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ONE-DIMENSIONAL CACTOIDS AND UNIVERSALITY

Sophia Zafiridou
University of Patras

Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.

2010 Mathematics Subject Classification. Primary 54C25; Secondary 54F50.
Key words and phrases. One-dimensional cactoid, planar curve, universal space.
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A graph is a continuum which can be written as the union of finitely many arcs any two
of which are either disjoint or intersect only in one or both of their end points [7]. A cactus
is a graph in which any two simple closed curves have at most one point in common [9].
Clearly, a cactus is a cactoid that is a graph.

A simple cyclic chain of Peano continuum X between two of its cyclic elements E1 and
E2 is a connected subset S that is a union of some family F of cyclic elements of X such
that E1, E2 ∈ F and no proper connected subset of S containing E1 and E2 is the sum of
cyclic elements (see [11]). Note that a simple cyclic chain between any two cyclic elements
of Peano continuum is uniquely determined [11, Theorem 3].

The main result of the paper is a construction of a universal cactoid Z for the class of
all one-dimensional cactoids X such that a simple cyclic chain between any two cut points
of X is a cactus.

2 One-dimensional cactoids as a boundary curves. Let X is a Peano continuum of
the plane P. Any component of P\X is called complementary domain of X. The boundary
of any complementary domain of X is a subcontinuum of X and is called a boundary curve.

Wilder in [10, Theorem 17] proved the following result:

Theorem 2.1. If a Peano continuum M is a boundary of complementary domain of a
Peano continuum, then M is the union of disjoint families of sets S1, S2 and P , where:

(1) S1 is a countable set of all simple closed curves contained in M no two of which have
more than one point in common,

(2) S2 is a countable set of arcs no two of which have in common an interior point of both,
and

(3) P = M \ (S1 ∪ S2) is a totally disconnected set of limit points of S1 ∪ S2.

From Theorem 2.1 it follows that:

Corollary 2.1.1. Each boundary curve is a one-dimensional cactoid.

The fact that any one-dimensional cactoid is planar follows from the result of Ayres [2,
Theorem in page 92]:

Theorem 2.2. In order that a Peano continuum M be homeomorphic with a plane Peano
continuum which is the boundary of one of its complementary domains it is necessary and
sufficient that every true cyclic element of M be a simple closed curve.

From Theorem 2.2 it also follows that:

Corollary 2.2.1. A Peano continuum M is a one-dimensional cactoid if and only if M is
homeomorphic with a plane Peano continuum which is the boundary of one of its comple-
mentary domains.

A continuum K is said to be regular if K has a basis of open sets with finite bound-
aries. Any regular continuum is hereditarily locally connected [6, §51, IV, Theorem 2, p.
283]. Since a one-dimensional cactoid contains no θ-curves, it follows that (see [6, §52, IV,
Theorem 3, p. 329]):

Corollary 2.2.2. Any one-dimensional cactoid X is regular and any connected subset of
X is arcwise connected.
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A metric space (X, d) is uniformly locally arcwise connected provided that for every
ε > 0 there exists δ > 0 such that if x, y ∈ X and d(x, y) ∈ (0, δ), then x and y can
be joined by an arc of diameter < ε. Any Peano continuum is uniformly locally arcwise
connected [6, §50, II, Theorem 4, p. 257], hence:

Corollary 2.2.3. Any one-dimensional cactoid is uniformly locally arcwise connected.

3 Properties of one-dimensional cactoid. Let N = {0, 1, . . . , n, . . . }. Given a subset
G of a space X the closure and the boundary of G in X will be denoted by clX(G) (or
cl(G)) and bdX(G) (or bd(G)), respectively.

Proposition 3.1. Each branch point of a one-dimensional cactoid X is a cut point.

Proof. Let r ∈ B(X). From the Menger n-Beinsatz (see [6, p. 277]), it follows that there
exist arcs A1 = rx1, A2 = rx2, and A3 = rx3 of X having the unique point r in common.

Suppose, on the contrary, that r is not a cut point. Then the connected subset X \ {r}
of X is arcwise connected. Thus there exists an arc A = x1x2 ⊆ X \ {r}. Since A ∩ A1

is a compact subset of A1 \ r, the component of A1 \ A containing r is a subarc B1 = rb1
of A1 such that B1 ∩ A = b1. Similarly, there exists a subarc B2 = rb2 of A2 such that
B2 ∩A = b2. Let B = b1b2 is a unique determined subarc of A joining the points b1 and b2.
Then B ∪B1 ∪B2 is a closed curve containing the points r and b1 .

Since x3, b1 ∈ X\{r} andX\{r} is arcwise connected, there is an arc C = b1x3 ⊆ X\{r}.
It is easy to see that the set B ∪ B1 ∪ B2 ∪ C ∪ A3 contains a θ-curve. Hence, X is not a
cactoid which is a contradiction.

Proposition 3.2. The set of branch points of one-dimensional cactoid is countable.

Proof. Let X be a cactoid. Since all save possibly a countable number of cut points of X
are of order 2 [13, (3.2), p. 49] in X, the cut points of X of order ≥ 3 are countable. Hence,
B(X) is countable from Theorem 3.1.

Definition 3.1. A subcontinuum G of one-dimensional cactoid X is called full provided
that each simple closed curve of X either is a subset of G, or does not intersect G, or
intersects G in a single point.

Theorem 3.1. If X is a one-dimensional cactoid, then for any full subcontinuum G of X
and for any x ∈ X \G there exist a point rx ∈ G and an arc Ax from x to rx such that:

(1) Ax ∩G = {rx} and rx is a unique point that belongs any arc of X from x to any point
of G.

(2) If Gx is a component of X \G containing x, then G ∩ cl(Gx) = {rx}.

(3) The map r : X → G by r(x) =

{
x, if x ∈ G
rx, if x ∈ X \G is continuous.

Proof. (1) Consider any r0 ∈ G. Since X is arcwise connected there is an arc A0 = xr0 ⊆ X.
Let Sx be a component of A0 \ G containing x. Clearly Sx is a half-open subarc [xrx) of
A0, where rx ∈ A0 ∩G. Hence, Ax = cl(Sx) is an arc from x to rx and Ax ∩G = {rx}.

Let A1 = xr be an arc of X from x to r ∈ G and S̃x be a component of A1 \G containing
x. As above for a point r0 we can find a point g ∈ G and an arc Ag = gx ⊆ A1 such that
Ag∩G = {g}. Suppose on the contrary that rx �∈ A1. Then rx �= g. Let Srx be a component
of Ax\Ag containing rx. Then A2 = cl(Srx) is an arc from rx to b ∈ Ag∩Ax. Since b, g ∈ Ag,
there exists an arc A3 = bg ⊆ Ag. Since rx, g ∈ G and G is arcwise connected, there is an

ONE-DIMENSIONAL CACTOIDS AND UNIVERSALITY 79
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arc A4 = grx ⊆ G. From the above a simple closed curve A2 ∪ A3 ∪ A4 of X intersects G
in arc grx which is a contradiction, because G is full subcontinuum of X. Hence, rx ∈ A1.

Suppose that r ∈ G and r belongs to any arc from x to any point of G. Then r ∈ Ax.
Since Ax ∩G = {rx}, r = rx.

(2) Clearly, rx ∈ Ax ⊆ cl(Gx). Suppose that there exists p ∈ G ∩ cl(Gx) with p �= rx.
Since p �∈ Ax, there exists an open and connected subset Vp of X such that p ∈ Vp ⊆ X \Ax.
Since p ∈ Cl(Gx), there exists q ∈ Vp ∩ Gx. Since Vp is arcwise connected from Corollary
2.2.2, there exists an arc qp ⊆ Vp. Since x, q ∈ Gx and Gx is arcwise connected, there exists
arc xq ∈ Gx. Then xq∪qp contains an arc A from x to p ∈ G. Hence rx ∈ A from condition
1. On the other hand rx �∈ qp ∪ xq. Hence rx �∈ A, which is a contradiction.

(3) Let g ∈ G and Wg be an open and connected neighborhood of r(g) = g in X. To
prove that r is continuous at g it suffices to show that r(Wg) ⊆ Wg. Indeed, for x ∈ Wg ∩G
we have r(x) = x ∈ Wg. For x ∈ Wg \ G there exists an arc A ⊆ Wg from x to g. Since
r(x) = rx ∈ A from 1, r(x) ∈ Wg.

Let x ∈ X\G andGx be a component ofX\G containing x. SinceX is locally connected,
Gx is open. To prove the continuity of r in x, it suffices to show that r(Gx) = {r(x)}. Indeed,
if p ∈ Gx \ {x}, then Gx is a component of X \ G containing p. From condition 2 of the
Theorem it follows that {rp} = cl(Gx) ∩G = {rx}. Thus r(p) = rp = rx = r(x).

Remark 3.1. The map r defined in Theorem 3.1 is a retraction. We will call r the first
point map corresponding to full subcontinuum G of X.

Lemma 3.1. If a simple cyclic chain between any two cut points of one-dimensional cactoid
X is a cactus, then any simple cyclic chain of X that is a subset of X \ E(X) is a cactus.

Proof. Let C ⊆ X \E(X) be a simple cyclic chain between cyclic elements E1 and E2 of X.
Then each of E1 and E2 is either a cut point or a simple closed curve. Suppose that E1 and
E2 are simple closed curves. Then E1 ∩E2 consists of at most one point. If E1 ∩E2 = {p},
then C = E1 ∪ E2 is a cactus.

Suppose that E1∩E2 = ∅. Consider the first point maps r1 : X → E1 and r2 : X → E2.
From Theorem 3.1 there are p ∈ E2 and q ∈ E1 such that r1(E2) = r1(p) and r2(E1) = r2(q).
Obviously, C∗ = (C \ (E1 ∪E2))∪ {r1(p), r2(p)} is a simple cyclic chain between cut points
r1(p) and r2(q) of X. Hence C∗ and, therefore, C = C∗ ∪ E1 ∪ E2 are cactuses.

The proof is similar in the case that exactly one of E1 and E2 is a cut point.

Lemma 3.2. Let X be a one-dimensional cactoid, Y a full subcontinuum of X and r :
X → Y a first point map.

If x ∈ X \ Y , S is a cyclic element of X containing x, and C is a simple cyclic chain
between r(x) and S, then Y ∪ C is full.

Proof. Let L be a simple closed curve of X that intersects Y ∪ C. If L intersects Y , then
L∩Y = {y} because Y is full. If in addition L intersects C, then y = r(y) = r(C) = r(x) ∈
C. We conclude that L ∩ (Y ∪ C) ⊆ L ∩ C.

Suppose, on the contrary, that L∩(Y ∪C) contains two points z and w. Then z, w ∈ L∩C.
Thus there exists an arc A = zw ⊆ C. Since X contains no θ-curves, A ⊆ L and L is a
unique simple closed curve containing A. Suppose that q ∈ A with ord(q,X) = 2. Since C
is a union of cyclic elements, it follows that q is a cyclic element. Thus q ∈ c(X). Hence,
X \{q} contains at least two component. Since q does not separate L it follows that L\{q}
is containing in some component W1 of X \{q}. Let w belongs to a component W2 �= W1 of
X \ {q}. Then there exists an arc B = wq ⊆ W2 ∪ {q}. Then B ∩L = {q} and we conclude
that ord(q,X) = 3, which is a contradiction.
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Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.
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Lemma 3.3. If X is a Peano continuum, then X \ E(X) is dense in X.

Proof. Let U �= ∅ be an open subset of X. Since X is locally connected, there exists an
open and connected set V �= ∅ such that V ⊆ U . There exists an arc ab ⊆ V [7, Theorem
8.26]. Then ord(p,X) ≥ ord(p, ab) = 2 for p ∈ (ab). Clearly, p ∈ U ∩ (X \ E(X)).

It is easy to prove the following Lemma.

Lemma 3.4. If a cactus K is a simple cyclic chain between two of its cyclic elements, then
K =

⋃n
j=1 Cj, where n ∈ N \ {0} and each Cj is either a simple closed curve or a maximal

free arc of K. Moreover, if n ≥ 2, then

(i) Cj ∩ Cj+1 = {bj} for j = 1, ..., n− 1, where bj ∈ B(K), and

(ii) Cj ∩ Ci = ∅ for |i− j| > 2.

Theorem 3.2. Let X be a one-dimensional cactoid such that a simple cyclic chain between
any two cut points of X is a cactus.

Then there exists a sequence {Yk}∞k=1 of full cactuses of X such that

(i) Y1 = {p1} or Y1 is a simple closed curve;

(ii) E(Yk) ⊆ c(X) (including the case E(Yk) = ∅);

(iii) Yk ⊆ Yk+1;

(iv) cl(Yk+1 \ Yk) ∩ Yk = {pk} and pk ∈ c(X);

(v) limYk = X;

(vi) if rk : X → Yk is the first point map for k = 1, 2, ..., then the sequence of retractions
{rk}∞k=1 converges uniformly to idX .

Proof. Since X is separable, from Lemma 3.3 it follows that there exists a dense subset
{xi}∞i=1 of X such that {xi}∞i=1 ⊆ X \ E(X).

Let Y1 be a maximal cyclic element of X containing x1. From definition of cyclic element
it follows that either Y1 is a simple closed curve or Y1 = {x1} and x1 ∈ c(X).

Consider the first point map r1 : X → Y1. Put m1 = min{i : xi �∈ Y1} and r1(xm1) =
{p1}. Then either p1 = x1 or Y1 is a simple closed curve and p1 ∈ Y1 ∩ B(X). In any case
p1 ∈ c(X).

Let S1 be the maximal cyclic element of X containing xm1
. Either S1 is a simple closed

curve or S1 = {xm1
} and xm1

∈ c(X). Let C1 be a cyclic chain between cyclic elements
p1 and S1. From Lemma 3.1 C1 is a cactus. Let Y2 = Y1 ∪ C1. By Lemma 3.2, Y2 is a
full subcontinuum of X. Since Y1 is full, xm1 ∈ Y2 \ Y1 and Y2 \ Y1 is a connected subset
(see [11, Theorem 6]) of X \ Y1, from Theorem 3.1(4) Y1 ∩ cl(Y2 \ Y1) = {p1}. Obviously,
E(Y2) ⊆ {x1, xm1

} ⊆ c(X).
Suppose that cactuses Y1, ..., Yk with properties (i)− (iv) have been defined.
Consider the first point map rk : X → Yk. Let mk = min{i : xi �∈ Yk} and rk(xmk

) =
pk ∈ Yk. If pk ∈ E(Yk), then pk ∈ c(X) by inductive assumption. Otherwise, pk is a branch
point and, therefore, pk ∈ c(X) from Theorem 3.1. Let Sk be a maximal cyclic element of
X containing xmk

and Ck be a cyclic chain between cyclic elements pk and Sk. Similarly as
for Y2 it can be shown that Yk+1 is full and satisfies the properties (i)−(iv) of the Theorem.

To prove (v), set Ak = {x1, ..., xk}. Since Ak ⊆ Ak+1 and cl({xi}∞i=1) = X, it follows
that limAk = X. Since xk ≤ xmk

and Amk
⊆ Yk+1, it follows that Ak ⊆ Yk+1 ⊆ X. Thus

limYk = limAk = X.
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In order to prove (vi) we consider the Hausdorff metric Hd generated on the set of closed
subsets of X by metric d of X. Then

Hd(X,Yk) = inf{ε∗ > 0 : X ⊆
⋃

y∈Yk

Bd(y, ε
∗)},

where Bd(y, ε
∗) = {x ∈ X : d(y, p) < ε∗}. Let ε > 0. Since X is uniformly locally arcwise

connected from Corollary 2.2.3, there exists δ > 0 such that if x, y ∈ X, and 0 < d(x, y) < δ,
then there exists an arc A = xy with diameter < ε. Since limYk = X from (v), there exists
k0 ∈ N such that for all k ≥ k0 we have Hd(X,Yk) < δ. Thus

X ⊆
⋃

y∈Yk

Bd(y, δ) for any k ≥ k0.

Let x ∈ X and k ≥ k0. Then there exists yk ∈ Yk such that x ∈ Bd(yk, δ). Hence, x
and yk can be joined by arc Ak

x of diameter < ε. Since yk ∈ Yk and rk(x) belongs to any
arc from x to any point of Yk, rk(x) ∈ Ak

x. Since x, rk(x) ∈ Ak
x, we conclude that

d(idX(x), rk(x)) = d(x, rk(x)) ≤ diam(Ak
x) ≤ ε.

Theorem 3.3. [7, 2.29] Let Y be a compact metric space, and let {Yi}∞i=1 be a sequence of
compact subsets of Y such that, for each i = 1, 2, ..., there are continuous and onto functions
ψi : Yi+1 → Yi and ri : Y → Yi such that ψi ◦ ri+1 = ri. If {ri}∞i=1 converges uniformly to
the identity map idY on Y , then Y is homeomorphic to inverse limit lim←−{Yi, ψi}∞i=1.

The following Theorem follows directly from Theorems 3.2 and 3.3

Theorem 3.4. If X is a one-dimensional planar cactoid such that any two cut points of
X can be joined by a simple cyclic chain that is a cactus and {Yk}∞k=1 is the sequence of
cactuses satisfying Theorem 3.2, then X is homeomorphic to X∞ = lim←−{Yk, ψk}, where

ψk = rk
∣∣
Yk+1

: Yk+1 → Yk, k = 1, 2, ....

Theorem 3.5. Let X be one-dimensional planar cactoid such that any two cut points can
be joined by a simple cyclic chain that is a cactus.

Then there exists an inverse sequence {Xi, gi}∞i=1 such that

(i) Xi is a full cactus and gi : Xi+1 → Xi is a monotone retraction;

(ii) X1 is a point or a simple closed curve;

(iii) Xi ⊆ Xi+1 and there exists a unique point ti ∈ Xi such that g−1
i (ti) is non degenerate

and is either a simple closed curve or a free arc whose end points are in c(X);

(iv) X is homeomorphic to lim←−{Xi, gi}.

Proof. From Theorem 3.4, X is homeomorphic to lim←−{Yk, ψk}, where {Yk}∞k=1 is the se-

quence of cactuses satisfying Theorem 3.2 and ψk = rk
∣∣
Yk+1

.

Clearly, each ψk : Yk+1 → Yk is a monotone retract.
From Theorem 3.2 there is a unique point pk ∈ Yk for which ψ−1

k (pk) is non degenerate.
Also there exits xmk

∈ X \ E(X) for which ψ−1
k (pk) = cl(Yk+1 \ Yk) is a cactus that is a

simple cyclic chain from pk ∈ c(X) to the maximal cyclic element Sk of xmk
. From Lemma

ONE-DIMENSIONAL CACTOIDS AND UNIVERSALITY

Scientiae Mathematicae Japonicae 1

ONE-DIMENSIONAL CACTOIDS AND UNIVERSALITY

Sophia Zafiridou
University of Patras

Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.

2010 Mathematics Subject Classification. Primary 54C25; Secondary 54F50.
Key words and phrases. One-dimensional cactoid, planar curve, universal space.

Received January 21,2020 ;revised May 21,2020

82



7

3.4 it follows that ψ−1
k (pk) =

⋃nk

j=1 C
k
j , where each Ck

j is either a simple closed curve or a

maximal free arc of K. Moreover, if nk ≥ 2, then Ck
j ∩ Ck

j+1 = {bkj } for j = 1, ..., nk − 1

where bj ∈ B(X), and Ck
j ∩ Ck

i = ∅ for |i− j| > 2.

For k = 1 we obtain ψ−1
1 (p1) =

⋃n1

j=1 C
1
j . We define

X1 = Y1, X2 = Y1 ∪ C1
1 , X3 = X2 ∪ C1

2 , . . . , X1+n1 = Xn1 ∪ C1
n1

= Y2.

From Theorem 3.2 the set X1 is a point or a simple closed curve.

Put t1 = p1 and tj = b1j−1 for j = 2, ..., n1. Let gj : Xj+1 → Xj , j = 1, . . . , n1, be the

first point map. Then g−1
j (tj) = C1

j for j = 1, . . . , n1.

Let i > n1 + 1 be a positive integer. There exist a unique k(i) ∈ {1, 2, . . . } and a
unique m(i) ∈ {1, . . . , nk(i)} such that i = 1 + n1 + · · · + nk(i)−1 + m(i). We define

Xi = Yk ∪
(⋃m(i)

j=1 C
k(i)
j

)
. If m(i) = 1, then we define ti = pk(i). Otherwise we define

ti = b
k(i)
m(i)−1. Let gi−1 : Xi → Xi−1 be the first point map. Then g−1

i−1(ti) = C
k(i)
m(i). Clearly,

the condition (i)− (iii) are satisfied.

To prove (iv) we observe that the inverse sequence {Yk, ψk} is confinal in the sequence
{Xi, gi}. Hence the inverse limits lim←−{Xi, gi} and lim←−{Yk, ψk} are homeomorphic [5, Corol-

lary 2.5.11, page 102] . Since X is homeomorphic to lim←−{Yk, ψk}, it follows that X is

homeomorphic to lim←−{Xi, gi}.

4 Construction of universal space Z. Let P denote the plane with a system Oxy of
orthogonal coordinates and a metric d((x1, y1), (x2, y2)) =

√
(x1 − x2)2 + y1 − y2)2.

For any finite subset V of P we set

mesh(V) = min{d(x, y) : x, y ∈ V, x �= y}.

For any finite family of subsets G of P we set

mesh(G) = max{diam(G) : G ∈ G}.

Given a segment E = pq of P we denote by mE the midpoint of E and define E(E) =
{pmE , qmE}.

Triangle of P with vertexes v1, v2, v3 is the set v1v2 ∪ v2v3 ∪ v1v3. For any triangle T of
the plane we denote by V(T ) the set of vertexes of T , by E(T ) the set of sides of T , and by

T̂ the 2-simplex of P with boundary T .

We will construct a sequence of cactuses {Zi}∞i=0 in P and monotone and surjective
mappings fi : Zi+1 → Zi such that Zi ⊆ Zi+1 for each i. Our method is similar to
construction of Ważewski’s Universal Dendrite [7].

Consider the points v0 = (0, 0) and v1 = (1, 0) of R2. Set Z0 = v0v1, E0 = {v0v1},
V0 = {v0, v1}, and ε0 = 1

2 . Consider a family of disjoint triangles T1 = {T 1
v }v∈V0

⊆ R2 such
that: v is a vertex of T 1

v , T
1
v ∩Z0 = {v}, and T 1

v ⊆ B(v, ε0
2 ). We define Z1 = Z0∪

(⋃
v∈V0

T 1
v

)
and f0 : Z1 → Z0 by

f0(z) =

{
v, if z ∈ T 1

v , v ∈ V0,

z, if z ∈ Z0.
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Put

E1 =
( ⋃
E∈E0

E(E)
)
∪
( ⋃
v∈V0

E(T 1
v )
)

V1 = {mE}E∈E0
∪
( ⋃
v∈V0

V(T 1
v )
)

μ1 = min{d(v, E) : v ∈ V1, E ∈ E1, v �∈ E}

v
0

v
1

Z1 and the set of vertexes V1

We fix a positive real number ε1 < 1
4 min{ε0,mesh(V1), μ1}.

Suppose that for 1 ≤ i ≤ n there are defined:

(ai) the cactus Zi with set of vertexes Vi and set o edges (segments) Ei;
(bi) a finite family of disjoint triangles Ti = {T i

v}v∈Vi−1
⊆ R2;

(ci) the numbers εi > 0 and μi = min{d(v, E) : v ∈ Vi, E ∈ Ei, v �∈ E} ;
(di) a monotone surjective retraction fi−1 : Zi → Zi−1;
such that
(1i) Vi−1 � Vi and Zi−1 � Zi;
(2i) If T

i
v ∈ Ti, then v is a vertex of T i

v, T
i
v ∩ Zi−1 = {v}, and T i

v ⊆ B(v, εi−1

2 );

(3i) If |f−1
i−1(z)| > 1, then z ∈ Vi−1 and f−1

i−1(z) = T i
z ;

(4i) If v ∈ Vi ∩ Vj and 0 ≤ j < i, then T̂ i
v ∩ T̂ j

v = {v}.
(5i) εi <

1
4 min{εi−1,mesh(Vi), μi}.

Since Zn is a union of finite family of line segments and Vn is a finite subset of Zn, there
exists a finite family of disjoint triangles Tn+1 = {Tn+1

v }v∈Vn
⊆ R2 such that: v is a vertex

of Tn+1
v , Tn+1

v ∩ Zn = {v}, and Tn+1
v ⊆ B(v, εn

2 ).
We define Zn+1 = Zn ∪

(⋃
v∈Vn

Tn+1
v

)
and fn : Zn+1 → Zn by

fn(z) =

{
v, if z ∈ Tn+1

v , v ∈ Vn,

z, if z ∈ Zn.

Put

En+1 =
( ⋃
E∈En

E(E)
)
∪
( ⋃
v∈Vn

E(Tn+1
v )

)
,

Vn+1 = {mE}E∈En
∪
( ⋃
v∈Vn

V(Tn+1
v )

)
,

μn+1 = min{d(v, E) : v ∈ Vn+1, E ∈ En+1, v �∈ E},

and fix a positive real number εn+1 < 1
4 min{εn,mesh(Vn+1), μn+1}.

