,−0.5 and angulars α1 =
π/4, π/2, 3π/4 for MA(1) type distribution, and (φ1, φ2) = (0.7, 0.4), (1.0, 0.7), (0.9,−0.3)
and (α1, α2) = (π/4, π/2), (π/2, 3π/4) for MA(2) type distribution. We iterate 1000 times

and calculate mean absolute error, defined as MAEj :=
∑1000

k=1 |ρ̂(k)j − ρj |/n for j = 1, 2,

where ρ̂
(k)
j is the estimator of ρj of k-th iteration. Next, we calculate, for n = 1000,

{√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 10000} and {√n(ρ̂

(k)
1 − ρ1),

√
n(ρ̂

(k)
2 − ρ2); k = 1, . . . , 10000}

for circular distributions of MA(1) type with φ1 = 0.7 and MA(2) type with (φ1, φ2) =
(0.7, 0.4), respectively to confirm the asymptotic normality of the proposed estimator.
Then, we give the Q-Q plots in Figures 1, 2, and 3. We also provide the Kolmogorov–
Smirnov test of normality to check the asymptotic normality of the proposed estimator.
The null hypothesis is that {√n(ρ̂1 − ρ1)} follows the normal distribution for large n. For

n = 100, 1000, 10000, {√n(ρ̂
(k)
1 −ρ1); k = 1, . . . , 100} and {√n(ρ̂

(k)
1 −ρ1),

√
n(ρ̂

(k)
2 −ρ2); k =

1, . . . , 100} are calculated for circular distributions of MA(1) type with φ1 = 0.7 and MA(2)
type with (φ1, φ2) = (0.7, 0.4). Then, we compute p-value by using R-function ks.test()

when {√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 100} regarded as a set of i.i.d. observations with respect

to k. Note that, from the definition of binary estimator, we possibly have the exact same

value ρ̂
(k)
j = ρ̂

(k′)
j for some k and k�( �= k). Therefore, we added a small perturbation to

{√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 100} by R function jitter() in order to compute p-value (see

Robert et al. (2010, p.17-18)).
The results are shown in Tables 1 and 2 and Figures 1, 2, and 3. Tables 1 and 2 show

the proposed estimator works well, and the mean absolute errors get smaller as the sample
size increases. In Table 1, for φ1 = 0.4 and 0.7 in MA(1) type model, MAE1 is smallest
when α1 = 3π/4 among α1 = π/4, π/2, 3π/4. On the other hand, for φ1 = −0.5 in MA(1)
type model, MAE1 is smallest when α1 = π/4 among three angulars. It is because MA(1)
model with φ1 = −0.5 has a mean direction π. The mean directions of the proposed model
are 0 in the other cases. In Table 2, MAE1 are smaller than MAE2. For better estimation of
φ2, the set of angulars (π/2, 3π/4) is better than (π/4, π/2). Regarding to estimation of φ1,
both sets of angulars (π/2, 3π/4) and (π/4, π/2) provide almost the same MAE1. Figures
1 2, and 3 show that almost of all points are on the reference line, that is, we could confirm
that our estimator has asymptotic normality. Moreover, for MA(1) model, the p-values of
the KS test are obtained as 0.582, 0.987, 0.981 for n = 100, 1000 10000, respectively. For
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Table 2: MAE for circular distributions of MA(2) type
(φ1, φ2) (α1, α2) n MAE1 MAE2

(0.7,0.4) (π/4, π/2) 100 0.081 0.215
300 0.045 0.121
500 0.036 0.099
1000 0.026 0.069

(π/2, 3π/4) 100 0.083 0.094
300 0.046 0.055
500 0.037 0.041
1000 0.026 0.029

(1.0,0.7) (π/4, π/2) 100 0.060 0.222
300 0.035 0.129
500 0.028 0.096
1000 0.020 0.070

(π/2, 3π/4) 100 0.064 0.070
300 0.036 0.039
500 0.027 0.032
1000 0.019 0.021

(0.9,-0.3) (π/4, π/2) 100 0.115 0.210
300 0.066 0.125
500 0.051 0.095
1000 0.035 0.069

(π/2, 3π/4) 100 0.111 0.155
300 0.067 0.094
500 0.052 0.075
1000 0.036 0.052

6

MA(2) model, the p-values of the KS test for {√n(ρ̂
(k)
1 − ρ1); k = 1, . . . , 100} are obtained

as 0.528, 0.507, 0.718 and that for {√n(ρ̂
(k)
2 − ρ2); k = 1, . . . , 100} are obtained as 0.990,

0.799, 0.989 for n = 100, 1000 10000, respectively. As a result, it shows that we cannot
reject the null hypothesis in all cases we investigated.

Table 1: MAE for circular distributions of MA(1) type
φ1 α1 n MAE1 φ1 α1 n MAE1

0.4 π/4 100 0.175 0.7 π/4 100 0.171
300 0.103 300 0.108
500 0.076 500 0.077
1000 0.054 1000 0.055

π/2 100 0.115 π/2 100 0.098
300 0.648 300 0.060
500 0.050 500 0.044
1000 0.036 1000 0.032

3π/4 100 0.106 3π/4 100 0.071
300 0.059 300 0.038
500 0.046 500 0.030
1000 0.034 1000 0.022

-0.5 π/4 100 0.087
300 0.052
500 0.041
1000 0.029

π/2 100 0.113
300 0.065
500 0.049
1000 0.034

3π/4 100 0.180
300 0.103
500 0.077
1000 0.055
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Abstract. Directional statistics have received a great deal of interest in recent years,
and a variety of distributions on the circle have been proposed. In this paper, we
propose circular distributions of a moving average model of order p type which includes
the cardioid distribution, and discuss estimation of trigonometric moments based on
binary series. We give an explicit form of the root n consistent estimator based on
clipped series, which enables us to construct an efficient estimator by the Newton–
Raphson iterative method. We also show a robustness of the proposed estimator when
the probability density function is contaminated with a noise term.

1 Introduction Directional statistics is an important field which deals with directional
data. The history of directional statistics dates back to 1950s. Fisher (1953) had large
influence and appealed the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In recent
years, directional statistics has attracted attention because of Mardia and Jupp (2000).

Many distributions on the circle have been developed (e.g. uniform, cardioid, wrapped
Cauchy, von Mises distribution). These distributions are closely related to the spectral
density functions in time series with complex valued coefficients. For example, the spectral
density of the autoregressive model of order 1, that of the moving average model of order 1,
and that of the autoregressive model of order 2 correspond to wrapped Cauchy distribution,
cardioid distribution, and the more flexible distribution proposed by Kato and Jones (2013),
respectively.

Binary series are processes that each of realizations takes value 0 or 1. The execution
time of methods based on clipped processes are significantly short, and estimation accu-
racy of methods based on 0-1 valued processes are high when the original processes are
contaminated with outliers (see Bagnall and Janacek (2005), Kedem (1994, p.172), Goto
and Taniguchi (2019), Goto and Taniguchi). Methods based on binary series have been
applied to various fields including biology and linguistics. For example, analysis of vocal
sounds of humpback whales of Kedem and Li (1989); speech discrimination of Panagio-
takis and Tziritas (2005)); and emotion recognition using brain signals of Petrantonakis
and Hadjileontiadis (2010).

Binary series have been studied by many researchers (see Rice (1944), Lomnicki and
Zaremba (1955), McNeil (1967), Kedem (1980), Kedem (1994)). Rice (1944) gave a pioneer
study in this field, and showed a relationship between correlations of Gaussian processes and
correlations of a binary series generated by the Gaussian processes. Kedem (1980) showed
the asymptotic normality of the estimator of autocorrelation based on clipped processes. In
recent years, related to binary data, the categorical time series (see Fokianos and Kedem
(2003)) and the quantile based spectra (e.g. Li (2014) and Dette et al. (2015)) have been
developed. However, binary series in directional statistics have not yet been investigated.
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Table 2: MAE for circular distributions of MA(2) type
(φ1, φ2) (α1, α2) n MAE1 MAE2

(0.7,0.4) (π/4, π/2) 100 0.081 0.215
300 0.045 0.121
500 0.036 0.099
1000 0.026 0.069

(π/2, 3π/4) 100 0.083 0.094
300 0.046 0.055
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1000 0.026 0.029
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300 0.035 0.129
500 0.028 0.096
1000 0.020 0.070

(π/2, 3π/4) 100 0.064 0.070
300 0.036 0.039
500 0.027 0.032
1000 0.019 0.021

(0.9,-0.3) (π/4, π/2) 100 0.115 0.210
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Figure 3: Q-Qplots of {√n(ρ̂
(k)
2 −ρ2); k = 1, . . . , 10000} for a circular distribution of MA(2)

type (φ1, φ2) = (0.7, 0.4) for n = 1000.

5 Proof In this section, we provide the proofs of Theorems 2.1 and 3.1 and Proposition
2.1.

Proof of Theorem 2.1. First, we show the binary estimator is centered. For each j ∈
{1, . . ., p},

E{√n(ρ̂j − ρj)} =
√
n2π(bj1, . . ., bjp)

⎛
⎜⎝

1
n

�n
k=1 EXk

1 − P (−α1 ≤ Θ1 ≤ α1)
...

1
n

�n
k=1 EXk

p − P (−αp ≤ Θ1 ≤ αp)

⎞
⎟⎠ = 0.

Next, we evaluate the variance of estimator. For i, j ∈ {1, . . ., p},
cum{√n(ρ̂i − ρi),

√
n(ρ̂j − ρj)}

=
4π2

n

p�
s,k=1

bisbjk
n�

v=1

cum{Xv
s, Xv

k}

=4π2

p�
s,k=1

bisbjkcum{Xs
1 , X

k
1 }.

Finally, we elucidate the L-th order cumulant (L ≥ 3) of the binary estimator is of order
O(n−L/2+1). For i1, . . ., iL ∈ {1, . . ., p},

cum{√n(ρ̂i1 − ρi1), . . .,
√
n(ρ̂iL − ρiL)}

=nL/2(2π)L
p�

s1,...,sL=1

bi1s1 · · · biLslcum{ 1
n

n�
k=1

Xk
s1 , . . .,

1

n

n�
k=1

Xk
sL}

=n−L/2+1(2π)L
p�

s1,...,sL=1

bi1s1 · · · biLslcum{Xs1
1 , . . ., XsL

1 }

=O(n−L/2+1),

8

Figure 1: Q-Qplots of {√n(ρ̂
(k)
1 −ρ1); k = 1, . . . , 10000} for a circular distribution of MA(1)

type with φ1 = 0.7 for n = 1000.

Figure 2: Q-Qplots of {√n(ρ̂
(k)
1 −ρ1); k = 1, . . . , 10000} for a circular distribution of MA(2)

type (φ1, φ2) = (0.7, 0.4) for n = 1000.
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Abstract. Directional statistics have received a great deal of interest in recent years,
and a variety of distributions on the circle have been proposed. In this paper, we
propose circular distributions of a moving average model of order p type which includes
the cardioid distribution, and discuss estimation of trigonometric moments based on
binary series. We give an explicit form of the root n consistent estimator based on
clipped series, which enables us to construct an efficient estimator by the Newton–
Raphson iterative method. We also show a robustness of the proposed estimator when
the probability density function is contaminated with a noise term.

1 Introduction Directional statistics is an important field which deals with directional
data. The history of directional statistics dates back to 1950s. Fisher (1953) had large
influence and appealed the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In recent
years, directional statistics has attracted attention because of Mardia and Jupp (2000).

Many distributions on the circle have been developed (e.g. uniform, cardioid, wrapped
Cauchy, von Mises distribution). These distributions are closely related to the spectral
density functions in time series with complex valued coefficients. For example, the spectral
density of the autoregressive model of order 1, that of the moving average model of order 1,
and that of the autoregressive model of order 2 correspond to wrapped Cauchy distribution,
cardioid distribution, and the more flexible distribution proposed by Kato and Jones (2013),
respectively.

Binary series are processes that each of realizations takes value 0 or 1. The execution
time of methods based on clipped processes are significantly short, and estimation accu-
racy of methods based on 0-1 valued processes are high when the original processes are
contaminated with outliers (see Bagnall and Janacek (2005), Kedem (1994, p.172), Goto
and Taniguchi (2019), Goto and Taniguchi). Methods based on binary series have been
applied to various fields including biology and linguistics. For example, analysis of vocal
sounds of humpback whales of Kedem and Li (1989); speech discrimination of Panagio-
takis and Tziritas (2005)); and emotion recognition using brain signals of Petrantonakis
and Hadjileontiadis (2010).

Binary series have been studied by many researchers (see Rice (1944), Lomnicki and
Zaremba (1955), McNeil (1967), Kedem (1980), Kedem (1994)). Rice (1944) gave a pioneer
study in this field, and showed a relationship between correlations of Gaussian processes and
correlations of a binary series generated by the Gaussian processes. Kedem (1980) showed
the asymptotic normality of the estimator of autocorrelation based on clipped processes. In
recent years, related to binary data, the categorical time series (see Fokianos and Kedem
(2003)) and the quantile based spectra (e.g. Li (2014) and Dette et al. (2015)) have been
developed. However, binary series in directional statistics have not yet been investigated.
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Figure 3: Q-Qplots of {√n(ρ̂
(k)
2 −ρ2); k = 1, . . . , 10000} for a circular distribution of MA(2)

type (φ1, φ2) = (0.7, 0.4) for n = 1000.

5 Proof In this section, we provide the proofs of Theorems 2.1 and 3.1 and Proposition
2.1.

Proof of Theorem 2.1. First, we show the binary estimator is centered. For each j ∈
{1, . . ., p},

E{√n(ρ̂j − ρj)} =
√
n2π(bj1, . . ., bjp)

⎛
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1 − P (−α1 ≤ Θ1 ≤ α1)
...
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⎞
⎟⎠ = 0.

Next, we evaluate the variance of estimator. For i, j ∈ {1, . . ., p},
cum{√n(ρ̂i − ρi),

√
n(ρ̂j − ρj)}

=
4π2
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s,k=1

bisbjk
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v=1

cum{Xv
s, Xv

k}

=4π2

p�
s,k=1

bisbjkcum{Xs
1 , X

k
1 }.

Finally, we elucidate the L-th order cumulant (L ≥ 3) of the binary estimator is of order
O(n−L/2+1). For i1, . . ., iL ∈ {1, . . ., p},

cum{√n(ρ̂i1 − ρi1), . . .,
√
n(ρ̂iL − ρiL)}

=nL/2(2π)L
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s1,...,sL=1
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thus, we have the desired result.

Proof of Proposition 2.1. It is sufficient to show the Fisher information I, defined by

I(ρ1) =
� π

−π

�
∂

∂ρ1
log p(θ)

�2

p(θ)dθ,

becomes the following

I(ρ1) =

⎧⎪⎪⎨
⎪⎪⎩

1
2 (ρ1 = 0),

1
ρ2
1

�
1√
1−ρ2

1

− 1

�
(0 < |ρ1| < 1),

∞ (ρ1 = ±1).

First, for ρ1 = 0, by a straightforward calculation. Second, the residue theorem yields the
assertion when ρ1 satisfies 0 < |ρ1| < 1. Third, for ρ1 = ±1, it is easy to see the integral
diverges.

Proof of Theorem 3.1. For any aj(< π − β), j = 1, . . ., p, we have

� aj

−aj

q(θ)dθ =

� aj

−aj

p(θ)dθ,

from which the statement follows.
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THE n-TH OPERATOR VALUED DIVERGENCES Δ
[n]
i,x(A|B)

Hiroaki Tohyama(1), Eizaburo Kamei(2) and Masayuki Watanabe(3)

Abstract. Let A and B be strictly positive linear operators on a Hilbert space H.

