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ABSTRACT. We present some properties of one-dimensional cactoids and construct a
universal element Z for the family of one-dimensional cactoids X such that a simple

cyclic chain between any two cut points of X is a cactus. One-dimensional cactoids
are partial case of planar totally regular curves and are investigated by Whyburn [13]
under the term “boundary curves”.

1 Introduction. In this paper under the term continuum is meant a nonempty, compact
and connected metric space. A curve is a one-dimensional continuum.

A continuum Z is universal for a class F of continua provided that Z € F and each mem-
ber of F can be homeomorphically imbedded in Z. A space is planar if it is homeomorphic
to a subset of the plane.

A Peano continuum is a locally connected continuum.

We will use the results of the papers of 1920s (see [2], [10], [11]) in which under the term
continuous curve was meant a metric space X that is a continuous image of segment [0, 1].
According to Hahn-Mazurkiewicz Theorem (see [13, (4.1). p. 92]) the above condition for
X is equivalent to the property of X to be a Peano continuum.

The order of a space X at the point p € X, written ord(p, X), is the least cardinal
or ordinal number m such that p has an arbitrary small open neighborhood in X with
boundary of cardinality < m. In particular, ord(p, X) = w, where w denotes the least infinite
ordinal number, if p has arbitrary small open neighborhoods in X with finite boundaries
but ord(p, X) > n for every natural number n [6, §51, I, p. 274].

The points of B(X) = {z € X : ord(p, X) > 3} are called branch points of X and the
points of E(X) = {z € X : ord(p, X) = 1} are called end points of X.

A point p of a connected space X is a cut point if X \ {p} is not connected. The set of
all cut points of a connected space X will be denoted by ¢(X).

A simple closed curve is a space homeomorphic to the circle. An arc is a space A
homeomorphic with a segment [0, 1]. The arc A with end points p and ¢ is written pg. An
arc pq C X is called free in X if the set (pq) = pq \ {p, ¢} is an open subset of X.

A continuum X is said to be cyclicly connected provided that every two points of X lie
together on some simple closed curve of X. By a cyclic element of Peano continuum X will
be meant a cut point of X, an end point of X, or a nondegenerate cyclicly connected Peano
subcontinuum M of X such that M is not a proper subset of any other cyclicly connected
Peano subcontinuum of X. Any nondegenerate cyclic element of X is called true cyclic
element of X.

A Peano continuum each true cyclic element of which is homeomorphic to a simple
closed curve is called a one-dimensional cactoid [13]. The property of a Peano continuum
M to be a one-dimensional cactoid is equivalent with any of following properties:

(i) No two simple closed curve of M have more than one point in common.

(ii) M contains no f-curves.
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A graph is a continuum which can be written as the union of finitely many arcs any two
of which are either disjoint or intersect only in one or both of their end points [7]. A cactus
is a graph in which any two simple closed curves have at most one point in common [9].
Clearly, a cactus is a cactoid that is a graph.

A simple cyclic chain of Peano continuum X between two of its cyclic elements E; and
E5 is a connected subset S that is a union of some family F of cyclic elements of X such
that Fy, E5 € F and no proper connected subset of S containing £y and FEs is the sum of
cyclic elements (see [11]). Note that a simple cyclic chain between any two cyclic elements
of Peano continuum is uniquely determined [11, Theorem 3].

The main result of the paper is a construction of a universal cactoid Z for the class of
all one-dimensional cactoids X such that a simple cyclic chain between any two cut points
of X is a cactus.

2 One-dimensional cactoids as a boundary curves. Let X is a Peano continuum of

the plane P. Any component of P\ X is called complementary domain of X. The boundary

of any complementary domain of X is a subcontinuum of X and is called a boundary curve.
Wilder in [10, Theorem 17] proved the following result:

Theorem 2.1. If a Peano continuum M is a boundary of complementary domain of a
Peano continuum, then M is the union of disjoint families of sets Sy, So and P, where:

(1) S1 is a countable set of all simple closed curves contained in M no two of which have
more than one point in common,

(2) Ss is a countable set of arcs no two of which have in common an interior point of both,
and

(3) P=M\ (S51US2) is a totally disconnected set of limit points of S1 U Sa.
From Theorem 2.1 it follows that:
Corollary 2.1.1. Fach boundary curve is a one-dimensional cactoid.

The fact that any one-dimensional cactoid is planar follows from the result of Ayres [2,
Theorem in page 92]:

Theorem 2.2. In order that a Peano continuum M be homeomorphic with a plane Peano
continuum which is the boundary of one of its complementary domains it is necessary and
sufficient that every true cyclic element of M be a simple closed curve.

From Theorem 2.2 it also follows that:

Corollary 2.2.1. A Peano continuum M is a one-dimensional cactoid if and only if M is
homeomorphic with a plane Peano continuum which is the boundary of one of its comple-
mentary domains.

A continuum K is said to be regular if K has a basis of open sets with finite bound-
aries. Any regular continuum is hereditarily locally connected [6, §51, IV, Theorem 2, p.
283]. Since a one-dimensional cactoid contains no 6-curves, it follows that (see [6, §52, IV,
Theorem 3, p. 329]):

Corollary 2.2.2. Any one-dimensional cactoid X is reqular and any connected subset of
X is arcwise connected.
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A metric space (X,d) is uniformly locally arcwise connected provided that for every
€ > 0 there exists § > 0 such that if z,y € X and d(z,y) € (0,9), then z and y can
be joined by an arc of diameter < £. Any Peano continuum is uniformly locally arcwise
connected [6, §50, II, Theorem 4, p. 257], hence:

Corollary 2.2.3. Any one-dimensional cactoid is uniformly locally arcwise connected.

3 Properties of one-dimensional cactoid. Let N={0,1,...,n,...}. Given a subset
G of a space X the closure and the boundary of G in X will be denoted by ¢lx(G) (or
cl(@)) and bdx (G) (or bd(G)), respectively.

Proposition 3.1. FEach branch point of a one-dimensional cactoid X is a cut point.

Proof. Let r € B(X). From the Menger n-Beinsatz (see [6, p. 277]), it follows that there
exist arcs Ay = rxy, Ay = razo, and Az = rx3 of X having the unique point r in common.

Suppose, on the contrary, that = is not a cut point. Then the connected subset X \ {r}
of X is arcwise connected. Thus there exists an arc A = 122 C X \ {r}. Since AN A;
is a compact subset of A; \ 7, the component of A; \ A containing r is a subarc By = rb;
of Ay such that By N A = by. Similarly, there exists a subarc By = rby of Ay such that
BN A =bsy. Let B = b1bsy is a unique determined subarc of A joining the points b; and bs.
Then BU By U Bs is a closed curve containing the points r and by .

Since z3,b; € X\{r} and X\{r} is arcwise connected, there is an arc C' = byz3 C X\{r}.
It is easy to see that the set BU By U By U C U A3 contains a f-curve. Hence, X is not a
cactoid which is a contradiction. O

Proposition 3.2. The set of branch points of one-dimensional cactoid is countable.

Proof. Let X be a cactoid. Since all save possibly a countable number of cut points of X
are of order 2 [13, (3.2), p. 49] in X, the cut points of X of order > 3 are countable. Hence,
B(X) is countable from Theorem 3.1. O

Definition 3.1. A subcontinuum G of one-dimensional cactoid X is called full provided
that each simple closed curve of X either is a subset of GG, or does not intersect G, or
intersects G in a single point.

Theorem 3.1. If X is a one-dimensional cactoid, then for any full subcontinuum G of X
and for any x € X \ G there exist a point r, € G and an arc A, from x to ry such that:

(1) Ax NG ={ry} and r, is a unique point that belongs any arc of X from x to any point
of G.