It is easy to see that the above properties (1i)− (5i) are satisfied for i = n+ 1. Denote
fji = fj ◦ fj+1 ◦ · · · ◦ fi−1 : Zi → Zj for j < i − 1, fjj+1 = fj , and fjj = idZj

. Then for
0 < i we have the following property:

(6i) If 0 ≤ i0 ≤ j ≤ i, then fi0i = fi0j ◦ fji.
We will prove an additional property that holds for i > 0:

9

v0 v1

Z2 and the set of vertexes V2

(7i) If u ∈ Vi0 , 0 ≤ i0 < i, then f−1
i0i

(u) ⊆ B(u, εi0).

Let z ∈ f−1
i0i

(u). Then z ∈ T i
v ∈ Ti, where v ∈ Vi−1, 0 ≤ i0 < i and fi0i(v) = u. If v = u,

then T i
u ⊆ B(u, εi−1

2 ) from (2i). Thus z ∈ B(u, εi−1

2 ) ⊆ B(u, εi0).
Otherwise z ∈ T i+1

v ∈ Ti+1, where v ∈ Vi, 0 ≤ i0 < i and fi0i(v) = u. Let i = i0 + n
and fji(v) = uj ∈ Zj for j = i0 + 1, . . . , i − 1. Then u = fi0(ui0+1), fj(uj+1) = uj for any
j, and v = fi(z).

From definition of fn, the choice of εn, and (2j) we obtain:

d(u, z) ≤ d(u, ui0+1) + d(ui0+1, ui0+2) + · · ·+ d(ui0+n−1, v) + d(v, z) <

<
εi0
2

+
εi0+1

2
+ · · ·+ εi0+n−1

2
+

εi
2

<
εi0
2

(
1 +

1

4
+ · · ·+ 1

4n
+ . . .

)
< εi0 .

We set Z = cl (
⋃∞

n=0 Zn) and Z∞ = lim←−{Zn, fn}.

Theorem 4.1. Z∞ = lim←−{Zn, fn} is homeomorphic to Z = cl (
⋃∞

n=0 Zn).

Proof. We define h : Z∞ → Z by h({zi}) = lim zi. From [1, Theorem I] and its proof it
follows that h is a homeomorphism if the following conditions are satisfied:

(a) For each k0 ∈ N and each ε > 0, there exists δ > 0 such that if k0 < k, p, q ∈ Zk and
d (fk0k(p), fk0k(q)) > ε, then d(p, q) > δ.

(b) For each ε > 0 there exists k0 ∈ N such that diam
(⋃

k>k0
f−1
k0k

(z)
)
< ε for any z ∈ Zk0

.

To prove (a) note that lim
i→∞

(mesh(Ei)) = 0. Thus there exists m > k0 with mesh(Em) <
ε
4 . We have

εm <
1

4
mesh(Vm) ≤ 1

4
mesh(Em) <

ε

4

For each k ≥ k0 the map fk0k : Zk → Zk0 is uniformly continuous. So, for each
k ∈ {ko, k0 + 1, . . . ,m} there exists δk > 0 such that if a, b ∈ Zk and d(a, b) ≤ δk, then
d(fk0k(a), fk0k(b)) ≤ 4εm. Set

δ = min {εm, δk0
, δk0+1, . . . , δm} .

Let p, q ∈ Zk and d (fk0k(p), fk0k(q)) > ε. Then fk0k(p) �= fk0k(q).
If k ∈ {k0, k0 + 1, . . . ,m}, then d(fk0k(p), fk0k(q)) > 4εm. So d(p, q) > δk > δ.
Suppose that k > m. Then Zk0 � Zm � Zk. We have three cases to consider.
1st case : p, q ∈ Zm. Then fmk(p) = p and fmk(q) = q. So, fk0m(p) = fk0k(p) and

fk0m(q) = fk0k(q). Thus d (fk0m(p), fk0m(q)) > ε > 4εm and, therefore, d(p, q) > δm ≥ δ.
2nd case : p, q ∈ Zk \ Zm. Then fmk(p), fmk(q) ∈ Vm. Thus d(fmk(p), fmk(q)) ≥

mesh(Vm) > 4εm. From (7m): d(p, fmk(p)) < εk0
and d(q, fmk(q)) < εk0

. Since εk0
< εm,

it follows that

d(p, q) ≥ d(fmk(p), fmk(q))− d(q, fmk(q))− d(p, fmk(p)) > 2εm > δ.
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Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.
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v0 v1

Z2 and the set of vertexes V2

(7i) If u ∈ Vi0 , 0 ≤ i0 < i, then f−1
i0i

(u) ⊆ B(u, εi0).

Let z ∈ f−1
i0i

(u). Then z ∈ T i
v ∈ Ti, where v ∈ Vi−1, 0 ≤ i0 < i and fi0i(v) = u. If v = u,

then T i
u ⊆ B(u, εi−1

2 ) from (2i). Thus z ∈ B(u, εi−1

2 ) ⊆ B(u, εi0).
Otherwise z ∈ T i+1

v ∈ Ti+1, where v ∈ Vi, 0 ≤ i0 < i and fi0i(v) = u. Let i = i0 + n
and fji(v) = uj ∈ Zj for j = i0 + 1, . . . , i − 1. Then u = fi0(ui0+1), fj(uj+1) = uj for any
j, and v = fi(z).

From definition of fn, the choice of εn, and (2j) we obtain:

d(u, z) ≤ d(u, ui0+1) + d(ui0+1, ui0+2) + · · ·+ d(ui0+n−1, v) + d(v, z) <

<
εi0
2

+
εi0+1

2
+ · · ·+ εi0+n−1

2
+

εi
2

<
εi0
2

(
1 +

1

4
+ · · ·+ 1

4n
+ . . .

)
< εi0 .

We set Z = cl (
⋃∞

n=0 Zn) and Z∞ = lim←−{Zn, fn}.

Theorem 4.1. Z∞ = lim←−{Zn, fn} is homeomorphic to Z = cl (
⋃∞

n=0 Zn).

Proof. We define h : Z∞ → Z by h({zi}) = lim zi. From [1, Theorem I] and its proof it
follows that h is a homeomorphism if the following conditions are satisfied:

(a) For each k0 ∈ N and each ε > 0, there exists δ > 0 such that if k0 < k, p, q ∈ Zk and
d (fk0k(p), fk0k(q)) > ε, then d(p, q) > δ.

(b) For each ε > 0 there exists k0 ∈ N such that diam
(⋃

k>k0
f−1
k0k

(z)
)
< ε for any z ∈ Zk0

.

To prove (a) note that lim
i→∞

(mesh(Ei)) = 0. Thus there exists m > k0 with mesh(Em) <
ε
4 . We have

εm <
1

4
mesh(Vm) ≤ 1

4
mesh(Em) <

ε

4

For each k ≥ k0 the map fk0k : Zk → Zk0 is uniformly continuous. So, for each
k ∈ {ko, k0 + 1, . . . ,m} there exists δk > 0 such that if a, b ∈ Zk and d(a, b) ≤ δk, then
d(fk0k(a), fk0k(b)) ≤ 4εm. Set

δ = min {εm, δk0
, δk0+1, . . . , δm} .

Let p, q ∈ Zk and d (fk0k(p), fk0k(q)) > ε. Then fk0k(p) �= fk0k(q).
If k ∈ {k0, k0 + 1, . . . ,m}, then d(fk0k(p), fk0k(q)) > 4εm. So d(p, q) > δk > δ.
Suppose that k > m. Then Zk0 � Zm � Zk. We have three cases to consider.
1st case : p, q ∈ Zm. Then fmk(p) = p and fmk(q) = q. So, fk0m(p) = fk0k(p) and

fk0m(q) = fk0k(q). Thus d (fk0m(p), fk0m(q)) > ε > 4εm and, therefore, d(p, q) > δm ≥ δ.
2nd case : p, q ∈ Zk \ Zm. Then fmk(p), fmk(q) ∈ Vm. Thus d(fmk(p), fmk(q)) ≥

mesh(Vm) > 4εm. From (7m): d(p, fmk(p)) < εk0
and d(q, fmk(q)) < εk0

. Since εk0
< εm,

it follows that

d(p, q) ≥ d(fmk(p), fmk(q))− d(q, fmk(q))− d(p, fmk(p)) > 2εm > δ.
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3d case : p ∈ Zm and q ∈ Zk \ Zm. Then p = fmk(p) ∈ Ep ∈ Em and fmk(q) = vq ∈
Vm. Since p, q �∈ Zk0 , it follows that Ep ⊆ f−1

k0m
(fk0k(p)) and vq ∈ f−1

k0m
(fk0k(p)). Since

fk0k(p) �= fk0k(q), f
−1
k0m

(fk0k(p)) ∩ f−1
k0m

(fk0k(q)) = ∅. Hence, vq �∈ Ep. From the choice of
μm it follows that

d(vq, p) > d(vq, Ep) > μm > 4εm.

Since d(vq, q) < εm from (7m), we conclude that

d(p, q) ≥ d(p, vq)− d(q, vq) > 4εm − εm > εm > δ.

To prove (b) take any ε > 0. Since lim
i→∞

εi = 0, there exists k0 ∈ N such that 2εk0
< ε.

If z ∈ Zk0 \
(⋃

i≥k0
Vi

)
, then

⋃
k>k0

f−1
k0k

(z) = {z}. So (a) holds.

Let z ∈ Zk0
∩
(⋃

i≥k0
Vi

)
and let iz ≥ k0 be the least integer such that z ∈ Viz . If

k0 < k ≤ iz, then f−1
k0k

(z) = {z}. Hence, ⋃k>k0
f−1
k0k

(z) =
⋃

k>iz
f−1
izk

(z).

From the properties (3k) and (7k) with k > iz it follows that
⋃

k>iz
f−1
izk

(z) ⊆ B(z, εiz ).
Thus again

diam
( ⋃
k>k0

f−1
k0k

(z)
)
= diam

( ⋃
k>iz

f−1
izk

(z)
)
< 2εiz < 2εk0 < ε.

Theorem 4.2. Z is a one-dimensional cactoid such that any two cut points of Z can be
joined by a simple cyclic chain that is a cactus.

Proof. Since Z∞ = lim←−{Zn, fn}, where each Zn is locally connected and each fn is a mono-

tone surjection, it follows that Z∞ is a locally connected continuum (see [7, 8.47]). Thus Z
is a locally connected continuum from Theorem 4.1.

Let a, b ∈ c(Z), a �= b. If a, b ∈ ⋃∞
i=0 Zk, then there exists a cactus Zk such that a, b ∈ Zk.

Thus a and b can be joined by a simple cyclic chain that is a cactus. It suffices to show that
Z \⋃∞

i=0 Zk contains no cut points of Z. Suppose, on the contrary, that there exists a cut
point z ∈ Z \⋃∞

i=0 Zk. Then Z \ {z} = O1 ∪O2, where O1 and O2 are disjoint, non empty,
and open subsets of Z. Since

⋃∞
i=0 Zk is connected, we may suppose that

⋃∞
i=0 Zk ⊆ O1.

Then O2 ∩ (
⋃∞

i=0 Zk) = ∅. Hence, cl (⋃∞
i=0 Zk) �= Z which is a contradiction.

Let S be a true cyclic element of Z. Then E(S) = ∅. Hence, ordZ(x) ≥ ordS(x) > 1 for
each x ∈ S. Therefore, S ∩E(Z) = ∅. If S ⊆ ⋃∞

i=0 Zn, then S is a simple closed curve from
construction of Zn. It suffices to prove that Z \⋃∞

i=0 Zn ⊆ E(Z).
Let e ∈ Z \ ⋃∞

i=0 Zi and ε > 0. It remains to find an open subset Ue of Z such that
e ∈ Ue ⊆ B(e, ε) and bdZ(Ue) consists of one point.

The map h : Z∞ → Z defined by h({zi}∞i=0) = lim zi is a homeomorphism from the
proof of Theorem 4.1. Let h−1(e) = {ei}∞i=0. Then fi(ei+1) = ei ∈ Zi for any i. Since
e = lim ei �∈ ⋃∞

i=0 Zi and each Zi is compact, it follows that {ei}∞i=0 � Zi for any i.
Therefore, without loss of generality we may suppose that ei �= ei+1 for any i. Since
fi(ei+1) = ei �= ei+1, it follows that ei ∈ Vi.

There exist i0, j0 ∈ N such that ei ∈ B(e, ε
2 ) for any i ≥ i0 and εj < ε

2 for any j ≥ j0.
Let k0 = max{i0, j0}. Then ek ∈ B(e, ε

2 ) and εk < ε
2 for any k ≥ k0.

Let Ue be a component of Z\{ek0
} containing e. Since Z is locally connected, Ue is open.

Also bdZ(Ue) = {ek0}. It is easy to see that Ue = {e}∪
(⋃∞

k=k0
T k+1
ek

)
. Let z ∈ Ue. Then z ∈

T k+1
ek

for some k ≥ k0. Therefore d(z, ek) <
εk0

2 < ε
2 . Thus d(e, z) ≤ d(z, ek)+d(e, ek) < ε.

Hence, z ∈ B(e, ε).
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Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.
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5 The proof of universality of Z

Theorem 5.1. Z is a universal element in the family of all one-dimensional cactoids X
such that any two cut points of X can be joined by a simple cyclic chain that is a cactus.

Proof. The one-dimensional cactoid X, whose any two cut points can be joined by a simple
cyclic chain that is a cactus, is homeomorphic to X∞ = lim←−{Xk, gk}, where the inverse

sequence {Xk, gk}∞k=1 satisfies the conditions of Theorem 3.5. Also Z is homeomorphic to
Z∞ = lim←−{Zk, fk} by Theorem 4.1. It suffices to find an embedding of X∞ into Z∞.

We set Q(X) = {tk}∞k=1 and Q(Z) =
⋃∞

k=1 Vk, where the point tk satisfies condition
(iii) of Theorem 3.5 and Vk is a set of vertices of cactus Zk. Note that Xk ∩ Q(X) is a
countable subset of Xk and Zk ∩Q(Z) is countable and dense in Zk for each k.

Observe that X1 is either a point or a simple closed curve such that there exist a unique
point t1 ∈ X1 with |g−1

1 (t1)| > 1. We also observe that Z1 = v0v1 ∪T 1
v0
∪T 1

v1
, where T 1

vi are
triangles. If X1 = {t1}, then h1 : X1 → Z1 with h1(t1) = v1 is a homeomorphism. If X1

is a closed curve, then there exist a homeomorphism h1 : X1 → T 1
v1

such that h1(t1) = v1
and h1(X1 ∩Q(X)) ⊆ T 1

v1 ∩Q(Z). We put n1 = 1.
Suppose that k ∈ N \ {0} and for each j ∈ 1, ..., k we have define an integer nj and an

embedding hj : Xj → Znj
such that:

(1j) hj(Xj ∩Q(X)) ⊆ Znj
∩Q(Z);

(2j) the following diagram is commutative for j > 1:

�

Xj−1

Znj−1

hj−1

fnj−1nj

gj−1

�

�

Znj

�

Xj

hj

(3j) nj > nj−1 for j > 1.
We will define an integer nk+1 and an embedding hk+1 : Xk+1 → Znk+1

that satisfy the
properties (1k+1)− (3k+1).

Consider the monotone retraction gk : Xk+1 → Xk and the embedding hk : Xk → Znk
.

By Theorem 3.5 there is a unique tk ∈ Xk such that g−1
k (tk) is non degenerate. We denote

hk(tk) = zk. From (1k) we have zk ∈ Znk
∩ (

⋃∞
i=1 Vi). Since Vi ⊆ Vi+1 for all i, there exists

m > 1 such that zk ∈ Vnk+m. Put nk+1 = nk +m+ 1.
Since Znk

⊆ Znk+m, hk is also embedding of Xk into Znk+m. Observe that Znk+m+1 =

Znk+m ∪
(⋃

v∈Vnk+m
Tnk+m
v

)
. Thus zk is a vertex of some triangle Tnk+m+1

zk
⊆ Znk+m+1

such that Tnk+m+1
zk

∩ Znk+m = {zk}.
If g−1

k (tk) = A is a free arc of Xk+1, then A ∩Xk = {tk} and tk is an end point of A.
Let E be one of the sides of triangle Tnk+m+1

zk
with zk ∈ E. There exists a homeomorphism

hA : A → E such that hA(tk) = zk and hA(A ∩ Q(X)) ⊆ E ∩ Q(Z), because E ∩ Q(Z) is
dense in E.

We define a homeomorphism hk+1 : Xk+1 = Xk ∪A → Znk+1
by

hk+1(x) =

{
hA(x), x ∈ A
hk(x), x ∈ Xk

If g−1
k (tk) = S is a closed curve of Xk+1, then S∩Xk = {tk}. There exists a homeomor-

phism hS : S → Tnk+m+1
zk

such that hS(tk) = zk and hS(S ∩ Q(X)) ⊆ Tnk+m+1
zk

∩ Q(Z),
because Tnk+m+1

zk
∩Q(Z) is dense in Tnk+m+1

zk
.
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We define a homeomorphism hk+1 : Xk+1 = Xk ∪ S → Znk+1
by

hk+1(x) =

{
hS(x), x ∈ S
hk(x), x ∈ Xk

From (2j) and (3j), j > 1, the map h∞ : lim←−{Xk, gk}∞k=1 → lim←−{Znk
, fnk

}∞k=1 defined by

h∞ ((xk)
∞
k=1) = (fnk

(xk))
∞
k=1 is continuous and one-to-one (see [7, 2.22]). Since X is a con-

tinuum, h∞ is embedding. Since inverse sequence {Znk
, fnk

}∞k=1 is confinal in the sequence
{Zk, fk}∞k=1, there exists a homeomorphism H : lim←−{Znk

, fnk
}∞k=1 → lim←−{Zk, fk}∞k=1 = Z.

Hence, H ◦ h∞ is an embedding of X into Z.

6 Conclusions and problems. In this section we refer only to continua consisting of
more than one point. A continuum X is called totally regular [8] if for any countable subset
Q of X, each x ∈ X, and each ε > 0, there exists an open neighborhood U of x in X such
that diam (U) < ε, bd(U) is finite, and bd(U)∩Q = ∅. Clearly, any graph is totally regular
continuum. Totally regular continua were studied also [11] under the term ”continua of
finite degree”. Since the property of being a totally regular continuum is cyclicly extensible
and reducible [11, (4.2)], any cactoid is totally regular.

The order of totally regular continuumX is the ordinal number ord(X) = sup{ord(p,X) :
p ∈ X}. Note that [13, (3.2), p. 49] ord(X) ≥ 2. If ord(X) = 2, then X is an arc or a
simple closed curve [7, Theorem 9.5]. The cactoid Z constructed in section 4 is a totally
regular planar continuum of order ω.

R. D. Buskirk proved that that there exists a universal totally regular continuum [4].
The natural problems arisen are the following:

1. Does there exists a universal one-dimensional cactoid.
2. Does there exists a universal one-dimensional cactoid in the family of one-dimensional

cactoids of order ≤ n, where n > 2.
3. Does there exists a universal planar totally regular continuum.
4. Does there exists a universal planar totally regular continuum in the family of totally

regular continua of order ≤ n, where n > 2.
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Abstract. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple
cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z ∈ F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.
We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term

continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn–Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p ∈ X, written ord(p,X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality ≤ m. In particular, ord(p,X) = ω, where ω denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p,X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {x ∈ X : ord(p,X) ≥ 3} are called branch points of X and the
points of E(X) = {x ∈ X : ord(p,X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by c(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and q is written pq. An
arc pq ⊆ X is called free in X if the set (pq) = pq \ {p, q} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.
(ii) M contains no θ-curves.
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Abstract. We propose a nonlinear network autoregressive (NNAR) model to investi-
gate the dynamics of complex network time series with high-dimensionality and nonlin-
ear spatial-temporal dependence. We assume that the current network at a given time
point non-linearly depends on the lagged values, neighborhood effect, and a set of node-
specific covariates via a nonparametric smooth function. We conduct estimation using
the profile least square method where the unknown link function is estimated using the
local linear regression technique. We demonstrate the application of the NNAR with
the daily natural gas flows in a real-life high-pressure gas pipeline network, where the
response is the high dimensional vector of gas flows at 128 nodes. The NNAR model
provides more accurate forecasts of the gas flow network compared to the linear net-
work vector autoregression model proposed by Zhu et al. (2017) and some multivariate
autoregression and naive benchmark models.

1. Introduction

In this data-rich era, the development in data acquisition and storage has made it avail-

able to collect large-scale network data in many fields varying from biomedical sciences (Wu

et al. 2014) and physics (Benson et al. 2016) to finance (Chen et al. 2018; Zhu et al. 2019)

and socialization (Wasserman & Faust 1994; Zhu et al. 2017). Network data contains rich

information for statistical inference, while the complexity of data with high-dimensionality,

spatial-temporal dependence structure, non-linearity, and dynamic evolution creates extra

challenges for statistical modeling and computation. To describe the dynamics and make

a prediction of this complex data effectively and efficiently, it requires more flexible time

series modeling in addition to the conventional tools that are designed for linear and low-

dimensional time series data.
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Let Yit be the continuous response collected from subject (node) i at time point t

with 0 < t ≤ T (e.g., natural gas flows at certain location). Accordingly, denote Yt =

(Y1t, ..., YNt) ∈ RN as an ultra-high dimensional vector with a large number of total nodes

N . We assume that Yit exhibits serial dependence on previous values and has certain spatial

correlation among the nodes, i.e., network structure, and the dependence is unnecessary to

be linear. In the literature of time series, some common univariate models such as AutoRe-

gressive (AR) and AutoRegressive Moving Average (ARMA) based models have been well

studied to forecast the dynamics of serially dependent time series in both theory and applica-

tions. However, these models study each time series Yit separately, and the rich correlation

information across different time series, e.g. the lead-lag dependence, is lost. Multivariate

models such as Vector Autoregression (VAR) (Lütkepohl 2005; Box et al. 2015) are pro-

posed with the information of multiple time series fully considered. On the other hand,

the linear relationship assumption may not be valid in practice. Many nonlinear models

have been proposed, such as functional coefficient autoregressive models for univariate time

series (Huang & Shen 2004; Cai et al. 2000) and nonlinear VAR models for multivariate

time series (Härdle et al. 1998); See also Fan & Yao (2008) for a good reference. However,

in a high-dimensional case with sufficiently large N , these linear and nonlinear multivariate

regression models will suffer from the “curse of dimensionality”, which will cause a problem

of overfitting and overparameterization, leading to poor out-of-sample forecast accuracy as

well. Thus it is necessary to reduce dimension and many techniques have been therefore

proposed, see e.g. factor modeling (Pan & Yao 2008; Park et al. 2009) and penalty estima-

tion (Hsu et al. 2008). However, besides the serial and cross dependence, there could exist

network information among the N nodes which needs to be taken into consideration.

The recent development of network modeling provides a wide variety of tools and methods

to model the high-dimensional and complexly structured time series. In the literature,

researchers mainly focus on conducting static analysis of network structure (Lee et al. 2010;

Chen et al. 2013; Zhao et al. 2012; Zhou et al. 2017) or investigating the inherent dynamics

of the network over time (Chen et al. 2018; Zhu & Pan 2018; Zhu et al. 2019). Among

others, Zhu et al. (2017) proposed the linear network vector autoregression (NAR) model to

study the dynamics of large scale network with the network information among individuals

Nonlinear Network Autoregressive Model with Application to Natural Gas Network Forecasting 3

incorporated, while dependence between the response and explanatory variables is assumed

to be linear. Though convenient, in reality, linear regression-based models may not capture

the data-driven complex relationship with both high-dimensionality and non-linearity. The

single-index model (Carroll et al. 1997) is a prevalent way to flexibly handle the data-

driven non-linearity and circumvent the problem of high-dimensionality simultaneously.

For example, Jia et al. (2019) proposed partial autoregression single-index (PASI) model

to handle linear network dependence and nonlinear influence of static covariates; See also

Wang & Yang (2009), Yu & Ruppert (2002), Li & Genton (2009), and Liang et al. (2010) for

more reference of single-index model. However, Jia et al. (2019) did not consider the non-

linearity of network dependence. In our work, we propose a flexible semiparametric model

also by combining the single-index technique and dynamic autoregression network model,

which inherits the advantages of both models and handles the non-linearity of network

dependence as well.

We propose a nonlinear network autoregressive (NNAR) model to investigate the dynam-

ics of network time series with nonlinear spatial-temporal dependence in high-dimensional

framework, and simultaneously allow the measurement of the nonlinear impact of multivari-

ate node-specific covariates, if applicable. In particular, we assume response Yit depends

on a single index defined on three items: its own lagged value, the weighted average of its

neighbors, and exogenous covariates via a nonlinear link function, referring as the momen-

tum effect, the network effect and the nodal effect by Zhu et al. (2017), respectively. The

link function is assumed to be unknown and smooth. We conduct estimation using the

profile least square method (Fan & Gijbels 1996) where the link function is estimated using

the local linear regression technique. This paper makes contributions in two aspects: (1)

We propose a flexible nonlinear network autoregressive model to investigate the dynamics of

large-scale network with complex spatial-temporal dependence. The proposed model helps

capture the nonlinear network dependence and node-specific exogenous covariates’ impact.

While Zhu et al. (2017) and Jia et al. (2019) only considered the linear network depen-

dence. (2) We demonstrate the application of the NNAR model on forecasting gas flows at

128 distribution nodes of a high-pressure natural gas transmission network in Europe. It
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provides a more accurate out-of-sample forecast for the gas flows network compared with

the linear network model and some multivariate time series and naive benchmark models.