As a generalization of the relative operator entropy S(A|B) ≡ A
1
2 (logA− 1

2BA− 1
2 )A

1
2

and the Tsallis relative operator entropy Tx(A|B) ≡ A
1
2
(A− 1

2BA− 1
2 )x − I

x
A

1
2 , we have

introduced the n-th relative operator entropy S[n](A|B) and the n-th Tsallis relative

operator entropy T
[n]
x (A|B) for n ∈ N and x ∈ R. In this paper, we define the n-th gen-

eralized Petz-Bregman divergence D [n]
x (A|B) ≡ T

[n]
x (A|B)− S[n](A|B) (x ∈ R) corre-

sponding to the operator valued divergence Δ1,α(A|B) ≡ Tα(A|B)−S(A|B) (α ∈ [0, 1])
which is a generalization of Petz-Bregman divergence DFK(A|B) ≡ B − A− S(A|B).

Similatly, by using D [n]
x (A|B), we introduce the n-th operator valued divergences

Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) corresponding to Δ2,α(A|B) ≡ Sα(A|B) −

Tα(A|B), Δ3,α(A|B) ≡ −T1−α(B|A)−Sα(A|B) and Δ4,α(A|B) ≡ S1(A|B)+T1−α(B|A),
respectively, and show their properties and relations among them.

1 Introduction. A bounded linear operator T on a Hilbert space H is positive (denoted
by T ≥ 0) if (Tξ, ξ) ≥ 0 for all ξ ∈ H, and T is said to be strictly positive (denoted by
T > 0) if T is invertible and positive. Throughout this paper, A and B denote strictly
positive operators.

Based on the concept of the α-divergence introduced by Amari [1], Fujii [2] defined the
operator valued α-divergence:

Dα(A|B) ≡ A ∇α B −A �α B

α(1− α)
(α ∈ (0, 1)),

where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2

(
A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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where
S(A|B) ≡ A

1
2

(
logA− 1

2BA− 1
2

)
A

1
2

is the relative operator entropy introduced by Fujii and Kamei [3, 9, 11]. Fujii, et. al. [5, 6]
showed that the operator valued α-divergence coincides with the Petz-Bregman divergence
at the end points for interval (0, 1). That is,

D0(A|B) ≡ lim
α→+0

Dα(A|B) = B −A− S(A|B) = DFK(A|B).

In addition, since D1(A|B) ≡ lim
α→1−0

Dα(A|B) = DFK(B|A) holds, Dα(A|B) combines

DFK(A|B) with DFK(B|A). This is a symmetric property for Dα(A|B) in the sense of [4].
In [10], we had given the following relations among relative operator entropies:

(1) S(A|B) ≤ Tα(A|B) ≤ Sα(A|B) ≤ −T1−α(B|A) ≤ S1(A|B) for α ∈ (0, 1),

where Sx(A|B) ≡ A
1
2

(
A− 1

2BA− 1
2

)x (
logA− 1

2BA− 1
2

)
A

1
2 (x ∈ R) is the generalized rel-

ative operator entropy defined by Furuta [8] and Tα(A|B) ≡ A �α B −A

α
(α ∈ (0, 1]) is

the Tsallis relative operator entropy defined by Yanagi, Kuriyama and Furuichi [20]. The
Tsallis relative operator entropy Tx(A|B) can be defined for all x ∈ R and the inequalities
(1) hold also at α = 0 and 1.

In [12], we obtained the following representations of the operator valued α-divergence
and the Petz-Bregman divergence:

Dα(A|B) = −T1−α(B|A)− Tα(A|B) (α ∈ (0, 1)),

DFK(A|B) = −T1(B|A)− T0(A|B) = T1(A|B)− S(A|B).

Since these are differences between the terms in (1), we also regarded other differences as
operator divergences [14]: For α ∈ (0, 1),

Δ1,α(A|B) ≡ Tα(A|B)− S(A|B), Δ2,α(A|B) ≡ Sα(A|B)− Tα(A|B),

Δ3,α(A|B) ≡ −T1−α(B|A)− Sα(A|B), Δ4,α(A|B) ≡ S1(A|B) + T1−α(B|A)

and so on.
Since the relative operator entropy S(A|B) is given as the derivative of the path A �t B

at t = 0, Fujii et. al. [7] gave the viewpoint that S(A|B) is the velocity on the path A �t B
at t = 0. Similarly, we regarded Sα(A|B) as the velocity on A �t B at t = α and based on
this viewpoint, we tried to introduce a notion of the acceleration on the path A �t B at t = α
which was given as the second derivative of the path at t = α in [15]. As an extension of
such perspective, we regarded the Tsallis relative operator entropy Tx(A|B) as the average
rate of change of the path A �t B over the interval [0, x] and S(A|B) = lim

x→0
Tx(A|B) as the

rate of change of the path at t = 0 in [16].

The n-th Tsallis relative operator entropy T
[n]
x (A|B) is constructed inductively as fol-

lows:
T [1]
x (A|B) ≡ Tx(A|B)

and for n ≥ 2,

T [n]
x (A|B) ≡ T

[n−1]
x (A|B)− S[n−1](A|B)

x
(x ∈ R\{0}),
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[n]
x (A|B) for n ∈ N and x ∈ R. In this paper, we define the n-th gen-

eralized Petz-Bregman divergence D [n]
x (A|B) ≡ T
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x (A|B)− S[n](A|B) (x ∈ R) corre-
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T > 0) if T is invertible and positive. Throughout this paper, A and B denote strictly
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where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2
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A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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where S[n](A|B) is defined by

S[n](A|B) ≡ 1

n!
A

1
2

(
logA− 1

2BA− 1
2

)n

A
1
2 =

1

n!
A(A−1S(A|B))n

and we call it the n-th relative operator entropy. Since T
[n]
x (A|B) is represented specifically

as

T [n]
x (A|B) =

1

xn

(
A �x B −A−

n−1∑
k=1

xkS[k](A|B)

)
(x ∈ R\{0}),

the corresponding functions to T
[n]
x (A|B) and S[n](A|B) are

1

xn

(
λx − 1−

n−1∑
k=1

xk

k!
(log λ)k

)
and

1

n!
(log λ)n (λ > 0),

respectively. Since lim
x→0

1

xn

(
λx − 1−

n−1∑
k=1

xk

k!
(log λ)k

)
=

1

n!
(log λ)n, we obtain lim

x→0
T [n]
x (A|B) =

S[n](A|B) for all n ∈ N. Therefore, we defined T
[n]
0 (A|B) by

T
[n]
0 (A|B) ≡ S[n](A|B).

For n ≥ 2, the n-th Tsallis relative operator entropy T
[n]
x (A|B) is regarded as the average

rate of change of T
[n−1]
x (A|B) over the interval [0, x].

In addition, we defined S
[n]
y (A|B) by

S[n]
y (A|B) ≡ 1

n!

dn

dxn
A �x B

∣∣∣∣
x=y

= (A �y B)A−1S[n](A|B) (y ∈ R)

and call it the n-th generalized relative operator entropy. We remark that S
[n]
0 (A|B) coin-

cides with S[n](A|B) and (A �x B)A−1S
[n]
y (A|B) = S

[n]
x+y(A|B) holds for x, y ∈ R.

In [16], we defined the n-th Petz-Bregman divergence D
[n]
FK(A|B) and the n-th operator

valued divergence D
[n]
α (A|B) by

D
[n]
FK(A|B) ≡ T

[n]
1 (A|B)− S[n](A|B) = B −A−

n∑
k=1

S[k](A|B),

D [n]
α (A|B) ≡ T [n]

α (A|B)− S[n](A|B) =
1

αn

(
A �α B −A−

n∑
k=1

αkS[k](A|B)

)
(α ∈ [0, 1]),

and showed their properties. We remark D
[1]
1 (A|B) = D

[1]
FK(A|B) = DFK(A|B) and

D
[1]
α (A|B) = Δ1,α(A|B). So we think D

[n]
α (A|B) is a generalization of the Petz-Bregman

divergence. In addition, it is natural that D
[n]
α (A|B) is regarded as the n-the operator val-

ued divergence corresponding to Δ1,α(A|B). In this paper, we propose the definitions of the
n-th operator valued divergences corresponding to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B)

and to show properties of them. For this purpose, we need to extend D
[n]
α (A|B) (α ∈ (0, 1))

to D
[n]
x (A|B) (x ∈ R). We call D

[n]
x (A|B) the n-th generalized Petz-Bregman divergence

and show some properties of it in section 2. In section 3, we define the n-th operator

valued divergences Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) with x ∈ R which correspond to

Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B) by using the n-th generalized Petz-Bregman diver-

gence D
[n]
x (A|B) and show some properties for them.
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where
S(A|B) ≡ A

1
2

(
logA− 1

2BA− 1
2

)
A

1
2

is the relative operator entropy introduced by Fujii and Kamei [3, 9, 11]. Fujii, et. al. [5, 6]
showed that the operator valued α-divergence coincides with the Petz-Bregman divergence
at the end points for interval (0, 1). That is,

D0(A|B) ≡ lim
α→+0

Dα(A|B) = B −A− S(A|B) = DFK(A|B).

In addition, since D1(A|B) ≡ lim
α→1−0

Dα(A|B) = DFK(B|A) holds, Dα(A|B) combines

DFK(A|B) with DFK(B|A). This is a symmetric property for Dα(A|B) in the sense of [4].
In [10], we had given the following relations among relative operator entropies:

(1) S(A|B) ≤ Tα(A|B) ≤ Sα(A|B) ≤ −T1−α(B|A) ≤ S1(A|B) for α ∈ (0, 1),

where Sx(A|B) ≡ A
1
2

(
A− 1

2BA− 1
2

)x (
logA− 1

2BA− 1
2

)
A

1
2 (x ∈ R) is the generalized rel-

ative operator entropy defined by Furuta [8] and Tα(A|B) ≡ A �α B −A

α
(α ∈ (0, 1]) is

the Tsallis relative operator entropy defined by Yanagi, Kuriyama and Furuichi [20]. The
Tsallis relative operator entropy Tx(A|B) can be defined for all x ∈ R and the inequalities
(1) hold also at α = 0 and 1.

In [12], we obtained the following representations of the operator valued α-divergence
and the Petz-Bregman divergence:

Dα(A|B) = −T1−α(B|A)− Tα(A|B) (α ∈ (0, 1)),

DFK(A|B) = −T1(B|A)− T0(A|B) = T1(A|B)− S(A|B).

Since these are differences between the terms in (1), we also regarded other differences as
operator divergences [14]: For α ∈ (0, 1),

Δ1,α(A|B) ≡ Tα(A|B)− S(A|B), Δ2,α(A|B) ≡ Sα(A|B)− Tα(A|B),

Δ3,α(A|B) ≡ −T1−α(B|A)− Sα(A|B), Δ4,α(A|B) ≡ S1(A|B) + T1−α(B|A)

and so on.
Since the relative operator entropy S(A|B) is given as the derivative of the path A �t B

at t = 0, Fujii et. al. [7] gave the viewpoint that S(A|B) is the velocity on the path A �t B
at t = 0. Similarly, we regarded Sα(A|B) as the velocity on A �t B at t = α and based on
this viewpoint, we tried to introduce a notion of the acceleration on the path A �t B at t = α
which was given as the second derivative of the path at t = α in [15]. As an extension of
such perspective, we regarded the Tsallis relative operator entropy Tx(A|B) as the average
rate of change of the path A �t B over the interval [0, x] and S(A|B) = lim

x→0
Tx(A|B) as the

rate of change of the path at t = 0 in [16].

The n-th Tsallis relative operator entropy T
[n]
x (A|B) is constructed inductively as fol-

lows:
T [1]
x (A|B) ≡ Tx(A|B)

and for n ≥ 2,

T [n]
x (A|B) ≡ T

[n−1]
x (A|B)− S[n−1](A|B)

x
(x ∈ R\{0}),
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x (A|B) for n ∈ N and x ∈ R. In this paper, we define the n-th gen-

eralized Petz-Bregman divergence D [n]
x (A|B) ≡ T

[n]
x (A|B)− S[n](A|B) (x ∈ R) corre-

sponding to the operator valued divergence Δ1,α(A|B) ≡ Tα(A|B)−S(A|B) (α ∈ [0, 1])
which is a generalization of Petz-Bregman divergence DFK(A|B) ≡ B − A− S(A|B).

Similatly, by using D [n]
x (A|B), we introduce the n-th operator valued divergences

Δ
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2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) corresponding to Δ2,α(A|B) ≡ Sα(A|B) −

Tα(A|B), Δ3,α(A|B) ≡ −T1−α(B|A)−Sα(A|B) and Δ4,α(A|B) ≡ S1(A|B)+T1−α(B|A),
respectively, and show their properties and relations among them.

1 Introduction. A bounded linear operator T on a Hilbert space H is positive (denoted
by T ≥ 0) if (Tξ, ξ) ≥ 0 for all ξ ∈ H, and T is said to be strictly positive (denoted by
T > 0) if T is invertible and positive. Throughout this paper, A and B denote strictly
positive operators.

Based on the concept of the α-divergence introduced by Amari [1], Fujii [2] defined the
operator valued α-divergence:

Dα(A|B) ≡ A ∇α B −A �α B

α(1− α)
(α ∈ (0, 1)),

where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2

(
A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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2 The n-th Generalized Petz-Bregman Divergence. Our idea of defining the n-th
operator valued divergences corresponding to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B) is to

use D
[n]
α (A|B) defined in [16]. In order to achieve such purpose, we need to broaden the

range of α for D
[n]
α (A|B) from [0, 1] to R. For strictly positive operators A and B, n ∈ N

and x ∈ R, we define D
[n]
x (A|B) as follows:

D [n]
x (A|B) ≡ T [n]

x (A|B)− S[n](A|B).

We call it the n-th generalized Petz-Bregman divergence.
By Proposition 4.5 in [16], the following proposition holds for the n-th generalized Petz-

Bregman divergence.

Proposition 2.1. Let n be a fixed natural number and x be a fixed real number in R\{0}.
Then the following holds for any strictly positive operators A and B:

D [n]
x (A|B) = O if and only if A = B.

Remark 1. Since D
[n]
1 (A|B) = D

[n]
FK(A|B),

D
[n]
FK(A|B) = O if and only if A = B

holds for any fixed natural number n.

The following are fundamental properties for D
[n]
x (A|B).

Theorem 2.2. Let A and B be strictly positive operators and x ∈ R. Then the following
hold for n ∈ N:

(a) D
[n]
0 (A|B) = O.

(b) If x > 0 then

D [n]
x (A|B)

{ ≥ O, if n is odd or A ≤ B,

≤ O, if n is even and A ≥ B.

(c) If x < 0 then

D [n]
x (A|B)

{ ≤ O, if n is odd or A ≤ B,

≥ O, if n is even and A ≥ B.

Proof. Since it is obvious that D
[n]
0 (A|B) = O holds, we suppose x ∈ R\{0}. Let λ >

0. Since D [n]
x (A|B) =

1

xn

(
A �x B −A−

n∑
k=1

xkS[k](A|B)

)
, the corresponding function

f [n](λ, x) for D
[n]
x (A|B) is given as follows:

f [n](λ, x) =
1

xn

(
λx − 1−

n∑
k=1

xk

k!
(log λ)

k

)
.

On the other hand, λx can be represented by using some θ ∈ (0, 1) as

λx = 1 +
n∑

k=1

xk

k!
(log λ)k +

xn+1

(n+ 1)!
λθx(log λ)n+1.
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Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
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ψ(y + t(x− y))− ψ(y)
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,
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Hence, by using this θ, we get

f [n](λ, x) =
x

(n+ 1)!
λθx(log λ)n+1.

Let x > 0. Then f [n](λ, x) ≥ 0 if n is odd or λ ≥ 1, and f [n](λ, x) ≤ 0 if n is even and
0 < λ ≤ 1. Therefore, (b) holds. Let x < 0. We obtain (c) since f [n](λ, x) ≤ 0 if n is odd
or λ ≥ 1, and f [n](λ, x) ≥ 0 if n is even and 0 < λ ≤ 1.