(2) If G, is a component of X \ G containing x, then G N cl(G,) = {r.}.

z, ifred
re, ifreX\G

(3) The mapr: X — G by r(z) = { is continuous.
Proof. (1) Consider any 1y € G. Since X is arcwise connected there is an arc Ag = xry C X.
Let S, be a component of Ap \ G containing x. Clearly S, is a half-open subarc [zr;) of
Ap, where r, € Ag N G. Hence, A, = cl(S;) is an arc from x to r, and A, NG = {r,}.
Let Ay = ar be an arc of X from z to r € G and §x be a component of A; \ G containing
x. As above for a point 79 we can find a point g € G and an arc A, = gv C A; such that
AyNG = {g}. Suppose on the contrary that r, ¢ A;. Then ry # g. Let S, be a component
of A;\ Ay containing 7. Then Ay = ¢l(S,,) is an arc from 7, to b € AgNA,. Since b,g € Ay,
there exists an arc Az = bg C Ay. Since 5,9 € G and G is arcwise connected, there is an
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arc Ay = gr, € G. From the above a simple closed curve As U A3 U A4 of X intersects G
in arc gr, which is a contradiction, because G is full subcontinuum of X. Hence, r, € A;.

Suppose that » € G and r belongs to any arc from x to any point of G. Then r € A,.
Since A, NG = {ry}, r =74

(2) Clearly, r, € A, C cl(G;). Suppose that there exists p € G N cl(G,) with p # r,.
Since p ¢ A,, there exists an open and connected subset V,, of X such that p € V, C X'\ 4,.
Since p € CI(G,), there exists ¢ € V, N G,. Since V,, is arcwise connected from Corollary
2.2.2, there exists an arc gp C V. Since z,¢q € G, and G, is arcwise connected, there exists
arc xq € G,. Then xqUgp contains an arc A from x to p € G. Hence r, € A from condition
1. On the other hand r, & gp U zq. Hence r, ¢ A, which is a contradiction.

(3) Let g € G and W, be an open and connected neighborhood of r7(g) = g in X. To
prove that 7 is continuous at g it suffices to show that »(W,) C Wy. Indeed, for v € W,NG
we have r(z) = x € Wy. For x € W, \ G there exists an arc A C W, from « to g. Since
r(z) =ry € Afrom 1, r(z) € W,

Let x € X\G and G, be a component of X \G containing x. Since X is locally connected,
G, is open. To prove the continuity of r in z, it suffices to show that r(G;) = {r(z)}. Indeed,
if p € G, \ {z}, then G, is a component of X \ G containing p. From condition 2 of the
Theorem it follows that {r,} = cl(Gz) NG = {ry}. Thus r(p) =rp, =1, = r(x). O

Remark 3.1. The map r defined in Theorem 3.1 is a retraction. We will call r the first
point map corresponding to full subcontinuum G of X.

Lemma 3.1. If a simple cyclic chain between any two cut points of one-dimensional cactoid
X is a cactus, then any simple cyclic chain of X that is a subset of X \ E(X) is a cactus.

Proof. Let C C X\ E(X) be a simple cyclic chain between cyclic elements F; and Es of X.
Then each of F; and Es is either a cut point or a simple closed curve. Suppose that F; and
Es5 are simple closed curves. Then E; N E consists of at most one point. If Fy N Ey = {p},
then C = E; U Es is a cactus.

Suppose that £1 N Ey = (. Consider the first point maps 71 : X — E1 and rg : X — Ej.
From Theorem 3.1 there are p € E5 and ¢ € Ey such that 71 (E2) = r1(p) and r2(E71) = r2(q).
Obviously, C* = (C'\ (E1 U E3)) U {r1(p), r2(p)} is a simple cyclic chain between cut points
r1(p) and r3(q) of X. Hence C* and, therefore, C' = C* U E; U E5 are cactuses.

The proof is similar in the case that exactly one of F; and F» is a cut point. O

Lemma 3.2. Let X be a one-dimensional cactoid, Y a full subcontinuum of X and r :
X =Y a first point map.

If x € X\Y, S is a cyclic element of X containing x, and C is a simple cyclic chain
between r(x) and S, then Y U C is full.

Proof. Let L be a simple closed curve of X that intersects Y U C. If L intersects Y, then
LNY = {y} because Y is full. If in addition L intersects C, then y = r(y) = r(C) =r(z) €
C. We conclude that LN (YUC) CLNC.

Suppose, on the contrary, that LN(YUC') contains two points z and w. Then z,w € LNC.
Thus there exists an arc A = zw C C. Since X contains no f-curves, A C L and L is a
unique simple closed curve containing A. Suppose that ¢ € A with ord(¢, X) = 2. Since C
is a union of cyclic elements, it follows that ¢ is a cyclic element. Thus ¢ € ¢(X). Hence,
X\ {¢} contains at least two component. Since ¢ does not separate L it follows that L\ {q}
is containing in some component Wi of X \ {¢}. Let w belongs to a component Wy # W1 of
X\ {q}. Then there exists an arc B = wqg C WaU{q}. Then BN L = {q} and we conclude
that ord(g, X) = 3, which is a contradiction.

O
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Lemma 3.3. If X is a Peano continuum, then X \ E(X) is dense in X.

Proof. Let U # () be an open subset of X. Since X is locally connected, there exists an
open and connected set V' # () such that V' C U. There exists an arc ab C V [7, Theorem
8.26]. Then ord(p, X) > ord(p,ab) = 2 for p € (ab). Clearly, p € UN (X \ E(X)). O

It is easy to prove the following Lemma.

Lemma 3.4. If a cactus K is a simple cyclic chain between two of its cyclic elements, then
K =Uj_, Cj, where n € N\ {0} and each Cj is either a simple closed curve or a mazimal
free arc of K. Moreover, if n > 2, then

(1) C;NCjp1 =A{b;} forj=1,...,n—1, where b; € B(K), and
(’L’L) ijci:®f0T|i—j| > 2.

Theorem 3.2. Let X be a one-dimensional cactoid such that a simple cyclic chain between
any two cut points of X is a cactus.
Then there exists a sequence {Y3}72, of full cactuses of X such that

(i) Y1 ={p1} or Y1 is a simple closed curve;

(i1) E(Yy) C c(X) (including the case E(Yy) =0);
(ii) Yi C Yisr:

(1) el(Yieg1 \ Yi) N Yi = {pr} and py € c(X);

(v) limY; = X;

(vi) if i : X — Yy is the first point map for k = 1,2, ..., then the sequence of retractions
{ri}e2, converges uniformly to idx.

Proof. Since X is separable, from Lemma 3.3 it follows that there exists a dense subset
{z;}2, of X such that {z;}2; C X \ E(X).

Let Y7 be a maximal cyclic element of X containing z1. From definition of cyclic element
it follows that either Y7 is a simple closed curve or Y7 = {1} and z; € ¢(X).

Consider the first point map 71 : X — Y;. Put my = min{i : x; € Y1} and 71 (z,) =
{p1}. Then either p; = z1 or Y7 is a simple closed curve and p; € Y3 N B(X). In any case
p1 € C(X)

Let 51 be the maximal cyclic element of X containing z,,,. Either S; is a simple closed
curve or S; = {zy, } and z,,, € ¢(X). Let Cy be a cyclic chain between cyclic elements
p1 and S;. From Lemma 3.1 Cy is a cactus. Let Yo = Y; UC;. By Lemma 3.2, Y5 is a
full subcontinuum of X. Since Y7 is full, z,,, € Y2\ Y7 and Y3 \ Y1 is a connected subset
(see [11, Theorem 6]) of X \ Y7, from Theorem 3.1(4) Y3 Nel(Y2 \ Y1) = {p1}. Obviously,
E(Ya) € {w1,2m,} C e(X),

Suppose that cactuses Y7, ..., Y with properties (i) — (iv) have been defined.