The rest of the paper is organized as follows. Section 2 details the NNAR model and

parameter estimation procedure using the profile least square method. Section 3 presents

the gas flow network data on an energy transmission system. Section 4 implements the

NNAR model to investigate the dynamics of gas flows network and conducts forecasting

with comparison to several alternative models. Section 5 concludes.

2. Method

In this section, we present the nonlinear network autoregressive (NNAR) model and the

estimation procedure using the profile least square method.

2.1. The NNAR model. Recall that the number of nodes in the network is N , and Yit

is the continuous response collected from node i at time point t with 0 < t ≤ T and

1 ≤ i ≤ N . Denote Yt = (Y1t, ..., YNt) ∈ RN an ultra-high dimensional vector with a

large number of N . In addition, for each node i, assume a p−dimensional node-specific

random vector Zit = (Z
(1)
it , . . . , Z

(p)
it )� ∈ Rp can be observed. To model Yt, we propose the

following nonlinear network autoregressive model (NNAR):

(1) Yit = g

(
β1

N∑
j=1

wijYj(t−1) + β2Yi(t−1) + Z�
i(t−1)γ

)
+ �it,

where g(·) is an unknown link function which is assumed be smooth. wij ∈ [0, 1] is a given

weight to measure the strength of the connection between node i and j for i, j = 1, · · · , N .

In specific, if we know the adjacency matrix of the network structure, which can be defined

as A = (aij) ∈ RN×N , where aij = 1 if there exists a relationship between node i and j, and

aij = 0 otherwise, then wij is commonly defined as wij = aij/ni where ni =
∑

j �=i aij is the

total number of nodes that node i is connected, i.e. out-degree (Wasserman & Faust 1994).

Such a choice is quite common in many kinds of research like graphical and social network

analysis (Bondy & Murty 1976; Zhu et al. 2017). However, in our real data implementation

to natural gas flow network at next section, the adjacency matrix for the gas network is

unknown, we thus define wij as the inverse of the shortest path between the gas node

i and j, with further located nodes given smaller weight. The quantity
∑N

j=1 ωijYj(t−1)

Nonlinear Network Autoregressive Model with Application to Natural Gas Network Forecasting 5

characterizes the average impact from the network to ith node at time t− 1. Its associated

parameter β1 is referred as the network effect. The term Yi(t−1) is the autoregressive term

which stands for the serial dependence and β2 is the corresponding parameter. The term

Z�
i(t−1)γ evaluates the influence of exogenous impact to the ith node at time t − 1, where

γ = (γ1, . . . , γp)
� ∈ Rp is the associated coefficient (i.e. exogenous nodal effect). Moreover,

�it is the error term, we assume that it is independent to response and exogenous covariates,

i.e., E(�it, Yis) = 0 and E(�it, Z
(j)
is ) = 0 for any s < t and j = 1, · · · , p, and follows normal

distribution with �it ∼i.i.d N(0, σ2).

For notation simplicity, let β = (β1, β2)
� ∈ R2, and θ = (β�,γ�)� ∈ Rp+2 standing

for the vector of all the unknown parameters. We further employ the profile least-square

estimation technique to estimate θ and the unknown link function g(·). We rewrite the

NNAR model in (1) as

Yit = g

(
β1

N∑
j=1

wijYj(t−1) + β2Yi(t−1) + Z�
i(t−1)γ

)
+ �it,(2)

= g

(
X�

itθ

)
+ �it,

where Xit = (
∑N

j=1 wijYj(t−1), Yi(t−1),Z
�
i(t−1))

� ∈ Rp+2 is the variable vector consisting of

the network effect, lag effect and exogenous nodal effect to node i at time t− 1. To ensure

the identification, we set ||θ||2 = 1 with the first element positive, where || · ||2 is the L2

norm.

2.2. Estimation. In semiparametric models, it is popular to estimate the unknown para-

metric components using the profile likelihood approach, see Liang et al. (2010). We apply

this technique for estimating parameter θ. First we start estimating the nonlinear link

function g(·) for a given parameter value θ using the local linear approximation method

(Fan & Gijbels 1996). In particular, by defining uit = X�
itθ ∈ R we linearly approximate

the function g(·) at a given point u0. Since the unknown function g(·) is assumed to be

smooth, we approximate it locally by a linear function (Taylor expansion),

g(u) ≈ g(u0) + g�(u0)(u− u0), for u ∈ u0 ± h,

where h is a bandwidth referring to the size of the neighborhoods that the linear approxi-

mation holds. For notation simplicity, denote a = g(u0), and b = g�(u0). This leads to the
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following locally approximated NNAR model:

Yit = g(uit) + �it,

≈ a+ b(uit − u0) + �it, uit ∈ u0 ± h.

We consider to estimate the local parameters a and b by minimizing the below objective

function using the weighted least squares method:

(3) S(a, b) =

T∑
t=1

N∑
i=1

(
Yit − a− b(uit − u0)

)2

Kh(uit − u0),

where Kh(·) = K(·/h)/h, and K(·) is a nonnegative unimodal kernel function. In our study,

we use the Gaussian kernel function and select the optimal bandwidth via cross-validation

(CV) method.

By computing the derivatives of S(a, b) with respect to a and b, we find the minimizers

of Eq.(3) for a given value of θ:

(4) ĝ(u0;θ) = â|θ =
K20(u0,θ)K01(u0,θ)−K10(u0,θ)K11(u0,θ)

K00(u0,θ)K20(u0,θ)−K2
10(u0,θ)

,

where Kj�(u,θ) =
∑T

t=1

∑N
i=1[Kh(X

�
itθ − u)](X�

itθ − u)jY �
it with exponents j = 0, 1, 2 and

� = 0, 1. The proof is given in the appendix.

Next we estimate the parameter θ using the estimates of the nonparametric component

ĝ(u0;θ) in Eq. (4). If assuming u0 = X�
itθ, we have Yit ≈ g(X�

itθ;θ) + �it. We then

obtain the estimator θ̂ by minimizing the following profile least-square function following

the assumption of Jennrich (1969):

(5) Q(θ) =

T∑
t=1

N∑
i=1

{
Yit − ĝ(X�

itθ;θ)

}2

.

Since there is no closed-form solution for the estimate θ in above Eq.(5), we apply stochastic

gradient descent algorithm (Kushner & Yin 2003) to iteratively update the estimations

by minimizing the above objective function. The calculation stops when the parameters

converge, and we set the final iterative estimator as θ̂.

Finally, plugging in the optimal value θ̂ to Eq.(4), and replacing the notation of u0 with

a general parameter symbol u, we have the following estimate of link function g(·)

(6) ĝ(u; θ̂) = â|θ̂ =
K20(u, θ̂)K01(u, θ̂)−K10(u, θ̂)K11(u, θ̂)

K00(u, θ̂)K20(u, θ̂)−K2
10(u, θ̂)

,

where Kj�(u,θ) has the same definition as before.

Nonlinear Network Autoregressive Model with Application to Natural Gas Network Forecasting 7

3. Data

Natural gas has become an important and clean energy source for power systems with

its advantages varying from lower pollutant emission and smaller construction period, to

higher efficiency of conversion and loading. About 24% of the worldwide energy demand is

met by natural gas in 2018 (BP 2019). In particular, natural gas is a key energy resource

for Europe and accounts for about 20% of the European energy demand (Petkovic et al.

2019). Natural gas is transported through transit countries and to the local distribution

nodes through the high-pressure transmission pipeline network which is operated by so-

called transmissions system operators or TSOs. The European gas market is moving to

more short-term operations, for example, day-ahead contracts. This increases the necessity

of modeling the underlying network dynamics of future gas flows for not only one node or a

few nodes, but large-dimensional nodes in the transmission network. Accurate short-term

forecasting of natural gas demand and supply is of importance for TSOs to monitor the

situation and conduct operational decisions to ensure the safety of supply. There exists rich

literature in natural gas forecasting, see e.g. Stoll & Wiebauer (2010), Soldo (2012), Banda

& Herty (2008), Koch et al. (2015), Chen et al. (2018), and Chen et al. (2020). However, the

dynamics of gas flow network structure has less been explored in the context of forecasting.

Our work is motivated by the challenging problem of short-term forecasting of gas sup-

ply and demand in the high-dimensional gas transmission network. We collect the high-

resolution natural gas flow data atN=128 nodes in the gas pipeline network in one European

country. The daily average gas in-flow or out-flow is observed for the consecutive T=637

days over 22 months. The gas flow network data is standardized with zero mean and unit

variance to use because of the significant scale difference of flow values at various nodes.

The response (i.e. Yit) considered here is the daily average gas flow of node i ∈ {1, · · · , 128}

at day t ∈ [1, T ]. In addition, we consider the daily average air temperature at each node

as an exogenous variable. Given that the natural gas is being widely used for heating pur-

poses in European countries, the temperature is usually considered as a possible affected

factor in forecasting gas flows (Chen et al. 2018). As gas flows in/out through all nodes

in the network where gas nodes are connected with a pipeline, and it is unclear about the

adjacency matrix A = (aij) of the network as well, we define the weight matrix, denoted as
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W with the (i, j)−th element being the weight wij , as the inverse shortest path among each

pair of nodes i and j. Here, the shortest path is defined as the Euclidean distance between

two nodes.

Figure 1 displays the time series plot of gas flows at 25 arbitrarily selected nodes as

a graphical demonstration. We can see similar dynamics of gas flow time series at these

nodes, and synchronous behaviors associating with seasons. Figure 2 displays the lag-1

sample cross-correlation matrix of natural gas flows at 128 nodes. We can see a strong

correlation among the 128 nodes. Figure 3 displays the correlation coefficients between

variables from day 1 to day 637. In the figure, the columns represent the response variable

of gas flow Yt, network term WYt−1 referring to the network impact, lag-1 gas flow variable

Yt−1 representing momentum impact, and the temperature variable Zt−1 representing node-

specific exogenous covariate’s impact from left to right respectively. As shown, the Pearson

linear correlation coefficients between Yt and three regressive terms are 0.48, 0.84, and -0.59

respectively, which indicate the existance of correlation among them. In addition, we can

see some nonlinear dependence from the scatter plots. These motivate the use of the NNAR

model which helps jointly analyze the nonlinearity, momentum impact, network impact, and

exogenous variable effect simultaneously to utilize the rich information.

4. Forecasting Results

In this section, we demonstrate the forecasting performance of the NNAR model using

the natural gas network data described in Section 3. We perform out-of-sample forecasts of

daily natural gas and compare it with several alternative methods.

4.1. Setup and evaluation. We divide the network dataset into two phases with the first

500 days used as training period (T1), which covers 80% of the total period, and 137 days

from day 501 to the end at day 637 as the forecasting period (T2). We train the model and

estimate parameters in T1, and select the optimal bandwidth as h = 4 via cross-validation.

As alternative methods, we consider the linear NAR model (Zhu et al. 2017), VAR and

naive methods including Random Walk and Sample Mean to forecast 1-day ahead daily

natural gas flows of 128 nodes. The NAR model considers linear network dependence

among nodes. VAR method is popular in forecasting gas consumption, and we select the

Nonlinear Network Autoregressive Model with Application to Natural Gas Network Forecasting 9

Figure 1. Time series plot of gas flows at 25 illustrative nodes from day
1 to day 637.

lag order of VAR via Bayesian Information Criteria (BIC). In addition, naive forecasting

methods of Sample Mean (SM) and Random Walk (RW) are used as benchmark models.

Here, at time t, the SM model forecasts h-step-ahead value by taking the average of all

observed data up to time t, that is, Ŷi,t+h = 1
t

∑t
j=1 Yi,j , for i = 1, . . . , N.

We evaluate the relative forecast accuracy according to the average forecast error of

individual nodes in the network. We use mean absolute percentage error (MAPE) as an

error evaluation criteria. The smaller the MAPE, the better accuracy is obtained by the

forecast model. First, for each node i = 1 . . . N we obtain daily predicted gas flow series

Ŷit. The 1-day-ahead prediction performance is evaluated over the forecasting period of T2

for each node. The MAPE for each node i is obtained as:

MAPEi =
1

|T2|
∑
t∈T2

∣∣∣ Ŷit − Yit

Yit

∣∣∣,
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forecast model. First, for each node i = 1 . . . N we obtain daily predicted gas flow series

Ŷit. The 1-day-ahead prediction performance is evaluated over the forecasting period of T2

for each node. The MAPE for each node i is obtained as:

MAPEi =
1

|T2|
∑
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∣∣∣ Ŷit − Yit

Yit

∣∣∣,
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Figure 2. Sample lag 1 cross-correlation matrix of 128 nodes.

for i = 1, · · · , 128, where |T2| is the length of forecasting period T2. Average forecast

performance evaluation is obtained via an average MAPE as

aMAPE =

∑N
i=1 MAPEi

N
.

4.2. Results. We demonstrate the 1-day-ahead out-of-sample forecasting results in the

large scale gas network. Table 1 reports the aMAPE and its standard deviation (sd) as

well as range over 128 nodes of de-standardized gas-flows for the NNAR model and the

alternative models. The MAPE over different models is compared in the boxplot of Figure

4. As can be seen, the NNAR model performs much better than the VAR model, the RW,

and the SM models with smaller aMAPE, smaller sd, and more narrow range. The NNAR

model slightly outperforms the NAR model with aMAPE of 13.06%, sd of 11.589%, and

Nonlinear Network Autoregressive Model with Application to Natural Gas Network Forecasting 11

Figure 3. Correlation coefficients between variables from day 1 to day
637. The columns represent the response variable of gas flow Yt, net-
work term WYt−1 (the network impact), lag-1 gas flow Yt−1 (momentum
impact), and exogenous variable Zt−1(temperature) from left to right re-
spectively. Here, ρ is the Pearson correlation coefficient.

range [2.206%; 84.452%] respectively. Our model is only slightly better than the linear NAR

model, this could be because the non-linearity dependence in the gas network is not that

significant, and the linear network model can fit the gas date well. It is worth mentioning

that the NNAR model provides some advantage in flexibly capturing real network data with

either linear or nonlinear dependence structure compared to the linear NAR model.
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637. The columns represent the response variable of gas flow Yt, net-
work term WYt−1 (the network impact), lag-1 gas flow Yt−1 (momentum
impact), and exogenous variable Zt−1(temperature) from left to right re-
spectively. Here, ρ is the Pearson correlation coefficient.

range [2.206%; 84.452%] respectively. Our model is only slightly better than the linear NAR

model, this could be because the non-linearity dependence in the gas network is not that

significant, and the linear network model can fit the gas date well. It is worth mentioning

that the NNAR model provides some advantage in flexibly capturing real network data with

either linear or nonlinear dependence structure compared to the linear NAR model.
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aMAPE (sd) Range

NNAR 13.060% (11.589%) [2.206%; 84.452%]
NAR 13.570% (12.398%) [2.104%; 88.598%]

Random Walk 47.405% (19.268%) [3.817%; 98.546%]
VAR (BIC) 38.405% (20.324%) [3.878%; 149.517%]

Sample Mean 38.405% (20.324%) [3.878%; 149.517%]

Table 1. The 1-day-ahead out-of-sample forecast performance of the
NNAR and alternative models. Average MAPE (aMAPE) and its stan-
dard deviation (sd) as well as range (Range) over 128 nodes are reported.

Figure 4. The boxplot of MAPE of the NNAR and four alternative mod-
els over 128 nodes.

Figure 5 displays the 1-day-ahead out-of-sample forecasts of the NNAR model for daily

gas flow at the 25 nodes as an illustration from day 501 to the end at day 637. We can

see that the NNAR model successfully captures the dynamic evolution of the gas flow time

series at each individual node. The NNAR model also fits the observed gas flows well at the

rest nodes. In general, we find that our proposed model delivers stable forecast performance

no matter the node’s type and dynamic. We have to mention that since we analyze the

gas network partially i.e. with a selected number of gas nodes, and the nodes connection

information in pipeline network is not clear as well, the conclusion from our modeling may

have some limitations.
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Figure 5. The daily gas flows and 1-step-ahead forecast of the NNAR
model at 25 nodes from day 501 to day 637. The data are normalized to
display.

5. Conclusion

We propose a nonlinear network autoregressive model to investigate the complex dy-

namics of high-dimensional network with nonlinear spatial-temporal dependence structure,

where the nonlinear impact of node-specific exogenous covariates is incorporated simul-

taneously. The proposed model assumes that the current network at a given time point

non-linearly depends on three items: the past values, network effect, and exogenous co-

variates via a nonlinear smooth function. We conduct estimation using the profile least

square method where the unknown link function is estimated via the local linear regression

technique. We demonstrate the application of the NNAR with the daily natural gas flows

in a real-life high-pressure gas pipeline network, where the response is the high dimensional
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Figure 5. The daily gas flows and 1-step-ahead forecast of the NNAR
model at 25 nodes from day 501 to day 637. The data are normalized to
display.

5. Conclusion

We propose a nonlinear network autoregressive model to investigate the complex dy-

namics of high-dimensional network with nonlinear spatial-temporal dependence structure,

where the nonlinear impact of node-specific exogenous covariates is incorporated simul-

taneously. The proposed model assumes that the current network at a given time point

non-linearly depends on three items: the past values, network effect, and exogenous co-

variates via a nonlinear smooth function. We conduct estimation using the profile least

square method where the unknown link function is estimated via the local linear regression

technique. We demonstrate the application of the NNAR with the daily natural gas flows

in a real-life high-pressure gas pipeline network, where the response is the high dimensional
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vector of gas flows at 128 nodes. The NNAR model provides more accurate forecasts of

the gas flow network compared with several alternative models. It shows that the NNAR

model has some advantages in flexibly capturing real-life network data with either linear or

nonlinear dependence structure compared to linear models.
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Appendix: Estimation derivation

Here we describe the estimation of the nonlinear function g in more detail. First, we

write the NNAR model for node i at time point t as follows,

Yit = g(X�
itθ) + �it,

and define uit = X�
itθ. Then we rewrite the model in terms of uit as

Yit = g(uit) + �it.

We assume unknown link function g(·) is second order differentiable. At a given point u0,

we consider to approximate the function g(·) by their first order Taylor’s expansion with

respect to u as

g(u) = g(u0) + g′(u0)(u− u0), for u ∈ u0 ± h,

where h is a bandwidth. Denote a = g(u0), and b = g′(u0), we can estimate the nonlinear

function g by minimizing the following objective function using the weighted least square

method,

(A.1) S(a, b) =
T∑

t=1

N∑
i=1

[Yit − a− b(uit − u0)]
2Kh(uit − u0).

To find the minimizer of local parameters a and b in (A.1), we take its derivatives with

respect to a and b, respectively, then we have

∂S

∂a
=

T∑
t=1

N∑
i=1

[Yit − a− b(uit − u0)]Kh(uit − u0),

∂S

∂b
=

T∑
t=1

N∑
i=1

[Yit − a− b(uit − u0)](uit − u0)Kh(uit − u0).

Setting the above two derivatives to zero, we obtain

(A.2)
T∑

t=1

N∑
i=1

[Yit − a− b(uit − u0)]Kh(uit − u0) = 0,

and

(A.3)

T∑
t=1

N∑
i=1

[Yit − a− b(uit − u0)](uit − u0)Kh(uit − u0) = 0.

From (A.2) we obtain the following estimate for b as

(A.4) b̂ =

∑T
t=1

∑N
i=1 YitKh(uit − u0)− a

∑T
t=1

∑N
i=1 Kh(uit − u0)∑T

t=1

∑N
i=1(uit − u0)Kh(uit − u0)

.
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For notation simplicity, we denote Kh(uit −u0) = K�
h. Plug (A.4) into (A.3), we can derive

the estimate of a as:

â =

∑T
t=1

∑N
i=1{K�

h

[∑T
t=1

∑N
i=1(uit − u0)

2K�
h − (uit − u0)

∑T
t=1

∑N
i=1(uit − u0)K

�
h

]
}Yit∑T

t=1

∑N
i=1{K�

h

[∑T
t=1

∑N
i=1(uit − u0)2K�

h − (uit − u0)
∑T

t=1

∑N
i=1(uit − u0)K�

h

]
}

.

Recall that g(u0) = a, we can directly get

(A.5) ĝ(u0;θ) = â|θ =
K20(u0,θ)K01(u0,θ)−K10(u0,θ)K11(u0,θ)

K00(u0,θ)K20(u0,θ)−K2
10(u0,θ)

,

where Kj�(u0,θ) =
∑T

t=1

∑N
i=1 K

�
h(X

�
itθ − u0)

jY �
it, with exponents j = 0, 1, 2 and � = 0, 1.
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h. Plug (A.4) into (A.3), we can derive

the estimate of a as:

â =

∑T
t=1

∑N
i=1{K�

h

[∑T
t=1

∑N
i=1(uit − u0)

2K�
h − (uit − u0)

∑T
t=1

∑N
i=1(uit − u0)K

�
h

]
}Yit∑T

t=1

∑N
i=1{K�

h

[∑T
t=1

∑N
i=1(uit − u0)2K�

h − (uit − u0)
∑T

t=1

∑N
i=1(uit − u0)K�

h

]
}

.

Recall that g(u0) = a, we can directly get

(A.5) ĝ(u0;θ) = â|θ =
K20(u0,θ)K01(u0,θ)−K10(u0,θ)K11(u0,θ)

K00(u0,θ)K20(u0,θ)−K2
10(u0,θ)

,

where Kj�(u0,θ) =
∑T

t=1

∑N
i=1 K

�
h(X

�
itθ − u0)

jY �
it, with exponents j = 0, 1, 2 and � = 0, 1.
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RICCI CURVATURES AND SCALAR CURVATURES OF
HOMOGENEOUS MINIMAL REAL HYPERSURFACES IN

NONFLAT COMPLEX SPACE FORMS

MAKOTO KIMURA, SADAHIRO MAEDA AND HIROMASA TANABE

Abstract. We compute Ricci curvatures and scalar curvatures of minimal
homogeneous real hypersurfaces in nonflat complex space forms M̃n(c).

1. Introduction

Standard examples play an important role in geometry. We denote by M̃n(c)
a complex n (� 2)-dimensional complete and simply connected nonflat complex
space form of constant holomorphic sectional curvature c(�= 0), namely a complex
projective space CP n(c)(c > 0) or a complex hyperbolic space CHn(c)(c < 0). In

the theory of real hypersurfaces in M̃n(c) it is interesting to investigate geometric

properties of homogeneous examples. Here, a real hypersurface M2n−1 in M̃n(c)
is said to be homogeneous if M is an orbit of some subgroup of the isometry

group I(M̃n(c)) of the ambient space. For example, we recall the following fact.
In CHn(c) there exist homogeneous real hypersurfaces with positive sectional
curvature and also ones with negative sectional curvature. On the other hand,
CP n(c) admits homogeneous real hypersurfaces with positive sectional curvature,
but does not admit those with nonpositive curvatures (cf. [9]).

Thus it is natural to study Ricci curvatures and scalar curvatures of homo-

geneous real hypersurfaces in M̃n(c). In this paper, we pay particular attention
to the case that M2n−1 is minimal in such ambient spaces. Our aim here is to
compute Ricci curvatures and scalar curvatures of minimal homogeneous real

hypersurfaces in nonflat complex space forms M̃n(c).

2. homogeneous minimal real hypersurfaces in M̃n(c)

First of all we recall some fundamental notions on real hypersurfaces in a
complete and simply connected nonflat complex space form. Let M be a real

hypersurface of M̃n(c) through an isometric immersion with a unit normal local
vector field N . Denote by g the standard Riemannian metric and by J the

canonical Kähler structure of M̃n(c). Then the hypersurface M can be equipped
with an almost contact metric structure (φ, ξ, η, g) which consists of a tensor field
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2 M. KIMURA, S. MAEDA AND H. TANABE

φ of type (1, 1), a vector field ξ, a 1-form η and the induced Riemannian metric
g. That is, we define φ, ξ and η on M by

ξ = −JN , η(X) = g(X, ξ) = g(JX,N ) and φX = JX − η(X)N(2.1)

for each tangent vector X ∈ TM. The structure satisfies

φ2X = −X + η(X)ξ, g(φX, φY ) = g(X,Y ) − η(X)η(Y ),(2.2)

η(ξ) = 1, φξ = 0 and η(φX) = 0

for all vectors X,Y ∈ TM . We call the vector field ξ the characteristic vector
field on M .

The Riemannian connections ∇̃ of M̃n(c) and ∇ of M are related by ∇̃XY =

∇XY + g(AX, Y )N and ∇̃XN = −AX for vector fields X and Y tangent to M ,

where A is the shape operator of M in M̃n(c). Moreover, we have the following
equations.

∇Xξ = φAX,(2.3)

(∇Xφ)Y = η(Y )AX − g(AX, Y )ξ,(2.4)

(∇XA)Y − (∇Y A)X = (c/4){η(X)φY − η(Y )φX − 2g(φX, Y )ξ}.(2.5)

The last one is known as the equation of Codazzi.
Eigenvalues and eigenvectors of the shape operator A of M are called principal

curvatures and principal curvature vectors of M in M̃n(c), respectively. We set
Vλ = {X ∈ TM | AX = λX}, which is called the principal distribution associated
to the principal curvature λ. We call M a Hopf hypersurface if the characteristic
vector ξ is a principal curvature vector at each point of M .