In [16], we have obtained the following properties for the n-th relative operator entropies.

Lemma 2.3. (Theorem 2.4 and Theorem 3.4 in [16]) Let A and B be strictly positive
operators, r, s ∈ R and x ∈ R\{0}. Then

(a) T
[n]
x (A �r B|A �s B) = (s− r)n(A �r B)A−1T

[n]
(s−r)x(A|B),

(b) S
[n]
x (A �r B|A �s B) = (s− r)n(A �r B)A−1S

[n]
(s−r)x(A|B) = (s− r)nS

[n]
(1−x)r+xs(A|B)

hold for all n ∈ N. In particular, S[n](A �r B|A �s B) = (s− r)n(A �r B)A−1S[n](A|B).

By using Lemma 2.3, the n-th generalized Petz-Bregman divergence has also similar
properties.

Proposition 2.4. (cf. Theorem 4.8 in [16]) Let A and B be strictly positive operators and
r, s, x ∈ R. Then

D [n]
x (A �r B|A �s B) = (s− r)n(A �r B)A−1D

[n]
(s−r)x(A|B)

holds for n ∈ N.

Corollary 2.5. Let A and B be strictly positive operators and r, x, y ∈ R. Then the
following holds for n ∈ N:

(a) D
[n]
x (A �r B|A) = (−r)n(A �r B)A−1D

[n]
−rx(A|B),

(b) D
[n]
x (B|A) = (−1)nBA−1D

[n]
−x(A|B),

(c) (A �y B)A−1D
[n]
x (A|B) = (−1)n(B �1−y A)B−1D

[n]
−x(B|A).

Since A �y B = B �1−y A holds for y ∈ R, we obtain (c) by (b) in Corollary 2.5.

Remark 2. By putting x = 1 in (a) in Lemma 2.3, we have

D
[n]
FK(A �r B|A �s B) = (s− r)n+1(A �r B)A−1T

[n+1]
s−r (A|B).

The following relation between D
[n]
x (A|B) and D

[n]
FK(A|B) holds, which is an extension

of Corollary 4.9 in [16].

Proposition 2.6. Let A and B be strictly positive operators and x ∈ R\{0}. Then the
following holds for all n ∈ N:

D [n]
x (A|B) =

1

xn
D

[n]
FK(A|A �x B).
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2 The n-th Generalized Petz-Bregman Divergence. Our idea of defining the n-th
operator valued divergences corresponding to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B) is to

use D
[n]
α (A|B) defined in [16]. In order to achieve such purpose, we need to broaden the

range of α for D
[n]
α (A|B) from [0, 1] to R. For strictly positive operators A and B, n ∈ N

and x ∈ R, we define D
[n]
x (A|B) as follows:

D [n]
x (A|B) ≡ T [n]

x (A|B)− S[n](A|B).

We call it the n-th generalized Petz-Bregman divergence.
By Proposition 4.5 in [16], the following proposition holds for the n-th generalized Petz-

Bregman divergence.

Proposition 2.1. Let n be a fixed natural number and x be a fixed real number in R\{0}.
Then the following holds for any strictly positive operators A and B:

D [n]
x (A|B) = O if and only if A = B.

Remark 1. Since D
[n]
1 (A|B) = D

[n]
FK(A|B),

D
[n]
FK(A|B) = O if and only if A = B

holds for any fixed natural number n.

The following are fundamental properties for D
[n]
x (A|B).

Theorem 2.2. Let A and B be strictly positive operators and x ∈ R. Then the following
hold for n ∈ N:

(a) D
[n]
0 (A|B) = O.

(b) If x > 0 then

D [n]
x (A|B)

{ ≥ O, if n is odd or A ≤ B,

≤ O, if n is even and A ≥ B.

(c) If x < 0 then

D [n]
x (A|B)

{ ≤ O, if n is odd or A ≤ B,

≥ O, if n is even and A ≥ B.

Proof. Since it is obvious that D
[n]
0 (A|B) = O holds, we suppose x ∈ R\{0}. Let λ >

0. Since D [n]
x (A|B) =

1

xn

(
A �x B −A−

n∑
k=1

xkS[k](A|B)

)
, the corresponding function

f [n](λ, x) for D
[n]
x (A|B) is given as follows:

f [n](λ, x) =
1

xn

(
λx − 1−

n∑
k=1

xk

k!
(log λ)

k

)
.

On the other hand, λx can be represented by using some θ ∈ (0, 1) as

λx = 1 +
n∑

k=1

xk

k!
(log λ)k +

xn+1

(n+ 1)!
λθx(log λ)n+1.

Scientiae Mathematicae Japonicae, 1
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Hiroaki Tohyama(1), Eizaburo Kamei(2) and Masayuki Watanabe(3)

Abstract. Let A and B be strictly positive linear operators on a Hilbert space H.

As a generalization of the relative operator entropy S(A|B) ≡ A
1
2 (logA− 1

2BA− 1
2 )A

1
2

and the Tsallis relative operator entropy Tx(A|B) ≡ A
1
2
(A− 1

2BA− 1
2 )x − I

x
A

1
2 , we have

introduced the n-th relative operator entropy S[n](A|B) and the n-th Tsallis relative

operator entropy T
[n]
x (A|B) for n ∈ N and x ∈ R. In this paper, we define the n-th gen-

eralized Petz-Bregman divergence D [n]
x (A|B) ≡ T

[n]
x (A|B)− S[n](A|B) (x ∈ R) corre-

sponding to the operator valued divergence Δ1,α(A|B) ≡ Tα(A|B)−S(A|B) (α ∈ [0, 1])
which is a generalization of Petz-Bregman divergence DFK(A|B) ≡ B − A− S(A|B).

Similatly, by using D [n]
x (A|B), we introduce the n-th operator valued divergences

Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) corresponding to Δ2,α(A|B) ≡ Sα(A|B) −

Tα(A|B), Δ3,α(A|B) ≡ −T1−α(B|A)−Sα(A|B) and Δ4,α(A|B) ≡ S1(A|B)+T1−α(B|A),
respectively, and show their properties and relations among them.

1 Introduction. A bounded linear operator T on a Hilbert space H is positive (denoted
by T ≥ 0) if (Tξ, ξ) ≥ 0 for all ξ ∈ H, and T is said to be strictly positive (denoted by
T > 0) if T is invertible and positive. Throughout this paper, A and B denote strictly
positive operators.

Based on the concept of the α-divergence introduced by Amari [1], Fujii [2] defined the
operator valued α-divergence:

Dα(A|B) ≡ A ∇α B −A �α B

α(1− α)
(α ∈ (0, 1)),

where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2

(
A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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3 The n-th Operator Valued Divergences corresponding to Δi,α(A|B). The n-

th generalized Petz-Bregman divergence D
[n]
x (A|B) defined in section 2 coincides with

Δ1,α(A|B) when n = 1, 0 < x < 1 and x = α. So it is natural to regard D
[n]
x (A|B)

as the n-the operator valued divergence corresponding to Δ1,α(A|B) and we can write it as

Δ
[n]
1,x(A|B). In this section, we define the n-th operator valued divergences corresponding

to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B) by using D
[n]
x (A|B) and show some properties of

them.
For r, s ∈ R, (A �r B)A−1(A �s B) = A �r+s B holds (cf. [13]). Then the Tsallis relative

operator entropy Tx(A|B) can be rewritten as

Tx(A|B) =
A �x B −A

x
= (A �x B)A−1A �−x B −A

−x

= (A �x B)A−1T−x(A|B) (x ∈ R\{0}).
In addition, since Sx(A|B) = (A �x B)A−1S(A|B) holds for x ∈ R, we can rewrite
Δ2,α(A|B) as follows:

Δ2,α(A|B) = Sα(A|B)− Tα(A|B) = −(A �α B)A−1(T−α(A|B)− S(A|B))

= −(A �α B)A−1D
[1]
−α(A|B) (α ∈ (0, 1)).

Similarly, Δ3,α(A|B) and Δ4,α(A|B) can be rewritten as follows (α ∈ (0, 1)):

Δ3,α(A|B) = −T1−α(B|A)− Sα(A|B) = (A �α B)A−1(T1−α(A|B)− S(A|B))

= (A �α B)A−1D
[1]
1−α(A|B),

Δ4,α(A|B) = S1(A|B) + T1−α(B|A) = −(A �1 B)A−1(Tα−1(A|B)− S(A|B))

= −(A �1 B)A−1D
[1]
α−1(A|B).

Based on such representations, we define the n-th operator valued divergences corresponding
to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B).

Definition 1. Let A and B be strictly positive operators, n ∈ N and x ∈ R. We define the

n-th operator valued divergence Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) as follows:

Δ
[n]
2,x(A|B) ≡ −(A �x B)A−1D

[n]
−x(A|B), Δ

[n]
3,x(A|B) ≡ (A �x B)A−1D

[n]
1−x(A|B),

Δ
[n]
4,x(A|B) ≡ −(A �1 B)A−1D

[n]
x−1(A|B).

We remark that Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) are defined for all x ∈ R as

Δ
[n]
1,x(A|B) = D

[n]
x (A|B) was. They are also written as follows by (c) in Corollary 2.5.

Proposition 3.1. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold:

(a) Δ
[n]
1,x(A|B) = (−1)n(B �1 A)B−1D

[n]
−x(B|A),

(b) Δ
[n]
2,x(A|B) = (−1)n+1(B �1−x A)B−1D

[n]
x (B|A),

(c) Δ
[n]
3,x(A|B) = (−1)n(B �1−x A)B−1D

[n]
x−1(B|A),
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The n-th operator valued divergences Δ
[n]
i,x(A|B) 7

(d) Δ
[n]
4,x(A|B) = (−1)n+1(B �0 A)B−1D

[n]
1−x(B|A).

Properties shown in Theorem 3.2 and Theorem 3.3 are fundamental where the n-th
operator valued divergences have in common.

Theorem 3.2. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold for i = 1, 2:

(a) Δ
[n]
i,0(A|B) = O.

(b) If x �= 0 then

Δ
[n]
i,x(A|B) = O if and only if A = B.

(c) If x > 0 then

Δ
[n]
i,x(A|B)

{ ≥ O, if n is odd or A ≤ B,

≤ O, if n is even and A ≥ B.

(d) If x < 0 then

Δ
[n]
i,x(A|B)

{ ≤ O, if n is odd or A ≤ B,

≥ O, if n is even and A ≥ B.

Proof. By Proposition 2.1 and Theorem 2.2, Δ
[n]
1,x(A|B) satisfies (a), (b), (c) and (b).

Let λ > 0. As with the proof of Theorem 2.2, the corresponding function f
[n]
2 (λ, x) for

Δ
[n]
2,x(A|B) is represented by using θ2 ∈ (0, 1) as follows:

f
[n]
2 (λ, x) =

x

(n+ 1)!
λ(1−θ2)x(log λ)n+1.

We obtain (a) since f
[n]
2 (λ, 0) = 0 holds. Let x �= 0. Then we have (b) since f

[n]
2 (λ, x) = 0

if and only if λ = 1 holds. Assume that x > 0. Since f
[n]
2 (λ, x) ≥ 0 holds if n is odd or

λ ≥ 1, and f
[n]
i (λ, x) ≤ 0 holds if n is even and 0 < λ ≤ 1. Hence, we have (c). We can get

(d) in the same way as (c).

Theorem 3.3. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold for i = 3, 4:

(a) Δ
[n]
i,1(A|B) = O.

(b) If x �= 1 then

Δ
[n]
i,x(A|B) = O if and only if A = B.

(c) If x < 1 then

Δ
[n]
i,x(A|B)

{ ≥ O, if n is odd or A ≤ B,

≤ O, if n is even and A ≥ B.

(d) If x > 1 then

Δ
[n]
i,x(A|B)

{ ≤ O, if n is odd or A ≤ B,

≥ O, if n is even and A ≥ B.
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3 The n-th Operator Valued Divergences corresponding to Δi,α(A|B). The n-

th generalized Petz-Bregman divergence D
[n]
x (A|B) defined in section 2 coincides with

Δ1,α(A|B) when n = 1, 0 < x < 1 and x = α. So it is natural to regard D
[n]
x (A|B)

as the n-the operator valued divergence corresponding to Δ1,α(A|B) and we can write it as

Δ
[n]
1,x(A|B). In this section, we define the n-th operator valued divergences corresponding

to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B) by using D
[n]
x (A|B) and show some properties of

them.
For r, s ∈ R, (A �r B)A−1(A �s B) = A �r+s B holds (cf. [13]). Then the Tsallis relative

operator entropy Tx(A|B) can be rewritten as

Tx(A|B) =
A �x B −A

x
= (A �x B)A−1A �−x B −A

−x

= (A �x B)A−1T−x(A|B) (x ∈ R\{0}).
In addition, since Sx(A|B) = (A �x B)A−1S(A|B) holds for x ∈ R, we can rewrite
Δ2,α(A|B) as follows:

Δ2,α(A|B) = Sα(A|B)− Tα(A|B) = −(A �α B)A−1(T−α(A|B)− S(A|B))

= −(A �α B)A−1D
[1]
−α(A|B) (α ∈ (0, 1)).

Similarly, Δ3,α(A|B) and Δ4,α(A|B) can be rewritten as follows (α ∈ (0, 1)):

Δ3,α(A|B) = −T1−α(B|A)− Sα(A|B) = (A �α B)A−1(T1−α(A|B)− S(A|B))

= (A �α B)A−1D
[1]
1−α(A|B),

Δ4,α(A|B) = S1(A|B) + T1−α(B|A) = −(A �1 B)A−1(Tα−1(A|B)− S(A|B))

= −(A �1 B)A−1D
[1]
α−1(A|B).

Based on such representations, we define the n-th operator valued divergences corresponding
to Δ2,α(A|B), Δ3,α(A|B) and Δ4,α(A|B).

Definition 1. Let A and B be strictly positive operators, n ∈ N and x ∈ R. We define the

n-th operator valued divergence Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) as follows:

Δ
[n]
2,x(A|B) ≡ −(A �x B)A−1D

[n]
−x(A|B), Δ

[n]
3,x(A|B) ≡ (A �x B)A−1D

[n]
1−x(A|B),

Δ
[n]
4,x(A|B) ≡ −(A �1 B)A−1D

[n]
x−1(A|B).

We remark that Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) are defined for all x ∈ R as

Δ
[n]
1,x(A|B) = D

[n]
x (A|B) was. They are also written as follows by (c) in Corollary 2.5.

Proposition 3.1. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold:

(a) Δ
[n]
1,x(A|B) = (−1)n(B �1 A)B−1D

[n]
−x(B|A),

(b) Δ
[n]
2,x(A|B) = (−1)n+1(B �1−x A)B−1D

[n]
x (B|A),

(c) Δ
[n]
3,x(A|B) = (−1)n(B �1−x A)B−1D

[n]
x−1(B|A),
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operator valued α-divergence:

Dα(A|B) ≡ A ∇α B −A �α B

α(1− α)
(α ∈ (0, 1)),

where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2

(
A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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Proof. The corresponding functions f
[n]
3 (λ, x) and f

[n]
4 (λ, x) for Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B)

are represented by using θ2, θ3 ∈ (0, 1) as follows, respectively (λ > 0):

f
[n]
3 (λ, x) =

1− x

(n+ 1)!
λ(1−θ3)x+θ3(log λ)n+1,

f
[n]
4 (λ, x) =

1− x

(n+ 1)!
λθ4x+(1−θ4)(log λ)n+1.

We obtain the assertions in the same way as Theorem 3.2.

Corollary 3.4. (Proposition 2.1 and Proposition 4.2 in [16]) Let A and B be strictly positive
operators and n ∈ N. Then the following holds:

(a) D
[n]
FK(A|B) = O ⇐⇒ A = B,

(b) D
[n]
FK(A|B) = O

{ ≥ O, if n is odd or A ≤ B,

≤ O, if n is even and A ≥ B.