Consider the first point map ri : X — Yj. Let my = min{i : o; € Yy} and ri(an,,) =
pr € Yy If pr. € E(Y}), then py € ¢(X) by inductive assumption. Otherwise, pj is a branch
point and, therefore, py, € ¢(X) from Theorem 3.1. Let Si be a maximal cyclic element of
X containing z,,, and Cj be a cyclic chain between cyclic elements p; and Si. Similarly as
for Ys it can be shown that Yyy; is full and satisfies the properties (i) — (iv) of the Theorem.

To prove (v), set Ay = {z1,...,x}. Since Ay C Apyq and cl({x;}52,) = X, it follows
that lim Ay, = X. Since xj < %, and A,,, C Yj41, it follows that Ay C Y41 € X. Thus
limYk = hmAk = X.
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In order to prove (vi) we consider the Hausdorff metric Hy generated on the set of closed
subsets of X by metric d of X. Then

Hy(X,Y;) =inf{e* >0: X C | J Ba(y,e")},
IS

where By(y,e*) = {z € X : d(y,p) < e*}. Let € > 0. Since X is uniformly locally arcwise
connected from Corollary 2.2.3, there exists § > 0 such that if z,y € X, and 0 < d(z,y) < 4,
then there exists an arc A = zy with diameter < e. Since limY};, = X from (v), there exists
ko € N such that for all k£ > ko we have Hy(X,Y)) < 6. Thus

X C U Ba(y,0) for any k > ko.
YyEY)

Let z € X and k > kg. Then there exists y, € Y, such that x € By(yg,d). Hence, x
and y;, can be joined by arc A of diameter < e. Since y; € Yy and 7(7) belongs to any
arc from z to any point of Yy, ri(z) € Ak, Since z,r(x) € A¥, we conclude that

d(idx (x),r(2)) = d(z,r,(z)) < diam(A¥) < e.
O

Theorem 3.3. [7, 2.29] Let Y be a compact metric space, and let {Y;}2, be a sequence of
compact subsets of Y such that, for eachi = 1,2, ..., there are continuous and onto functions
Vi Yigr = Y and v 0 Y = Y, such that i o ripy = i If {ri}52, converges uniformly to
the identity map idy on 'Y, then Y is homeomorphic to inverse limit l(iin{Yi, i 2.

The following Theorem follows directly from Theorems 3.2 and 3.3

Theorem 3.4. If X is a one-dimensional planar cactoid such that any two cut points of

X can be joined by a simple cyclic chain that is a cactus and {Y;}32, is the sequence of

cactuses satisfying Theorem 3.2, then X is homeomorphic to Xoo = Um{Yy, ¥}, where
—

Yy = Tk|Yk+1: Yit1 = Y, E=1,2,....
Theorem 3.5. Let X be one-dimensional planar cactoid such that any two cut points can

be joined by a simple cyclic chain that is a cactus.
Then there exists an inverse sequence {X;, g;}52, such that

(1) X; is a full cactus and g; : X;+1 — X; is a monotone retraction;
(1) X1 is a point or a simple closed curve;

(#i1) X; C X,11 and there exists a unique point t; € X; such that gi_l(ti) is non degenerate
and is either a simple closed curve or a free arc whose end points are in ¢(X);

(iv) X is homeomorphic to lim{X;, g;}.
—

Proof. From Theorem 3.4, X is homeomorphic to lim{Y%, ¢}, where {Y3}32, is the se-
«—

quence of cactuses satisfying Theorem 3.2 and ¢, = rk|Yk+1'

Clearly, each ¢ : Yi41 — Y is a monotone retract.

From Theorem 3.2 there is a unique point pi € Y}, for which @b;l(pk) is non degenerate.
Also there exits z,,, € X \ E(X) for which ¢, '(px) = cl(Ye+1 \ Yi) is a cactus that is a
simple cyclic chain from py, € ¢(X) to the maximal cyclic element Sy of z,,,. From Lemma
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3.4 it follows that v, ' (py) = UL, Ck, .
maximal free arc of K. Moreover, if ny > 2, then C']’-C N C’J’-€_~_1 = {bf} forj=1,...,n; —1
where b; € B(X), and C}' N Cf =0 for |i — j| > 2.

For k = 1 we obtain ¢, *(p1) = Ui, Cj. We define

where each Cf is either a simple closed curve or a

X1 =Y, X =Y1UC}, X3=X2UC3,...,X14p, = Xy, UC, =Yo.

From Theorem 3.2 the set X7 is a point or a simple closed curve.

Put t; = p; and t; = bjl»_1 for j =2,...,n1. Let g; : Xj41 = X;, 5 =1,...,n1, be the
first point map. Then g;l(tj) = C} forj=1,...,n4.

Let i@ > nq + 1 be a positive integer. There exist a unique k(i) € {1,2,...} and a
unique m(i) € {1,...,ng4)} such that i = 14 ng + --- + ngey—1 + m(i). We define
X, =Y, U (U;":(? Cf(i)) . If m(i) = 1, then we define ¢; = py(;). Otherwise we define

t; = bfn(éz)_l. Let g;—1 : X; — X;_1 be the first point map. Then 9;11 (t;) = C:L((Z)) Clearly,
the condition (i) — (i4i) are satisfied.
To prove (iv) we observe that the inverse sequence {Y, 1y} is confinal in the sequence
{Xi, 9;}. Hence the inverse limits lim{X;, g;} and lim{Y}, ¢;} are homeomorphic [5, Corol-
— —
lary 2.5.11, page 102] . Since X is homeomorphic to lim{Y%, ¢}, it follows that X is
—

homeomorphic to lim{X;, g;}. O
—

4 Construction of universal space Z. Let P denote the plane with a system Oxy of
orthogonal coordinates and a metric d((z1,y1), (z2,y2)) = /(71 — 22)2 + y1 — y2)2.
For any finite subset V of P we set

mesh(V) = min{d(x,y) : 2,y € V,z # y}.
For any finite family of subsets G of P we set
mesh(G) = max{diam(G) : G € G}.

Given a segment E = pg of P we denote by mp the midpoint of £ and define £(E) =

Triangle of P with vertexes vy, vo, v3 is the set U703 Uvav3 UTrvs. For any triangle T of
the plane we denote by V(T') the set of vertexes of T, by £(T') the set of sides of T', and by
T the 2-simplex of P with boundary T'.

We will construct a sequence of cactuses {Z;}32, in P and monotone and surjective
mappings f; : Z;y1 — Z; such that Z; C Z;,; for each 7. Our method is similar to
construction of Wazewski’s Universal Dendrite [7].

Consider the points vg = (0,0) and v; = (1,0) of R2. Set Zy = vov1, & = {vov1},
Vo = {wvo,v1}, and gg = % Consider a family of disjoint triangles 71 = {T}},ev, € R? such
that: v is a vertex of T}, Ty NZo = {v}, and T} C B(v, %). We define Z; = ZoU(U,cy, To)
and fo 21— Zy by

v, ifzeTk vely,
fo(Z)—{Z’ if z € Zy.
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Put

& = (YJem)yu(lem

Eeé&y vEVy
Vi = {mglees, U (|J V(T))
vEVp
w1 = min{d(v,E):veV,,Ee€&,vg E}
U, * v,

Z1 and the set of vertexes V;

We fix a positive real number £ < 1 min{eo, mesh(V;), p11}.
Suppose that for 1 < i < n there are defined:

(a;) the cactus Z; with set of vertexes V; and set o edges (segments) &i;
(b;) a finite family of disjoint triangles T; = {T!},ev,_, C R

(¢;) the numbers ¢; > 0 and p; = min{d(v, E) : v € V;, E € &,v ¢ E}
(d;) a monotone surjective retraction f;_1 : Z; = Z;_1;

such that

(1) Vica G Viand Z; 1 G Zi;

(2;) If T € T;, then v is a vertex of T, TE N Z;—1 = {v}, and T} C B(v, %5
(3;) If | £} (2)] > 1, then z € V;_; and f 1(z)
(4)
(5

1 )’
) fveV,NY;and 0 < j <4, then T N TJ :{v}.
i) € < %min{ei_l,mesh(vi),,ui}.