Next, we review the classification of homogeneous real hypersurfaces in M̃n(c).
Takagi ([12, 13]) classified homogeneous real hypersurfaces in CP n(c)(c > 0) in
an algebraic style. By virtue of the works of Cecil and Ryan ([4]) and Kimura
([6]), we can state geometrically that a homogeneous real hypersurface in CP n(c)
with n � 2 is locally congruent to one of the following Hopf hypersurfaces all of
whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√

c ;
(A2) A tube of radius r around a totally geodesic CP �(c) with 1 � � � n − 2,

where 0 < r < π/
√

c ;
(B) A tube of radius r around a complex hyperquadric CQn−1, where 0 <

r < π/(2
√

c );
(C) A tube of radius r around the Segre embedding of CP 1(c)×CP (n−1)/2(c),

where 0 < r < π/(2
√

c ) and n (� 5) is odd;
(D) A tube of radius r around the Plüker embedding of a complex Grassman-

nian CG2,5, where 0 < r < π/(2
√

c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),

where 0 < r < π/(2
√

c ) and n = 15.

Unifying types (A1) and (A2), we call them of type (A).
In Tables 1 and 2, we denote by δ the principal curvature associated with

the characteristic vector ξ, that is, Aξ = δξ. We also put r̃ := (
√|c| r)/2.
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HOMOGENEOUS MINIMAL REAL HYPERSURFACES 3

Hereinafter, we use these notations for simplicity. The principal curvatures of
homogeneous real hypersurfaces in CP n(c) are given as follows (cf. [13]):

Table 1. The principal curvatures of homogeneous real hypersurfaces in CP n(c)

Type Principal curvatures Multiplicities
(A1) δ =

√
c cot 2r̃ 1

λ1 = (
√

c /2) cot r̃ 2n − 2
(A2) δ =

√
c cot 2r̃ 1

λ1 = (
√

c /2) cot r̃ 2n − 2� − 2
λ2 = −(

√
c /2) tan r̃ 2�

(B) δ =
√

c cot 2r̃ 1
λ1 = (

√
c /2) cot{r̃ − (π/4)} n − 1

λ2 = (
√

c /2) cot{r̃ + (π/4)} n − 1
(C) δ =

√
c cot 2r̃ 1

λ1 = (
√

c /2) cot{r̃ − (π/4)} 2
λ2 = (

√
c /2) cot{r̃ + (π/4)} 2

λ3 = (
√

c /2) cot r̃ n − 3
λ4 = −(

√
c /2) tan r̃ n − 3

(D) δ =
√

c cot 2r̃ 1
λ1 = (

√
c /2) cot{r̃ − (π/4)} 4

λ2 = (
√

c /2) cot{r̃ + (π/4)} 4
λ3 = (

√
c /2) cot r̃ 4

λ4 = −(
√

c /2) tan r̃ 4
(E) δ =

√
c cot 2r̃ 1

λ1 = (
√

c /2) cot{r̃ − (π/4)} 6
λ2 = (

√
c /2) cot{r̃ + (π/4)} 6

λ3 = (
√

c /2) cot r̃ 8
λ4 = −(

√
c /2) tan r̃ 8

Note that by putting � = 0 in the case of homogeneous real hypersurfaces of
type (A2) we can obtain the case of type (A1).

We describe the case of CHn(c) (n � 2). Let M be a homogeneous real
hypersurface in such an ambient space. Then, thanks to [3], we know that M is
locally congruent to one of the following:

(A0) A horosphere in CHn(c);
(A1,0) A geodesic sphere G(r) of radius r, where 0 < r < ∞;
(A1,1) A tube of radius r around a totally geodesic CHn−1(c), where 0 < r < ∞;
(A2) A tube of radius r around a totally geodesic CH�(c) with 1 � � � n − 2,

where 0 < r < ∞;
(B) A tube of radius r around a totally real totally geodesic RHn(c/4), where

0 < r < ∞;
(S) The homogeneous ruled real hypersurface HR determined by a horocycle

in a totally geodesic RH2(c/4) in CHn(c), or an equidistant hypersurface
from HR at distance r, where 0 < r < ∞;

(W1) A tube of radius r around the minimal ruled submanifold W 2n−k with
k ∈ {2, . . . , n − 1}, where 0 < r < ∞;
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(W2) A tube of radius r around the minimal ruled submanifold W 2n−k
ϕ for

some ϕ ∈ (0, π/2 ) and k ∈ {2, . . . , n − 1}, where k is even and where
0 < r < ∞.

Unifying real hypersurfaces of types (A0), (A1,0), (A1,1) and (A2), we call them
real hypersurfaces of type (A). In the above list, all examples of types (A) and
(B) are Hopf hypersurfaces and others are non-Hopf. The principal curvatures
of homogeneous hypersurfaces are given in Table 2 ([1, 2]).

Table 2. The principal curvatures of homogeneous real hypersurfaces in CHn(c)

Type Principal curvatures Multiplicities
(A0) δ =

√|c| 1
λ1 =

√|c| /2 2n − 2
(A1,0) δ =

√|c| coth 2r̃ 1
λ1 = (

√|c| /2) coth r̃ 2n − 2
(A1,1) δ =

√|c| coth 2r̃ 1
λ1 = (

√|c| /2) tanh r̃ 2n − 2
(A2) δ =

√|c| coth 2r̃ 1
λ1 = (

√|c| /2) coth r̃ 2n − 2� − 2
λ2 = (

√|c| /2) tanh r̃ 2�

(B) δ =
√|c| tanh 2r̃ 1

λ1 = (
√|c| /2) coth r̃ n − 1

λ2 = (
√|c| /2) tanh r̃ n − 1

(S) λ1 = (3
√|c| /4) tanh r̃ + (

√|c| /2)
√

1 − (3/4) tanh2 r̃ 1

λ2 = (3
√|c| /4) tanh r̃ − (

√|c| /2)
√

1 − (3/4) tanh2 r̃ 1
λ3 = (

√|c| /2) tanh r̃ 2n − 3

(W1) λ1 = (3
√|c| /4) tanh r̃ − (

√|c| /2)
√

1 − (3/4) tanh2 r̃ 1

λ2 = (3
√|c| /4) tanh r̃ + (

√|c| /2)
√

1 − (3/4) tanh2 r̃ 1
λ3 = (

√|c| /2) tanh r̃ 2n − k − 2
λ4 = (

√|c| /2) coth r̃ k − 1

(W2) λi = −(
√|c| /6)

{
coth r̃

(
ui

r̃,ϕ + 1
ui

r̃,ϕ

)
− cschr̃ sechr̃ − 4 tanh r̃

}
1

for i = 1, 2, 3. The number ui
r̃,ϕ is the i-th cubic root of(

βr̃,ϕ +
√

β2
r̃,ϕ − 4

)
/2, where βr̃,ϕ = 27 sin2 ϕ tanh2 r̃ sech4r̃ − 2.

λ4 = (
√|c| /2) tanh r̃ 2n − k − 2

λ5 = (
√|c| /2) coth r̃ k − 2

Note that a real hypersurface of type (B) with radius r = (1/
√|c| ) log(2+

√
3 )

has two distinct principal curvatures λ1 = δ =
√

3|c| /2 and λ2 =
√|c| /(2√3 ).

It has three distinct principal curvatures for other case. Moreover, the principal
curvatures of the homogeneous ruled real hypersurface HR can be obtained as
limits of those of hypersurfaces of type (S) given in Table 2 by taking r → 0.
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√|c| /6)

{
coth r̃

(
ui

r̃,ϕ + 1
ui

r̃,ϕ

)
− cschr̃ sechr̃ − 4 tanh r̃

}
1

for i = 1, 2, 3. The number ui
r̃,ϕ is the i-th cubic root of(

βr̃,ϕ +
√

β2
r̃,ϕ − 4

)
/2, where βr̃,ϕ = 27 sin2 ϕ tanh2 r̃ sech4r̃ − 2.

λ4 = (
√|c| /2) tanh r̃ 2n − k − 2

λ5 = (
√|c| /2) coth r̃ k − 2

Note that a real hypersurface of type (B) with radius r = (1/
√|c| ) log(2+

√
3 )

has two distinct principal curvatures λ1 = δ =
√

3|c| /2 and λ2 =
√|c| /(2√3 ).

It has three distinct principal curvatures for other case. Moreover, the principal
curvatures of the homogeneous ruled real hypersurface HR can be obtained as
limits of those of hypersurfaces of type (S) given in Table 2 by taking r → 0.
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3. Ricci curvatures of minimal homogeneous real hypersurfaces

In this section, we investigate Ricci curvatures of minimal homogeneous real

hypersurfaces M in nonflat complex space forms M̃n(c) (n � 2). We first recall

that the Ricci tensor S of an arbitrary real hypersurface M in M̃n(c) is expressed
as

(3.1) SX = (c/4){(2n + 1)X − 3η(X)ξ} + (trace A)AX − A2X

for all X ∈ TM . The Ricci curvature Ric(X,X) = g(SX,X) in the direction of
unit vector X ∈ TM is given as

(3.2) Ric(X,X) = (c/4){(2n + 1) − 3η(X)2} + (trace A)g(AX,X) − �AX�2.

On the other hand, by solving the equation Trace A = 0 one can find easily a

minimal homogeneous real hypersurface in M̃n(c). In fact, a homogeneous real
hypersurface M in CP n(c) (n � 2) is minimal if and only if it is congruent to
either of type (A1), (A2), (B), (C), (D) or (E), and the radius r satisfies the
following cases, respectively:

(A1) cot r̃ = 1/
√

2n − 1 ;

(A2) cot r̃ =
√

(2� + 1)/(2n − 2� − 1) ;

(B) cot r̃ =
√

n +
√

n − 1 ;
(C) cot r̃ = (

√
n +

√
2 )/

√
n − 2 ;

(D) cot r̃ =
√

5 ;
(E) cot r̃ = (

√
15 +

√
6 )/3.

In the case of CHn(c) (n � 2), a homogeneous real hypersurface M is minimal
if and only if it is congruent to the homogeneous ruled real hypersurface HR
determined by a horocycle in a totally geodesic RH2(c/4) in CHn(c).

Since every homogeneous real hypersurface in CP n(c) is Hopf, it is enough
to check Ric(ξ, ξ) and Ric(X,X) for each unit principal curvature vector X
orthogonal to ξ in order to compute Ricci curvatures. For the homogeneous
ruled real hypersurface HR in CHn(c) we note that the characteristic vector ξ
is a eigenvector of the Ricci tensor S, although the real hypersurface HR is not
Hopf. Then, a straightforward computation shows the following:

Theorem 1. (1) The Ricci curvature Ric of a minimal homogeneous real
hypersurface in complex projective space CP n(c) (n � 2) satisfies the
following sharp inequalities:
(A1) (c/4)(2n − 2)/(2n − 1) � Ric � (c/4)(4n2 − 2)/(2n − 1);
(A2) (c/4){2n − (2n − 2� − 1)/(2� + 1) − (2� + 1)/(2n − 2� − 1)} � Ric

� (c/4){2n + 1 − (2n − 2� − 1)/(2� + 1)};
(B) (c/4)(−2n + 2) � Ric � (c/4){2n + 1 − (

√
n − 1)/(

√
n + 1)};

(C) (c/4){n + 2 − √
n(n − 2)} � Ric � (c/4){n + 2 +

√
n(n − 2)};

(D) (c/4)(31 − 3
√

5)/2 � Ric � (c/4)(31 + 3
√

5)/2;
(E) (c/4)(27 −√

15) � Ric � (c/4)(27 +
√

15).
(2) The Ricci curvature Ric of the minimal homogeneous real hypersurface

HR in complex hyperbolic space CHn(c) (n � 2) satisfies the following
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sharp inequalities:

(c/4)(2n + 2) � Ric � (c/4)(2n − 1).

For a minimal real hypersurface in CP n(c) the following theorem is known.

Theorem A ([8]). Let M be a minimal real hypersurface in CP n(c) (n � 3).
Suppose that the Ricci curvature Ric of M satisfies c(n − 1)/2 � Ric � cn/2.
Then M is locally congruent to the minimal homogeneous real hypersurface of
type (A2) with 2� = n− 1. In this case, M is a tube of radius π/(2

√
c) around a

totally geodesic CP �(c).

Related to the above theorem, we pose the following.

Problem 1. Let M be a compact orientable minimal real hypersurface of CP n(c)
(n � 3). If every Ricci curvature of M is not less than c(n−1)/2, is M congruent
to the tube of radius π/(2

√
c) around a totally geodesic CP �(c) with 2� = n−1?

4. Ricci curvatures of homogeneous real hypersurfaces of types
(A) and (B)

In this section, we investigate Ricci curvatures Ric(X,X) with �X� = 1 of
homogeneous real hypersurfaces M of types (A) and (B) in a complex projec-
tive space CP n(c) (n � 2). By a direct computation we have the following
propositions.

Proposition 1. Let M be a real hypersurface of type (A1) in complex projective
space CP n(c) (n � 2). Denote by Ric the Ricci curvature of M and put r̃ =
(
√

c r)/2. Then the maximum and the minimum values of Ric are given as
follows:

max Ric = (c/2){n + (n − 1) cot2 r̃},
min Ric = (c/2)(n − 1) cot2 r̃

Proposition 2. Let M be a real hypersurface of type (A2) in complex projective
space CP n(c) (n � 3). Denote by Ric the Ricci curvature of M and by Xi a unit
principal curvature vector with corresponding principal curvature λi (i = 1, 2).
Then, we have

Ric(ξ, ξ) = (c/2){(n − � − 1) cot2 r̃ + � tan2 r̃},
Ric(X1, X1) = (c/2){n − � + (n − � − 1) cot2 r̃},
Ric(X2, X2) = (c/2)(1 + � sec2 r̃),
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φ of type (1, 1), a vector field ξ, a 1-form η and the induced Riemannian metric
g. That is, we define φ, ξ and η on M by

ξ = −JN , η(X) = g(X, ξ) = g(JX,N ) and φX = JX − η(X)N(2.1)

for each tangent vector X ∈ TM. The structure satisfies

φ2X = −X + η(X)ξ, g(φX, φY ) = g(X,Y ) − η(X)η(Y ),(2.2)

η(ξ) = 1, φξ = 0 and η(φX) = 0

for all vectors X,Y ∈ TM . We call the vector field ξ the characteristic vector
field on M .

The Riemannian connections ∇̃ of M̃n(c) and ∇ of M are related by ∇̃XY =

∇XY + g(AX, Y )N and ∇̃XN = −AX for vector fields X and Y tangent to M ,

where A is the shape operator of M in M̃n(c). Moreover, we have the following
equations.

∇Xξ = φAX,(2.3)

(∇Xφ)Y = η(Y )AX − g(AX, Y )ξ,(2.4)

(∇XA)Y − (∇Y A)X = (c/4){η(X)φY − η(Y )φX − 2g(φX, Y )ξ}.(2.5)

The last one is known as the equation of Codazzi.
Eigenvalues and eigenvectors of the shape operator A of M are called principal

curvatures and principal curvature vectors of M in M̃n(c), respectively. We set
Vλ = {X ∈ TM | AX = λX}, which is called the principal distribution associated
to the principal curvature λ. We call M a Hopf hypersurface if the characteristic
vector ξ is a principal curvature vector at each point of M .

Next, we review the classification of homogeneous real hypersurfaces in M̃n(c).
Takagi ([12, 13]) classified homogeneous real hypersurfaces in CP n(c)(c > 0) in
an algebraic style. By virtue of the works of Cecil and Ryan ([4]) and Kimura
([6]), we can state geometrically that a homogeneous real hypersurface in CP n(c)
with n � 2 is locally congruent to one of the following Hopf hypersurfaces all of
whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√

c ;
(A2) A tube of radius r around a totally geodesic CP �(c) with 1 � � � n − 2,

where 0 < r < π/
√

c ;
(B) A tube of radius r around a complex hyperquadric CQn−1, where 0 <

r < π/(2
√

c );
(C) A tube of radius r around the Segre embedding of CP 1(c)×CP (n−1)/2(c),

where 0 < r < π/(2
√

c ) and n (� 5) is odd;
(D) A tube of radius r around the Plüker embedding of a complex Grassman-

nian CG2,5, where 0 < r < π/(2
√

c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),

where 0 < r < π/(2
√

c ) and n = 15.

Unifying types (A1) and (A2), we call them of type (A).
In Tables 1 and 2, we denote by δ the principal curvature associated with

the characteristic vector ξ, that is, Aξ = δξ. We also put r̃ := (
√|c| r)/2.
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sharp inequalities:

(c/4)(2n + 2) � Ric � (c/4)(2n − 1).

For a minimal real hypersurface in CP n(c) the following theorem is known.

Theorem A ([8]). Let M be a minimal real hypersurface in CP n(c) (n � 3).
Suppose that the Ricci curvature Ric of M satisfies c(n − 1)/2 � Ric � cn/2.
Then M is locally congruent to the minimal homogeneous real hypersurface of
type (A2) with 2� = n− 1. In this case, M is a tube of radius π/(2

√
c) around a

totally geodesic CP �(c).

Related to the above theorem, we pose the following.

Problem 1. Let M be a compact orientable minimal real hypersurface of CP n(c)
(n � 3). If every Ricci curvature of M is not less than c(n−1)/2, is M congruent
to the tube of radius π/(2

√
c) around a totally geodesic CP �(c) with 2� = n−1?

4. Ricci curvatures of homogeneous real hypersurfaces of types
(A) and (B)

In this section, we investigate Ricci curvatures Ric(X,X) with �X� = 1 of
homogeneous real hypersurfaces M of types (A) and (B) in a complex projec-
tive space CP n(c) (n � 2). By a direct computation we have the following
propositions.

Proposition 1. Let M be a real hypersurface of type (A1) in complex projective
space CP n(c) (n � 2). Denote by Ric the Ricci curvature of M and put r̃ =
(
√

c r)/2. Then the maximum and the minimum values of Ric are given as
follows:

max Ric = (c/2){n + (n − 1) cot2 r̃},
min Ric = (c/2)(n − 1) cot2 r̃

Proposition 2. Let M be a real hypersurface of type (A2) in complex projective
space CP n(c) (n � 3). Denote by Ric the Ricci curvature of M and by Xi a unit
principal curvature vector with corresponding principal curvature λi (i = 1, 2).
Then, we have

Ric(ξ, ξ) = (c/2){(n − � − 1) cot2 r̃ + � tan2 r̃},
Ric(X1, X1) = (c/2){n − � + (n − � − 1) cot2 r̃},
Ric(X2, X2) = (c/2)(1 + � sec2 r̃),
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where r̃ = (
√

c r)/2. Moreover, the maximum and the minimum values of Ric
are given as follows:

max Ric =

�
Ric(X1, X1) if 0 < r � (2/

√
c) tan−1

�
(n − � − 1)/� ,

Ric(X2, X2) if (2/
√

c) tan−1
�

(n − � − 1)/� < r,

min Ric =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

Ric(X2, X2) if 0 < r � (2/
√

c) tan−1
�

(n − � − 1)/(� + 1) ,

R(ξ, ξ) if (2/
√

c) tan−1
�

(n − � − 1)/(� + 1) < r

� (2/
√

c) tan−1
�

(n − �)/� ,

Ric(X1, X1) if (2/
√

c) tan−1
�

(n − �)/� < r.

Proposition 3. Let M be a real hypersurface M of type (B) in complex projective
space CP n(c) (n � 2). Denote by Ric the Ricci curvature of M and by Xi a unit
principal curvature vector with corresponding principal curvature λi (i = 1, 2).
Then, we have

Ric(ξ, ξ) = − (c/2)(n − 1),

Ric(X1, X1) =(c/4){2n − 2 − tan r̃ − cot r̃

+ 4(n − 2)/(tan r̃ + cot r̃ − 2)},
Ric(X2, X2) =(c/4){2n − 2 + tan r̃ + cot r̃

− 4(n − 2)/(tan r̃ + cot r̃ + 2)},
where r̃ = (

√
c r)/2. Moreover, we set T = tan r̃ + cot r̃ (> 2). Then the

maximum and the minimum values of Ric are given as follows:

max Ric =

�
Ric(X1, X1) if 2 < T < 2

√
n − 1,

Ric(X2, X2) if 2
√

n − 1 � T,

min Ric =

�
Ric(ξ, ξ) if 2 < T < 2n − 1 +

√
4n2 − 8n + 1,

Ric(X1, X1) if 2n − 1 +
√

4n2 − 8n + 1 � T.

5. The derivative of the Ricci tensor on real hypersurfaces of
type (A)

In this section, we calculate the length of the derivative of the Ricci tensor of
real hypersurfaces of type (A) in a complex projective space CP n(c) (n � 2). It is
known that there exist no real hypersurfaces with parallel Ricci tensor in nonflat

complex space forms �Mn(c) with n � 3 (see [11]). We establish the following.

Proposition 4. Let M be a real hypersurface M of type (A) in complex projective
space CP n(c) (n � 2), that is to say, M is a tube of radius r around a totally
geodesic CP �(c) with 0 � � � n − 2 and 0 < r < π/

√
c . Denote by S the Ricci

tensor of M in CP n(c) and put r̃ = (
√

c r)/2. Then we have

(5.1)
�∇S�2 =(c3/4)(n − � − 1){(n − �) cot r̃ − � tan r̃}2

+ (c3/4)�{(n − � − 1) cot r̃ − (� + 1) tan r̃}2.

Set x = cot r̃ and denote the right-hand side of (5.1) by F (x). Then the function

F (x) takes its minimum at x = {�(n� + � + 1)/(n − � − 1)(n2 − n� − �)}1/4
.
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Proof. Since trace A is constant, we have from (3.1) that

(5.2)

(∇XS)Y =∇X(SY ) − S∇XY

= − (3c/4){g(φAX, Y )ξ + η(Y )φAX}
+ (trace A)(∇XA)Y − (∇XA)AY − A(∇XA)Y.

We recall the fact that a connected real hypersurface M in a nonflat complex
space form is locally congruent to a hypersurface of type (A) if and only if the
shape operator A of M satisfies

(5.3) (∇XA)Y = −(c/4){g(φX, Y )ξ + η(Y )φX}
for X,Y ∈ TM ([10, 11]). The equation (5.2), together with (5.3), yields

(5.4)

(∇XS)Y = −(c/4){3g(φAX, Y )ξ + 3η(Y )φAX + (trace A)g(φX, Y )ξ

+ (trace A)η(Y )φX − g(φX,AY )ξ − η(AY )φX

− g(φX, Y )Aξ − η(Y )AφX}.
We decompose the tangent bundle TM of M as the direct sum of principal

distributions: TM = Vδ ⊕ Vλ1 ⊕ Vλ2 , where δ =
√

c cot 2r̃, λ1 = (
√

c /2) cot r̃,
λ2 = −(

√
c /2) tan r̃ and dim Vδ = 1, dim Vλ1 = 2n − 2� − 2 ,dim Vλ2 = 2�

(0 � � � n − 2) (see Table 1). Needless to say that Vδ = Rξ.
Now, we have the following lemma.

Lemma 1 ([5, 10]). Let M be a Hopf hypersurface of a nonflat complex space

form M̃n(c) (n � 2). If a nonzero vector X ∈ TM orthogonal to ξ satisfies
AX = λX, then (2λ − δ)AφX = (δλ + (c/2))φX holds, where δ is the principal
curvature associated with ξ.

By virtue of Lemma 1 we find that φVλi
= Vλi

(i = 1, 2) for a hypersurface of
type (A). Equation (5.4), combined with this fact, yields the following:

(5.5)

(∇XS)Y = −(c/4)(trace A + λ1 − λ2)g(φX, Y )ξ if X,Y ∈ Vλ1 ,

(∇XS)Y = −(c/4)(trace A + λ2 − λ1)g(φX, Y )ξ if X,Y ∈ Vλ2 ,

(∇XS)ξ = −(c/4)(trace A + λ1 − λ2)φX if X ∈ Vλ1 ,

(∇XS)ξ = −(c/4)(trace A + λ2 − λ1)φX if X ∈ Vλ2 ,

(∇XS)Y = 0 if X ∈ Vλi
, Y ∈ Vλj

(i �= j),

(∇ξS)Z = 0 for any Z ∈ TM.

Let {ξ,X1, φX1, . . . , Xn−�−1, φXn−�−1, Y1, φY1, . . . , Y�, φY�} be an orthonormal ba-
sis of TM with Vλ1 = Span{X1, φX1, . . . , Xn−�−1, φXn−�−1} and Vλ2 = Span{Y1,
φY1, . . . , Y�, φY�}. We apply equations in (5.5) to this basis. Then we can get
(5.1) after a computation. The last statement can also be obtained by elementary
calculation. �

Remark 1. The following is the graph of the function of F (x) given in Proposi-
tion 4.
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φ of type (1, 1), a vector field ξ, a 1-form η and the induced Riemannian metric
g. That is, we define φ, ξ and η on M by

ξ = −JN , η(X) = g(X, ξ) = g(JX,N ) and φX = JX − η(X)N(2.1)

for each tangent vector X ∈ TM. The structure satisfies

φ2X = −X + η(X)ξ, g(φX, φY ) = g(X,Y ) − η(X)η(Y ),(2.2)

η(ξ) = 1, φξ = 0 and η(φX) = 0

for all vectors X,Y ∈ TM . We call the vector field ξ the characteristic vector
field on M .