By Proposition 2.4, Δ
[n]
1,x(A �r B|A �s B) = (s− r)n(A �r B)A−1D

[n]
(s−r)x(A|B) holds for

n ∈ N and r, s, x ∈ R. We can also obtain similar results for remaining.

Theorem 3.5. Let A and B be strictly positive operators, n ∈ N and r, s, x ∈ R. Then
the followings hold:

(a) Δ
[n]
2,x(A �r B|A �s B) = −(s− r)n(A �(1−x)r+xs B)A−1D

[n]
−(s−r)x(A|B),

(b) Δ
[n]
3,x(A �r B|A �s B) = (s− r)n(A �(1−x)r+xs B)A−1D

[n]
(s−r)(1−x)(A|B),

(c) Δ
[n]
4,x(A �r B|A �s B) = −(s− r)n(A �s B)A−1D

[n]
(s−r)(x−1)(A|B).

Proof. For r, s, x ∈ R, (A �r B) �x (A �s B) = A �(1−x)r+xs B holds (cf. (1) in Lemma 2.2
in [13]). By using Proposition 2.4, these are shown as follows:

Δ
[n]
2,x(A �r B|A �s B)(a)

= −((A �r B) �x (A �s B))(A �r B)−1(s− r)n(A �r B)A−1D
[n]
−(s−r)x(A|B)

= −(s− r)n(A �(1−x)r+xs B)A−1D
[n]
−(s−r)x(A|B).

Δ
[n]
3,x(A �r B|A �s B)(b)
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[n]
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= (s− r)n(A �(1−x)r+xs B)A−1D
[n]
(s−r)(1−x)(A|B).

Δ
[n]
4,x(A �r B|A �s B)(c)

= −(A �s B)(A �r B)−1(s− r)n(A �r B)A−1D
[n]
(s−r)(x−1)(A|B)

= −(s− r)n(A �s B)A−1D
[n]
(s−r)(x−1)(A|B).
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In the following sense, Δ1,α(A|B) and Δ4,α(A|B) are symmetric as well as Δ2,α(A|B)
and Δ3,α(A|B) are:

Δ1,1−α(B|A) = T1−α(B|A)− S(B|A) = T1−α(B|A) + S1(A|B) = Δ4,α(A|B),

Δ2,1−α(B|A) = S1−α(B|A)− T1−α(B|A) = −T1−α(B|A)− Sα(A|B) = Δ3,α(A|B).

These properties are some kind of duality. By Proposition 3.1, similar properties hold

between Δ
[n]
1,x(A|B) and Δ

[n]
4,x(A|B) and between Δ

[n]
2,x(A|B) and Δ

[n]
3,x(A|B).

Theorem 3.6. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold:

(a) Δ
[n]
1,1−x(B|A) = (−1)n+1Δ

[n]
4,x(A|B),

(b) Δ
[n]
2,1−x(B|A) = (−1)n+1Δ

[n]
3,x(A|B).

In [14], we have shown the following relations between Δi,α(A|B) and the Petz-Bregman
divergence:

Δ1,α(A|B) =
1

α
DFK(A|A �α B), Δ2,α(A|B) ≡ 1

α
DFK(A �α B|A),

Δ3,α(A|B) ≡ 1

1− α
DFK(A �α B|B), Δ4,α(A|B) ≡ 1

1− α
DFK(B|A �α B).

By Proposition 2.6, the corresponding relation between the n-th operator valued divergence

Δ
[n]
1,x(A|B) and the n-th Petz-Bregman divergence holds:

Δ
[n]
1,x(A|B) =

1

xn
D

[n]
FK(A|A �x B).

We show the corresponding relations between remaining Δ
[n]
i,x(A|B) (2 ≤ i ≤ 4) and the

n-th Petz-Bregman divergence. The next theorem comes from Corollary 2.5, Proposition
2.6 and Theorem 3.6.

Theorem 3.7. Let A and B be strictly positive operators, n ∈ N and x ∈ R. Then the
followings hold:

(a) Δ
[n]
2,x(A|B) = (−1)n+1 1

xn
D

[n]
FK(A �x B|A),

(b) Δ
[n]
3,x(A|B) =

1

(1− x)n
D

[n]
FK(A �x B|B),

(c) Δ
[n]
4,x(A|B) = (−1)n+1 1

(1− x)n
D

[n]
FK(B|A �x B).
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A NEW CLASS IN BCK-ALGEBRAS

Dedicated to the late professor Shôtarô Tanaka (1928-2019)

ABSTRACT. In BCK-algebras, it is well known that a commutative BCK-
algebra is as a lower semilattice with respect to the operation ∧. In this paper,

we show that a new class in BCK-algebras which is a proper large class than

the class of the commutative BCK-algebras exists, and this class is as a lower
semilattice with respect to the new operation ×.

1 Introduction

A BCK-algebra is a generalization of the following two concepts. It is generalized
from, one hand the concept of the algebra of sets only with the set-difference (see
W. Sierpiński [5]), the other hand the concept of the propositional calculi which
contain the only implication functor among the logical functors (Meredith’s
System B-C-K, see A. N. Prior [4]).

BCK-algebras were introduced by K. Iséki in the article [2].

These algebras are partially ordered sets. Further, S. Tanaka showed that

the commutative BCK-algebras of a special class in BCK-algebras are lower
semilattices with respect to the operation ∧ in the article [6].

In this paper, we will define a new concept which is called the condition (I)x,y
for x, y in a BCK-algebra X. Using this concept, we shall clarify a difference
between the existence of a commutative element x∧ y = y∧x and the existence
of the greatest lower bound of x and y in a BCK-algebra X. And more, we
will define the BCK-algebras with Condition (I) X which is a special class
satisfying the single condition (I)x,y for any x, y in X. We shall show that the
BCK-algebras with Condition (I) is a proper large class than the class of the
commutative BCK-algebras, and this class is as a class of lower semilattices in
BCK-algebras with respect to the new operation ×.

2 Preliminaries and Problems

We will start out to recall the definition and some basic properties of BCK-
algebras.
Definition 2.1 An algebra X =< X; ∗, 0 > of type< 2, 0 > satisfying the
following five conditions is called a BCK-algebra :

2000 Mathematics Subject Classification. 03G25, 06A12, 06F35.
Keywords and phrases. BCK-algebra, commutative BCK-algebra, lower

semilattice, the condition (I)x,y, the single condition (I)x,y, BCK-algebra with
Canonical Condition (I), BCK-algebra with Condition (I).
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Abstract. Let A and B be strictly positive linear operators on a Hilbert space H.

As a generalization of the relative operator entropy S(A|B) ≡ A
1
2 (logA− 1

2BA− 1
2 )A

1
2

and the Tsallis relative operator entropy Tx(A|B) ≡ A
1
2
(A− 1

2BA− 1
2 )x − I

x
A

1
2 , we have

introduced the n-th relative operator entropy S[n](A|B) and the n-th Tsallis relative

operator entropy T
[n]
x (A|B) for n ∈ N and x ∈ R. In this paper, we define the n-th gen-

eralized Petz-Bregman divergence D [n]
x (A|B) ≡ T

[n]
x (A|B)− S[n](A|B) (x ∈ R) corre-

sponding to the operator valued divergence Δ1,α(A|B) ≡ Tα(A|B)−S(A|B) (α ∈ [0, 1])
which is a generalization of Petz-Bregman divergence DFK(A|B) ≡ B − A− S(A|B).

Similatly, by using D [n]
x (A|B), we introduce the n-th operator valued divergences

Δ
[n]
2,x(A|B), Δ

[n]
3,x(A|B) and Δ

[n]
4,x(A|B) corresponding to Δ2,α(A|B) ≡ Sα(A|B) −

Tα(A|B), Δ3,α(A|B) ≡ −T1−α(B|A)−Sα(A|B) and Δ4,α(A|B) ≡ S1(A|B)+T1−α(B|A),
respectively, and show their properties and relations among them.

1 Introduction. A bounded linear operator T on a Hilbert space H is positive (denoted
by T ≥ 0) if (Tξ, ξ) ≥ 0 for all ξ ∈ H, and T is said to be strictly positive (denoted by
T > 0) if T is invertible and positive. Throughout this paper, A and B denote strictly
positive operators.

Based on the concept of the α-divergence introduced by Amari [1], Fujii [2] defined the
operator valued α-divergence:

Dα(A|B) ≡ A ∇α B −A �α B

α(1− α)
(α ∈ (0, 1)),

where A ∇α B ≡ (1− α)A+ αB is the weighted arithmetic operator mean and A �α B ≡
A

1
2

(
A− 1

2BA− 1
2

)α

A
1
2 is the weighted geometric operator mean [18]. We use the represen-

tation A �α B instead of A �α B below if α ∈ R ([17]).
Aside from this, Petz [19] introduced the Bregman divergence for an operator valued

smooth function ψ : C → B(H) as

ψ(x)− ψ(y)− lim
t→+0

ψ(y + t(x− y))− ψ(y)

t
,

where C is a convex set in a Banach space. As an analogy of this kind of divergence, we
had given an operator valued divergence

ψ(1)− ψ(0)− d

dt
ψ(t)

∣∣∣∣
t=0

= B −A− S(A|B)

for ψ(t) ≡ A �t B. We call it the Petz-Bregman divergence and denote it by

DFK(A|B) = B −A− S(A|B),
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A NEW CLASS IN BCK-ALGEBRAS

Dedicated to the late professor Shôtarô Tanaka (1928-2019)

ABSTRACT. In BCK-algebras, it is well known that a commutative BCK-
algebra is as a lower semilattice with respect to the operation ∧. In this paper,

we show that a new class in BCK-algebras which is a proper large class than

the class of the commutative BCK-algebras exists, and this class is as a lower
semilattice with respect to the new operation ×.

1 Introduction

A BCK-algebra is a generalization of the following two concepts. It is generalized
from, one hand the concept of the algebra of sets only with the set-difference (see
W. Sierpiński [5]), the other hand the concept of the propositional calculi which
contain the only implication functor among the logical functors (Meredith’s
System B-C-K, see A. N. Prior [4]).

BCK-algebras were introduced by K. Iséki in the article [2].

These algebras are partially ordered sets. Further, S. Tanaka showed that

the commutative BCK-algebras of a special class in BCK-algebras are lower
semilattices with respect to the operation ∧ in the article [6].

In this paper, we will define a new concept which is called the condition (I)x,y
for x, y in a BCK-algebra X. Using this concept, we shall clarify a difference
between the existence of a commutative element x∧ y = y∧x and the existence
of the greatest lower bound of x and y in a BCK-algebra X. And more, we
will define the BCK-algebras with Condition (I) X which is a special class
satisfying the single condition (I)x,y for any x, y in X. We shall show that the
BCK-algebras with Condition (I) is a proper large class than the class of the
commutative BCK-algebras, and this class is as a class of lower semilattices in
BCK-algebras with respect to the new operation ×.

2 Preliminaries and Problems

We will start out to recall the definition and some basic properties of BCK-
algebras.
Definition 2.1 An algebra X =< X; ∗, 0 > of type< 2, 0 > satisfying the
following five conditions is called a BCK-algebra :
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semilattice, the condition (I)x,y, the single condition (I)x,y, BCK-algebra with
Canonical Condition (I), BCK-algebra with Condition (I).
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(iii) y ∗ z � y ∗ x.

Under the condition (I)x,y, the following basic properties hold for z in a
BCK-algebra X.

Proposition 3.1 If z is the greatest lower bound of x and y in X, then z
satisfies the condition (I)x,y.

Proof Suppose that z is the greatest lower bound of x and y in X. Clearly,
z satisfies the inequalities (i). We will show the inequality (ii).

Now, we will show that y ∧ x is a common lower bound of x and y. By (6)
in Proposition 2.2, (II) in Definition 2.1, we obtain

y ∧ x = x ∗ (x ∗ y) � x, y ∧ x = x ∗ (x ∗ y) � y (3.1)

Then, y ∧ x is a common lower bound of x and y.

Let 0 �= u ∈ X be a common lower bound of x and y. Here, we will show
that

y ∧ x � u (3.2)

for any u in X.

First, if y ∧ x > u implies,

u ∗ (y ∧ x) = 0 (3.3)

On the other hand, by (2), (6) in Proposition 2.2,

u ∗ (y ∧ x) � u ∗ (x ∗ x) = u �= 0 (3.4)

Hence, (3.3) contradicts (3.4).

Second, if y∧x �� u, y∧x �� u imply that y∧x and u are anti-chain. Then, two
maximal lower bound of x and y exist. However, z is the greatest lower bound
of x and y. This is contradiction. Hence, we obtain (3.2).

Here, z is the special element in the set of the common lower bounds of x and
y, by (3.2), we have

(x ∗ z) ∗ (x ∗ y) = (y ∧ x) ∗ z = 0. (3.5)

Therefore, we will prove the inequality (ii). By the same way, we have the
inequality (iii).

�

Proposition 3.2 If x ∧ y = y ∧ x, then x ∧ y satisfies the condition (I)x,y.

Proof Noting that x ∧ y is a common lower bound of x and y. This implies
the inequalities (i).

We will show the inequality (ii). Put

z = x ∧ y = y ∧ x.

By (3) in Proposition 2.2,

3

For any x, y, z in X,

(I) {(x ∗ y) ∗ (x ∗ z)} ∗ (z ∗ y) = 0,
(II) {x ∗ (x ∗ y)} ∗ y = 0,
(III) x ∗ x = 0,
(IV) 0 ∗ x = 0,
(V) x ∗ y = 0, y ∗ x = 0 imply x = y.

In this algebra, we denote x � y when x ∗ y = 0.

We will state basic properties of BCK-algebras.

Proposition 2.2 For any x, y, z in a BCK-algebra X, we have the following
properties hold.

(1) X =< X;�> is a partially ordered set with respect to �.
(2) x � y implies x ∗ z � y ∗ z, z ∗ y � z ∗ x.
(3) (x ∗ y) ∗ z = (x ∗ z) ∗ y.
(4) (x ∗ y) ∗ (z ∗ y) � x ∗ z.
(5) x ∗ y � z implies x ∗ z � y.
(6) x ∗ y � x.
(7) x ∗ 0 = x.

For details of the proofs, see K. Iséki, S. Tanaka [3].

We define the operation x ∧ y by y ∗ (y ∗ x). A BCK-algebra X is said to
be commutative when x ∧ y = y ∧ x holds for any x, y in X.

For a commutative BCK-algebra X, the following theorem holds.

Theorem 2.3(Tanaka’s Theorem)(S. Tanaka [6], K. Iséki, S. Tanaka [3])
Any commutative BCK-algebra X =< X; ∗, 0 > is a lower semilattice with
respect to the operation ∧ in X.

This theorem asserts that, if a BCK-algebra X is commutative, then the
greatest lower bound exists for x and y in X, and is identical to x ∧ y.

Inspired by this theorem, we consider the following problem.

Problem Under what condition on x and y in a non-commutative BCK-
algebra X, does there exist the greatest lower bound of x and y, and when is
obtained by x ∧ y ?

3 Basic properties of the Condition (I)x,y in a
BCK-algebra

We will give an additional condition in BCK-algebras.

For x, y in a BCK-algebra X, we put the condition (I)x,y in the following.

Condition (I)x,y For x, y in a BCK-algebra X, z exist in X, we say that z
satisfies the condition (I)x,y when z satisfies the following conditions (i) (iii).

(i) z � x, z � y,
(ii) x ∗ z � x ∗ y,
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We will give an additional condition in BCK-algebras.
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On the other hand, y∧x is a common lower bound of x and y. By (3.9), replace
u with y ∧ x,

u ∗ z ≤ (y ∧ x) ∗ (y ∧ x) = 0.

Then, we get u � z. Therefore, z is the greatest lower bound for x and y.

�

Next, we shall prove an important proposition which is applied to theorems
in Section 4.

Proposition 3.5 If there exists the only one element z satisfying the condition
(I)x,y, then z is the greatest lower bound of x and y.