Since Z,, is a union of finite family of line segments and V), is a finite subset of Z,,, there
exists a finite family of disjoint triangles 7,41 = {T7},cv, C R? such that: v is a vertex
of Tp, Tptt N Z, = {v}, and T C B(v, %2).

We define Z,, 1 = Z, U (UUEV T"“) and f, : Zpi1 — Zn by

(2) = v, ifzeTi veV,,
" z, if z € Z,.

Put

&n = (Y e®)u(l &)

Eeé&, vEV,
Va1 = {mpleee, U (|J V(T),
vEV,
pne1 = min{d(v,E):v € Vpi1,E € Epy1,v & E},

and fix a positive real number ¢,,11 < imin{en7 mesh(Vy41), tn+1}-

It is easy to see that the above properties (1;) — (5;) are satisfied for ¢ = n + 1. Denote
fji = fj ij+1 0---0 fi—l i — Zj for ] <i—1, fjj+1 = fj7 and fjj = ide. Then for
0 < 7 we have the following property:

(6;) If 0 <idp < j <4, then fi; = fiyj © fji-

We will prove an additional property that holds for ¢ > 0:
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0

Z5 and the set of vertexes Vs

(7:) If w €V, 0 <dg < i, then f }(u) C B(u,&4,).

Let z € Z;Zl(u) Then z € T € T;, where v € V;_1, 0 < ig < i and f;,;(v) = u. If v = u,
then T} C B(u, “5*) from (2;). Thus z € B(u, “5*) C B(u, ;).

Otherwise z € TiT! € T;y1, where v € V;, 0 < ig < i and f;,;(v) = u. Let i =ig+n
and fj;(v) =u; € Zj for j =i9+1,...,1— 1. Then u = fi,(wig+1), fj(uj+1) = u; for any
J, and v = f;(2).

From definition of f,, the choice of €,,, and (2;) we obtain:

d(u, z) < d(u, wig1) + d(wig41, tig2) + - -+ + d(Uig4n—1,v) + d(v, 2) <

iy | Eig+1 Eigtn—1 |, E _ Eig 1 1
< LT (Lo — ) < e
R A e G 2(+4+ +4n+)€zo

We set Z = cl (U,—q Zn) and Zo, = lim{Z,,, f,}.
p
Theorem 4.1. Z,, = lim{Z,, f,} is homeomorphic to Z = cl (Uy—q Zn)-
-

Proof. We define h : Zoo — Z by h({z;}) = limz;. From [1, Theorem I] and its proof it
follows that h is a homeomorphism if the following conditions are satisfied:

(a) For each ko € N and each € > 0, there exists § > 0 such that if kg < k, p,q € Z), and
d(fkok(p)a fk()k(q)) > €, then d(pv q) > 4.

(b) For each € > 0 there exists ko € N such that diam(U,Dk0 fk_o}c(z)) < e for any z € Zj,.

To prove (a) note that lim (mesh(&;)) = 0. Thus there exists m > ko with mesh(&,,) <

71— 00
$- We have
1 1 €
st < = s
em < 1 mesh(V,,) < 1 mesh(&,) < 1
For each k > ko the map fr,x : Zr — Zk, is uniformly continuous. So, for each
k € {ko,ko +1,...,m} there exists 0y > 0 such that if a,b € Z; and d(a,b) < d, then
d(fk()k(a‘)?fk()k(b)) S 46777" Set

0 =min{epm, Okys Okot1s- -+ Om} -

Let p,q € Zy and d (frok(p), fror(q)) > €. Then fir(p) # fror(q)-

If ke {ko,ko+1,...,m}, then d(frox(P), frok(q)) > 4em. So d(p,q) > 0 > 6.

Suppose that £ > m. Then Zj, ; Zm, g Z1.. We have three cases to consider.

1% case : p,q € Zm. Then fmk(p) =D and fmk(q) = q. So, fkgm(p) = fkgk(p) and
fk()m(q) = fkok(q)' Thus d (fk[)m(p)7 fk[)m(q)) > & > 4e,, and, therefore, d(pv q) >0y > 0.

2" case : p,q € Z \ Zm. Then fur(p), fmk(q) € V. Thus d(fmk(p), fmk(q)) >
mesh(V,,) > 4ep,. From (7,,): d(p, fimk(p)) < €y and d(q, finr(q)) < €k,- Since gy < &,
it follows that

d(p,q) > d(frr(p), fmr(@)) — d(q, fmr(q)) — (D, frk(p)) > 261 > 0.
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34 case : p € Zy, and q € Z \ Zy. Then p = frur(p) € Ep € Ep and frr(q) = v, €
V. Since p,q & Zy,, it follows that E, C fk_()}n(fkok(p)) and v, € f,;)in(fkok(p)). Since
Frok(P) # Frok(@)s From (Frok(0) O from (frok(q)) = 0. Hence, vy & E,. From the choice of
I it follows that

d(vg,p) > d(vg, Ep) > pim > dem,.

Since d(vq,q) < em from (7,,), we conclude that
d(p,q) = d(p,vg) — d(q,vq) > dem — Em > Em > 0.

To prove (b) take any € > 0. Since lim &; = 0, there exists ko € N such that 2¢;, < e.
1— 00

If z € Zy, \ (Uizko V;), then Uk ko fk_o}g(z) = {z}. So (a) holds.
Let z € Z, N (UiZko VZ-) and let i, > ko be the least integer such that z € V; . If

ko < k <'i,, then fk_o}c(z) = {z}. Hence, Uk>k0 fk_o}c(z) = Uk>iz f;,i(z)
From the properties (3;) and (7x) with & > i, it follows that [J,., fl_i(z) C B(z,¢i,).
Thus again

diam ( U froi(2)) = diam( U Fin(2)) < 26, < 2ep, <e.
k>ko k>i,

O

Theorem 4.2. Z is a one-dimensional cactoid such that any two cut points of Z can be
joined by a simple cyclic chain that is a cactus.

Proof. Since Zo, =1im{Z,, f,}, where each Z, is locally connected and each f,, is a mono-
«—

tone surjection, it follows that Z., is a locally connected continuum (see [7, 8.47]). Thus Z
is a locally connected continuum from Theorem 4.1.

Let a,b € ¢(Z),a #b. Ifa,b € | J;2 Z, then there exists a cactus Zj such that a,b € Zj.
Thus a and b can be joined by a simple cyclic chain that is a cactus. It suffices to show that
Z\ ;2 Zy contains no cut points of Z. Suppose, on the contrary, that there exists a cut
point z € Z\ ;2 Zk. Then Z \ {z} = O1 U O3, where O1 and O, are disjoint, non empty,
and open subsets of Z. Since |J;2, Zx is connected, we may suppose that |J;=, Zr C O;.
Then O2 N (U;2y Zk) = 0. Hence, ¢l (U; Zk) # Z which is a contradiction.

Let S be a true cyclic element of Z. Then E(S) = (). Hence, ordz(z) > ords(z) > 1 for
each x € S. Therefore, SNE(Z) = 0. If S C | J;=, Zn, then S is a simple closed curve from
construction of Z,. It suffices to prove that Z \ |2, Z, € E(Z).