The Riemannian connections ∇̃ of M̃n(c) and ∇ of M are related by ∇̃XY =

∇XY + g(AX, Y )N and ∇̃XN = −AX for vector fields X and Y tangent to M ,

where A is the shape operator of M in M̃n(c). Moreover, we have the following
equations.

∇Xξ = φAX,(2.3)

(∇Xφ)Y = η(Y )AX − g(AX, Y )ξ,(2.4)

(∇XA)Y − (∇Y A)X = (c/4){η(X)φY − η(Y )φX − 2g(φX, Y )ξ}.(2.5)

The last one is known as the equation of Codazzi.
Eigenvalues and eigenvectors of the shape operator A of M are called principal

curvatures and principal curvature vectors of M in M̃n(c), respectively. We set
Vλ = {X ∈ TM | AX = λX}, which is called the principal distribution associated
to the principal curvature λ. We call M a Hopf hypersurface if the characteristic
vector ξ is a principal curvature vector at each point of M .

Next, we review the classification of homogeneous real hypersurfaces in M̃n(c).
Takagi ([12, 13]) classified homogeneous real hypersurfaces in CP n(c)(c > 0) in
an algebraic style. By virtue of the works of Cecil and Ryan ([4]) and Kimura
([6]), we can state geometrically that a homogeneous real hypersurface in CP n(c)
with n � 2 is locally congruent to one of the following Hopf hypersurfaces all of
whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√

c ;
(A2) A tube of radius r around a totally geodesic CP �(c) with 1 � � � n − 2,

where 0 < r < π/
√

c ;
(B) A tube of radius r around a complex hyperquadric CQn−1, where 0 <

r < π/(2
√

c );
(C) A tube of radius r around the Segre embedding of CP 1(c)×CP (n−1)/2(c),

where 0 < r < π/(2
√

c ) and n (� 5) is odd;
(D) A tube of radius r around the Plüker embedding of a complex Grassman-

nian CG2,5, where 0 < r < π/(2
√

c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),

where 0 < r < π/(2
√

c ) and n = 15.

Unifying types (A1) and (A2), we call them of type (A).
In Tables 1 and 2, we denote by δ the principal curvature associated with

the characteristic vector ξ, that is, Aξ = δξ. We also put r̃ := (
√|c| r)/2.
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Proof. Since trace A is constant, we have from (3.1) that

(5.2)

(∇XS)Y =∇X(SY ) − S∇XY

= − (3c/4){g(φAX, Y )ξ + η(Y )φAX}
+ (trace A)(∇XA)Y − (∇XA)AY − A(∇XA)Y.

We recall the fact that a connected real hypersurface M in a nonflat complex
space form is locally congruent to a hypersurface of type (A) if and only if the
shape operator A of M satisfies

(5.3) (∇XA)Y = −(c/4){g(φX, Y )ξ + η(Y )φX}
for X,Y ∈ TM ([10, 11]). The equation (5.2), together with (5.3), yields

(5.4)

(∇XS)Y = −(c/4){3g(φAX, Y )ξ + 3η(Y )φAX + (trace A)g(φX, Y )ξ

+ (trace A)η(Y )φX − g(φX,AY )ξ − η(AY )φX

− g(φX, Y )Aξ − η(Y )AφX}.
We decompose the tangent bundle TM of M as the direct sum of principal

distributions: TM = Vδ ⊕ Vλ1 ⊕ Vλ2 , where δ =
√

c cot 2r̃, λ1 = (
√

c /2) cot r̃,
λ2 = −(

√
c /2) tan r̃ and dim Vδ = 1, dim Vλ1 = 2n − 2� − 2 ,dim Vλ2 = 2�

(0 � � � n − 2) (see Table 1). Needless to say that Vδ = Rξ.
Now, we have the following lemma.

Lemma 1 ([5, 10]). Let M be a Hopf hypersurface of a nonflat complex space

form M̃n(c) (n � 2). If a nonzero vector X ∈ TM orthogonal to ξ satisfies
AX = λX, then (2λ − δ)AφX = (δλ + (c/2))φX holds, where δ is the principal
curvature associated with ξ.

By virtue of Lemma 1 we find that φVλi
= Vλi

(i = 1, 2) for a hypersurface of
type (A). Equation (5.4), combined with this fact, yields the following:

(5.5)

(∇XS)Y = −(c/4)(trace A + λ1 − λ2)g(φX, Y )ξ if X,Y ∈ Vλ1 ,

(∇XS)Y = −(c/4)(trace A + λ2 − λ1)g(φX, Y )ξ if X,Y ∈ Vλ2 ,

(∇XS)ξ = −(c/4)(trace A + λ1 − λ2)φX if X ∈ Vλ1 ,

(∇XS)ξ = −(c/4)(trace A + λ2 − λ1)φX if X ∈ Vλ2 ,

(∇XS)Y = 0 if X ∈ Vλi
, Y ∈ Vλj

(i �= j),

(∇ξS)Z = 0 for any Z ∈ TM.

Let {ξ,X1, φX1, . . . , Xn−�−1, φXn−�−1, Y1, φY1, . . . , Y�, φY�} be an orthonormal ba-
sis of TM with Vλ1 = Span{X1, φX1, . . . , Xn−�−1, φXn−�−1} and Vλ2 = Span{Y1,
φY1, . . . , Y�, φY�}. We apply equations in (5.5) to this basis. Then we can get
(5.1) after a computation. The last statement can also be obtained by elementary
calculation. �

Remark 1. The following is the graph of the function of F (x) given in Proposi-
tion 4.
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Remark 2. We put x0 = cot r̃0 = {�(n� + � + 1)/(n − � − 1)(n2 − n� − �)}1/4

(0 � � � n − 2, 0 � r0 < π/
√

c ), which is the value where F (x) = �∇S�2 takes
its minimum. On the other hand, a homogeneous real hypersurface of type (A)

is minimal if and only if cot r̃ =
√

(2� + 1)/(2n − 2� − 1) . Denote this value by
m0. Then we have the following: m0 < x0 ⇔ n− 1 < 2�; m0 = x0 ⇔ n− 1 = 2�;
m0 > x0 ⇔ n − 1 > 2�.

6. Scalar curvatures of minimal homogeneous real hypersurfaces

We study all minimal homogeneous real hypersurfaces in nonflat complex space

forms M̃n(c) (n � 2) by their scalar curvatures. Let M be an arbitrary real

hypersurface in M̃n(c). Then the scalar curvature ρ = trace Ric is given by

(6.1) ρ = c(n2 − 1) + (trace A)2 − trace (A2).

Theorem 2. Let M be a minimal homogeneous real hypersurface in a nonflat

complex space form M̃n(c) (n � 2). Then the scalar curvature ρ of M satisfies
the following:

(1) ρ = (c/2)(2n2 − n − 1) when M is of type (A) in CP n(c);
(2) ρ = (c/2)(2n2 − 3n− 1) when M is of either type (B), (C), (D) or (E) in

CP n(c);
(3) ρ = (c/2)(2n2−1) when M is the minimal homogeneous real hypersurface

HR in CHn(c).

Remark 3. Theorem 2 shows that we cannot distinguish minimal homogeneous
real hypersurfaces of types (B), (C), (D) and (E) in CP n(c) by their scalar
curvatures.

The following theorem is known.

Theorem B ([7]). Let M be a compact orientable minimal real hypersurface
in CP n(c) (n � 2). Suppose that the scalar curvature ρ of M satisfies ρ �
(c/2)(2n2 − n − 1). Then ρ = (c/2)(2n2 − n − 1) and M is congruent to a
homogeneous real hypersurfaces of type (A).

The following problem is still open.

Problem 2. Let M be a minimal non-homogeneous real hypersurface in CP n(c)
(n � 2). Does there exist M (even in local) with the scalar curvature ρ satisfying
the following inequalities?

(c/2)(2n2 − 3n − 1) � ρ � (c/2)(2n2 − n − 1).

RICCI CURVATURES AND SCALAR CURVATURES OF
HOMOGENEOUS MINIMAL REAL HYPERSURFACES IN

NONFLAT COMPLEX SPACE FORMS
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φ of type (1, 1), a vector field ξ, a 1-form η and the induced Riemannian metric
g. That is, we define φ, ξ and η on M by

ξ = −JN , η(X) = g(X, ξ) = g(JX,N ) and φX = JX − η(X)N(2.1)

for each tangent vector X ∈ TM. The structure satisfies

φ2X = −X + η(X)ξ, g(φX, φY ) = g(X,Y ) − η(X)η(Y ),(2.2)

η(ξ) = 1, φξ = 0 and η(φX) = 0

for all vectors X,Y ∈ TM . We call the vector field ξ the characteristic vector
field on M .

The Riemannian connections ∇̃ of M̃n(c) and ∇ of M are related by ∇̃XY =

∇XY + g(AX, Y )N and ∇̃XN = −AX for vector fields X and Y tangent to M ,

where A is the shape operator of M in M̃n(c). Moreover, we have the following
equations.

∇Xξ = φAX,(2.3)

(∇Xφ)Y = η(Y )AX − g(AX, Y )ξ,(2.4)

(∇XA)Y − (∇Y A)X = (c/4){η(X)φY − η(Y )φX − 2g(φX, Y )ξ}.(2.5)

The last one is known as the equation of Codazzi.
Eigenvalues and eigenvectors of the shape operator A of M are called principal

curvatures and principal curvature vectors of M in M̃n(c), respectively. We set
Vλ = {X ∈ TM | AX = λX}, which is called the principal distribution associated
to the principal curvature λ. We call M a Hopf hypersurface if the characteristic
vector ξ is a principal curvature vector at each point of M .

Next, we review the classification of homogeneous real hypersurfaces in M̃n(c).
Takagi ([12, 13]) classified homogeneous real hypersurfaces in CP n(c)(c > 0) in
an algebraic style. By virtue of the works of Cecil and Ryan ([4]) and Kimura
([6]), we can state geometrically that a homogeneous real hypersurface in CP n(c)
with n � 2 is locally congruent to one of the following Hopf hypersurfaces all of
whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√

c ;
(A2) A tube of radius r around a totally geodesic CP �(c) with 1 � � � n − 2,

where 0 < r < π/
√

c ;
(B) A tube of radius r around a complex hyperquadric CQn−1, where 0 <

r < π/(2
√

c );
(C) A tube of radius r around the Segre embedding of CP 1(c)×CP (n−1)/2(c),

where 0 < r < π/(2
√

c ) and n (� 5) is odd;
(D) A tube of radius r around the Plüker embedding of a complex Grassman-

nian CG2,5, where 0 < r < π/(2
√

c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),

where 0 < r < π/(2
√

c ) and n = 15.

Unifying types (A1) and (A2), we call them of type (A).
In Tables 1 and 2, we denote by δ the principal curvature associated with

the characteristic vector ξ, that is, Aξ = δξ. We also put r̃ := (
√|c| r)/2.
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Abstract

Cellular automata have a configuration consisting of cells which may
become a state “live (infected)” and “dead (non-infected)”, and a con-
figuration evolves according to some rules with respect to time. Cellular
automata also have been used for simulations of spreading some disease.
We often have difficulty to estimate the evolution of configurations. In
this manuscript, we focus on a cycle graph with 2k(k > 1) cells and 1D
cellular automaton rule 90. We first show that any initial configuration
becomes a null configuration which consists of all “non-infected” cells with
a time period of a finite number. Furthermore, some theorems give an
estimation for the time period of an initial configuration until the null con-
figuration by the position of the cells without any simulation or numerical
computations.

1 Introduction
The system of cellular automata has been originally proposed by Stanislaw Ulam
and John von Neumann for studying the growth of crystals [3] and building self-
replicating robots [8]. Cellular automata have been used for representing some
epidemic models [11, 7, 2, 9] with 2D models as well. Recently, we have faced
some epidemic diseases such as influenza, MERS, SARS, and COVID-19, and
it is important to estimate how diseases are spread with respect to time in real
applications. Moreover, we often want to obtain an upper bound of the time
period until disappearing infected patients or epidemics.

Before considering 2D models, we focus on the cellular automata in cycle
graphs with 2k cells (k ∈ N, N is the set of natural numbers). We have a cell
whose stage can be either “live (1)” or “dead (0)”. We could consider the two
stages which are “infected” and “cured (non-infected)” in some graphs whose
edges represent the connection between people. A disease is often spread with
respected to time by the interaction with people, i.e. an infected person interacts

2020 Mathematics Subject Classification. Primary 68Q80; Secondary 37B15.
Keywords: cellular automata, combinatorics.
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Table 1: Cellular automaton rule 90

state 111 110 101 100 011 010 001 000
future state 0 1 0 1 1 0 1 0

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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2

cell at position i, bi ∈ {0, 1}. The cells bi (i = 0, . . . , n − 1) at the position i
are located clockwise. If a cell bi = 0, 1 holds, then a cell i is “dead”, “live”,
respectively. We note that b0 and bn−1 are connected with an edge. If all cells
bi (i = 0, . . . , n − 1) are 0, then the configuration is called a null configuration
Bnull. We also describe a configuration B(t) = [b

(t)
0 , . . . , b

(t)
n−1] at time t.

We again introduce rule 90 of 1D cell automaton (see Table 1). A future
state b

(t+1)
i at time t+1 and position i can be defined by two cells b

(t)
i−1, b

(t)
i+1 at

previous time t and position i − 1, i + 1 as follows, b(t+1)
i = b

(t)
i−1 + b

(t)
i+1 (mod

2). Therefore, the future configuration according to rule 90 can be obtained by
the following matrix multiplication in modulo 2.

B(t+1)T = Adj(Cn)B
(t)T (mod 2), (1)

where BT represents the transpose of a vector B and Adj(Cn) is an adjacency
matrix of Cn.

For instance, if an initial configuration at time 0 in a cycle graph with eight
cells is B(0) = [1, 1, 0, 0, 1, 0, 1, 1], then the next configurations at time 1, 2, 3 are
B(1) = [0, 1, 1, 1, 0, 0, 1, 0], B(2) = [1, 1, 0, 1, 1, 1, 0, 1], B(3) = [0, 1, 0, 1, 0, 1, 0, 1],
B(4) = [0, 0, 0, 0, 0, 0, 0, 0] according to rule 90. This instance never becomes a
null configuration because of “repeatedly”.

Although this manuscript focuses on rule 90, rule 60, 102, and 150 can be
expressed with some modifications for equation (1) (see details in Appendix A).
We also obtain the following equation by induction;

B(t)T = Adj(Cn)
t−1B(0)T (mod 2). (2)

This manuscript focuses on circle graphs Cn, n = 2k, a natural number
k > 1. We show a theorem that any initial configurations B(0) become a null
configuration Bnull with a time period of t, t ≤ 2k−1. We prove the theorem
combinatorically although the theorem has been proved polynomially [13]. For
the theorem, we first prepare some lemmas. We first introduce the feature of
an adjacency matrix. We note that the (i, j)th entry aij of Adj(Cn)

m counts
the number of walks (ways) of length m having start and end cells bi and bj ,
respectively [4].

Next, we consider Pascal’s triangle and values with rows 2k, 2k − 1 of the
triangle. At first, we consider values with 2kth row. We show that all values(
2k

n

)
except the two ends (n = 0, 2k) are even by using mathematical induction.

Lemma 2.1. If n, k ∈ N and 0 < n < 2k holds, then
(
2k

n

)
is even.

Proof. By induction, we assume that (x+ 1)2
k

= x2k + 1 (mod 2). We obtain

(x+1)2
k+1

= ((x+1)2
k

)2 = (x2k +1)2 = x2k+1

+2x2k +1 = x2k+1

+1 (mod 2).

We consider the values with 2k − 1th row of Pascal’s triangle. We show that
all values

(
2k−1
n

)
are odd by using lemma 2.1.
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Lemma 2.2. If n, k ∈ N and 1 ≤ k holds, then
(
2k−1
n

)
is odd.

Proof. All values
(
2k−1

n

)
in row 2k−1 of Pascal’s triangle are odd since all values

in row 2k is even except for the two ends
(
2k

0

)
,
(
2k

2k

)
by lemma 2.1.

Theorem 2.1. For a natural number k > 1, any initial configurations B(0) of
C2k become Bnull with a time period t, t ≤ 2k−1.

Proof. We first consider Adj(C2k)
2k−1 , and (i, j)th entry of Adj(C2k)

2k−1 rep-
resents the number of walks (ways) to reach a cell bi from a cell bj with length
2k−1. Without loss of generality, in cycle graphs we consider a cell b0. For the
convenience of proof, we consider the number of walks of length 2k−1 from b0
to bj , 0 ≤ j ≤ 2k−1 in a half circle.

The distance between bj and b0 is j, and we consider all possible walks to
get to bj from b0 with length 2k−1.

Let x and y, x, y ∈ N, be the number of lengths to clockwise and counter-
clockwise, respectively. Then, we obtain the following equations;

x+ y = 2k−1, x− y = j. (3)

We next obtain
x =

j + 2k−1

2
, y =

−j + 2k−1

2
. (4)

When j ∈ N is odd, x, y /∈ N, which means that the number of walks from b0 to
bj is 0. When j ∈ N is even, the number of walks from b0 to bj can be obtained
as follow; (

x+ y

x

)
=

(
2k−1

x

)
. (5)

In the case j = 2k−1,
(
2k−1

2k−1

)
= 1, and there is another way from the other half

circle, therefore there are two walks to b2k−1 .
In the other case 0 ≤ j ≤ 2k−1 − 2, we obtain 2k−2 ≤ x ≤ 2k−1 − 1 and(

2k−1

x

)
= 0, (mod 2) by lemma 2.1. Finally, we obtain Adj(C2k)

2k−1

= O in
modulo 2. We obtain Adj(C2k)

2k−1

B(0)T = OB(0)T = BT
null (mod 2).

By a similar manner of Theorem 2.1, when B(t+1) becomes a null configura-
tion at time t+ 1, the configuration B(t) has only two configurations. The first
case is a configuration with all “live” cells. The second case is a configuration
which locates “live” and “dead” cells alternately. We can confirm that with
some instances in Section 4.

3 Survival period
We consider a set of initial configurations which takes a time period of exactly
2k−1 until a null configuration. We first obtain a set of initial configurations
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with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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Lemma 2.2. If n, k ∈ N and 1 ≤ k holds, then
(
2k−1
n

)
is odd.

Proof. All values
(
2k−1

n

)
in row 2k−1 of Pascal’s triangle are odd since all values

in row 2k is even except for the two ends
(
2k

0

)
,
(
2k

2k

)
by lemma 2.1.

Theorem 2.1. For a natural number k > 1, any initial configurations B(0) of
C2k become Bnull with a time period t, t ≤ 2k−1.

Proof. We first consider Adj(C2k)
2k−1 , and (i, j)th entry of Adj(C2k)

2k−1 rep-
resents the number of walks (ways) to reach a cell bi from a cell bj with length
2k−1. Without loss of generality, in cycle graphs we consider a cell b0. For the
convenience of proof, we consider the number of walks of length 2k−1 from b0
to bj , 0 ≤ j ≤ 2k−1 in a half circle.

The distance between bj and b0 is j, and we consider all possible walks to
get to bj from b0 with length 2k−1.

Let x and y, x, y ∈ N, be the number of lengths to clockwise and counter-
clockwise, respectively. Then, we obtain the following equations;

x+ y = 2k−1, x− y = j. (3)

We next obtain
x =

j + 2k−1

2
, y =

−j + 2k−1

2
. (4)

When j ∈ N is odd, x, y /∈ N, which means that the number of walks from b0 to
bj is 0. When j ∈ N is even, the number of walks from b0 to bj can be obtained
as follow; (

x+ y

x

)
=

(
2k−1

x

)
. (5)

In the case j = 2k−1,
(
2k−1

2k−1

)
= 1, and there is another way from the other half

circle, therefore there are two walks to b2k−1 .
In the other case 0 ≤ j ≤ 2k−1 − 2, we obtain 2k−2 ≤ x ≤ 2k−1 − 1 and(

2k−1

x

)
= 0, (mod 2) by lemma 2.1. Finally, we obtain Adj(C2k)

2k−1

= O in
modulo 2. We obtain Adj(C2k)

2k−1

B(0)T = OB(0)T = BT
null (mod 2).

By a similar manner of Theorem 2.1, when B(t+1) becomes a null configura-
tion at time t+ 1, the configuration B(t) has only two configurations. The first
case is a configuration with all “live” cells. The second case is a configuration
which locates “live” and “dead” cells alternately. We can confirm that with
some instances in Section 4.

3 Survival period
We consider a set of initial configurations which takes a time period of exactly
2k−1 until a null configuration. We first obtain a set of initial configurations

4

which a time period of t, t ≤ 2k−1 − 1. The compliment of the obtained set is
a set that we want to obtain.

After that, we consider a set of initial configurations which takes a time
period of t, t ≤ 2k−2 until a null configuration.

Theorem 3.1. If
∑2k−1−1

i=0 b
(0)
2i or

∑2k−1−1
i=0 b

(0)
2i+1 is odd, then an initial configu-

ration B(0) = [b
(0)
0 , . . . , b

(0)

2k−1
] becomes Bnull with a time period of exactly 2k−1.

Proof. We again consider a half circle between a cell b0 and a cell bj , 0 ≤
j ≤ 2k−1. Let x and y, x, y ∈ N be the number of lengths to clockwise and
counter-clockwise, respectively. The distance between bj and b0 is j, where
0 ≤ j ≤ 2k−1 − 1. We obtain the following equations:

x+ y = 2k−1 − 1, x− y = j. (6)

We obtain
x =

j + 2k−1 − 1

2
, y =

−j + 2k−1 − 1

2
. (7)

When j is even, x, y /∈ Z, which means that the number of walks from b0 to bj
is 0. When j is odd, the number of walks from b0 to bj obtained as follows:

(
x+ y

x

)
=

(
2k−1 − 1

x

)
(8)

is odd by the lemma 2.2. Therefore, when we obtain the entry (i, j)th entry aij
of Adj(C2k)

2k−1−1, aij = 0 if i− j is even, otherwise aij = 1.
If

∑2k−1−1
i=0 b

(0)
2i and

∑2k−1−1
i=0 b

(0)
2i+1 are even, its initial configuration B(0)

becomes Bnull with a time period of t, t ≤ 2k − 1. The compliment of the set of
the initial configurations is a set which we want to obtain.

Next, a set of initial configurations which become Bnull with a time period
of t, t ≤ 2k−2 is considered with the similar technique of Theorem 3.1.

Theorem 3.2. If |i − j| = 2k−1 and b
(0)
i + b

(0)
j is even for any i, j, then an

initial configuration B(0) becomes Bnull with a time period of t, t ≤ 2k−2.

Proof. This proof is obtained with a similar manner as the proof of Theorem
3.1.

We believe that we can obtain the statement that an initial configuration
becomes Bnull with a time period of t, t ≤ 2k−3 with the similar manner and
some modifications.

5

LIFE PERIOD ESTIMATION BY CELLULAR
AUTOMATON IN CYCLE GRAPHS 125



Figure 1: An initial configuration with thirteen “live” cells at {0, 10, 20, …,
120}.

(a) (b)

Figure 2: (a) An initial configuration with two “live” cells at {0, 127}. (b) An
initial configuration with two “live” cells at {32, 96}.

4 Experiments
To confirm our theorems, we prepare a cycle model C27 = C128 and review our
theorems with some initial configurations B(0). In Figure 1, 2, and 3, the ith
column represents B(i) and the jth row represents bj . Therefore, the value at
ith column and jth row represents b

(i)
j . A white cell b(i)j represents “live” or 1,

and a black cell represents “dead” or 0.
At first, we prepare an initial configuration B(0) following Theorem 3.1,
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Table 1: Cellular automaton rule 90

state 111 110 101 100 011 010 001 000
future state 0 1 0 1 1 0 1 0

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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Figure 1: An initial configuration with thirteen “live” cells at {0, 10, 20, …,
120}.

(a) (b)

Figure 2: (a) An initial configuration with two “live” cells at {0, 127}. (b) An
initial configuration with two “live” cells at {32, 96}.