Proof Let z be the only one element satisfying the condition (I)x,y. Suppose
that the greatest lower bound u of x and y exists, which is not equal to z, by
Proposition 3.1 and Proposition 3.3, then

y ∧ x � u, x ∧ y � u. (3.10)

0n the other hand, by the fact that z is the only element with the condition
(I)x,y, this implies that u doesn’t satisfying the condition (I)x,y. Then, we have
that u doesn’t satisfy the inequality (ii),

y ∧ x > u or y ∧ x �� u, y ∧ x �� u, (3.11)

and more u doesn’t satisfy the condition (iii), then

x ∧ y > u or x ∧ y �� u, x ∧ y �� u. (3.12)

The inequality (3.10) contradict with (3.11), (3.12). Hence u doesn’t exist.
Therefore, by Proposition 3.4, z is the greatest lower bound x and y.

�

For any ordered two elements in a BCK-algebra have several basic properties.

Proposition 3.6 If z � x, then z = x ∧ z.

Proof By the assumption z � x and (7) in Proposition 2.2, we have

z = z ∗ 0 = z ∗ (z ∗ x) = x ∧ z.

�

Proposition 3.7 Let x ∧ y = y ∧ x. If there exists an element u satisfying
the condition (I)x,y and u �= x ∧ y, then x ∧ y < u.

Proof By the assumption, u satisfies the condition (I)x,y. By Proposition 3.3,
this implies

x ∧ y � u. (3.13)

By (3.13) and u �= x ∧ y, we have

5

(x ∗ z) ∗ (x ∗ y) = {x ∗ (y ∧ x)} ∗ (x ∗ y)
= {x ∗ (x ∗ y)} ∗ (y ∧ x)

= (y ∧ x) ∗ (y ∧ x)

= 0.

This implies the inequality (ii). By the same way, we have the inequality (iii).

�

We will give a necessary and sufficient condition on (ii) in the condition (I)x,y.

Proposition 3.3 Let z � x, z � y. Then the following the conditions (1)
(3) are equivalent.

(1) x ∗ z � x ∗ y,
(2) x ∗ z = x ∗ y,
(3) y ∧ x � z.

Proof Clearly, the condition (2) implies (1). In a BCK-algebra, from (2) in
Proposition 2.2, z � y implies x ∗ y � x ∗ z. Hence x ∗ z = x ∗ y. Then the
conditions (1) and (2) are equivalent.

The inequality (1) means

(x ∗ z) ∗ (x ∗ y) = 0. (3.6)

On the other hand, by (3) in Proposition 2.2, the condition (3) implies

(y ∧ x) ∗ z = {x ∗ (x ∗ y)} ∗ z = (x ∗ z) ∗ (x ∗ y) = 0. (3.7)

The equalities (3.6), (3.7) imply that the condition (1) and the condition (3)
are equivalent.

�

It is more convenient to substitute the condition (3) for the condition (1).
This substitution is often used in the proofs.

Let I(x, y) denote the set of elements satisfying the condition (I)x,y.

Proposition 3.4 I(x, y) �= φ, then there exists the greatest lower bound of x
and y in I(x, y).

Proof Assume that z exists in I(x, y) �= φ.
For any u in X such that u � x, u � y , we will show u � z.

By the assumption, z satisfies the condition (I)x,y. From Proposition 3.3,

y ∧ x � z. (3.8)

Further, by (2) in Proposition 2.2 and (3.8),

u ∗ z � u ∗ (y ∧ x). (3.9)

4
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On the other hand, y∧x is a common lower bound of x and y. By (3.9), replace
u with y ∧ x,

u ∗ z ≤ (y ∧ x) ∗ (y ∧ x) = 0.

Then, we get u � z. Therefore, z is the greatest lower bound for x and y.

�

Next, we shall prove an important proposition which is applied to theorems
in Section 4.

Proposition 3.5 If there exists the only one element z satisfying the condition
(I)x,y, then z is the greatest lower bound of x and y.

Proof Let z be the only one element satisfying the condition (I)x,y. Suppose
that the greatest lower bound u of x and y exists, which is not equal to z, by
Proposition 3.1 and Proposition 3.3, then

y ∧ x � u, x ∧ y � u. (3.10)

0n the other hand, by the fact that z is the only element with the condition
(I)x,y, this implies that u doesn’t satisfying the condition (I)x,y. Then, we have
that u doesn’t satisfy the inequality (ii),

y ∧ x > u or y ∧ x �� u, y ∧ x �� u, (3.11)

and more u doesn’t satisfy the condition (iii), then

x ∧ y > u or x ∧ y �� u, x ∧ y �� u. (3.12)

The inequality (3.10) contradict with (3.11), (3.12). Hence u doesn’t exist.
Therefore, by Proposition 3.4, z is the greatest lower bound x and y.

�

For any ordered two elements in a BCK-algebra have several basic properties.

Proposition 3.6 If z � x, then z = x ∧ z.

Proof By the assumption z � x and (7) in Proposition 2.2, we have

z = z ∗ 0 = z ∗ (z ∗ x) = x ∧ z.

�

Proposition 3.7 Let x ∧ y = y ∧ x. If there exists an element u satisfying
the condition (I)x,y and u �= x ∧ y, then x ∧ y < u.

Proof By the assumption, u satisfies the condition (I)x,y. By Proposition 3.3,
this implies

x ∧ y � u. (3.13)

By (3.13) and u �= x ∧ y, we have

5

(x ∗ z) ∗ (x ∗ y) = {x ∗ (y ∧ x)} ∗ (x ∗ y)
= {x ∗ (x ∗ y)} ∗ (y ∧ x)

= (y ∧ x) ∗ (y ∧ x)

= 0.

This implies the inequality (ii). By the same way, we have the inequality (iii).

�

We will give a necessary and sufficient condition on (ii) in the condition (I)x,y.

Proposition 3.3 Let z � x, z � y. Then the following the conditions (1)
(3) are equivalent.

(1) x ∗ z � x ∗ y,
(2) x ∗ z = x ∗ y,
(3) y ∧ x � z.

Proof Clearly, the condition (2) implies (1). In a BCK-algebra, from (2) in
Proposition 2.2, z � y implies x ∗ y � x ∗ z. Hence x ∗ z = x ∗ y. Then the
conditions (1) and (2) are equivalent.

The inequality (1) means

(x ∗ z) ∗ (x ∗ y) = 0. (3.6)

On the other hand, by (3) in Proposition 2.2, the condition (3) implies

(y ∧ x) ∗ z = {x ∗ (x ∗ y)} ∗ z = (x ∗ z) ∗ (x ∗ y) = 0. (3.7)

The equalities (3.6), (3.7) imply that the condition (1) and the condition (3)
are equivalent.

�

It is more convenient to substitute the condition (3) for the condition (1).
This substitution is often used in the proofs.

Let I(x, y) denote the set of elements satisfying the condition (I)x,y.

Proposition 3.4 I(x, y) �= φ, then there exists the greatest lower bound of x
and y in I(x, y).

Proof Assume that z exists in I(x, y) �= φ.
For any u in X such that u � x, u � y , we will show u � z.

By the assumption, z satisfies the condition (I)x,y. From Proposition 3.3,

y ∧ x � z. (3.8)

Further, by (2) in Proposition 2.2 and (3.8),

u ∗ z � u ∗ (y ∧ x). (3.9)

4
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Proposition 3.12 Let z � x, z � y. Then z ∧ x = x ∧ z is equivalent to
z � y ∧ x.

Proof By z � x and Proposition 3.6, we have z = x ∧ z.
Let x ∧ z = z ∧ x. Then

z ∧ x = x ∧ z = z. (3.21)

By z � y and (2) in Proposition 2.2, we have x ∗ y � x ∗ z.
Again, using (2) in Proposition 2.2, we have x ∗ (x ∗ z) � x ∗ (x ∗ y).
Then, we obtain

z ∧ x � y ∧ x (3.22)

Hence, (3.21), (3.22) lead to z � y ∧ x.

Conversely, by z � x and Proposition 3.6, we have

z = x ∧ z. (3.23)

By (3) in Proposition 2.2,

(z ∧ x) ∗ z = {x ∗ (x ∗ z)} ∗ z
= (x ∗ z) ∗ (x ∗ z)
= 0

Then, we have

z ∧ x � z. (3.24)

On the other hand, for any y with z � y, by the assumption z � y∧x, we have

z ∗ (y ∧ x) = 0.

If y = z, then z ∗ (z ∧ x) = 0, this implies

z � z ∧ x. (3.25)

Hence, by (3.24), (3.25), we obtain

z = z ∧ x. (3.26)

Therefore, by (3.23), (3.26), x ∧ z = z ∧ x.

�

Using Proposition 3.3 and Proposition 3.12, we have the next theorem. This
theorem gives a characterization of the commutativity of any x, y in a BCK-
algebra X.

Theorem 3.13 For x, y, z in a BCK-algebra X, x and y are commutative
if and only if there exists an element z satisfying the condition (I)x,y and z∧x =
x ∧ z, z ∧ y = y ∧ z.

We wish to characterize x∧ y = y∧x by using only the condition (I)x,y, but
the above result is obtained at present.

7

x ∧ y = y ∧ x < u.

�

Let |X| denote the cardinal of X for a set X.

Corollary 3.8 If x ∧ y = y ∧ x and |I(x, y)| � 2, then x ∧ y is the least
lower element in I(x, y).

Lemma 3.9 If x and y satisfy the order x � y, and z satisfies the condition
(I)x,y, then x ∧ y � z = x = y ∧ x.

Proof Since z satisfies the condition (I)x,y, we have

x ∗ z � x ∗ y. (3.14)

Further, by x � y, we have

x ∗ y = 0. (3.15)

The inequality (3.14) satisfies (3.15), This implies x ∗ z � 0.

Then, we obtain, x ∗ z = 0. This implies

x � z. (3.16)

Conversely, since z is a common lower bound of x and y,

x � z. (3.17)

Then, by (3.16), (3.17), we have

z = x. (3.18)

By x � y,

x = x ∗ (x ∗ y) = y ∧ x. (3.19)

On the other hand, by (II) in Definition 2.1, we have

x ∧ y = y ∗ (y ∗ x) � x (3.20)

From (3.18), (3.19), (3.20),

x ∧ y � z = x = y ∧ x.

�

Here, the next Proposition 3.10 is derived naturally from Lemma 3.9.

Proposition 3.10 If x and y satisfy the order x � y, then I(x, y) = {x}.

When we add the condition z � x∧ y to the hypothesis of Lemma 3.9, the
next Proposition 3.11 holds.

Proposition 3.11 If x and y satisfy the order x � y, z satisfies the condition
(I)x,y and z � x ∧ y, then z = x ∧ y = y ∧ x.

6
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Proposition 3.12 Let z � x, z � y. Then z ∧ x = x ∧ z is equivalent to
z � y ∧ x.

Proof By z � x and Proposition 3.6, we have z = x ∧ z.
Let x ∧ z = z ∧ x. Then

z ∧ x = x ∧ z = z. (3.21)

By z � y and (2) in Proposition 2.2, we have x ∗ y � x ∗ z.
Again, using (2) in Proposition 2.2, we have x ∗ (x ∗ z) � x ∗ (x ∗ y).
Then, we obtain

z ∧ x � y ∧ x (3.22)

Hence, (3.21), (3.22) lead to z � y ∧ x.

Conversely, by z � x and Proposition 3.6, we have

z = x ∧ z. (3.23)

By (3) in Proposition 2.2,

(z ∧ x) ∗ z = {x ∗ (x ∗ z)} ∗ z
= (x ∗ z) ∗ (x ∗ z)
= 0

Then, we have

z ∧ x � z. (3.24)

On the other hand, for any y with z � y, by the assumption z � y∧x, we have

z ∗ (y ∧ x) = 0.

If y = z, then z ∗ (z ∧ x) = 0, this implies

z � z ∧ x. (3.25)

Hence, by (3.24), (3.25), we obtain

z = z ∧ x. (3.26)

Therefore, by (3.23), (3.26), x ∧ z = z ∧ x.

�

Using Proposition 3.3 and Proposition 3.12, we have the next theorem. This
theorem gives a characterization of the commutativity of any x, y in a BCK-
algebra X.

Theorem 3.13 For x, y, z in a BCK-algebra X, x and y are commutative
if and only if there exists an element z satisfying the condition (I)x,y and z∧x =
x ∧ z, z ∧ y = y ∧ z.

We wish to characterize x∧ y = y∧x by using only the condition (I)x,y, but
the above result is obtained at present.

7

x ∧ y = y ∧ x < u.

�

Let |X| denote the cardinal of X for a set X.

Corollary 3.8 If x ∧ y = y ∧ x and |I(x, y)| � 2, then x ∧ y is the least
lower element in I(x, y).

Lemma 3.9 If x and y satisfy the order x � y, and z satisfies the condition
(I)x,y, then x ∧ y � z = x = y ∧ x.

Proof Since z satisfies the condition (I)x,y, we have

x ∗ z � x ∗ y. (3.14)

Further, by x � y, we have

x ∗ y = 0. (3.15)

The inequality (3.14) satisfies (3.15), This implies x ∗ z � 0.

Then, we obtain, x ∗ z = 0. This implies

x � z. (3.16)

Conversely, since z is a common lower bound of x and y,

x � z. (3.17)

Then, by (3.16), (3.17), we have

z = x. (3.18)

By x � y,

x = x ∗ (x ∗ y) = y ∧ x. (3.19)

On the other hand, by (II) in Definition 2.1, we have

x ∧ y = y ∗ (y ∗ x) � x (3.20)

From (3.18), (3.19), (3.20),

x ∧ y � z = x = y ∧ x.

�

Here, the next Proposition 3.10 is derived naturally from Lemma 3.9.

Proposition 3.10 If x and y satisfy the order x � y, then I(x, y) = {x}.

When we add the condition z � x∧ y to the hypothesis of Lemma 3.9, the
next Proposition 3.11 holds.

Proposition 3.11 If x and y satisfy the order x � y, z satisfies the condition
(I)x,y and z � x ∧ y, then z = x ∧ y = y ∧ x.
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Hence, by (4.2), (4.3), implies

u = y ∧ x = x ∧ y. (4.4)

By (4.1), (4.4), we have u = z. Therefore, this shows the requirement i).
The other, the converse is clear. We complete the proof of Theorem 4.6.

�

Theorem 4.7 A lower semilattice with respect to the operation ∧ is a BCK-
algebra with Canonical Condition (I), and the converse also holds.

Proof Let X =< X;∧, 0 > be a lower semilattice for the operation ∧.
For any x, y in X, x ∧ y is the greatest lower bound of x and y. Then, put
z = x ∧ y = y ∧ x. The requirement ii) is clear.

And more, by Proposition 3.1, the greatest lower bound x ∧ y satisfies the
condition (I)x,y. If any u satisfies the condition (I)x,y, by (3) in Proposition 3.3,
this implies

x ∧ y � u. (4.5)

Since X is a lower semilattice for the operation ∧, and u � x, we have

u = u ∧ x = x ∧ u. (4.6)

From (4.6) and Proposition 3.12,

u � y ∧ x = x ∧ y. (4.7)

Thus, by (4.5), (4.7), u = x ∧ y. This shows the requirement i).
Conversely, let X be a BCK-algebra with Canonical Condition (I). For any

x, y in X, the element z exists in X and satisfies the requirement i), ii) of
Definition 4.2. By Proposition 3.5, we have that the commutative element z
is the greatest lower bound of x and y. Therefore, we complete the proof of
Theorem 4.7.

�

Clearly, Theorem 4.6 and Theorem 4.7 implies Tanaka’s theorem (Theo-
rem 2.3) and the inverse of Theorem 2.3. Consequently, we get the canonical
condition (I)x,y in Definition 4.3 is an equivalent to the commutativity in BCK-
algebras.