Let e € Z\ ;2o Z; and € > 0. It remains to find an open subset U, of Z such that
e € U, C B(e,¢) and bdz(U,) consists of one point.

The map h : Zo, — Z defined by h({z;}$2,) = limz; is a homeomorphism from the
proof of Theorem 4.1. Let h=!(e) = {e;}32,. Then fi(eir1) = e; € Z; for any i. Since
e = lime; ¢ (U;2yZi and each Z; is compact, it follows that {e;}:2, ¢ Z; for any i.
Therefore, without loss of generality we may suppose that e; # e;y1 for any i. Since
fieir1) = e; # €41, it follows that e; € V;.

There exist ig, jo € N such that e; € B(e, §) for any i > iy and ¢; < § for any j > jo.
Let ko = max{io, jo}. Then e € B(e, §5) and &3, < § for any k > k.

Let U, be a component of Z\ {ey, } containing e. Since Z is locally connected, U, is open.
Also bdz(U.) = {ek, }- It is easy to see that U, = {e}U (Uzo:k0 TE+1) . Let z € Ue. Then z €
TE+Y for some k > ko. Therefore d(z,e;,) < <52 < £ . Thus d(e, z) < d(z, ex) +d(e, ex) < €.
Hence, z € Ble, ). O
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5 The proof of universality of 7

Theorem 5.1. Z is a universal element in the family of all one-dimensional cactoids X
such that any two cut points of X can be joined by a simple cyclic chain that is a cactus.

Proof. The one-dimensional cactoid X, whose any two cut points can be joined by a simple
cyclic chain that is a cactus, is homeomorphic to Xo, = lim{Xy, gr}, where the inverse
—

sequence {Xj, gi}72, satisfies the conditions of Theorem 3.5. Also Z is homeomorphic to
Zoo = lim{Zy, fr.} by Theorem 4.1. It suffices to find an embedding of X, into Z.
—

We set Q(X) = {tx}72, and Q(Z) = U, Vi, where the point t; satisfies condition
(#1) of Theorem 3.5 and Vj is a set of vertices of cactus Z;. Note that X N Q(X) is a
countable subset of X and Z; N Q(Z) is countable and dense in Zj for each k.

Observe that X is either a point or a simple closed curve such that there exist a unique
point t; € X3 with [g; ' (t1)| > 1. We also observe that Z; = 5ov; UT,L UT] , where T are
triangles. If Xy = {¢;}, then hy : X1 — Z; with hy(t1) = v1 is a homeomorphism. If X;
is a closed curve, then there exist a homeomorphism h; : X; — Tvl1 such that hi(t;) = n
and hi (X1 NQ(X)) C Ty, NQ(Z). We put ny = 1.

Suppose that & € N\ {0} and for each j € 1,...,k we have define an integer n; and an
embedding h; : X; — Z,,, such that:

(1) hy(X; N QX)) € Zn, N Q(Z);

(2,) the following diagram is commutative for j > 1:

gj—1
Xj,1 Xj
\ hj_l \ hj
anfl Z"J

(3]) n; >nj—1 fOI‘j > 1.

We will define an integer ny4; and an embedding hyy1 @ Xgy1 — 2,
properties (1x41) — (3k+1)-

Consider the monotone retraction gi : Xx11 — Xy and the embedding hy : X, — Z,,.
By Theorem 3.5 there is a unique t; € X}, such that g,;l(tk) is non degenerate. We denote
hi(tx) = 2z5,. From (1;) we have z; € Z,, N (U;=2, Vi). Since V; C V;1; for all 4, there exists
m > 1 such that z; € V,,, 41, Put ngy; =ng +m+ 1.

Since Zy, C Zp,+m, hi is also embedding of X}, into Z,,, . Observe that Z,, 1m+1 =

that satisfy the

k+1

Zptm U (Uvevnwm T;““‘””). Thus zj is a vertex of some triangle T2+ +™+t C Z, o1y

such that T+t N Z, 4 = {21}

If g;l(tk) = A is a free arc of Xp41, then AN X = {tx} and ¢4 is an end point of A.
Let E be one of the sides of triangle ng"'m"'l with z; € E. There exists a homeomorphism
ha: A — E such that hy(ty) = 2z and ha(AN Q(X)) C ENQ(Z), because ENQ(Z) is
dense in E.

We define a homeomorphism hgy1 : Xpr1 = X UA = Z, by

k41
. hA($), reA
hiyi(z) = { hi(z), x€ Xi

If g, '(tx) = S is a closed curve of X1, then SN X, = {t;}. There exists a homeomor-
phism hg : S — T+ such that hg(ty) = 2z, and hg(S N Q(X)) C TrxTmH N Q(Z),
because T+t N Q(Z) is dense in T7xTm+,
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We define a homeomorphism hg11 : Xpr1 = Xp US — Z,,

B (z) = { hs(z), =€S

by

k41

hi(x), xe€ X

From (2;) and (3;), 7 > 1, the map hoo : im{ Xy, g }32; — Um{Z,,, fn, }32; defined by
- — —

hoo ((21)721) = (fny (z)) 5= is continuous and one-to-one (see [7, 2.22]). Since X is a con-

tinuum, hs is embedding. Since inverse sequence {Zy, , fn, }7>; is confinal in the sequence

{Zk, fr}32,, there exists a homeomorphism H : Uim{Z,,, fn, }32; = Um{Z, fx}32, = Z.
— —

Hence, H o hy, is an embedding of X into Z. 0

6 Conclusions and problems. In this section we refer only to continua consisting of
more than one point. A continuum X is called totally regular [8] if for any countable subset
Q@ of X, each x € X, and each £ > 0, there exists an open neighborhood U of x in X such
that diam (U) < g, bd(U) is finite, and bd(U) N @Q = 0. Clearly, any graph is totally regular
continuum. Totally regular continua were studied also [11] under the term ”continua of
finite degree”. Since the property of being a totally regular continuum is cyclicly extensible
and reducible [11, (4.2)], any cactoid is totally regular.

The order of totally regular continuum X is the ordinal number ord(X) = sup{ord(p, X) :
p € X}. Note that [13, (3.2), p. 49] ord(X) > 2. If ord(X) = 2, then X is an arc or a
simple closed curve [7, Theorem 9.5]. The cactoid Z constructed in section 4 is a totally
regular planar continuum of order w.

R. D. Buskirk proved that that there exists a universal totally regular continuum [4].
The natural problems arisen are the following:

1. Does there exists a universal one-dimensional cactoid.

2. Does there exists a universal one-dimensional cactoid in the family of one-dimensional
cactoids of order < n, where n > 2.

3. Does there exists a universal planar totally regular continuum.

4. Does there exists a universal planar totally regular continuum in the family of totally
regular continua of order < n, where n > 2.
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ABSTRACT. We propose a nonlinear network autoregressive (NNAR) model to investi-
gate the dynamics of complex network time series with high-dimensionality and nonlin-
ear spatial-temporal dependence. We assume that the current network at a given time
point non-linearly depends on the lagged values, neighborhood effect, and a set of node-
specific covariates via a nonparametric smooth function. We conduct estimation using
the profile least square method where the unknown link function is estimated using the
local linear regression technique. We demonstrate the application of the NNAR with
the daily natural gas flows in a real-life high-pressure gas pipeline network, where the
response is the high dimensional vector of gas flows at 128 nodes. The NNAR model
provides more accurate forecasts of the gas flow network compared to the linear net-
work vector autoregression model proposed by Zhu et al. (2017) and some multivariate
autoregression and naive benchmark models.