4 Experiments
To confirm our theorems, we prepare a cycle model C27 = C128 and review our
theorems with some initial configurations B(0). In Figure 1, 2, and 3, the ith
column represents B(i) and the jth row represents bj . Therefore, the value at
ith column and jth row represents b

(i)
j . A white cell b(i)j represents “live” or 1,

and a black cell represents “dead” or 0.
At first, we prepare an initial configuration B(0) following Theorem 3.1,
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(a) (b)

Figure 3: (a) An initial configuration with four “live” cells at {10, 50, 80, 101}.
(b) An initial configuration with four “live” cells at {16, 48, 80, 112}.

which is B(0) with thirteen “live” cells; b(0)j = 1, j ∈ {0, 10, . . . , 120}, otherwise
b
(0)
j = 0. Since

∑2k−1−1
i=0 b

(0)
2i = 13 (odd), we estimate the initial configuration

B(0) becomes Bnull with a time period of exactly 27−1 = 64 (see Figure 1). We
also prepare an initial configuration B(0) following the Theorem 3.1. B(0) with
two “live” cells b(0)j = 1, j ∈ {0, 127}, otherwise b

(0)
j = 0. Since

∑2k−1−1
i=0 b

(0)
2i = 1

and
∑2k−1−1

i=0 b
(0)
2i+1 = 1, we also estimate the initial configuration becomes the

null configuration with a time period of exactly 64 (see Figure 2(a)).
In Figure 2, we prepare two initial configurations with two “live” cells, which

have different time periods until the null configuration. We prepare an initial
configuration B(0) following the Theorem 3.2. B(0) with two “live” cells; b(0)j =

1, j ∈ {32, 96}, otherwise b
(0)
j = 0. Since b

(0)
32 + b

(0)
96 = 2 and the rest of b(0)i +

b
(0)
j = 0, where |i − j| = 2k−1 = 64, the initial configuration becomes the null

configuration with a time period of t, t ≤ 27−2 = 32 (see Figure 2(b)).
In Figure 3, we prepare two initial configurations with four “live” cells, which

have different time periods until the null configuration. We prepare an initial
configuration B(0); b(0)j = 1, j ∈ {10, 50, 80, 101}, otherwise b

(0)
j = 0 (see Figure

3(a)). We prepare another initial configuration B(0) with four “live” cells; b(0)j =

1, j ∈ {16, 48, 80, 112}, otherwise b(0)j = 0. Its initial configuration becomes Bnull

with a time period of 27−3 = 16 (see Figure 3(b)). Although we have the two
similar initial configurations, we can see that the evolution of one configuration
differs from that of the other due to the position of “live” cells.
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5 Conclusion
In this manuscript, we study the cellular automata (rule 90) in the cycle graphs
with 2k, k > 1 cells. First, we show that any initial configuration becomes the
null configuration with a time period of exactly 2k−1 combinatorically. Next,
we investigate the condition for a set of initial configurations with a time period
of t, t ≤ 2k−2. With some modifications, we believe that we can obtain a set
of initial configurations with a time period of 2m, where m < k. According
to simulations with some instances, we confirmed our theorems hold and the
position of “live” and “dead” cells matters for the time period. For each ini-
tial configuration, we can estimate the time period until the null configuration
without any simulations. We really hope this study gives some contribution for
epidemic diseases in real applications.
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with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a

2

NAOYA UEMATSU AND KOYU UEMATSU128



5 Conclusion
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we investigate the condition for a set of initial configurations with a time period
of t, t ≤ 2k−2. With some modifications, we believe that we can obtain a set
of initial configurations with a time period of 2m, where m < k. According
to simulations with some instances, we confirmed our theorems hold and the
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Appendix A Matrix Representations

Table 2: Cellular automaton rule 150

state 111 110 101 100 011 010 001 000
future state 1 0 0 1 0 1 1 0

With a given cycle graph Cn, we prepare a matrix A with an identity matrix
I with size n× n such as A = Adj(Cn) + I. We can express rule 150 in Table 2
by using the matrix A. We obtain B(t+1) by matrix multiplication as follows;

B(t+1)T = AB(t)T . (9)

By some modifications of the matrix A, we can express rule 60 and rule 102 by
matrix multiplication of A.
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INVARIANT MEASURE OF ISOMETRIC ACTIONS ON METRIC SPACE

Rataka Tahata

Received ,

Abstract. The late Prof. Y. Mibu proved that there exists an invariant measure
under a condition that the action is transitive. Our aim in this note is to show that
when space is a metric space, we do not need this condition.

1 Introduction. In [2] Prof. Matsumoto approched this problem from an angle of er-
godic theory. Hence it is hard for us to understand its proof. Our proof is done by reducing
the result of Mibu. Hence the proof can understand easily.

2 Notation and preparation. In this section we explain notation used in this note and
do preparation for the proof of main theorem.

Definition 2.1. A metric space X is called proper if any closed ball Br(x) = {y ∈
X | d(x, y) ≤ r} is compact for any x ∈ X and r > 0. (The word comes from the properness
of the distance function from x.)

Let X be a proper metric space and let G = {f | f : X → X surjective, isometric} be the
set of all the surjective isometries. We denote by K(X) (resp. O(X)) the set of all compact
(resp. open) subsets of X.

We introduce in G the compact-open topology [1]. Put

(*) W (K,U) = {f ∈ G | f(K) ⊂ U}
for any K (resp. U) belonging K(X) (resp. O(X)).

Definition 2.2. For any finite subset {W (Ki, Ui) | 1 ≤ i ≤ n} of the form (*), all of their
meet

⋂n
i=1 W (Ki, Ui) form an open base. One says this topology the compact-open topology

in G.

For any compact sets {K1,K2} and open sets {U1, U2} such that K1 ⊂ K2 and U2 ⊂ U1,
we have W (K2, U2) ⊂ W (K1, U1).

Proposition 2.3. (i) G is separable and metrizable with respect to the compact-open topol-
ogy.

(ii) For any x ∈ X and a bounded closed ball Br(x0) of X, W ({x}, Br(x0)) is a compact
set with respect to the compact-open topology.

Proof. (i) Since X is a proper metric space, X is separable metric space. Let D = {dk} be
a countable dense subset of X. Since X is a proper metric space, the closed ball Br(x0) is
a compact set in X.

Let V be a bounded open set in X. Let Br(x) be a closed ball. Since X is a proper
metric space, for any r > 0 and x ∈ X, Br(x) is compact. For any K ∈ K(X) there exists

2000 Mathematics Subject Classification. Primary 28C10.
Key words and phrases. general topology, measure.
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set with respect to the compact-open topology.

Proof. (i) Since X is a proper metric space, X is separable metric space. Let D = {dk} be
a countable dense subset of X. Since X is a proper metric space, the closed ball Br(x0) is
a compact set in X.

Let V be a bounded open set in X. Let Br(x) be a closed ball. Since X is a proper
metric space, for any r > 0 and x ∈ X, Br(x) is compact. For any K ∈ K(X) there exists
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an r ∈ Q+ such that K ⊂ Br(x), where Q
+ is the set of all positive rational numbers. Since

D is dense in X, there exists a dk in D with dk ∈ V . Hence there exists an open set Ut(dk)
such that dk ∈ Ut(dk) ⊂ Ut(dk) ⊂ V and t ∈ Q+. We have W (Br(x), Ut(dk)) ⊂ W (K,V ).
{W (Br(dl), Ut(dk)) | r, t ∈ Q+, dk, dl ∈ D} is a countable open base and satisfies the regular
condition. Hence G is metrizable.

(ii) W (Br(x0), Ut(dk)) is closed with respect to the compact-open topology, for Ut(dk)
is compact. Let x ∈ Br(x0). By Ascoli’s theorem W ({x}, Ut(dk)) is compact. Since
W (Br(x), Ut(dk)) ⊂ W ({x}, Ut(dk)), W (Br(x0), Ut(dk)) is compact. Hence G is locally
compact.

3 Main theorem. Let Y be a locally compact metric space with a distance function
d(x, y). Assume a group Γ acts on Y isometrically. For x in Y , put Γx = {γx | γ ∈ Γ},
which is the orbit of y. We denote by X the closure Γx of the orbit.

Definition 3.1. When all the orbits are dense, one says that the action is minimal.

In this section we prove the main theorem.

Theorem 3.2 (main theorem). Let Y be a locally compact metric space. Assume a group
Γ acts on Y isometrically. Then there is a Γ-invariant Radon measure on Y .

The next proposition is a key to prove the main theorem.

Proposition 3.3. Γ acts minimally on X. This means that any orbit contained in X is
dense in X.

Proof. We shall show that for any y, z ∈ X and � > 0, there is γy ∈ Γ such that d(γy
−1y, z) <

�. The point x used in the definition of X has the property that for any � > 0 and y ∈ X,
there is γy such that d(y, γyx) < �/2, since X is the closure of the orbit of x. Hence we have

d(γzγy
−1y, z) ≤ d(γzγy

−1y, γzx) + d(γzx, z) = d(y, γyx) + d(γzx, z) < �/2 + �/2 = �

and the proof is complete.

This means that any orbit contained in X is dense in X. Since a closed subspace of a
locally compact metric space is again locally compact, we have only to show the following.

Theorem 3.4. Let X be a locally compact metric space. Assume a group Γ acts on X
isometrically and minimally. Then there is a Γ-invariant Radon measure on X.

Proof. This is a special case of the main theorem of [2]. However if the space X is proper,
we have a conceptually easier proof, which we shall discuss below.

Let G be the set of all the surjective isometries from X to X. By proposition 2.3, if X is
a proper metric space, then standard argument shows that the group G of all the surjective
isometries forms a locally compact metrizable group with respect to the compact-open
topology (see proposition 2.3).

The closure Γ in G is also locally compact metrizable, and acts transitively on X, that is,
for any x, y ∈ X there exists an element g in Γ such that gx = y. Indeed, by proposition 3.3,
for any positive integer n, there exists a γn ∈ Γ ⊂ G such that d(γnx, y) < 1/n. For any
compact neighbourhood U(y) of y, W ({x}, U(y)) is compact. Hence there exists a positive
integer N such that γnx ∈ U(y) for any n > N . Accordingly, for any positive integer n > N ,
we have γn ∈ W ({x}, U(y)). Hence there exists a convergent subsequence {γnj

} of {γn}.
Its limit g is contained in the closure of Γ ⊂ G. Hence gx = y holds, that is, the closure of
Γ acts transitively on X. Therefore, Theorem 3.4 follows from a result of Mibu.

INVARIANT MEASURE OF ISOMETRIC ACTIONS 3

The proof of main Theorem 3.2. Let Y be a locally compact metric space with a
distance function d(x, y). Put

G = C(Y, Y ) = {f | f : Y → Y surjective, isometric}.

Let Γx = {γx | γ ∈ Γ}. Γ acts isometrically on Y , that is, for any x, y ∈ Y and γ ∈ Γ,
d(x, y) = d(γx, γy) holds. Γ acts minimally, that is, any orbit Γx is dense in Y . Assume
the Y is proper. A group G is dense in Y . A group G is locally compact and metrizable
with the compact-open topology and acts transitively on Y , that is, for any x, y in Y there
exists g in Γ such that gx = y. By the result of Mibu we have Γ-invariant measure.
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Theorem 3.4. Let X be a locally compact metric space. Assume a group Γ acts on X
isometrically and minimally. Then there is a Γ-invariant Radon measure on X.
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Abstract. The least absolute shrinkage and selection operator (LASSO) is a popular
technique for variable selection and estimation in linear regression models. Introduc-
tion of information criteria for LASSO can decrease the computational cost efficiently.
So far the forms of some classic information criteria for LASSO are derived. In fact,
there exists some regression matrix such that the ordinary LASSO may not select the
correct model efficiently even by information criteria. In such situation, [9] introduced
modified LASSO approach. In this paper, we introduce two forms of Akaike infor-
mation criterion (AIC) based on modified LASSO estimation to help find the optimal
tuning parameters for prediction and variable selection purposes respectively. The
properties of those two forms are shown and a simulation study comparing these two
forms is conducted.

1 Introduction The least absolute shrinkage and selection operator (LASSO) is pro-
posed by [7], and is a popular technique for variable selection and estimation in linear
regression models. As we know, the performance of the LASSO relies heavily on the choice
of tuning parameter λ to select the optimal model. For prediction purpose, the prediction
error is estimated by using cross-validation (CV) or by information criteria ([2]). A draw-
back of using information criteria is that the degrees of freedom must be known. [8] showed
that the number of nonzero coefficients is an unbiased estimate for the degree of freedom
of the LASSO, and the unbiased estimator is shown to be asymptotically consistent. For
variable selection purpose, choosing the optimal tuning parameter is more difficult since
the prediction optimal value is inconsistent in the sense of correct selection. [4] shows that
for certain high dimensional cases, generalized information criterion (GIC) on sub-models
decided by LASSO is consistent in the sense of correct selection. In the paper, we consider
a more general linear model, where the ordinary LASSO estimation may not work well. We
consider the following linear model:

Yi = x�
iβ

∗ + εi,

where 1 ≤ i ≤ n, β∗ ∈ Rp, and {εi} is independent and identically distributed process
with εi ∼ N(0, σ2). Let xi = (xi1, xi2, . . . , xip)

� be a known nonrandom function of i. By
X = (x1, . . . ,xn)

�, we discuss the estimation of β∗ based on an observed stretch Y =
(Y1, . . . , Yn)

�. Let anjk =
∑n

t=1 xtjxtk, and we assume the following conditions on {xi}.

Assumption 1 1. anjj → ∞ (n → ∞), (j = 1, . . . , p).

2. limn→∞
x2
n+1,j

an
jj

= 0, (j = 1, . . . , p).
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2

3. The limit

lim
n→∞

anjk√
anjja

n
kk

= ρjk

exists for j, k = 1, . . . , p, h ∈ Z.

4. Letting Φ ≡ {ρjk : j, k = 1, . . . , p}, Φ is regular.

The point of item 2 of Assumption 1 is to prevent that the last x2
n+1,j from being an

appreciable part of the sum of squares for large n. Item 3 shows that the relations between
regressors for all sufficiently large n are approximately fixed values. Item 4 is for avoidance
of multicollinearity of the model. Obviously, the model includes the case that the norm
of different column in regression matrix may have different order of sequence length n.
For example, letting xij = ij−1, O(

∑n
i=1 x

2
ij) is greater than O(n) when j ≥ 2. In such

condition, the ordinary LASSO estimation, where the estimators for the coefficients β∗ are
obtained by

β̃(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn|βj |,

might not work well in the sense of variable selection, where λn is a given tuning parameter.
Correspondingly, it requires the modified LASSO estimation to match the different order
of each column which was introduced by [9] as follows:

β̂(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn

√
anjj |βj |.

In the numerical results ([9]), it was shown that the estimation of modified LASSO has
higher probability of correct selection of true model than that of the ordinary LASSO even
by selecting an optimal λn with Akaike information criterion (AIC). In this paper, we
construct two forms of AIC based on modified LASSO for prediction and variable selection
purposes respectively in Section 2. In Section 3, the numerical analysis part, the selection
and prediction performance of the modified LASSO when using the above two forms of AIC
are analysised.

2 Main results We first define some notations. Let μ̂λn be the modified LASSO fit. μ̂i

is the ith component of μ̂. For convenience, we let df(λn) stands for df(μ̂λn), the degrees of
freedom of the modified LASSO. Suppose W is a matrix with p column. Let S be a subset
of the indices set {1, 2, . . . , p}. Denote WS = [· · ·Wj · · · ]j∈S , where Wj is the jth column
of W . Similarly, define βS = (· · ·βj · · · )j∈S for any vector β of length p. Let sgn(·) be
the sign function: sgn(x) = 1 if x > 0; sgn(x) = 0 if x = 0; sgn(x) = −1, if x < 0. Let
S0 = {j : sgn(β∗)j �= 0} be the active set of β∗, where sgn(β) is the sign vector of β given

by sgn(β)j = sgn(βj). We denote the active set of β̂(λn) as S0(λn) and the corresponding

sign vector sgn(β̂(λn)) as sgn(λn).

2.1 Prediction purpose Prediction accuracy of a model can be assessed by calculating
its prediction error, that is, the error when the model is used to predict a new sample
of observations. Let μ̂ be a model fit decided by Y . The estimation of prediction error,
covariance penalties (Cp) which was first introduced by [5], can be treated as a criterion
to show how well μ̂ will predict a future dataset independently generated by the same
linear regression model. Mallows shows that if μ̂ = MY , where M is an n × n matrix

2
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not depending on Y , Cp(μ̂) := �Y −μ̂�2

n + 2 trace(M)
n σ2 is an unbiased estimation for the

expectation of prediction error. For a general estimate μ̂ = m(Y ), as in [10], Cp can be
extended to

Cp(μ̂) :=
�Y − μ̂�2

n
+

2df(μ̂)

n
σ2,

where df(μ̂) :=
∑n

i=1 cov(μ̂i,Yi)

σ2 . By the connection between Mallows’s Cp ([5]) and AIC
([1]), we know

AIC(μ̂) =
Cp(μ̂)

σ2
.

In the following, we introduce the form of AIC for modified LASSO by following the line of
[8].
From the properties of modified LASSO solution, for a given Y , there is a finite sequence,

λn0 > λn1 > λn2 > · · · > λnK = 0,

such that for all λn > λn0, β̂(λn) = 0, and that for all λn ∈ (λn,m+1, λnm), the active set
S0(λn) and sign vector sgn(λn) are invariant with respect to λn. Thus we write them as
Sm and sgnm for simplicity. Noticing that for any m = 0, . . . ,K − 1, when λn decreases
from the right hand side of λnm, some predictors with zero coefficient at λnm are about
to have nonzero coefficients, we call λnm as a transition point. Correspondingly, for any
λn ∈ [0,∞)− {λnm,m = 0, . . . ,K − 1}, it is called as a non-transition point.

Theorem 1 For any λ0 ≥ 0, the modified LASSO fit μ̂λn(Y ) is uniformly Lipschitz. Fur-
thermore, under the condition that X is full rank, the degree of freedom of μ̂λn

(Y ) equals
the expectation of the cardinality of the active set S0(λn), that is,

df(λn) = E| S0(λn)|.

Theorem 1 shows that d̂f(λn) ≡ |S0(λn)| is an unbiased estimate for df(λn). In the follow-

ing, we show that d̂f(λn) is also consistent.

Assumption 2 There exists γ > 0 so that

min
i

anii = O(nγ), for n → ∞.

Lemma 1 Assume that Assumptions 1 and 2 hold, and that λn = O(nζ) where 0 < ζ <
γ/2, then,

P (S0(λn) = S0) = 1, for n → ∞.

Theorem 2 If λn

nζ → λ∗, then d̂f(λn) → df(λn) in probability.

Proof. From Lemma 1, P (S0(λn) = S0) → 1. Immediately we see d̂f(λn) → S0 in
probability. Then by the dominated convergence theorem, we have

df(λn) = E[d̂f(λn)] → |S0|.

Thus the theorem holds.

Based on the above discussion, the unbiased estimator for d̂f(λn) suffices to provide an
unbiased estimate to the true prediction error of μ̂λn

, as

Cp(μ̂λn
) =

�Y − μ̂λn
�2

n
+

2

n
| S0(λn)|σ2.
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Correspondingly, AIC for the modified LASSO is defined as follows:

AIC(μ̂λn) =
�Y − μ̂λn�2

nσ2
+

2

n
| S0(λn)|.

Using AIC to find the optimal modified LASSO model, we introduce the following theorem
to find the optimal λn where AIC(μ̂λn

) get its minimum.

Theorem 3 To find optimal λn(optimal), we only need to solve

m∗ = arg min
m∈{0,1,...,K}

AIC(μ̂λnm);

then λn(optimal) = λnm∗ .

2.2 Variable selection porpuse In the least squares fit μ̂(π) for a given subset π ⊂
{1, . . . , p},

AIC(μ̂(π)) =
�Y −Xβ̂(π)�2

nσ2
+

2

n
|π|,

where β̂(π) is the lest squares estimate of β∗ where β̂(π){1,...,p}−π ≡ 0, that is

β̂(π) = arg min
β:βj=0forj �∈π

n∑
i=1

(Yi − x�
iβ)

2.

Then we define π̂ as

π̂ = arg min
π⊂{1,...,p}

AIC(μ̂(π)).

We say AIC is consistent if P (π̂ = S0) → 1, as n → ∞. Then by setting x∗
i = D−1

n

√
nxi,

where Dn = diag{
√
an11, . . . ,

√
anpp}, for the original model

Yi = x�
iβ

∗ + εi,

it is transferred into

Yi = (x∗
i )

�Dnβ
∗/
√
n+ εi.

After the transformation, from Theorem 2 in [4], we can get that AIC(μ̂(π)) is consistent.
However, to find the π̂, O(2n) times computational cost of a single least squares fit is needed.
Define m̂ as

m̂ = argmin
m

AIC(μ̂(Sm)),

where m is the index of the transition point λnm of modified LASSO. Then the following
theorem holds.

Theorem 4 P (Sm̂ = S0) = 1, as n → ∞.

Proof. From Lemma 1, among the transition points, the probability that there exists m
such that S0 = Sm converges to 1. Noticing that P (π̂ = S0) → 1, we get P (Sm̂ = S0) → 1.

From Theorem 4, the consistency of AIC on sub-models decided by modified LASSO
approach is shown. Considering the computational cost can be reduced, it is reasonable to
use Sm̂ to estimate S0.

2
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n
kk
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For example, letting xij = ij−1, O(

∑n
i=1 x

2
ij) is greater than O(n) when j ≥ 2. In such

condition, the ordinary LASSO estimation, where the estimators for the coefficients β∗ are
obtained by

β̃(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn|βj |,

might not work well in the sense of variable selection, where λn is a given tuning parameter.
Correspondingly, it requires the modified LASSO estimation to match the different order
of each column which was introduced by [9] as follows:

β̂(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn

√
anjj |βj |.

In the numerical results ([9]), it was shown that the estimation of modified LASSO has
higher probability of correct selection of true model than that of the ordinary LASSO even
by selecting an optimal λn with Akaike information criterion (AIC). In this paper, we
construct two forms of AIC based on modified LASSO for prediction and variable selection
purposes respectively in Section 2. In Section 3, the numerical analysis part, the selection
and prediction performance of the modified LASSO when using the above two forms of AIC
are analysised.

2 Main results We first define some notations. Let μ̂λn be the modified LASSO fit. μ̂i

is the ith component of μ̂. For convenience, we let df(λn) stands for df(μ̂λn), the degrees of
freedom of the modified LASSO. Suppose W is a matrix with p column. Let S be a subset
of the indices set {1, 2, . . . , p}. Denote WS = [· · ·Wj · · · ]j∈S , where Wj is the jth column
of W . Similarly, define βS = (· · ·βj · · · )j∈S for any vector β of length p. Let sgn(·) be
the sign function: sgn(x) = 1 if x > 0; sgn(x) = 0 if x = 0; sgn(x) = −1, if x < 0. Let
S0 = {j : sgn(β∗)j �= 0} be the active set of β∗, where sgn(β) is the sign vector of β given

by sgn(β)j = sgn(βj). We denote the active set of β̂(λn) as S0(λn) and the corresponding

sign vector sgn(β̂(λn)) as sgn(λn).

2.1 Prediction purpose Prediction accuracy of a model can be assessed by calculating
its prediction error, that is, the error when the model is used to predict a new sample
of observations. Let μ̂ be a model fit decided by Y . The estimation of prediction error,
covariance penalties (Cp) which was first introduced by [5], can be treated as a criterion
to show how well μ̂ will predict a future dataset independently generated by the same
linear regression model. Mallows shows that if μ̂ = MY , where M is an n × n matrix
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3 Numerical results In this section, the simulation study analyses the selection and
prediction performance of the modified LASSO when using the above two forms of AIC.
We set p = 8 and β = {1, 0, 1, 1, 0, 0, 0, 0} i.e.

Yi = xi1 + xi3 + xi4 + εi,

where the sequence xi1 = 1 for all i ∈ N , xi2 = i, xij = cos πij
9 for j = 3, . . . , 8, i ∈ N

and {εi} is generated by identically distributed Gaussian disturbances with length n going
from 50 to 500 and variance σ2 = 0.1, 0.5, 1 respectively. Here we use C1 to stand for the
AIC(μ̂λn

), and use C2 to stand for AIC(μ̂(π)) for brevity. 100 replications are performed
for each situation.
From table 1, we compare C1 and C2 by the bias and and mean squared error (MSE) of
their estimators in the sense of parameter estimates. Here the bias and MSE are defined as
follows:

Bias(β̂) =
1

s

s∑
t=1

8∑
j=1

(β̂tj − β∗
j );

MSE(β̂) =
1

s

s∑
t=1

8∑
j=1

(β̂tj − β∗
j )

2,

where s is the amount of replications. It is shown that the prediction performance of
modified LASSO with C1 is better than that of modified LASSO with C2, noticing that
both of absolute value of bias and MSE of C1 are smaller than those of C2. Besides, we can
notice that, with sequence length n increases, the performance of C2 gets worse. It agrees
to the condition of consistency, that the optimal λn increases as n increases. From Table
2, the results from five aspects in the sense of variable selection are shown, which are the
probability of correct selection, the probability of relevant variables included, the probability
of irrelevant variables excluded, average number of included variables and average number
of included irrelevant variables. It is shown that the results by C2 are better than those
by C1 overall. From the probability of true model included, the probabilities by C2 are
greater than those by C1. Besides, by comparing the values as n increases, it is shown that
the the probability of correct selection of the true model increases, which keep consist with
the consistency properties shown in Section 2. From the probability of relevant variables
included, almost all the probabilities by C1 and C2 are 1, which means that by both C1

and C2, the probabilities that relevant variables are excluded are low.