Secondly, we will show the following fundamental property of BCK-algebras
with Condition (I).

Theorem 4.8 A lower semilattice with respect to the operation × is a BCK-
algebra with Condition (I), and the converse also holds.

Proof Let X =< X;×, 0 > be a lower semilattice for the operation ×. For
any x, y in X, the greatest lower bound of x and y exists in X. This element
is defined by x× y in Definition 4.5. By the assumption, x× y is the only one
element satisfying the condition (I)x,y.

Conversely, let X be a BCK-algebra with Condition (I). For any x, y in X,
there exists the only one element z in I(x, y). By Proposition 3.5, this implies
that z is the greatest lower bound of x and y. Then, we denote z = x× y. The
converse is showed. Therefore, we complete the proof of Theorem 4.8.

�

9

4 BCK-algebras with Condition (I) and lower
semilattices

As are described in (1) of Proposition 2.2, BCK-algebras are partially ordered
sets with respect to the relation �. Then, we define the next.

Definition 4.1 In a BCK-algebra X, we called that the relation � is BCK-
order. A BCK-algebra X is called a lower BCK-semilattice if when X is a lower
semilattice with respect to BCK-order �.

We will classify this class further using the condition (I)x,y. In the following,
let X be a BCK-algebra and any x, y, z in X.

Definition 4.2 If z is the only one element satisfying the condition (I)x,y,
then we say that z satisfies the single condition (I)x,y.

Definition 4.3 If z satisfies the following two requirement i) and ii) ;

i) z is the only one element satisfying the condition (I)x,y,
ii) z = x ∧ y = y ∧ x.

then we say that z satisfies the canonical condition (I)x,y.

By Definition 4.2 and Definition 4.3, we will define the two special classes in
BCK-algebras.

Let X be a BCK-algebra.

Definition 4.4 For any x, y in X, if z exists in X and satisfies the canonical
condition (I)x,y, then X is called that a BCK-algebra with Canonical Condition
(I).

Definition 4.5 For any x, y in X, if z exists in X and satisfies the single
condition (I)x,y, then X is called that a BCK-algebra with Condition (I).
At this time, we define x× y by z. Surely, x× y = y × x.

First, we will show the fundamental properties of BCK-algebras with Canon-
ical Condition (I).

Theorem 4.6 A commutative BCK-algebra is a BCK-algebra with Canonical
Condition (I), and the converse also holds.

Proof Let X be a commutative BCK-algebra. For any x, y in X, put

z = x ∧ y = y ∧ x. (4.1)

Clearly, the element z satisfies requirement ii).
And more, by Proposition 3.2, the element z satisfies the condition (I)x,y. Here,
if any u exists in X and satisfies the condition (I)x,y, by (3) in Proposition 3.3,
we have

y ∧ x � u, x ∧ y � u. (4.2)

In addition, sinceX is a commutative BCK-algebra, we have x∧u = u∧x, y∧u =
u ∧ y. By Proposition 3.12, this implies

u � y ∧ x, u � x ∧ y. (4.3)
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Hence, by (4.2), (4.3), implies

u = y ∧ x = x ∧ y. (4.4)

By (4.1), (4.4), we have u = z. Therefore, this shows the requirement i).
The other, the converse is clear. We complete the proof of Theorem 4.6.

�

Theorem 4.7 A lower semilattice with respect to the operation ∧ is a BCK-
algebra with Canonical Condition (I), and the converse also holds.

Proof Let X =< X;∧, 0 > be a lower semilattice for the operation ∧.
For any x, y in X, x ∧ y is the greatest lower bound of x and y. Then, put
z = x ∧ y = y ∧ x. The requirement ii) is clear.

And more, by Proposition 3.1, the greatest lower bound x ∧ y satisfies the
condition (I)x,y. If any u satisfies the condition (I)x,y, by (3) in Proposition 3.3,
this implies

x ∧ y � u. (4.5)

Since X is a lower semilattice for the operation ∧, and u � x, we have

u = u ∧ x = x ∧ u. (4.6)

From (4.6) and Proposition 3.12,

u � y ∧ x = x ∧ y. (4.7)

Thus, by (4.5), (4.7), u = x ∧ y. This shows the requirement i).
Conversely, let X be a BCK-algebra with Canonical Condition (I). For any

x, y in X, the element z exists in X and satisfies the requirement i), ii) of
Definition 4.2. By Proposition 3.5, we have that the commutative element z
is the greatest lower bound of x and y. Therefore, we complete the proof of
Theorem 4.7.

�

Clearly, Theorem 4.6 and Theorem 4.7 implies Tanaka’s theorem (Theo-
rem 2.3) and the inverse of Theorem 2.3. Consequently, we get the canonical
condition (I)x,y in Definition 4.3 is an equivalent to the commutativity in BCK-
algebras.

Secondly, we will show the following fundamental property of BCK-algebras
with Condition (I).

Theorem 4.8 A lower semilattice with respect to the operation × is a BCK-
algebra with Condition (I), and the converse also holds.

Proof Let X =< X;×, 0 > be a lower semilattice for the operation ×. For
any x, y in X, the greatest lower bound of x and y exists in X. This element
is defined by x× y in Definition 4.5. By the assumption, x× y is the only one
element satisfying the condition (I)x,y.

Conversely, let X be a BCK-algebra with Condition (I). For any x, y in X,
there exists the only one element z in I(x, y). By Proposition 3.5, this implies
that z is the greatest lower bound of x and y. Then, we denote z = x× y. The
converse is showed. Therefore, we complete the proof of Theorem 4.8.

�

9

4 BCK-algebras with Condition (I) and lower
semilattices

As are described in (1) of Proposition 2.2, BCK-algebras are partially ordered
sets with respect to the relation �. Then, we define the next.

Definition 4.1 In a BCK-algebra X, we called that the relation � is BCK-
order. A BCK-algebra X is called a lower BCK-semilattice if when X is a lower
semilattice with respect to BCK-order �.

We will classify this class further using the condition (I)x,y. In the following,
let X be a BCK-algebra and any x, y, z in X.

Definition 4.2 If z is the only one element satisfying the condition (I)x,y,
then we say that z satisfies the single condition (I)x,y.

Definition 4.3 If z satisfies the following two requirement i) and ii) ;

i) z is the only one element satisfying the condition (I)x,y,
ii) z = x ∧ y = y ∧ x.

then we say that z satisfies the canonical condition (I)x,y.

By Definition 4.2 and Definition 4.3, we will define the two special classes in
BCK-algebras.

Let X be a BCK-algebra.

Definition 4.4 For any x, y in X, if z exists in X and satisfies the canonical
condition (I)x,y, then X is called that a BCK-algebra with Canonical Condition
(I).

Definition 4.5 For any x, y in X, if z exists in X and satisfies the single
condition (I)x,y, then X is called that a BCK-algebra with Condition (I).
At this time, we define x× y by z. Surely, x× y = y × x.

First, we will show the fundamental properties of BCK-algebras with Canon-
ical Condition (I).

Theorem 4.6 A commutative BCK-algebra is a BCK-algebra with Canonical
Condition (I), and the converse also holds.

Proof Let X be a commutative BCK-algebra. For any x, y in X, put

z = x ∧ y = y ∧ x. (4.1)

Clearly, the element z satisfies requirement ii).
And more, by Proposition 3.2, the element z satisfies the condition (I)x,y. Here,
if any u exists in X and satisfies the condition (I)x,y, by (3) in Proposition 3.3,
we have

y ∧ x � u, x ∧ y � u. (4.2)

In addition, sinceX is a commutative BCK-algebra, we have x∧u = u∧x, y∧u =
u ∧ y. By Proposition 3.12, this implies

u � y ∧ x, u � x ∧ y. (4.3)
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Thus, the BCK-algebra XA is commutative. Further, the operation ∧ matches
the lattice-meet ∩ obtain from the Hasse diagram: Figure.1.

Next, we will examine that the elements satisfying the condition (I)x,y for
any two elements in XA. The results is as follows.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, b} {c}
Table 1.A-(I)

Therefore, the BCK-algebra XA is a BCK-algebra with Condition (I). Clearly,
the operation× matches the lattice-meet ∩, and this algebra also coincides with
the operation ∧. Then, the BCK-algebra XA is a BCK-algebra with Canonical
Condition (I).

Second, for the BCK-algebra XB given in the Table 1.B, the following rela-
tion holds for the operation ∧.

c = c ∗ (c ∗ b) = b ∧ c �= c ∧ b = b ∗ (b ∗ c) = 0,

c = a ∗ (a ∗ b) = b ∧ a �= a ∧ b = b ∗ (b ∗ a) = 0.

Therefore, the BCK-algebra XB is not commutative. However, we will examine
that the elements satisfying the condition (I)x,y for any two elements in XB .
The result is as follows.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, b} {c}
Table 1.B-(I)

From this table, any two elements in the BCK-algebra XB satisfy the single
condition (I)x,y. Then, the BCK-algebra XB is a BCK-algebra with Condition
(I). Therefore, the following the Table 1.B-× is obtained with respect to the
operation ×.

× 0 c a b

0 0 0 0 0
c 0 c c c
a 0 c a c
b 0 c c b

Table 1.B-×

11

5 Examples of BCK-algebras

Example 5.1 Let X = {0, a, b, c} be a set with four elements. And more,
the set X satisfies the following Hasse daiagram: Figure.1, as BCK-order.

0

a b

c

F igure.1

At this time, there are four types in the role of algebraic structure of non-
isomorphic BCK-algebras on the partially ordered set X: Figure.1, as follow
four Cayley Tables 1.A, 1.B, 1.C and 1.D exist.

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a c 0 c
b b c c 0

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a c 0 c
b b b b 0

Table 1.A Table 1.B

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a a 0 c
b b c c 0

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a a 0 a
b b b b 0

Table 1.C Table 1.D
The above four BCK-algebras are written as follow XA =< X; ∗, 0 >,XB =<
X; ∗, 0 >,XC =< X; ∗, 0 > and XD =< X; ∗, 0 > in the order of Cayley Table
1.A, 1.B, 1.C and 1.D.

First, for the BCK-algebra XA given in Table 1.A, the next Table1.A-∧ is
available for the operation ∧.

∧ 0 c a b

0 0 0 0 0
c 0 c c c
a 0 c a c
b 0 c c b

Table 1.A-∧
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Thus, the BCK-algebra XA is commutative. Further, the operation ∧ matches
the lattice-meet ∩ obtain from the Hasse diagram: Figure.1.

Next, we will examine that the elements satisfying the condition (I)x,y for
any two elements in XA. The results is as follows.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, b} {c}
Table 1.A-(I)

Therefore, the BCK-algebra XA is a BCK-algebra with Condition (I). Clearly,
the operation× matches the lattice-meet ∩, and this algebra also coincides with
the operation ∧. Then, the BCK-algebra XA is a BCK-algebra with Canonical
Condition (I).

Second, for the BCK-algebra XB given in the Table 1.B, the following rela-
tion holds for the operation ∧.

c = c ∗ (c ∗ b) = b ∧ c �= c ∧ b = b ∗ (b ∗ c) = 0,

c = a ∗ (a ∗ b) = b ∧ a �= a ∧ b = b ∗ (b ∗ a) = 0.

Therefore, the BCK-algebra XB is not commutative. However, we will examine
that the elements satisfying the condition (I)x,y for any two elements in XB .
The result is as follows.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, b} {c}
Table 1.B-(I)

From this table, any two elements in the BCK-algebra XB satisfy the single
condition (I)x,y. Then, the BCK-algebra XB is a BCK-algebra with Condition
(I). Therefore, the following the Table 1.B-× is obtained with respect to the
operation ×.

× 0 c a b

0 0 0 0 0
c 0 c c c
a 0 c a c
b 0 c c b

Table 1.B-×

11

5 Examples of BCK-algebras

Example 5.1 Let X = {0, a, b, c} be a set with four elements. And more,
the set X satisfies the following Hasse daiagram: Figure.1, as BCK-order.

0

a b

c

F igure.1

At this time, there are four types in the role of algebraic structure of non-
isomorphic BCK-algebras on the partially ordered set X: Figure.1, as follow
four Cayley Tables 1.A, 1.B, 1.C and 1.D exist.

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a c 0 c
b b c c 0

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a c 0 c
b b b b 0

Table 1.A Table 1.B

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a a 0 c
b b c c 0

∗ 0 c a b

0 0 0 0 0
c c 0 0 0
a a a 0 a
b b b b 0

Table 1.C Table 1.D
The above four BCK-algebras are written as follow XA =< X; ∗, 0 >,XB =<
X; ∗, 0 >,XC =< X; ∗, 0 > and XD =< X; ∗, 0 > in the order of Cayley Table
1.A, 1.B, 1.C and 1.D.

First, for the BCK-algebra XA given in Table 1.A, the next Table1.A-∧ is
available for the operation ∧.

∧ 0 c a b

0 0 0 0 0
c 0 c c c
a 0 c a c
b 0 c c b

Table 1.A-∧
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a = a ∗ c � a ∗ b = b, b = b ∗ c � b ∗ a = b.

Therefore, two elements a and b don’t satisfy the single condition (I)x,y, then
the BCK-algebra XD is not a BCK-algebra with Condition (I).

Example 5.2 Let Y = {0, x, y, 1} be a set with four elements. And more, the
set Y satisfies the following totally order 0 � a � b � 1, as BCK-order of Y .

At this time, there are six types in the role of algebraic structure of non-
isomorfic BCK-algebras on the totally ordered set Y , as follow Cayley Table
2.A, 2.B, 2.C, 2.D, 2.E and 2.F exist.

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b a 0 0
1 1 b a 0

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 b a 0

Table 2.A Table 2.B

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b a 0 0
1 1 a a 0

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 1 b 0

Table 2.C Table 2.D

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b a 0 0
1 1 1 1 0

∗ 0 a b 1

0 0 0 0 0
a a 0 0 0
b b b 0 0
1 1 1 1 1

Table 2.E Table 2.F

The above six BCK-algebras are written as follow YA =< Y ; ∗, 0 >, YB =<
Y ; ∗, 0 >, YC =< Y ; ∗, 0 >, YD =< Y ; ∗, 0 >, YE =< Y ; ∗, 0 > and YF =<
Y ; ∗, 0 > in order of Cayley Table 2.A, 2.B, 2.C, 2.D, and 2.F.

First, for the BCK-algebra YA given in Table 2.A, the following Table 2.
A-∧ is available for the operation ∧.

∧ 0 a b 1

0 0 0 0 0
a 0 a a a
b 0 a b b
1 0 a b 1

Table 2.A-∧
Therefore, the BCK-algebra YA is commutative. Further, the operation ∧
matches the lattice-meet ∩ obtain from BCK-order of Y .

Next, we will examine that the elements satisfying the condition (I)x,y for any
two elements in YA. The result is the following.

13

This table matches the lattice-meet ∩ that obtained from the Hasse diagram:
Figure.1.

Similarly, for the BCK-algebra XC is given in the Table 1.C, the following
relations hold for the operation ∧.

c = c ∗ (c ∗ a) = a ∧ c �= c ∧ a = a ∗ (a ∗ c) = 0,

c = b ∗ (b ∗ a) = a ∧ b �= b ∧ a = a ∗ (a ∗ b) = a.

Therefore, the BCK-algebra XC is not commutative. However, we will examine
that the elements satisfying the condition (I)x,y for any two elements in XC .
The result is follows.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, y} {c}
Table 1.C-(I)

From this table, XC is a BCK-algebra with Condition (I). This table is consistent
with the lattice-meet ∩ obtained from the Hasse diagram: Figure.1.

Thirdly, for the operation ∧ in the BCK-algebra XD, we have the following
relation.

0 = a ∗ (a ∗ c) = c ∧ a �= a ∧ c = c ∗ (c ∗ a) = c,

0 = b ∗ (b ∗ c) = c ∧ b �= b ∧ c = c ∗ (c ∗ b) = c

Then, the BCK-algebra XD is not commutative. Further, we will examine that
the elements satisfying the condition (I)x,y for any two elements in XD, the
following is obtained.