1. INTRODUCTION

In this data-rich era, the development in data acquisition and storage has made it avail-
able to collect large-scale network data in many fields varying from biomedical sciences (Wu
et al. 2014) and physics (Benson et al. 2016) to finance (Chen et al. 2018; Zhu et al. 2019)
and socialization (Wasserman & Faust 1994; Zhu et al. 2017). Network data contains rich
information for statistical inference, while the complexity of data with high-dimensionality,
spatial-temporal dependence structure, non-linearity, and dynamic evolution creates extra
challenges for statistical modeling and computation. To describe the dynamics and make
a prediction of this complex data effectively and efficiently, it requires more flexible time
series modeling in addition to the conventional tools that are designed for linear and low-
dimensional time series data.

1991 Mathematics Subject Classification. subject classifications .
Key words and phrases. Network data; Nonlinear vector autoregression; Natural gas flows; Prediction.
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Let Y;: be the continuous response collected from subject (node) i at time point ¢
with 0 < ¢ < T (e.g., natural gas flows at certain location). Accordingly, denote Y; =
(Yit, ..., Yne) € RV as an ultra-high dimensional vector with a large number of total nodes
N. We assume that Y;; exhibits serial dependence on previous values and has certain spatial
correlation among the nodes, i.e., network structure, and the dependence is unnecessary to
be linear. In the literature of time series, some common univariate models such as AutoRe-
gressive (AR) and AutoRegressive Moving Average (ARMA) based models have been well
studied to forecast the dynamics of serially dependent time series in both theory and applica-
tions. However, these models study each time series Y;; separately, and the rich correlation
information across different time series, e.g. the lead-lag dependence, is lost. Multivariate
models such as Vector Autoregression (VAR) (Liitkepohl 2005; Box et al. 2015) are pro-
posed with the information of multiple time series fully considered. On the other hand,
the linear relationship assumption may not be valid in practice. Many nonlinear models
have been proposed, such as functional coefficient autoregressive models for univariate time
series (Huang & Shen 2004; Cai et al. 2000) and nonlinear VAR models for multivariate
time series (Hérdle et al. 1998); See also Fan & Yao (2008) for a good reference. However,
in a high-dimensional case with sufficiently large NV, these linear and nonlinear multivariate
regression models will suffer from the “curse of dimensionality”, which will cause a problem
of overfitting and overparameterization, leading to poor out-of-sample forecast accuracy as
well. Thus it is necessary to reduce dimension and many techniques have been therefore
proposed, see e.g. factor modeling (Pan & Yao 2008; Park et al. 2009) and penalty estima-
tion (Hsu et al. 2008). However, besides the serial and cross dependence, there could exist
network information among the N nodes which needs to be taken into consideration.

The recent development of network modeling provides a wide variety of tools and methods
to model the high-dimensional and complexly structured time series. In the literature,
researchers mainly focus on conducting static analysis of network structure (Lee et al. 2010;
Chen et al. 2013; Zhao et al. 2012; Zhou et al. 2017) or investigating the inherent dynamics
of the network over time (Chen et al. 2018; Zhu & Pan 2018; Zhu et al. 2019). Among
others, Zhu et al. (2017) proposed the linear network vector autoregression (NAR) model to

study the dynamics of large scale network with the network information among individuals
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incorporated, while dependence between the response and explanatory variables is assumed
to be linear. Though convenient, in reality, linear regression-based models may not capture
the data-driven complex relationship with both high-dimensionality and non-linearity. The
single-index model (Carroll et al. 1997) is a prevalent way to flexibly handle the data-
driven non-linearity and circumvent the problem of high-dimensionality simultaneously.
For example, Jia et al. (2019) proposed partial autoregression single-index (PASI) model
to handle linear network dependence and nonlinear influence of static covariates; See also
Wang & Yang (2009), Yu & Ruppert (2002), Li & Genton (2009), and Liang et al. (2010) for
more reference of single-index model. However, Jia et al. (2019) did not consider the non-
linearity of network dependence. In our work, we propose a flexible semiparametric model
also by combining the single-index technique and dynamic autoregression network model,
which inherits the advantages of both models and handles the non-linearity of network
dependence as well.

We propose a nonlinear network autoregressive (NNAR) model to investigate the dynam-
ics of network time series with nonlinear spatial-temporal dependence in high-dimensional
framework, and simultaneously allow the measurement of the nonlinear impact of multivari-
ate node-specific covariates, if applicable. In particular, we assume response Y;; depends
on a single index defined on three items: its own lagged value, the weighted average of its
neighbors, and exogenous covariates via a nonlinear link function, referring as the momen-
tum effect, the network effect and the nodal effect by Zhu et al. (2017), respectively. The
link function is assumed to be unknown and smooth. We conduct estimation using the
profile least square method (Fan & Gijbels 1996) where the link function is estimated using
the local linear regression technique. This paper makes contributions in two aspects: (1)
We propose a flexible nonlinear network autoregressive model to investigate the dynamics of
large-scale network with complex spatial-temporal dependence. The proposed model helps
capture the nonlinear network dependence and node-specific exogenous covariates’ impact.
While Zhu et al. (2017) and Jia et al. (2019) only considered the linear network depen-
dence. (2) We demonstrate the application of the NNAR model on forecasting gas flows at

128 distribution nodes of a high-pressure natural gas transmission network in Europe. It

93



94

XIAOFEI XU NAZGUL ZAKIYEVA

provides a more accurate out-of-sample forecast for the gas flows network compared with
the linear network model and some multivariate time series and naive benchmark models.

The rest of the paper is organized as follows. Section 2 details the NNAR model and
parameter estimation procedure using the profile least square method. Section 3 presents
the gas flow network data on an energy transmission system. Section 4 implements the
NNAR model to investigate the dynamics of gas flows network and conducts forecasting

with comparison to several alternative models. Section 5 concludes.

2. METHOD

In this section, we present the nonlinear network autoregressive (NNAR) model and the

estimation procedure using the profile least square method.

2.1. The NNAR model. Recall that the number of nodes in the network is N, and Y},
is the continuous response collected from node i at time point ¢t with 0 < ¢ < T and
1 <i < N. Denote Yy = (Yit,...,Ynz) € RY an ultra-high dimensional vector with a
large number of N. In addition, for each node i, assume a p—dimensional node-specific
random vector Z;; = (ZZ.(tl)7 R Zi(f))T € R? can be observed. To model Y, we propose the
following nonlinear network autoregressive model (NNAR):

N
(1) Yie = g<ﬂ1 Zwijyj(tq) + BoYie—1) + ZL_U’Y) + €5t

j=1
where g(+) is an unknown link function which is assumed be smooth. w;; € [0,1] is a given
weight to measure the strength of the connection between node i and j for i,57 =1,--- , N.
In specific, if we know the adjacency matrix of the network structure, which can be defined
as A = (a5) € RN*N where ai; = 1if there exists a relationship between node ¢ and j, and
a;; = 0 otherwise, then w;; is commonly defined as w;; = a;;/n; where n; = Z#i a;j is the
total number of nodes that node i is connected, i.e. out-degree (Wasserman & Faust 1994).
Such a choice is quite common in many kinds of research like graphical and social network
analysis (Bondy & Murty 1976; Zhu et al. 2017). However, in our real data implementation
to natural gas flow network at next section, the adjacency matrix for the gas network is
unknown, we thus define w;; as the inverse of the shortest path between the gas node

i and j, with further located nodes given smaller weight. The quantity Zjvzl wijYj—1)
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characterizes the average impact from the network to ith node at time ¢ — 1. Its associated
parameter (3; is referred as the network effect. The term Y,y is the autoregressive term
which stands for the serial dependence and (5 is the corresponding parameter. The term
ZiT(t71)7 evaluates the influence of exogenous impact to the ith node at time ¢ — 1, where
v =(V1,---,7) " €RPis the associated coefficient (i.e. exogenous nodal effect). Moreover,
€;¢ 18 the error term, we assume that it is independent to response and exogenous covariates,
ie., E(ei,Yis) =0 and E(e;, Zg)) =0 for any s <tand j=1,---,p, and follows normal
distribution with €;; ~i1.q N(0,0?).