Table 1: Parameter estimates
C1 C2

n 50 100 300 500 50 100 300 500
Bias
N(0.1) -0.1107 -0.0687 -0.0511 -0.0434 -1.4880 -1.4839 -1.5848 -1.6751
N(0.5) -0.2390 -0.1712 -0.1010 -0.0903 -1.4646 -1.5184 -1.5618 -1.5790
N(1) -0.3724 -0.2915 -0.1792 -0.1323 -1.5117 -1.5352 -1.5453 -1.5854
MSE
N(0.1) 0.0221 0.0115 0.0042 0.0024 1.3915 1.3944 1.5361 1.6444
N(0.5) 0.1090 0.0522 0.0180 0.0120 1.2837 1.3877 1.4639 1.5000
N(1) 0.2365 0.1135 0.0412 0.0231 1.3124 1.3421 1.4166 1.4922
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Table 2: Veriable selection
C1 C2

n 50 100 300 500 50 100 300 500
Probability of correct selection
N(0.1) 0.53 0.55 0.55 0.57 0.74 0.73 0.79 0.84
N(0.5) 0.47 0.52 0.48 0.55 0.70 0.74 0.77 0.78
N(1) 0.35 0.41 0.46 0.49 0.68 0.71 0.75 0.78
Probability of relevant variables included
N(0.1) 1 1 1 1 1 1 1 1
N(0.5) 1 1 1 1 1 1 1 1
N(1) 1 1 1 1 0.99 1 1 1
Probability of irrelevant excluded
N(0.1) 0.53 0.55 0.55 0.57 0.74 0.73 0.79 0.84
N(0.5) 0.47 0.52 0.48 0.55 0.70 0.74 0.77 0.78
N(1) 0.35 0.41 0.46 0.49 0.68 0.71 0.75 0.78
Average number of included variables
N(0.1) 3.81 3.80 3.66 3.56 3.33 3.34 3.23 3.16
N(0.5) 3.93 3.83 3.94 3.64 3.35 3.36 3.26 3.25
N(1) 4.11 3.96 3.79 3.75 3.41 3.33 3.25 3.24
Average number of included irrelevant variables
N(0.1) 0.81 0.8 0.66 0.56 0.33 0.34 0.23 0.16
N(0.5) 0.93 0.83 0.94 0.64 0.35 0.36 0.26 0.25
N(1) 1.11 0.96 0.79 0.75 0.41 0.33 0.25 0.24

4 Conclusion In Sections 2 and 3, the prediction performance of C1 is better than C2.
Whereas, the selection performance of the later is better than the former. Since these two
forms of AIC are derived by the ideas of [8] and [4], in fact a more general form of the
criteria can be derived. Besides, noticing that the consistency depends on the consistency
in the sense that the probability of correct selection of the true model converges to 1 as
the sequence length n goes to infinity, the consistency on high dimensions can be discussed
furthermore.
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Appendix A. Proof of Theorem 1 To prove Theorem 1, we introduce the following
lemma. For given Y , there exists a set of transition point, {λnm : m = 0, . . . ,K}. Recall
the definition of notations, Sm = S0(λnm), and sgnm = sgn(λnm).

Lemma 2 Suppose λn ∈ (λn,m+1, λnm). Then we have

β̂(λn)Sm
= (X �

Sm
XSm

)−1(X �
Sm

Y − λn

2
Dnsgnm),

where Dn = diag{
√
an11(0), . . . ,

√
anpp(0)}.

Lemma 3 Consider the transition point λnm, when λn decreases from the right hand side
of λnm to λ−

nm, iadd is an index added into Sm, and the order index of iadd is i∗, that
is, iadd = (Sm)i∗ . Denote the kth element of any vector a by (a)k. We can express the
transition point λnm as

λnm =
2((X �

Sm
XSm

)−1X �
Sm

Y )i∗

((X �
Sm

XSm)−1D−1
n sgnm)i∗

.

Lemma 4 For any λn > 0, there exists a null set Nλn
which is a finite collection of

hyperplanes in Rn. Let Gλn
= Rn −Nλn

. Then ∀Y ∈ Gλn
, λn is not any of the transition

points for Y .

Lemma 5 ∀λn > 0, β̂(λn) is a continuous function with respect to Y .

Lemma 6 Fix any λn > 0 and consider Y ∈ Gλn as defined in Lemma 4. The active set
S0(λn) and the sign vector sgn(λn) are locally constant with respect to Y .

Lemma 7 Let G0 = Rn. For any λn ≥ 0, on the set Gλn as defined in Lemma 4, the
modified LASSO fit μ̂λn(Y ) is uniformly Lipschitz. Precisely,

�μ̂λn
(Y +ΔY )− μ̂λn

(Y )� ≤ �ΔY �,

for sufficiently small ΔY . Moreover, we have the divergence formula

∇ · μ̂λn(Y ) = | S0(λ0)|,

where | S0(λn)| stands for the cardinality of S0(λn).

The proofs of Lemma 2 to 7 are similar to those in [8], here we omit the proofs.
Proof of Theorem 1: By Lemma 4-7, μ̂λn

(Y ) is differentiable almost every where. Then by
the Stein’s unbiased risk estimation theory ([6]) and Lemma 7,

df(λn) = E∇ · μ̂λn
(Y ) = E| S0(λn)|.

Thus Theorem 1 holds.

Appendix B. Proof of Lemma 1
Noticing that {εi} is independent and identically distributed process with εi ∼ N(0, σ2),

then
∑n

i=1 bnijεi satisfies the Bernstein inequality, where bnij =
xj
i√

an
ii(0)

for j = 1, . . . , p.

Thus, Lemma 1 is a special case of Theorems 4 and 5 in [9], which implies it holds.

2

3. The limit

lim
n→∞

anjk√
anjja

n
kk

= ρjk

exists for j, k = 1, . . . , p, h ∈ Z.

4. Letting Φ ≡ {ρjk : j, k = 1, . . . , p}, Φ is regular.

The point of item 2 of Assumption 1 is to prevent that the last x2
n+1,j from being an

appreciable part of the sum of squares for large n. Item 3 shows that the relations between
regressors for all sufficiently large n are approximately fixed values. Item 4 is for avoidance
of multicollinearity of the model. Obviously, the model includes the case that the norm
of different column in regression matrix may have different order of sequence length n.
For example, letting xij = ij−1, O(

∑n
i=1 x

2
ij) is greater than O(n) when j ≥ 2. In such

condition, the ordinary LASSO estimation, where the estimators for the coefficients β∗ are
obtained by

β̃(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn|βj |,

might not work well in the sense of variable selection, where λn is a given tuning parameter.
Correspondingly, it requires the modified LASSO estimation to match the different order
of each column which was introduced by [9] as follows:

β̂(λn) = argmin
β

n∑
i=1

(Yi − x�
iβ)

2 +

p∑
j=1

λn

√
anjj |βj |.

In the numerical results ([9]), it was shown that the estimation of modified LASSO has
higher probability of correct selection of true model than that of the ordinary LASSO even
by selecting an optimal λn with Akaike information criterion (AIC). In this paper, we
construct two forms of AIC based on modified LASSO for prediction and variable selection
purposes respectively in Section 2. In Section 3, the numerical analysis part, the selection
and prediction performance of the modified LASSO when using the above two forms of AIC
are analysised.

2 Main results We first define some notations. Let μ̂λn be the modified LASSO fit. μ̂i

is the ith component of μ̂. For convenience, we let df(λn) stands for df(μ̂λn), the degrees of
freedom of the modified LASSO. Suppose W is a matrix with p column. Let S be a subset
of the indices set {1, 2, . . . , p}. Denote WS = [· · ·Wj · · · ]j∈S , where Wj is the jth column
of W . Similarly, define βS = (· · ·βj · · · )j∈S for any vector β of length p. Let sgn(·) be
the sign function: sgn(x) = 1 if x > 0; sgn(x) = 0 if x = 0; sgn(x) = −1, if x < 0. Let
S0 = {j : sgn(β∗)j �= 0} be the active set of β∗, where sgn(β) is the sign vector of β given

by sgn(β)j = sgn(βj). We denote the active set of β̂(λn) as S0(λn) and the corresponding

sign vector sgn(β̂(λn)) as sgn(λn).

2.1 Prediction purpose Prediction accuracy of a model can be assessed by calculating
its prediction error, that is, the error when the model is used to predict a new sample
of observations. Let μ̂ be a model fit decided by Y . The estimation of prediction error,
covariance penalties (Cp) which was first introduced by [5], can be treated as a criterion
to show how well μ̂ will predict a future dataset independently generated by the same
linear regression model. Mallows shows that if μ̂ = MY , where M is an n × n matrix
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Appendix C. Proof of Theorem 3
From the forms of AIC, we know that

λn(optimal) = argmin
λn

AIC(μ̂λn
) = argmin

λn

�Y − μ̂λn�2
nσ2

+
2

n
| S0(λn)|.

From Lemma 2, for λn ∈ (λn,m+1, λnm), we have

�Y − μ̂λn�2 = Y �(I −XSm(X �
Sm

XSm)−1X �
Sm

)Y +
λ2
n

4
sgn�mDn(X

�
Sm

XSm)−1Dnsgnm,

where I is the n× n identity matrix. Thus we conclude that in the interval (λn,m+1, λnm),
�Y − μ̂λn�2 is strictly increasing with respect to λn. On the other hand, note that
| S0(λnm)| ≥ | S0(λn,m+1)|. Therefore, the optimal choice of λn in [λn,m+1, λnm) is λn,m+1,
which means λn(optimal) ∈ {λnm : m+ 0, . . . ,K}. Thus Theorem 3 holds.
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Abstract. We show new spectral mapping theorem of the Taylor spectrum for
doubly commuting pairs of p-hyponormal operators and log-hyponormal operators.
And we give Putnam inequality for log-hyponormal tuples.

1 Introduction Let H be a complex Hilbert space and B(H) be the set of all bounded
linear operators on H. For T ∈ B(H), let σ(T ), σp(T ) and σa(T ) denote the spectrum, the
point spectrum and the approximate point spectrum of T , respectively. Let λ ∈ C belong
to the residual spectrum σr(T ) of T if there exists c > 0 such that �(T − λ)x� ≥ c�x� for
all x ∈ H and (T − λ)H �= H. It is easy to see that if λ ∈ σr(T ), then 0 ∈ σp((T − λ)∗).
It is well known that σ(T ) = σa(T ) ∪ σr(T ). For an Hermitian operator A ∈ B(H), we
denote A ≥ 0 if (Ax, x) ≥ 0 for every x ∈ H and A ≥ B if A−B ≥ 0. When (Ax, x) > 0
for every non-zero x ∈ H, then we denote T > 0. For a given p > 0, T ∈ B(H) is
said to be p-hyponormal if (T ∗T )p ≥ (TT ∗)p. When p = 1/2, T is said to be semi-
hyponormal. It means that T is semi-hyponormal if and only if |T | ≥ |T ∗|. T is said to
be log-hyponormal if T is invertible and log |T | ≥ log |T ∗|. It is well known that if T is
invertible p-hyponormal for some p > 0, then T is log-hyponormal. If M is a reducing
subspace for a p-hyponormal or log-hyponormal operator T , then so is T |M, respectively.

For a commuting n-tuple T = (T1, ..., Tn) ∈ B(H)n, we explain the Taylor spectrum
σ(T) of T shortly. Let En be the exterior algebra on n generators, that is, En is the
complex algebra with identity e generated by indeterminates e1, ..., en. Let En

k (H) =
H⊗ En

k . Define dnk : En
k (H) −→ En

k−1(H) by

dnk(x⊗ ej1 ∧ · · · ∧ ejk) :=
k∑

i=1

(−1)i−1Tjix⊗ ej1 ∧ · · · ∧ ěji ∧ · · · ∧ ejk ,

where ěji means deletion. We denote dnk by dk simply. We think Koszul complex E(T) of
T as follows:

E(T) : 0 −→ En
n(H)

dn−→ En
n−1(H)

dn−1−→ · · · d2−→ En
1 (H)

d1−→ En
0 (H) −→ 0.
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It is easy to see that En
k (H) ∼=

n!
(n−k)! k!︷ ︸︸ ︷

H⊕ · · · ⊕ H (k = 1, ..., n).

Definition 1.1. A commuting n-tuple T = (T1, ..., Tn) ∈ B(H)n is said to be singular if
and only if the Koszul complex E(T) of T is not exact.

Definition 1.2. For a commuting n-tuple T = (T1, ..., Tn) ∈ B(H)n, the Taylor spectrum
σT (T) of T is the set of all z = (z1, ..., zn) ∈ Cn such that T− z = (T1 − z1, ..., Tn − zn)
is singular.

About the definition of the Taylor spectrum, see details J. L. Taylor [11] and [12].

For a commuting pair T = (T1, T2) ∈ B(H)2, it is well known that, for polynomials
f1, ..., fn of 2 variables, if f(z1, z2) = (f1(z1, z2), ..., fn(z1, z2)), then it holds

σT (f(T1, T2)) = f(σT (T1, T2)),

where σT (T1, T2) is the Taylor spectrum of T = (T1, T2). See Theorem 4.7 in [12].

In this paper, we study other spectral mapping theorem, that is, let Tj = Uj|Tj| (j =
1, 2) be the polar decomposition of Tj and f(t) be a continuous function on the non-
negative real line. Let Sj = Ujf(|Tj|) (j = 1, 2) and S = (S1, S2). Then under some
assumption does it hold

σT (S) = {(eiθ1f(r1), eiθ2f(r2)) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) } ?
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f(t) = log t, then

(1) σ(Uf(|T |)) = {eiθf(r) : reiθ ∈ σ(T ) },

respectively by [7, 10].

Let T = (T1, T2) be a commuting pair of operators on H, z = (z1, z2) ∈ C2 and let

α(T− z) :=

(
T1 − z1 T2 − z2

−(T2 − z2)
∗ (T1 − z1)

∗

)
on H⊕H.

Then Vasilescu proved the following result.
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Proposition 1.3. (Theorem 1.1, Vasilescu [13]) Let T = (T1, T2) ∈ B(H)2 be a com-
muting pair. Then

z = (z1, z2) ∈ σT (T) if and only if α(T− z) is not invertible.

Therefore, we have

z = (z1, z2) ∈ σT (T) if and only if 0 ∈ σ(α(T− z)).

For an n-tuple T = (T1, ..., Tn), the joint point spectrum σjp(T) is the set of all numbers
z = (z1, ..., zn) ∈ Cn such that there exists a non-zero vector x ∈ H which satisfies
Tjx = zjx (∀j = 1, ..., n) and the joint approximate point spectrum σja(T) is the set of
all numbers z = (z1, ..., zn) ∈ Cn such that there exists a sequence {xk} of unit vectors of
H which satisfies

(Tj − zj)xk → 0 as k → ∞ (∀j = 1, ..., n).

Following proposition is due to Berberian [1] for a single operator case. It is easy to see
a proof for n-tuples. See Berberian [1] and Chō [2].

Proposition 1.4. Let B(H) be the set of all bounded linear operators on H. Then there
exist an extension space K of H and a faithful ∗-representation of B(H) into B(K) :
T → T ◦ such that

σja(T1, ..., Tn) = σjp(T
◦, ..., T ◦

n) = σp(T
◦
1 , ..., T

◦
n).

We have Putnam inequalities of hyponormal tuples, semi-hyponormal tuples, and p-
hyponormal tuples. See [2], [3], [4], [5], [8]. Finally we give Putnam inequality of log-
hyponormal tuple.

2 New spectral mapping theorem
Following results are well known.

Proposition 2.1. Let T = U |T | be the polar decomposition of T and f be a continuous
function on the non-negative real line which contains σ(|T |). For a sequence {xn} of unit
vectors, if (T − reiθ)xn → 0 and (T − reiθ)∗xn → 0, then (U − eiθ)xn → 0, (|T |− r)xn → 0
and (f(|T |)− f(r))xn → 0.

See Lemma 1.2.4 in [15].

Proposition 2.2. Let T be semi-hyponormal. Then σ(T ) = {z : z ∈ σa(T
∗)}.

See Theorem 1.2.6 in [15].

Let T = U |T | ∈ B(H) be the polar decomposition of T with unitary U and f be a con-
tinuous function on the non-negative real line which contains σ(|T |). Let K be Berberian
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extension of H and ◦ : B(H) � T → T ◦ ∈ B(K) be a faithful ∗-representation. We set
the following conditions (2) and (3):

For a sequence {xn} of unit vectors, if (T − z)xn → 0, then (T − z)∗xn → 0.(2)

If a closed subspace M of K reduces T ◦ and reiθ ∈ σ(T ◦|M),(3)

then M reduces U◦, |T |◦ and e−iθf(r) ∈ σp ((U
◦|Mf(|T |)◦|M)∗) .

Remark. If T is p-hyponormal and f(t) = t2p, then (2) holds by Theorem 4 of [5]. If
T is log-hyponormal and f(t) = log t, then (2) holds by Lemma 3 of [10]. About (3),
since the mapping ◦ of Berberian method is a faithful ∗-representation, so is T ◦ if T is
p-hyponormal or log-hyponormal, respectively. Let M be a reducing subspace for T . It
is clear that if T is p-hyponormal or log-hyponormal, then so is T |M, respectively.
(i) Let T be p-hyponormal and T = U |T | be the polar decomposition of T and f(t) = t2p.
Then S = U |T |2p is semi-hyponormal and σ(U |T |2p) = {r2peiθ : reiθ ∈ σ(T ) } by Theo-
rem 3 of [7]. Hence (3) holds by Proposition 2.2.
(ii) Let T = U |T | be log-hyponormal and f(t) = log t. Then S = U log |T | is semi-
hyponormal and σ(U log |T |) = {eiθ log r : reiθ ∈ σ(T ) } by Lemma 8 of [10]. Hence (3)
holds by Proposition 2.2.
Therefore, if T is p-hyponormal or log-hyponormal and f(t) = t2p or f(t) = log t, respec-
tively, then T satisfies (2) and (3) for this f .

Theorem 2.3. Let T = (T1, T2) be a doubly commuting pair of operators and Tj =
Uj|Tj| (j = 1, 2) be the polar decomposition. Let f(t) be a continuous function on a
open interval in the non-negative real line which contains σ(|T1|) ∪ σ(|T2|). Let Sj =
Ujf(|Tj|) (j = 1, 2) and S = (S1, S2). Let T1, T2 and f satisfy (2) and (3). If (r1e

iθ1 , r2e
iθ2) ∈

σT (T), then (eiθ1f(r1), e
iθ2f(r2)) ∈ σT (S).

Proof. Let z = (z1, z2) = (r1e
θ1 , r2e

iθ2) ∈ σT (T). Then 0 ∈ σ(α(T − z)) by Proposition
1.1.

Case 1. If 0 ∈ σa(α(T− z)), then there exists a sequence {xn ⊕ yn} of unit vectors of
H⊕H such that

α(T− z)(xn ⊕ yn) =

(
(T1 − z1)xn + (T2 − z2)yn

−(T2 − z2)
∗xn + (T1 − z1)

∗yn

)
→

(
0
0

)
.

Since T1, T2 are doubly commuting, we have

(T1 − z1)
∗(T1 − z1)xn + (T2 − z2)(T2 − z2)

∗xn → 0

and
(T1 − z1)(T1 − z1)

∗yn + (T2 − z2)
∗(T2 − z2)yn → 0.

If xn �→ 0, then (z1, z2) ∈ σja(T1, T
∗
2 ), and if yn �→ 0, then (z1, z2) ∈ σja(T

∗
1 , T2).
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Case 2. If 0 ∈ σr(α2(T − z)) ⊂ σp(α(T − z)∗), then there exists a non-zero vector
x⊕ y such that

α(T− z)∗(x⊕ y) =

(
(T1 − z1)

∗x− (T2 − z2)y
(T2 − z2)

∗x+ (T1 − z1)y

)
=

(
0
0

)
.

Hence, we have
(T1 − z1)(T1 − z1)

∗x+ (T2 − z2)
∗(T2 − z2)x = 0

and
(T1 − z1)

∗(T1 − z1)y + (T2 − z2)(T2 − z2)
∗y = 0.

If x �= 0, then we have (T1 − z1)
∗x = (T2 − z2)x = 0 and if y �= 0, then (T1 − z1)y =

(T2 − z2)
∗y = 0.

Therefore, if necessarily by changing order, we may assume that there exists a sequence
{xn} of unit vectors such that (the proof of case (T1− z1)

∗xn → 0 and (T2− z2)xn → 0
is similar.)

(T1 − z1)xn → 0 and (T2 − z2)
∗xn → 0.

Hence
(U1 − eiθ1)xn → 0, (|T1| − r1)xn → 0, (S1 − eiθ1f(r1))xn → 0

by the assumption. Let K be the Berberian extension of H. Then there exists 0 �= x◦ ∈ K
such that

(S◦
1 − eiθ1f(r1))x

◦ = (T ◦
2 − z2)

∗x◦ = 0.

Let M = ker(S◦
1 − eiθ1f(r1)). Since (S

◦
1 , T

◦
2 ) are doubly commuting pair, M is a reducing

subspace for T ◦
2 . Since x

◦ ∈ M, we have z2 = r2e
iθ2 ∈ σ(T ◦

2 |M). Let S2 = U2f(|T2|). Then
by the assumption (2), we have T ◦

2 |M = U◦
2 |M|T2|◦|M and e−iθ2f(r2) ∈ σp(S

◦∗
2 |M). Hence

there exists non-zero y◦ ∈ M such that (S◦
2 − eiθ2f(r2))

∗y◦ = 0. Since y◦ ∈ M, we have
(S◦

1 − eiθ1f(r1))y
◦ = 0. Therefor there exists a sequence {yn} of unit vectors such that

(S1 − eiθ1f(r1))yn → 0 and (S2 − eiθ2f(r2))
∗yn → 0.

Then

α(S− (eiθ1f(r1), e
iθ2f(r2)))

(
yn
0

)
=

(
(S1 − eiθ1f(r1))yn

−(S2 − eiθ2f(r2))
∗yn

)
→

(
0
0

)
.

Hence 0 ∈ σ
(
α(S− (eiθ1f(r1), e

iθ2f(r2)))
)
and

(
eiθ1f(r1), e

iθ2f(r2)
) ∈ σT (S). This com-

pletes the proof.

Corollary 2.4. Let T = (T1, T2) be a doubly commuting pair of p-hyponormal operators
(0 < p < 1). Let Uj be unitary for the polar decomposition of Tj = Uj|Tj| (j = 1, 2) and
S = (U1|T1|2p, U2|T2|2p). Then

σT (S) = {(r2p1 eiθ1 , r2p2 eiθ2) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) }.
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Proof. Let f(t) = t2p on the non-negative real line. Since T is a doubly commuting pair
of p-hyponormal operators and f(t) = t2p, T1, T2 and f satisfy (2) and (3). Hence, by
Theorem 2.3 we have

σT (S) ⊃ {(r2p1 eiθ1 , r2p2 eiθ2) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) }.

Conversely, put g(t) = t
1
2p on the non-negative real line. Since S is a doubly commuting

pair of semi-hyponormal operators, S1, S2 and g satisfy (2) and (3). Then we have the
converse inclusion by Theorem 2.3 and similar argument.

Corollary 2.5. Let T = (T1, T2) be a doubly commuting pair of log-hyponormal operators
with log |Tj| > 0. Let Uj be unitary for the polar decomposition of Tj = Uj|Tj| (j = 1, 2)
and S = (U1 log |T1|, U2 log |T2|). Then

σT (S) = {eiθ1 log r1, eiθ2 log r2) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) }.
Proof. Let f(t) = log t on (0,∞). Since T is a doubly commuting pair of log-hyponormal
operators and f(t) = log t, T1, T2 and f satisfy (2) and (3). So by Theorem 2.3 we have

σT (S) ⊃ {eiθ1 log r1, eiθ2 log r2) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) }.
Conversely, let g(t) = et on the non-negative real line. Since S is a doubly commuting
pair of semi-hyponormal operators, S1, S2 and g satisfy (2) and (3). Hence, we have the
converse inclusion by similar argument.

3 Putnam inequality
In this section we study for Putnam inequality of log-hyponormal tuples. Let U =
(U1, ..., Un) be an n-tuple of unitary operators. For T ∈ B(H), an operator Qj (j =
1, ..., n) on B(H) is defined by

QjT := T − UjTU
∗
j .

Definition 3.1. Let U = (U1, · · · , Un) be a commuting n-tuple of unitary operators and
A ≥ 0. An (n+ 1)-tuple (U, A) is said to be a semi-hyponormal tuple if

Qj1 · · ·QjmA ≥ 0 for all 1 ≤ j1 < · · · < jm ≤ n.

Definition 3.2. Let U = (U1, · · · , Un) be a commuting n-tuple of unitary operators and
A > 0 with logA ≥ 0. An (n + 1)-tuple (U, A) is said to be a log-hyponormal tuple if
(U, logA) is a semi-hyponormal tuple.

Let U = (U1, · · · , Un) be an n-tuple of unitary operators and T ∈ B(H). If

S±
j (T ) := s− lim

n→±∞
(U−n

j TUn
j )
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exist, then the operators S±
j (T ) are called the polar symbols of T . If Uj|A| is semi-

hyponormal, then the polar symbols S±
j (T ) exist.

For k ∈ [0, 1] and A ≥ 0, we denote

(kS+
j + (1− k)S−

j )A := kS+
j (A) + (1− k)S−

j (A).

Let k = (k1, ..., kn) ∈ [0, 1]n and (U, A) be a semi-hyponormal tuple. Then the generalized
polar symbols Ak of A are defined by

Ak := Πn
j=1

(
kjS+

j + (1− kj)S−
j

)
A.

Since A ≥ 0, then Ak ≥ 0. Hence it is clear that (U, Ak) is a commuting (n+ 1)-tuple of
normal operators for every k ∈ [0, 1]n.

Definition 3.3.
(1) Let (U, A) be a semi-hyponormal tuple. The the Xia spectrum σX(U, A) is defined by

σX(U, A) :=
⋃

k∈[0,1]n
σja(U, Ak).