{, } I(x, y)

{0, c} {0}
{0, a} {0}
{0, b} {0}
{c, a} {c}
{c, b} {c}
{a, b} {0, c}
Table 1.D-(I)

The following can be understood. In the BCK-algebra XD, there are two ele-
ments satisfying the condition (I)x,y for a and b.

a = a ∗ 0 � a ∗ b = a, b = b ∗ 0 � b ∗ a = b,
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two elements in YA. The result is the following.
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Corollary 5.3 For the totally ordered sets, the algebraic structure of the
BCK-algebra with Condition (I) is always given.

Then, the BCK-algebras YB , YC , YD, YE , and YF are BCK-algebras with
Condition (I).

6 Additional Remarks

P. M. Idziak showed that a lower BCK-semilattice is as a variety in the article
[1]. Then, a BCK-algebra with Condition (I) should be as a variety. Therefore,
we should be able to define this class with the condition for only identities
including the operation ×. However, this condition expression has not been
provided yet. If we can this condition expression, we will investigate into BCK-
algebras with Condition (I) more deeply.

In addition, we don’t know whether the BCK-algebras with Condition (I) is
the maximum class in lower BCK-semilattices.

Acknowledgement The author would like to express his hearty thanks to
Professor Kimiaki Narukawa in Naruto University of Education for his constant
encouragement and kind discussion.

References

[1] P. M. Idziak, Lattice Operation in BCK-algebras, Math. Japonica., 29
(1984), 839-846.

[2] K. Iséki, An Algebra Related with a Propositional Calculus, Proc. Japan
Acad., 42 (1966), 26-29.
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{, } I(x, y)

{0, a} {0}
{0, b} {0}
{0, 1} {0}
{a, b} {a}
{a, 1} {a}
{b, 1} {b}
Table 2.A-(I)

Therefore, the BCK-algebra YA is a BCK-algebra with Condition (I). Clearly,
the operation × matches the lattice-meet ∩, and this algebra also coincides with
the operation ∧. Then, the BCK-algebra YA is a BCK-algebra with Canonical
Condition (I).

Second, for the BCK-algebras YB , YC , YD, YE , and YF given in the Table
2.B, Table 2.C, Table 2.D, Table 2.E and Table 2.F, the following relation holds
for the operation ∧.
In the BCK-algebra YB ,

0 = b ∗ (b ∗ a) = a ∧ b �= b ∧ a = a ∗ (a ∗ b) = a ;

In the BCK-algebra YC ,

a = 1 ∗ (1 ∗ b) = b ∧ 1 �= 1 ∧ b = b ∗ (b ∗ 1) = b ;

In the BCK-algebra YD,

0 = b ∗ (b ∗ a) = a ∧ b �= b ∧ a = a ∗ (a ∗ b) = a,

0 = 1 ∗ (1 ∗ a) = x ∧ 1 �= 1 ∧ a = a ∗ (a ∗ 1) = b ;

In the BCK-algebra YE ,

0 = 1 ∗ (1 ∗ a) = a ∧ 1 �= 1 ∧ a = a ∗ (a ∗ 1) = a,

0 = 1 ∗ (1 ∗ b) = b ∧ 1 �= 1 ∧ b = b ∗ (b ∗ 1) = b ;

In the BCK-algebra YF ,

0 = b ∗ (b ∗ a) = a ∧ b �= b ∧ a = a ∗ (a ∗ b) = a,

0 = 1 ∗ (1 ∗ a) = a ∧ 1 �= 1 ∧ a = a ∗ (∗1) = a.

0 = 1 ∗ (1 ∗ b) = b ∧ 1 �= 1 ∧ b = b ∗ (b ∗ 1) = b ;

Therefore, the BCK-algebras YB , YC , YD, YE and YF are not commutative.

Next, we consider that the elements satisfying the condition (I)x,y for any
two elements in YB . This is clear from the next Corollary 5.3. Because of that
the set Y is a totally ordered set, the Proposition 3.10 implies the Corollary 5.3.

14

A NEW CLASS IN BCK-ALGEBRASMASAAKI KUMAZAWA74



Corollary 5.3 For the totally ordered sets, the algebraic structure of the
BCK-algebra with Condition (I) is always given.

Then, the BCK-algebras YB , YC , YD, YE , and YF are BCK-algebras with
Condition (I).

6 Additional Remarks

P. M. Idziak showed that a lower BCK-semilattice is as a variety in the article
[1]. Then, a BCK-algebra with Condition (I) should be as a variety. Therefore,
we should be able to define this class with the condition for only identities
including the operation ×. However, this condition expression has not been
provided yet. If we can this condition expression, we will investigate into BCK-
algebras with Condition (I) more deeply.

In addition, we don’t know whether the BCK-algebras with Condition (I) is
the maximum class in lower BCK-semilattices.

Acknowledgement The author would like to express his hearty thanks to
Professor Kimiaki Narukawa in Naruto University of Education for his constant
encouragement and kind discussion.

References

[1] P. M. Idziak, Lattice Operation in BCK-algebras, Math. Japonica., 29
(1984), 839-846.
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(b') tkubiak@amu.edu.pl  
(c) Many-valued topology (fuzzy topology), Pointfree topology (frames and locales) 
 

P.R.OF CHINA 
 

(a) Minghao Chen 
(b) Xidazhi Street 92,Harbin ,150001,China Department of Mathematics,Harbin Institute of Technology 
(b') chenmh130264@aliyun.com;chenmh130264@hit.edu.cn 
(c) Uncertain dynamical systems;Fuzzy differential equation; Fuzzy optimization;Fuzzy sets theory 

 
ROMANIA  

 
(a) Adrian Petrusel  
(b) Babes-Bolyai University Cluj-Napoca, Faculty of Mathematics and Computer Science, Department of Mathematics, 

Kogalniceanu street no. 1, 400084 Cluj-Napoca, Romania  
(b') petrusel@math.ubbcluj.ro  
(c) Nonlinear Analysis  
  
(a) Ioan A. Rus  
(b) Department of  Mathematics, Babes-Bolyai University, Str. Kogalniceanu No. 1, 400084 Cluj-Napoca, Romania 
(b') iarus@math.ubbcluj.ro  
(c) Fixed Point Theory  
 
(a) Vasile Berinde  
(b) Department of Mathematics and Computer Science, Faculty of Sciences Technical University of Cluj-Napoca North 

University Center at Baia Mare, Victoriei Nr. 76, 430122 Baia Mare, Romania  
(b') vberinde@cubm.utcluj.ro  
(c) Fixed Point Theory, iterative approximation of fixed points  
 
 
                       RUSSIA  

 
(a) Andrei Vesnin  
(b) Sobolev Institute of Mathematics, pr. ak. Koptyuga 4, Novosibirsk, 630090, Russia  
(b') vesnin@math.nsc.ru  
(c) Low-dimensional topology, Knot theory, Hyperbolic manifolds and orbifolds.  
 
(a) Semen S. Kutateladze  
(b) The Sobolev Institute of Mathematics of the Siberian Branch of the Russian Academy of Sciences, Academician 

Koptyug's Avenue 4, Novosibirsk, 630090, RUSSIA  
(b') sskut@member.ams.org and sskut@math.nsc.ru  
(c) Functional Analysis, Operator Theory, Convex Geometry, Optimization and Programming, Nonstandard Analysis, 

Boolean Valued Models 
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(a) Vladimir V. Mazalov  
(b) Institute of Applied Mathematical Research, Karelia Research Center of Russian Academy of Sciences Pushkinskaya 
str., 11, Petrozavodsk 185610, Russia  
(b') vmazalov@krc.karelia.ru  
(c) Optimal Stopping Theory, Game with Optimal Stopping, Stochastic Dynamic Programming, Applications in 

Behavioral Ecology  
 
(a) Elena Parilina 
(b) Department of Mathematical Game Theory and Statistical Decisions, Saint Petersburg State University,7/9 

Universitetskaya nab., Saint Petersburg 199034, Russia 
(b') e.parilina@spbu.ru<mailto-e.parilina@spbu.ru> 
(c) Game Theory, Stochastic Games, Applied Mathematical Statistics. 
 
 
 

 
SOUTH AFRICA  

 
(a) Joachim Schröder  
(b) Department van Wiskunde, Universiteit van die Vrystaat, Posbus 339, Bloemfontein 9300, South Africa  
(b') schroderjd@ufs.ac.za  
(c) Enumerative combinatorics, Categorical methods in topology, Set theoretic topology (cardinal invariants, elementary 

submodels)  
  

 
SPAIN  

(a) Javier Gutierrez Garcia  
(b) Departamento de Matematicas, Universidad del Pais Vasco/Euskal Herriko Unibertsitatea UPV/EHU, Apartado 644, 

48080, Bilbao, Spain  
(b') javier.gutierrezgarcia@ehu.eus  
(c) General topology (in particular, insertion and extension of functions), Pointfree topology,Many-valued topology  
 
(a) Jorge Galindo  
(b) Instituo de Matemáticas y Aplicaciones de Castellón (IMAC), Departamento de Matemáticas, Universidad Jaume I, 

12071-Castellón, Spain.  
(b') jgalindo@mat.uji.es  
(c) Topological Algebra, Abstract Harmonic Analysis, General Topology.  
 
(a) Luis M. Sanchez Ruiz  
(b) ETSID-Depto. de Matematica Aplicada & CITG, Universitat Politècnica de València, E-46022 Valencia, Spain 
(b') LMSR@mat.upv.es  
(c) Functional Analysis, Topological Vector Spaces, Barrelledness Properties, Baire-like Spaces, Continuous Function 

Spaces, Wavelets  
 
(a) Salvador Hernandez 
(b) Departamento de Matematicas, Universitat Jaume I, 12071 Castellon, Spain 
(b') hernande@uji.es  
(c) Topological groups and semigroups, Spaces of continuous functions, Operators defined between spaces of continuous 
functions, General Topology.  
 

 
 

TAIWAN  
(a) Hang-Chin Lai  
(b) Department of Mathematics, National Tsing Hua University, Hsin Chu City, Taiwan  
(b’) laihc@mx.nthu.edu.tw  
(c) Nonlinear analysis and convex analysis, Optimization theory, Harmonic analysis  
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UNITED STATES OF AMERICA  
 
(a) Andreas Blass  
(b) Mathematics Department, University of Michigan, Ann Arbor, MI 48109-1043, USA  
(b') ablass@umich.edu  
(c) Mathematical logic, set theory, category theory  
 
(a) John B Conway  
(b) Professor Emeritus, George Washington University,Phillip Hall 801 22nd St. NW 

Washington, DC 20052, U.S.A 
(b’) Conway@gwu.edu  
(c) Functional Analysis and Operator Theory  
 
(a) Paul Cull  
(b) Computer Science, Kelley Engineering Center, Oregon State University, Corvallis, OR 97331, USA  
(b') pc@cs.orst.edu  
(c) Difference Equations and Dynamical Systems, Computer Science (Theory, Algorithms, Networks), Mathematical 

Biology (Population Models, Neural Nets)  
 
(a) W. Wistar Comfort  
(b) Department of Mathematics, Wesleyan University, Wesleyan Station, Middletown, CT USA 06459  
(b') wcomfort@wesleyan.edu  
(c) Topological theory of topological groups, General (set-theoretic) topology  
 
 

JAPAN  
 

(a) Mariko Yasugi  
(b) non-public 
(b’) yasugi@cc.kyoto-su.ac.jp  
(c) Logic Oriented Mathematics 
 
(a) Haruo Maki 
(b) non-public 
(b') makih@pop12.odn.ne.jp  
(c) (Topological) digital n-spaces (n>0), Generalized closed sets (after Levine), 

Operation theory in topology (in the sense of Kasahara and Ogata) 
 
(a) Kohzo Yamada  
(b) Faculty of Education, Shizuoka Univ., 836 Ohya, Shizuoka 422-8529, Japan  
(b’) kohzo.yamada@shizuoka.ac.jp 
(c) General Topology  
 
(a) Yasunao Hattori  
(b) Shimane Univ., Matsue, Shimane 690-8504, Japan  
(b’) hattori@riko.shimane-u.ac.jp  
(c) General Topology  
 
(a) Yoshikazu Yasui  
(b) Department of Modern Education, Faculty of Education, Kio University, 4-2-2, Umami-naka, Koryo-cho, 

Kitakaturagi-gun, Nara, 635-0832, Japan  
(b’) y.yasui@kio.ac.jp  
(c) General Topology  
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(a) Eiichi Nakai 
(b) Department of Mathematics, Ibaraki University, Mito, Ibaraki 310-8512, Japan 
(b') eiichi.nakai.math@vc.ibaraki.ac.jp 
(c) Real analysis, harmonic analysis, Fourier analysis, function spaces, singular and fractional integrals 
 
(a) Jun Kawabe  
(b) Division of Mathematics and Physics, Shinshu University, 4-17-1 Wakasato, Nagano 380-8553, Japan  
(b') jkawabe@shinshu-u.ac.jp  
(c) Measure and integration, Vector measure, Nonadditive measure  
 
(a) Shizu Nakanishi  
(b) non-public 
(b’) shizu.nakanishi@nifty.ne.jp  
(c) measures and integrations  
 
 
(a) Jun Ichi Fujii 
(b) Department of  Educational Collaboration(Science, Mathematics and Information),Osaka Kyoiku 

University, Asahigaoka, Kashiwara, Osaka 582-8582, Japan 
(b') fujii@cc.osaka-kyoiku.ac.jp 
(c) Operator Theory 
 
(a) Masaru Nagisa  
(b) Department of Mathematics and Informatics, Graduate School of Science, Chiba University, Yayoi-cho,  

Chiba, 263-8522, Japan  
(b’) nagisa@math.s.chiba-u.ac.jp  
(c) operator algebra, operator theory  
 
(a) Hiroyuki Osaka 
(b) Graduate School of Science and Engineering, Ritsumeikan University, 1-1-1 Noji-higashi, Kusatsu,  

Shiga 525-8577 Japan  
(b') osaka@se.ritsumei.ac.jp 
(c) Operator Theory and Operator Algebras 
 
(a) Masatoshi Fujii  
(b) non-public 
(b’) mfujii@cc.osaka-kyoiku.ac.jp  
(c) Operator Theory  
 
(a) Wataru Takahashi  
(b) Keio Research and Education Center for Natural Science,Keio University,Kouhoku-ko,Yokohama 223-8521, 
   Japan 
(b’) wataru@is.titech.ac.jp, wataru@a00.itscom.net  
(c) Nonlinear Functional Analysis  
 
(a) Shigeo Akashi 
(b) Department of Information Sciences, Faculty of Science and Technology, Tokyo University of Science, 

2641, Yamazaki, Noda-City, Chiba-Prefecture, 278-8510, Japan 
(b’) akashi@is.noda.tus.ac.jp 
(c) Information Theory, Entropy Analysis, Applied Mathematics, Functional Analysis 
 
(a) Yoshitsugu Kabeya 
(b) Department of Mathematical Sciences, Osaka Prefecture University, 1-1, Gakuen-cho, Naka-ku,  
   Sakai, Osaka 599-8531, Japan 
(b’) kabeya@ms.osakafu-u.ac.jp 
(c) Partial Differential Equations, Ordinary Differential Equations 
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’) yagi@ap.eng.osaka-u.ac.jp  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Graduate School of Informatics, Kyoto University, Yoshida-Honmachi, Sakyo-ku, Kyoto 606-8501, Japan 
(b)’ ynaka@i.kyoto-u.ac.jp 
(c) integrable systems, numerical linear algebra, special functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  

non-public
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’) yagi@ap.eng.osaka-u.ac.jp  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Graduate School of Informatics, Kyoto University, Yoshida-Honmachi, Sakyo-ku, Kyoto 606-8501, Japan 
(b)’ ynaka@i.kyoto-u.ac.jp 
(c) integrable systems, numerical linear algebra, special functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  

ryu-hoh@outlook.jp
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’)  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Osaka Seikei University, 3-10-62 Aikawa, Higashiyodogawa-ku, Osaka 533-0007, Japan 
(b)’ nakamura-yo@osaka-seikei.ac.jp 
(c) Integrable Systems, Numerical Linear Algebra, Special Functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  
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(a) Junzo Watada  
(b) Universiti Teknologi PETRONAS Department of Computer & Information Sciences 32610 Seri Iskandar,Perak Darul 