For notation simplicity, let 8 = (51,52)" € R?, and 8 = (BT,VT)T € RP*2 standing
for the vector of all the unknown parameters. We further employ the profile least-square
estimation technique to estimate 6 and the unknown link function g(-). We rewrite the
NNAR model in (1) as

N
(2) Yie = 9(51 Zwinj(t—n + B2Yj—1) + ZiT(tl)’Y) + €it,

j=1
= g(xjte) + e,
where X;; = (Z;\le Wi Yie—1Ys Yi(t—1) Z;Et_l))-r € RP*2 is the variable vector consisting of
the network effect, lag effect and exogenous nodal effect to node i at time ¢t — 1. To ensure

the identification, we set ||@||2 = 1 with the first element positive, where || - ||2 is the Lo

norm.

2.2. Estimation. In semiparametric models, it is popular to estimate the unknown para-
metric components using the profile likelihood approach, see Liang et al. (2010). We apply
this technique for estimating parameter 6. First we start estimating the nonlinear link
function g(-) for a given parameter value 6 using the local linear approximation method
(Fan & Gijbels 1996). In particular, by defining u;; = X;';@ € R we linearly approximate
the function g(-) at a given point wg. Since the unknown function g(-) is assumed to be

smooth, we approximate it locally by a linear function (Taylor expansion),
g(u) =~ g(ug) + ¢’ (ug)(u — ug), for u € ug +h,

where h is a bandwidth referring to the size of the neighborhoods that the linear approxi-

mation holds. For notation simplicity, denote a = g(ug), and b = ¢'(ug). This leads to the
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following locally approximated NNAR model:

Yie = g(ui)+ €,

a + b(un — Uo) + €it, Uit € ug = h.

Q

We consider to estimate the local parameters a and b by minimizing the below objective
function using the weighted least squares method:

(3) S(a,b) = <Yz-t —a — b(uy — u0)>2Kh(uit — ug),

t=1 i=

1
where K,() = K(-/h)/h, and K(-) is a nonnegative unimodal kernel function. In our study,
we use the Gaussian kernel function and select the optimal bandwidth via cross-validation
(CV) method.
By computing the derivatives of S(a,b) with respect to a and b, we find the minimizers
of Eq.(3) for a given value of 6:

Koo (uo, 0)Koi(uo, 0) — Kio(uo, 0)K11(uo, 0)
Koo (ug, 0) Koo (uo, 0) — K)(uo, ) '

where Kj¢(u,0) = Zthl vazl[Kh(XZO —u)|(X},0 — u)7Y; with exponents j = 0,1,2 and

(4) G(uo; 0) = ale =

¢ =0,1. The proof is given in the appendix.

Next we estimate the parameter 0 using the estimates of the nonparametric component
g(up; ) in Eq. (4). If assuming uy = X,;;0, we have Yj; ~ ¢(X/.0;0) + €;;. We then
obtain the estimator @ by minimizing the following profile least-square function following
the assumption of Jennrich (1969):

(5) 00 -3y {ru- g(xle;e>}2.

t=1 i=1
Since there is no closed-form solution for the estimate 6 in above Eq.(5), we apply stochastic
gradient descent algorithm (Kushner & Yin 2003) to iteratively update the estimations
by minimizing the above objective function. The calculation stops when the parameters
converge, and we set the final iterative estimator as 6.
Finally, plugging in the optimal value 8 to Eq.(4), and replacing the notation of ug with

a general parameter symbol u, we have the following estimate of link function g(-)

A N Koo (u, 0)Koa (u,0) — Kio(u, 0) K11 (u, 0)
(6) 9(u; 0) = alp = Koo(u, é)KQO(U, é) - Klzo(uvé)

)

where Kj¢(u,0) has the same definition as before.
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3. DATA

Natural gas has become an important and clean energy source for power systems with
its advantages varying from lower pollutant emission and smaller construction period, to
higher efficiency of conversion and loading. About 24% of the worldwide energy demand is
met by natural gas in 2018 (BP 2019). In particular, natural gas is a key energy resource
for Europe and accounts for about 20% of the European energy demand (Petkovic et al.
2019). Natural gas is transported through transit countries and to the local distribution
nodes through the high-pressure transmission pipeline network which is operated by so-
called transmissions system operators or TSOs. The European gas market is moving to
more short-term operations, for example, day-ahead contracts. This increases the necessity
of modeling the underlying network dynamics of future gas flows for not only one node or a
few nodes, but large-dimensional nodes in the transmission network. Accurate short-term
forecasting of natural gas demand and supply is of importance for TSOs to monitor the
situation and conduct operational decisions to ensure the safety of supply. There exists rich
literature in natural gas forecasting, see e.g. Stoll & Wiebauer (2010), Soldo (2012), Banda
& Herty (2008), Koch et al. (2015), Chen et al. (2018), and Chen et al. (2020). However, the
dynamics of gas flow network structure has less been explored in the context of forecasting.

Our work is motivated by the challenging problem of short-term forecasting of gas sup-
ply and demand in the high-dimensional gas transmission network. We collect the high-
resolution natural gas flow data at N=128 nodes in the gas pipeline network in one European
country. The daily average gas in-flow or out-flow is observed for the consecutive T=637
days over 22 months. The gas flow network data is standardized with zero mean and unit
variance to use because of the significant scale difference of flow values at various nodes.
The response (i.e. Y;;) considered here is the daily average gas flow of node i € {1,---,128}
at day ¢ € [1,T]. In addition, we consider the daily average air temperature at each node
as an exogenous variable. Given that the natural gas is being widely used for heating pur-
poses in European countries, the temperature is usually considered as a possible affected
factor in forecasting gas flows (Chen et al. 2018). As gas flows in/out through all nodes
in the network where gas nodes are connected with a pipeline, and it is unclear about the

adjacency matrix A = (a;;) of the network as well, we define the weight matrix, denoted as
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W with the (7, j)—th element being the weight w;;, as the inverse shortest path among each
pair of nodes ¢ and j. Here, the shortest path is defined as the Euclidean distance between
two nodes.

Figure 1 displays the time series plot of gas flows at 25 arbitrarily selected nodes as
a graphical demonstration. We can see similar dynamics of gas flow time series at these
nodes, and synchronous behaviors associating with seasons. Figure 2 displays the lag-1
sample cross-correlation matrix of natural gas flows at 128 nodes. We can see a strong
correlation among the 128 nodes. Figure 3 displays the correlation coefficients between
variables from day 1 to day 637. In the figure, the columns represent the response variable
of gas flow Y}, network term WY;_; referring to the network impact, lag-1 gas flow variable
Y;_1 representing momentum impact, and the temperature variable Z;_; representing node-
specific exogenous covariate’s impact from left to right respectively. As shown, the Pearson
linear correlation coefficients between Y; and three regressive terms are 0.48, 0.84, and -0.59
respectively, which indicate the existance of correlation among them. In addition, we can
see some nonlinear dependence from the scatter plots. These motivate the use of the NNAR
model which helps jointly analyze the nonlinearity, momentum impact, network impact, and

exogenous variable effect simultaneously to utilize the rich information.

4. FORECASTING RESULTS

In this section, we demonstrate the forecasting performance of the NNAR model using
the natural gas network data described in Section 3. We perform out-of-sample forecasts of

daily natural gas and compare it with several alternative methods.