(2) Let (U, A) be a log-hyponormal tuple. Since (U, logA) is a semi-hyponormal tuple,
Xia spectrum σX(U, A) of (U, A) is defined by

σX(U, A) := {(z1, ..., zn, er) : (z1, ..., zn, r) ∈ σX(U, logA)}.

Proposition 3.4. (Theorem 5, Xia [14]) Let (U, A) be a semi-hyponormal tuple. Then

||Q1 · · ·QnA|| ≤ 1

(2π)n

∫
· · ·

∫

σX(U,A)

dθ1 · · · dθn dr.

Let (U, A) be a semi-hyponormal tuple and k = (k1, · · · , kn) ∈ [0, 1]n. We define

Alog,k := exp{Πn
j=1

(
kjS+

j (logA) + (1− kj)S−
j (logA)

)}.

Then (U, Alog,k) is a commuting tuple and (U, logA) is a semi-hyponormal tuple. Let

(logA)k = Πn
j=1

(
kjS+

j (logA) + (1− kj)S−
j (logA)

)
.

Then Alog,k = exp{(logA)k} and we have the following lemma.

Lemma 3.5. Let (U, A) be a log-hyponormal tuple and k ∈ [0, 1]n. Then

(z1, · · · , zn, log r) ∈ σja(U, (logA)k) if and only if (z1, · · · , zn, r) ∈ σja(U, Alog,k).
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Proof. It is easy from Alog,k = exp{(logA)k}.

Theorem 3.6. Let (U, A) be a log-hyponormal tuple. Then

σX(U, A) =
⋃

k∈[0,1]n
σja(U, Alog,k).

Proof. Since σX(U, A) = {(z1, · · · , zn, er) : (z1, · · · , zn, r) ∈ σX(U, logA)} by the defini-
tion 3.3 (2), we have

σX(U, logA) =
⋃

k∈[0,1]n
σja(U, (logA)k).

Hence we have
σX(U, A) =

⋃
k∈[0,1]n

σja(U, Alog,k)

by Lemma 3.5.

Theorem 3.7. Let (U, A) be a log-hyponormal tuple. Then

�Q1 · · ·Qn logA� ≤ 1

(2π)n

∫
...

∫

σ(U,A)

1

r
dθ1 · · · dθndr.

Proof. Since (U, logA) is a semi-hyponormal tuple, it holds

�Q1 · · ·Qn logA� ≤ 1

(2π)n

∫
...

∫

σ(U,logA)

dθ1 · · · dθndr

by proposition 3.4. Since

σX(U, logA) = {(z1, · · · , zn, log s) : (z1, · · · , zn, s) ∈ σX(U, A)}

by definition, we have

(z1, · · · , zn, r) ∈ σX(U, logA) ⇐⇒ (z1, · · · , zn, er) ∈ σX(U, A).

Let s = er. Then ds = erdr and dr =
1

s
ds. Hence

1

(2π)n

∫
...

∫

σ(U,logA)

dθ1 · · · dθndr = 1

(2π)n

∫
...

∫

σ(U,A)

1

s
dθ1 · · · dθnds.

NEW SPECTRAL MAPPING THEOREM OF THE TAYLOR SPECTRUM2

It is easy to see that En
k (H) ∼=

n!
(n−k)! k!︷ ︸︸ ︷

H⊕ · · · ⊕ H (k = 1, ..., n).

Definition 1.1. A commuting n-tuple T = (T1, ..., Tn) ∈ B(H)n is said to be singular if
and only if the Koszul complex E(T) of T is not exact.

Definition 1.2. For a commuting n-tuple T = (T1, ..., Tn) ∈ B(H)n, the Taylor spectrum
σT (T) of T is the set of all z = (z1, ..., zn) ∈ Cn such that T− z = (T1 − z1, ..., Tn − zn)
is singular.

About the definition of the Taylor spectrum, see details J. L. Taylor [11] and [12].

For a commuting pair T = (T1, T2) ∈ B(H)2, it is well known that, for polynomials
f1, ..., fn of 2 variables, if f(z1, z2) = (f1(z1, z2), ..., fn(z1, z2)), then it holds

σT (f(T1, T2)) = f(σT (T1, T2)),

where σT (T1, T2) is the Taylor spectrum of T = (T1, T2). See Theorem 4.7 in [12].

In this paper, we study other spectral mapping theorem, that is, let Tj = Uj|Tj| (j =
1, 2) be the polar decomposition of Tj and f(t) be a continuous function on the non-
negative real line. Let Sj = Ujf(|Tj|) (j = 1, 2) and S = (S1, S2). Then under some
assumption does it hold

σT (S) = {(eiθ1f(r1), eiθ2f(r2)) : (r1e
iθ1 , r2e

iθ2) ∈ σT (T) } ?

For a single operator, it holds for some classes of operators. For example, if T = U |T | is
a p-hyponormal operator or a log-hyponormal operator with log |T | > 0 and f(t) = t2p or
f(t) = log t, then

(1) σ(Uf(|T |)) = {eiθf(r) : reiθ ∈ σ(T ) },

respectively by [7, 10].

Let T = (T1, T2) be a commuting pair of operators on H, z = (z1, z2) ∈ C2 and let

α(T− z) :=

(
T1 − z1 T2 − z2

−(T2 − z2)
∗ (T1 − z1)

∗

)
on H⊕H.

Then Vasilescu proved the following result.
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Let T = (T1, ..., Tn) be a doubly commuting n-tuple of log-hyponormal operators and
Tj = Uj|Tj| be the polar decomposition of Tj with log |Tj| ≥ 0 (j = 1, ..., n). Let U =
(U1, ..., Un) and A = exp

(
log |T1| · · · log |Tn|

)
. Then U is a commuting n-tuple of unitary

operators and A ≥ 0. By the definition of the operator Qj, it is easy to see that

Qj logA =
(
Πk �=j log |Tk|

)
(log |Tj| − log |T ∗

j |)

for all j = 1, ..., n. Therefore (U, A) is a log-hyponormal tuple and

Q1 · · ·Qn logA = Πn
j=1

(
log |Tj| − log |T ∗

j |
)
≥ 0.

Hence we have the following theorem.

Theorem 3.8. Let T = (T1, ..., Tn) be a doubly commuting n-tuple of log-hyponormal
operators with log |Tj| ≥ 0. Let Tj = Uj|Tj| (j = 1, ..., n) be the polar decomposition and
A = exp

(
log |T1| · · · log |Tn

)
. Then

||Πn
j=1(log |Tj| − log |T ∗

j |)|| ≤
1

(2π)n

∫
...

∫

σ(U,A)

1

r
dθ1 · · · dθndr.

References

[1] S.K. Berberian, Approximate proper vectors, Proc. Amer. Math. Soc., 13 (1962), 111-114.
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[4] M. Chō, P.B. Duggal and W.Y. Lee, Putnam’s inequality of doubly commuting n-tuples for
log-hyponormal operators, Proc. Roy. Irish Acad., 100(2000), 163-169.
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(a) Wataru Takahashi  
(b) Keio Research and Education Center for Natural Science,Keio University,Kouhoku-ko,Yokohama 223-8521, 
   Japan 
(b’) wataru@is.titech.ac.jp, wataru@a00.itscom.net  
(c) Nonlinear Functional Analysis  
 
(a) Shigeo Akashi 
(b) Department of Information Sciences, Faculty of Science and Technology, Tokyo University of Science, 

2641, Yamazaki, Noda-City, Chiba-Prefecture, 278-8510, Japan 
(b’) akashi@is.noda.tus.ac.jp 
(c) Information Theory, Entropy Analysis, Applied Mathematics, Functional Analysis 
 
(a) Yoshitsugu Kabeya 
(b) Department of Mathematical Sciences, Osaka Prefecture University, 1-1, Gakuen-cho, Naka-ku,  
   Sakai, Osaka 599-8531, Japan 
(b’) kabeya@ms.osakafu-u.ac.jp 
(c) Partial Differential Equations, Ordinary Differential Equations 
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’) yagi@ap.eng.osaka-u.ac.jp  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Graduate School of Informatics, Kyoto University, Yoshida-Honmachi, Sakyo-ku, Kyoto 606-8501, Japan 
(b)’ ynaka@i.kyoto-u.ac.jp 
(c) integrable systems, numerical linear algebra, special functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  

non-public
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’) yagi@ap.eng.osaka-u.ac.jp  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Graduate School of Informatics, Kyoto University, Yoshida-Honmachi, Sakyo-ku, Kyoto 606-8501, Japan 
(b)’ ynaka@i.kyoto-u.ac.jp 
(c) integrable systems, numerical linear algebra, special functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  

ryu-hoh@outlook.jp
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(a) Atsushi Yagi  
(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871, 

Japan  
(b’)  
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  
 
(a) Yoshimasa Nakamura 
(b) Osaka Seikei University, 3-10-62 Aikawa, Higashiyodogawa-ku, Osaka 533-0007, Japan 
(b)’ nakamura-yo@osaka-seikei.ac.jp 
(c) Integrable Systems, Numerical Linear Algebra, Special Functions 
 
(a) Yasumasa Fujisaki 
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 
 
(a) Naruhiko Aizawa 
(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture  
   University,Sakai,Osaka 599-8531,Japan 
(b’)aizawa@p.s.osakafu-u.ac.jp 
(c) representation theory 
 
(a) Hisao Nagao  
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  
 
(a) Masanobu Taniguchi  
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 
 
(a) Masao Kondo  
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  
 
(a) Masao Fukushima 
(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering, 

Nanzan University, Nagoya, Aichi 466-8673, Japan 
(b)’ fuku@nanzan-u.ac.jp 
(c) Mathematical Programming, Nonlinear Optimization 
 
(a) Ryusuke Hohzaki 
(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu, 

Yokosuka, 239-8686, Japan 
(b’) hozaki@cc.nda.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 
 
(a) Hiroaki Ishii  
(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University  
2-1 Gakuen, Sanda, Hyogo 669-1337, Japan  
(b’) ishiroaki@yahoo.co.jp  
(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming, 

Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control, 
Mathematical evaluation method  
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(a) Junzo Watada  
(b) Universiti Teknologi PETRONAS Department of Computer & Information Sciences 32610 Seri Iskandar,Perak Darul 

Ridzuam,Malaysia Office Phone: 
   +60-5-368-7517 Mobile:+60-13-598-0208  
   Professor Emeritus,Waseda University,Japan 
(b’) junzow@osb.att.ne.jp  
(c) Fuzzy systems, Management Engineering 
 
(a) Kensaku Kikuta 
(b) School of Business Administration, University of Hyogo, 

 8-2-1  Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN 
(b’) kikuta@biz.u-hyogo.ac.jp 
(c) Game Theory, Operations Research, 
 
(a) Wuyi Yue  
(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada-ku , Kobe 658-8501, JAPAN  
(b’) yue@konan-u.ac.jp  
(c) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov 

Processes, Probabilistic Methods, Systems Engineering  
 
(a) Hiroaki Sandoh 
(b) Faculty of Policy Studies Kwansei Gakuin University 2-1, Gakuen, Sanda-shi, Hyogo 669-1337 Japan  
(b’) sandoh@kwansei.ac.jp 
(c) Operations Research and Management Science, Stochastic modeling 
 
 
(a) Katsunori Ano 
(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku 
   Saitama-city, 337-8570, Japan 
(b’) k-ano@shibaura-it.ac.jp 
(c) Optimal Stopping, Mathematical Finance, Applied Probability 
 
 
(a) Koyu Uematsu 
(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University  

6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan 
(b’) uematsu@oiu.jp 
(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory 
 
 
(a) Yoshiki Kinoshita  
(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa 

259-1293, Japan 
(b’) yoshiki@kanagawa-u.ac.jp 
(c) Software Science, Programming language semantics  
 
 
(a) Shunsuke Sato 
(b) non-public 
(b’)ss_22362@nifty.com  
(c) Mathematical biology in general 
 
(a)Tadashi Takahashi 
(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada, Kobe, Hyogo 658-8501, Japan 
(b’) takahasi@konan-u.ac.jp 
(c)Mathematics Education 
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(a) Benoit Collins 
(b) Department of Mathematics, Faculty of Science, Kyoto University 
(b') collins@math.kyoto-u.ac.jp 
(c) Random Matrix Theory, Free Probability, Quantum Information Theory 
   Quantum Groups (operator algebra side), Operator Algebra 
 
 
(a) Yoko Watamori  
(b) Department of Mathematics and Information Sciences, Graduate School of Science, Osaka Prefecture University,      
Sakai, Osaka 599-8531, Japan  
(b') watamori@mi.s.osakafu-u.ac.jp  
(c) Directional statistics, Multivariate Analysis 
 
 
(a) Koichi Osaki  
(b)Department of Mathematical Sciences,School of Science and Technology, Kwansei Gakuin University,  
2-1 Gakuen, Sanda, 669-1337, Japan.  
(b')osaki@kwansei.ac.jp  
(c)Nonlinear partial differential equations, Infinite-dimensional dynamical systems 
*****************************************************************************************  
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Koyu Uematsu  (Professor of  Osaka International University) 

International Society for Mathematical Sciences 
   1-5-12-202 Kaorigaoka-cho, Sakai-ku, Sakai-city, 590-0011,Japan 
   uematsu@jams.jp 
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Submission to the SCMJ 
 
In September 2012, the way of submission to Scientiae Mathematicae Japonicae 
(SCMJ) was changed.  Submissions should be sent electronically (in PDF file) to the 
editorial office of International Society for Mathematical Sciences (ISMS).  
 
(1) Preparation of files and Submission 

a. Authors who would like to submit their papers to the SCMJ should make 
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty) 
Submissions should be in PDF file compiled from the source files.  Send the 
PDF file to s1bmt@jams.jp . 

b. Prepare a Submission Form and send it to the ISMS.  The required items to 
be contained in the form are:  

  1. Editor’s name whom the author chooses from the Editorial Board 
(http://www.jams.or.jp/hp/submission_f.html )and would like to take in 
charge of the paper for refereeing.  

2. Title of the paper.   
3. Authors’ names.   
4. Corresponding author’s name, e-mail address and postal address (affiliation).  
5. Membership number in case the author is an ISMS member.   
 
Japanese authors should write 3 and 4 both in English and in Japanese.  
 
At http://www.jams.or.jp/hp/submission_f.html, the author can find the 
Submission Form. Fulfill the Form and sent it to the editorial office by pushing 
the button “transmission”.  Or, without using the Form, the author may send 
an e-mail containing the items 1-5 to s1bmt@jams.jp 

 
(2) Registration of Papers 

When the editorial office receives both a PDF file of a submitted paper and a 
Submission Form, we register the paper.  We inform the author of the 
registration number and the received date.  At the same time, we send the PDF 
file to the editor whom the author chooses in the Submission Form and request 
him/her to begin the process of refereeing. (Authors need not send their papers to 
the editor they choose.) 

 
 
 
 
 
 

1
11



 2

(3) Reviewing Process 
a. The editor who receives, from the editorial office, the PDF file and the request 

of starting the reviewing process, he/she will find an appropriate referee for 
the paper.   

b. The referee sends a report to the editor.  When revision of the paper is 
necessary, the editor informs the author of the referee’s opinion. 

c. Based on the referee report, the editor sends his/her decision (acceptance of 
rejection) to the editorial office. 

 
(4) a. Managing Editor of the SCMJ makes the final decision to the paper valuing the  

editor’s decision, and informs it to the author. 
b. When the paper is accepted, we ask the author to send us a source file and 

a PDF file of the final manuscript.  
c. The publication charges for the ISMS members are free if the membership dues 

have been paid without delay. If the authors of the accepted papers are not the 
ISMS members, they should become ISMS members and pay ¥6,000 (US$75, 
Euro55) as the membership dues for a year, or should just pay the same 
amount without becoming the members. 

 
 
 
 

Items required in Submission Form 
1. Editor’s name who the authors wish will take in charge of the paper 
2. Title of the paper 
3. Authors’ names 
3’.  3. in Japanese for Japanese authors 
4. Corresponding author’s name and postal address (affiliation) 
4’.  4. in Japanese for Japanese authors 
5. ISMS membership number 
6. E-mail address   

 
 
 
 
 
 
 
 

 
 

212



 3

Call for ISMS Members 
 

Call for Academic and Institutional Members 
 

Discounted subscription price: When organizations become the Academic and Institutional 
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the 
yearly price of US$225.  At this price, they can add the subscription of the online version upon 
their request.    

 
Invitation of two associate members: We would like to invite two persons from the 

organizations to the associate members with no membership fees. The two persons will enjoy 
almost the same privileges as the individual members.  Although the associate members 
cannot have their own ID Name and Password to read the online version of SCMJ, they can 
read the online version of SCMJ at their organization. 

 
To apply for the Academic and Institutional Member of the ISMS, please use the following 

application form. 
 
----------------------------------------------------------------------------------------------------------- 
 

Application for Academic and Institutional Member of ISMS 
Subscription of SCMJ 

Check one of the two. 

 

□Print               □Print ＋ Online 

(US$225)                 (US$225) 

University (Institution) 

 

 

Department 

 

 

Postal Address 

where SCMJ should be 

sent 

 

E-mail address 

 

 

Person in charge 

Name: 

Signature: 

 

Payment 

Check one of the two. 
□Bank transfer        □Credit Card (Visa, Master) 

Name of Associate Membership 

1.  

 

2.  
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Call for Individual Members 

 
We call for individual members.  The privileges to them and the membership dues are shown 

in “Join ISMS !” on the inside of the back cover. 
 

 
 Items required in Membership Application Form 
   

1. Name 
2. Birth date 
3. Academic background 
4. Affiliation 
5. 4’s address 
6. Doctorate 
7. Contact address 
8. E-mail address 
9. Special fields 
10. Membership category (See Table 1 in “Join ISMS !”) 
 

Individual Membership Application Form 
 
1. Name 
 

 

 
2. Birth date 
 

 

3. 
Academic background 
 

 

 
4. Affiliation 
 

 

 
5. 4’s address 
 
 

 

 
6. Doctorate 
 

 

 
7. Contact address 
 
 

 

  
8.  E-mail address 
 

 

 
9.  Special fields 
 

 

10.  
Membership 

    category 
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Contributions (Gift to the ISMS) 
We deeply appreciate your generous contributions to support the activities of our 

society. 
The donation are used (1) to make medals for the new prizes (Kitagawa Prize, 
Kunugi Prize, and ISMS Prize),  (2) to support the IVMS at Osaka University 
Nakanoshima Center, and (3) for a special fund designated by the contributors. 
 
Your remittance to the following accounts of ours will be very much appreciated. 

 
(1)  Through a post office, remit to our giro account ( in Yen only ): 

         No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS ) 
   or send International Postal Money Order (in US Dollar or in Yen) to our 

address: 
       International Society for Mathematical Sciences 

         2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan 
 
(2)   A/C 94103518, ISMS 

CITIBANK, Japan Ltd., Shinsaibashi Branch 
           Midosuji Diamond Building 
           2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan 
 

 
 

******************************************************************************** 
Payment Instructions: 

Payment can be made through a post office or a bank, or by credit card. Members may 
choose the most convenient way of remittance. Please note that we do not accept payment by 
bank drafts (checks). For more information, please refer to an invoice. 
 

Methods of Overseas Payment: 
Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4) 
UNESCO Coupons.  

Authors or members may choose the most convenient way of remittance as are shown below. 
Please note that we do not accept payment by bank drafts (checks). 
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send 
International Postal Money Order to our postal address (2) Remittance through a 
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment 
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO 
Coupons. 
 

Methods of Domestic Payment: 
Make remittance to: 

(1) Post Office Transfer Account - 00930-3-73982 or  
(2) Account No.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING 
CORPORATION, Sakai, Osaka, Japan. 
All of the correspondences concerning subscriptions, back numbers, individual and 
institutional memberships, should be addressed to the Publications Department, 
International Society for Mathematical Sciences. 
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Join ISMS ! 
ISMS Publications: We published Mathematica Japonica (M.J.) in print, 

which was first published in 1948 and has gained an international reputation in 
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online 
and in print. In January 2001, the two publications were unified and changed to 
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New 
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and 
published both online and in print.  Ahead of this, the online version of SCMJ 
was first published in September 2000.  The whole number of SCMJ exceeds 270, 
which is the largest amount in the publications of mathematical sciences in 
Japan. The features of SCMJ are: 
1) About 80 eminent professors and researchers of not only Japan but also 20 

foreign countries join the Editorial Board. The accepted papers are 
published both online and in print. SCMJ is reviewed by Mathematical 
Review and Zentralblatt from cover to cover. 

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ 
are introduced to the relevant research groups for the positive exchanges 
between researchers. 

3) ISMS Annual Meeting: Many researchers of ISMS members and 
non-members gather and take time to make presentations and discussions 
in their research groups every year. 

 
The privileges to the individual ISMS Members:  
(1) No publication charges 
(2) Free access (including printing out) to the online version of SCMJ 

 (3) Free copy of each printed issue  
 
The privileges to the Institutional Members:  
Two associate members can be registered, free of charge, from an institution.  

 
 
Table 1: Membership Dues for 2013 
Categories Domestic Overseas Developing 

countries 
1-year Regular 
member 

     ￥6,000  US$75 ,  €55 US$45,  €33 
 

1-year Student 
member 

     ￥4,000 US$50,  €37 US$30,  €22 
Life member* Calculated  

as below* 
       NA    NA 

 
Honorary member     Free        Free    Free 

 
 
* Regular member between 63 - 73 years old can apply the category. 
   (73－age ) × ¥3,000 
Regular member over 73 years old can maintain the qualification and the 
privileges of the ISMS members, if they wish. 
 
Categories of 3-year members were abolished. 
  
 

INTERNATIONAL SOCIETY FOR MATHEMATICAL SCIENCES
Scientiae Mathematicae Japonicae, Notices from the ISMS

The International Society for Mathematical Sciences (ISMS) is an international soci-
ety consisting of mathematical scientists throughout the world.

The main activities of the ISMS are to publish (1) the (print and online) journal
Scientiae Mathematicae Japonicae (SCMJ) and (2) Notices from the ISMS and to
hold assembly meeetings in Japan and international internet meetings (distance
symposium) of mathematical sciences (IVMS) accessible from all over the world.

SCMJ is the 21st Century New Unified Series of Mathematica Japonica (MJ) and
Scientiae Mathematicae (SCM). MJ was first published in 1948 and was one of the
oldest mathematical journals in Japan. SCM was an online and print journal started in
1998 in celebration of the semi-centurial anniversary and received 26000 visits per month
from 50 countries in the world. SCMJ contains original papers in mathematical sciences
submitted from all over the world and receives 38000 visits per month now. Not only
papers in pure and applied mathematics but those devoted to mathematical statistics,
operations research, informatics, computer science, biomathematics, mathematical eco-
nomics and other mathematical sciences are also welcome. The journal is published in
January, March, May, July, September, and November in each calendar year.

The ISMS has enhanced the journal, begining from July 1995, by including excel-
lent Research-Expository papers in the section “International Plaza for Mathematical
Sciences ” as well as original research papers. The section provides papers dealing with
broad overviews of contemporary mathmatical sciences, written by experts mainly at
our invitation. Papers shedding lights on open problems or new directions or new break-
throughs for future research are especially welcome.

As is shown in the Editorial Board of SCMJ, we have invited many distin-
guished professors of 20 countries as editors, who will receive and referee the papers
of their special fields with their high standard.

Beginning from 2007, we make the online version of SCMJ more readable and conve-
nient to the readers by adding the specialized contents. By this, the readers can access
to the online version, in which the papers appear in the order of acceptance, from (i)
the contents of the printed version, and (ii) the specialized contents of a volume. From
2007, the subscription fee of the printed version plus the online version of SCMJ becomes
lower and the same of the printed version only. Therefore, the subscribers of the printed
version can read the online version without no additional cost.

For benefit of the ISMS members, we publish ”Notices from the ISMS” 6 times a year.
We are enhancing it by adding interesting articles, including book reviewing, written by
eminent professors.

The ISMS has set up a videoconferencing system (IVMS) which can connect up
to twenty sites of a reserch group in the same or different countries in the world.
Using this system, speakers of the session can write on a white board or an OHP sheet
or use PowerPoint. On the other hand participants can ask questions or make comments
from any connected site in the world. All these are performed similarly to the traditional
meetings.

To connect with our system, you can use your own videoconferencing system only if
it satisfies the International Telecommunication Union-Technical Committee Standards
(ITU-T Standard).

Copyright Transfer Agreement

A copyright transfer agreement is required before a paper is published in this journal.
By submitting a paper to this journal, authors are regarded to certify that the manuscript
has not been submitted to nor is it under consideration for publication by another journal,
conference proceedings or similar publication.

For more information, please visit http://www.jams.or.jp.

Copyright Copyright c©2014 by International Society for Mathematical Sciences.
All rights reserved.

Categories Domestic Overseas Developing 
countries

1-year� Regular
member ￥8,000  US$80 ，Euro75  US$50， Euro47

1-year� Students 
member ￥4,000  US$50 ，Euro47  US$30 ，Euro28

Life member* Calculated
as below*  US$750 ，Euro710  US$440， Euro416

Honorary member Free Free Free

Membership Dues for ２０１9

　(Regarding submitted papers,we apply above presented new fee after April 15 in 
2015 on registoration date.) * Regular member between 63 - 73 years old can apply 
the category.
(73－age ) × ￥3,000
Regular member over 73 years old can maintain the qualification and the privileges 
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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