Ridzuam,Malaysia Office Phone: 
   +60-5-368-7517 Mobile:+60-13-598-0208  
   Professor Emeritus,Waseda University,Japan 
(b’) junzow@osb.att.ne.jp  
(c) Fuzzy systems, Management Engineering 
 
(a) Kensaku Kikuta 
(b) School of Business Administration, University of Hyogo, 

 8-2-1  Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN 
(b’) kikuta@biz.u-hyogo.ac.jp 
(c) Game Theory, Operations Research, 
 
(a) Wuyi Yue  
(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada-ku , Kobe 658-8501, JAPAN  
(b’) yue@konan-u.ac.jp  
(c) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov 

Processes, Probabilistic Methods, Systems Engineering  
 
(a) Hiroaki Sandoh 
(b) Faculty of Policy Studies Kwansei Gakuin University 2-1, Gakuen, Sanda-shi, Hyogo 669-1337 Japan  
(b’) sandoh@kwansei.ac.jp 
(c) Operations Research and Management Science, Stochastic modeling 
 
 
(a) Katsunori Ano 
(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku 
   Saitama-city, 337-8570, Japan 
(b’) k-ano@shibaura-it.ac.jp 
(c) Optimal Stopping, Mathematical Finance, Applied Probability 
 
 
(a) Koyu Uematsu 
(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University  

6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan 
(b’) uematsu@oiu.jp 
(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory 
 
 
(a) Yoshiki Kinoshita  
(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa 

259-1293, Japan 
(b’) yoshiki@kanagawa-u.ac.jp 
(c) Software Science, Programming language semantics  
 
 
(a) Shunsuke Sato 
(b) non-public 
(b’)ss_22362@nifty.com  
(c) Mathematical biology in general 
 
(a)Tadashi Takahashi 
(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada, Kobe, Hyogo 658-8501, Japan 
(b’) takahasi@konan-u.ac.jp 
(c)Mathematics Education 
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(a) Benoit Collins 
(b) Department of Mathematics, Faculty of Science, Kyoto University 
(b') collins@math.kyoto-u.ac.jp 
(c) Random Matrix Theory, Free Probability, Quantum Information Theory 
   Quantum Groups (operator algebra side), Operator Algebra 
 
 
(a) Yoko Watamori  
(b) Department of Mathematics and Information Sciences, Graduate School of Science, Osaka Prefecture University,      
Sakai, Osaka 599-8531, Japan  
(b') watamori@mi.s.osakafu-u.ac.jp  
(c) Directional statistics, Multivariate Analysis 
 
 
(a) Koichi Osaki  
(b)Department of Mathematical Sciences,School of Science and Technology, Kwansei Gakuin University,  
2-1 Gakuen, Sanda, 669-1337, Japan.  
(b')osaki@kwansei.ac.jp  
(c)Nonlinear partial differential equations, Infinite-dimensional dynamical systems 
*****************************************************************************************  

 
Managing Editor 
Koyu Uematsu  (Professor of  Osaka International University) 

International Society for Mathematical Sciences 
   1-5-12-202 Kaorigaoka-cho, Sakai-ku, Sakai-city, 590-0011,Japan 
   uematsu@jams.jp 
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Submission to the SCMJ 
 
In September 2012, the way of submission to Scientiae Mathematicae Japonicae 
(SCMJ) was changed.  Submissions should be sent electronically (in PDF file) to the 
editorial office of International Society for Mathematical Sciences (ISMS).  
 
(1) Preparation of files and Submission 

a. Authors who would like to submit their papers to the SCMJ should make 
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty) 
Submissions should be in PDF file compiled from the source files.  Send the 
PDF file to s1bmt@jams.jp . 

b. Prepare a Submission Form and send it to the ISMS.  The required items to 
be contained in the form are:  

  1. Editor’s name whom the author chooses from the Editorial Board 
(http://www.jams.or.jp/hp/submission_f.html )and would like to take in 
charge of the paper for refereeing.  

2. Title of the paper.   
3. Authors’ names.   
4. Corresponding author’s name, e-mail address and postal address (affiliation).  
5. Membership number in case the author is an ISMS member.   
 
Japanese authors should write 3 and 4 both in English and in Japanese.  
 
At http://www.jams.or.jp/hp/submission_f.html, the author can find the 
Submission Form. Fulfill the Form and sent it to the editorial office by pushing 
the button “transmission”.  Or, without using the Form, the author may send 
an e-mail containing the items 1-5 to s1bmt@jams.jp 

 
(2) Registration of Papers 

When the editorial office receives both a PDF file of a submitted paper and a 
Submission Form, we register the paper.  We inform the author of the 
registration number and the received date.  At the same time, we send the PDF 
file to the editor whom the author chooses in the Submission Form and request 
him/her to begin the process of refereeing. (Authors need not send their papers to 
the editor they choose.) 
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(3) Reviewing Process 
a. The editor who receives, from the editorial office, the PDF file and the request 

of starting the reviewing process, he/she will find an appropriate referee for 
the paper.   

b. The referee sends a report to the editor.  When revision of the paper is 
necessary, the editor informs the author of the referee’s opinion. 

c. Based on the referee report, the editor sends his/her decision (acceptance of 
rejection) to the editorial office. 

 
(4) a. Managing Editor of the SCMJ makes the final decision to the paper valuing the  

editor’s decision, and informs it to the author. 
b. When the paper is accepted, we ask the author to send us a source file and 

a PDF file of the final manuscript.  
c. The publication charges for the ISMS members are free if the membership dues 

have been paid without delay. If the authors of the accepted papers are not the 
ISMS members, they should become ISMS members and pay ¥6,000 (US$75, 
Euro55) as the membership dues for a year, or should just pay the same 
amount without becoming the members. 

 
 
 
 

Items required in Submission Form 
1. Editor’s name who the authors wish will take in charge of the paper 
2. Title of the paper 
3. Authors’ names 
3’.  3. in Japanese for Japanese authors 
4. Corresponding author’s name and postal address (affiliation) 
4’.  4. in Japanese for Japanese authors 
5. ISMS membership number 
6. E-mail address   
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Call for ISMS Members 
 

Call for Academic and Institutional Members 
 

Discounted subscription price: When organizations become the Academic and Institutional 
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the 
yearly price of US$225.  At this price, they can add the subscription of the online version upon 
their request.    

 
Invitation of two associate members: We would like to invite two persons from the 

organizations to the associate members with no membership fees. The two persons will enjoy 
almost the same privileges as the individual members.  Although the associate members 
cannot have their own ID Name and Password to read the online version of SCMJ, they can 
read the online version of SCMJ at their organization. 

 
To apply for the Academic and Institutional Member of the ISMS, please use the following 

application form. 
 
----------------------------------------------------------------------------------------------------------- 
 

Application for Academic and Institutional Member of ISMS 
Subscription of SCMJ 

Check one of the two. 

 

□Print               □Print ＋ Online 

(US$225)                 (US$225) 

University (Institution) 

 

 

Department 

 

 

Postal Address 

where SCMJ should be 

sent 

 

E-mail address 

 

 

Person in charge 

Name: 

Signature: 

 

Payment 

Check one of the two. 
□Bank transfer        □Credit Card (Visa, Master) 

Name of Associate Membership 

1.  

 

2.  
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Call for Individual Members 

 
We call for individual members.  The privileges to them and the membership dues are shown 

in “Join ISMS !” on the inside of the back cover. 
 

 
 Items required in Membership Application Form 
   

1. Name 
2. Birth date 
3. Academic background 
4. Affiliation 
5. 4’s address 
6. Doctorate 
7. Contact address 
8. E-mail address 
9. Special fields 
10. Membership category (See Table 1 in “Join ISMS !”) 
 

Individual Membership Application Form 
 
1. Name 
 

 

 
2. Birth date 
 

 

3. 
Academic background 
 

 

 
4. Affiliation 
 

 

 
5. 4’s address 
 
 

 

 
6. Doctorate 
 

 

 
7. Contact address 
 
 

 

  
8.  E-mail address 
 

 

 
9.  Special fields 
 

 

10.  
Membership 

    category 
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Contributions (Gift to the ISMS) 
We deeply appreciate your generous contributions to support the activities of our 

society. 
The donation are used (1) to make medals for the new prizes (Kitagawa Prize, 
Kunugi Prize, and ISMS Prize),  (2) to support the IVMS at Osaka University 
Nakanoshima Center, and (3) for a special fund designated by the contributors. 
 
Your remittance to the following accounts of ours will be very much appreciated. 

 
(1)  Through a post office, remit to our giro account ( in Yen only ): 

         No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS ) 
   or send International Postal Money Order (in US Dollar or in Yen) to our 

address: 
       International Society for Mathematical Sciences 

         2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan 
 
(2)   A/C 94103518, ISMS 

CITIBANK, Japan Ltd., Shinsaibashi Branch 
           Midosuji Diamond Building 
           2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan 
 

 
 

******************************************************************************** 
Payment Instructions: 

Payment can be made through a post office or a bank, or by credit card. Members may 
choose the most convenient way of remittance. Please note that we do not accept payment by 
bank drafts (checks). For more information, please refer to an invoice. 
 

Methods of Overseas Payment: 
Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4) 
UNESCO Coupons.  

Authors or members may choose the most convenient way of remittance as are shown below. 
Please note that we do not accept payment by bank drafts (checks). 
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send 
International Postal Money Order to our postal address (2) Remittance through a 
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment 
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO 
Coupons. 
 

Methods of Domestic Payment: 
Make remittance to: 

(1) Post Office Transfer Account - 00930-3-73982 or  
(2) Account No.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING 
CORPORATION, Sakai, Osaka, Japan. 
All of the correspondences concerning subscriptions, back numbers, individual and 
institutional memberships, should be addressed to the Publications Department, 
International Society for Mathematical Sciences. 
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Join ISMS ! 
ISMS Publications: We published Mathematica Japonica (M.J.) in print, 

which was first published in 1948 and has gained an international reputation in 
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online 
and in print. In January 2001, the two publications were unified and changed to 
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New 
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and 
published both online and in print.  Ahead of this, the online version of SCMJ 
was first published in September 2000.  The whole number of SCMJ exceeds 270, 
which is the largest amount in the publications of mathematical sciences in 
Japan. The features of SCMJ are: 
1) About 80 eminent professors and researchers of not only Japan but also 20

foreign countries join the Editorial Board. The accepted papers are
published both online and in print. SCMJ is reviewed by Mathematical
Review and Zentralblatt from cover to cover.

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ
are introduced to the relevant research groups for the positive exchanges
between researchers.

3) ISMS Annual Meeting: Many researchers of ISMS members and
non-members gather and take time to make presentations and discussions
in their research groups every year.

The privileges to the individual ISMS Members: 
(1) No publication charges
(2) Free access (including printing out) to the online version of SCMJ
(3) Free copy of each printed issue

The privileges to the Institutional Members:  
Two associate members can be registered, free of charge, from an institution. 

Table 1: Membership Dues for 2013 
Categories Domestic Overseas Developing 

countries 
1-year Regular 
member 

 ￥6,000  US$75 ,  €55 US$45,  €33 
 

1-year Student 
member 

 ￥4,000 US$50,  €37 US$30,  €22 
Life member* Calculated 

as below* 
       NA    NA 

Honorary member     Free  Free    Free 

* Regular member between 63 - 73 years old can apply the category. 
   (73－age ) × ¥3,000 
Regular member over 73 years old can maintain the qualification and the 
privileges of the ISMS members, if they wish. 
 
Categories of 3-year members were abolished. 

 

INTERNATIONAL SOCIETY FOR MATHEMATICAL SCIENCES
Scientiae Mathematicae Japonicae, Notices from the ISMS

The International Society for Mathematical Sciences (ISMS) is an international soci-
ety consisting of mathematical scientists throughout the world.

The main activities of the ISMS are to publish (1) the (print and online) journal
Scientiae Mathematicae Japonicae (SCMJ) and (2) Notices from the ISMS and to
hold assembly meeetings in Japan and international internet meetings (distance
symposium) of mathematical sciences (IVMS) accessible from all over the world.

SCMJ is the 21st Century New Unified Series of Mathematica Japonica (MJ) and
Scientiae Mathematicae (SCM). MJ was first published in 1948 and was one of the
oldest mathematical journals in Japan. SCM was an online and print journal started in
1998 in celebration of the semi-centurial anniversary and received 26000 visits per month
from 50 countries in the world. SCMJ contains original papers in mathematical sciences
submitted from all over the world and receives 38000 visits per month now. Not only
papers in pure and applied mathematics but those devoted to mathematical statistics,
operations research, informatics, computer science, biomathematics, mathematical eco-
nomics and other mathematical sciences are also welcome. The journal is published in
January, March, May, July, September, and November in each calendar year.

The ISMS has enhanced the journal, begining from July 1995, by including excel-
lent Research-Expository papers in the section “International Plaza for Mathematical
Sciences ” as well as original research papers. The section provides papers dealing with
broad overviews of contemporary mathmatical sciences, written by experts mainly at
our invitation. Papers shedding lights on open problems or new directions or new break-
throughs for future research are especially welcome.

As is shown in the Editorial Board of SCMJ, we have invited many distin-
guished professors of 20 countries as editors, who will receive and referee the papers
of their special fields with their high standard.

Beginning from 2007, we make the online version of SCMJ more readable and conve-
nient to the readers by adding the specialized contents. By this, the readers can access
to the online version, in which the papers appear in the order of acceptance, from (i)
the contents of the printed version, and (ii) the specialized contents of a volume. From
2007, the subscription fee of the printed version plus the online version of SCMJ becomes
lower and the same of the printed version only. Therefore, the subscribers of the printed
version can read the online version without no additional cost.

For benefit of the ISMS members, we publish ”Notices from the ISMS” 6 times a year.
We are enhancing it by adding interesting articles, including book reviewing, written by
eminent professors.

The ISMS has set up a videoconferencing system (IVMS) which can connect up
to twenty sites of a reserch group in the same or different countries in the world.
Using this system, speakers of the session can write on a white board or an OHP sheet
or use PowerPoint. On the other hand participants can ask questions or make comments
from any connected site in the world. All these are performed similarly to the traditional
meetings.

To connect with our system, you can use your own videoconferencing system only if
it satisfies the International Telecommunication Union-Technical Committee Standards
(ITU-T Standard).

Copyright Transfer Agreement

A copyright transfer agreement is required before a paper is published in this journal.
By submitting a paper to this journal, authors are regarded to certify that the manuscript
has not been submitted to nor is it under consideration for publication by another journal,
conference proceedings or similar publication.

For more information, please visit http://www.jams.or.jp.

Copyright Copyright c©2014 by International Society for Mathematical Sciences.
All rights reserved.

Categories Domestic Overseas Developing 
countries

1-year� Regular
member ￥8,000  US$80 ，Euro75  US$50， Euro47

1-year� Students 
member ￥4,000  US$50 ，Euro47  US$30 ，Euro28

Life member* Calculated
as below*  US$750 ，Euro710  US$440， Euro416

Honorary member Free Free Free

Membership Dues for ２０１9

　(Regarding submitted papers,we apply above presented new fee after April 15 in 
2015 on registoration date.) * Regular member between 63 - 73 years old can apply 
the category.
(73－age ) × ￥3,000
Regular member over 73 years old can maintain the qualification and the privileges 
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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