4.1. Setup and evaluation. We divide the network dataset into two phases with the first
500 days used as training period (74), which covers 80% of the total period, and 137 days
from day 501 to the end at day 637 as the forecasting period (7). We train the model and
estimate parameters in 77, and select the optimal bandwidth as h = 4 via cross-validation.

As alternative methods, we consider the linear NAR model (Zhu et al. 2017), VAR and
naive methods including Random Walk and Sample Mean to forecast 1-day ahead daily
natural gas flows of 128 nodes. The NAR model considers linear network dependence

among nodes. VAR method is popular in forecasting gas consumption, and we select the
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FIGURE 1. Time series plot of gas flows at 25 illustrative nodes from day
1 to day 637.

lag order of VAR via Bayesian Information Criteria (BIC). In addition, naive forecasting
methods of Sample Mean (SM) and Random Walk (RW) are used as benchmark models.
Here, at time ¢, the SM model forecasts h-step-ahead value by taking the average of all
observed data up to time ¢, that is, Y; trh = % Z Y;;, fori=1,...,N.

We evaluate the relative forecast accuracy according to the average forecast error of
individual nodes in the network. We use mean absolute percentage error (MAPE) as an
error evaluation criteria. The smaller the MAPE, the better accuracy is obtained by the
forecast model. First, for each node i = 1... N we obtain daily predicted gas flow series
Yi:. The 1-day-ahead prediction performance is evaluated over the forecasting period of Th
for each node. The MAPE for each node i is obtained as:

MAPE; = T Z
|Ty| ol 7
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FIGURE 2. Sample lag 1 cross-correlation matrix of 128 nodes.
for i = 1,---,128, where |T»| is the length of forecasting period T5. Average forecast

performance evaluation is obtained via an average MAPE as

SN MAPE,

aMAPE = N

4.2. Results. We demonstrate the 1-day-ahead out-of-sample forecasting results in the
large scale gas network. Table 1 reports the aMAPE and its standard deviation (sd) as
well as range over 128 nodes of de-standardized gas-flows for the NNAR model and the
alternative models. The MAPE over different models is compared in the boxplot of Figure
4. As can be seen, the NNAR model performs much better than the VAR model, the RW,
and the SM models with smaller aMAPE, smaller sd, and more narrow range. The NNAR
model slightly outperforms the NAR model with aMAPE of 13.06%, sd of 11.589%, and



NONLINEAR NETWORK AUTOREGRESSIVE MODEL WITH
APPLICATION TO NATURAL GAS NETWORK FORECASTING

4 p=0.48
J

2
0
o I
-4 [ II_

p =048

p = 0.84 p =-0.59

%

Response Y

Network X1

P-=.0.5

Autoregressive X2
o

||
P =-0.59

Temperature X3

_IIIIIIIII
-2 0

2

-25 0.0 25 -2 0 2 -25 0.0 25
Response Y Network X1 Autoregressive X2 Temperature X3

FicUre 3. Correlation coefficients between variables from day 1 to day
637. The columns represent the response variable of gas flow Y;, net-
work term WY;_; (the network impact), lag-1 gas flow Y;_1 (momentum
impact), and exogenous variable Z;_(temperature) from left to right re-
spectively. Here, p is the Pearson correlation coefficient.

range [2.206%); 84.452%] respectively. Our model is only slightly better than the linear NAR
model, this could be because the non-linearity dependence in the gas network is not that
significant, and the linear network model can fit the gas date well. It is worth mentioning
that the NNAR model provides some advantage in flexibly capturing real network data with

either linear or nonlinear dependence structure compared to the linear NAR model.
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aMAPE (sd) Range
NNAR 13.060% (11.589%) [2.206%; 84.452%]
NAR 13.570% (12.398%) [2.104%; 88.598%]
Random Walk 47.405% (19.268%) [3.817%; 98.546%)
VAR (BIC)  38.405% (20.324%) [3.878%; 149.517%]

Sample Mean 38.405% (20.324%) [3.878%; 149.517%)]

TABLE 1. The 1-day-ahead out-of-sample forecast performance of the
NNAR and alternative models. Average MAPE (aMAPE) and its stan-
dard deviation (sd) as well as range (Range) over 128 nodes are reported.

Sample Mean | - | oo o o
Random Walk }—u—{
VAR (BIC) | - | oo o o
Linear NAR }—I—mqm 00 O
Nonlinear NAR }—I—m» (€1)) ® O

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
MAPE

FIGURE 4. The boxplot of MAPE of the NNAR and four alternative mod-
els over 128 nodes.

Figure 5 displays the 1-day-ahead out-of-sample forecasts of the NNAR model for daily
gas flow at the 25 nodes as an illustration from day 501 to the end at day 637. We can
see that the NNAR model successfully captures the dynamic evolution of the gas flow time
series at each individual node. The NNAR model also fits the observed gas flows well at the
rest nodes. In general, we find that our proposed model delivers stable forecast performance
no matter the node’s type and dynamic. We have to mention that since we analyze the
gas network partially i.e. with a selected number of gas nodes, and the nodes connection
information in pipeline network is not clear as well, the conclusion from our modeling may

have some limitations.
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FIGURE 5. The daily gas flows and 1-step-ahead forecast of the NNAR
model at 25 nodes from day 501 to day 637. The data are normalized to
display.

5. CONCLUSION

We propose a nonlinear network autoregressive model to investigate the complex dy-
namics of high-dimensional network with nonlinear spatial-temporal dependence structure,
where the nonlinear impact of node-specific exogenous covariates is incorporated simul-
taneously. The proposed model assumes that the current network at a given time point
non-linearly depends on three items: the past values, network effect, and exogenous co-
variates via a nonlinear smooth function. We conduct estimation using the profile least
square method where the unknown link function is estimated via the local linear regression
technique. We demonstrate the application of the NNAR with the daily natural gas flows

in a real-life high-pressure gas pipeline network, where the response is the high dimensional
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vector of gas flows at 128 nodes. The NNAR model provides more accurate forecasts of
the gas flow network compared with several alternative models. It shows that the NNAR
model has some advantages in flexibly capturing real-life network data with either linear or

nonlinear dependence structure compared to linear models.
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APPENDIX: ESTIMATION DERIVATION

Here we describe the estimation of the nonlinear function g in more detail. First, we

write the NNAR model for node 7 at time point ¢ as follows,
_ T
Yie = 9(X;,0) + €it,
and define u;; = X; 0. Then we rewrite the model in terms of u;; as
Yie = g(uit) + €.

We assume unknown link function g(-) is second order differentiable. At a given point g,
we consider to approximate the function g(-) by their first order Taylor’s expansion with

respect to u as

9(u) = g(uo) + g'(uo)(u — uo), for u € ug £ h,
where h is a bandwidth. Denote a = g(ug), and b = ¢'(up), we can estimate the nonlinear
function g by minimizing the following objective function using the weighted least square
method,

T N
(A1) S(a,b) ZZ it — a — b(uiy — uo) 2K (uis — ug).

t=1 i=1

To find the minimizer of local parameters ¢ and b in (A.1), we take its derivatives with

respect to a and b, respectively, then we have

99 T N

Ba = ZZ[Y“ —a — b(ug *UO)]Kh(Uit — up),
t=1 i=1

Y T N

G = 20D e b — o))y — o) K (u — o).
t=1i=1

Setting the above two derivatives to zero, we obtain

(A.2) Z Z it — a — b(ui — )| Kp(ui —ug) =0,

t=1 i=1

and

T N
(A3) Z Z b(uir — uo)](wir — o) Kn(uir — ug) = 0.

t=1 i=1

From (A.2) we obtain the following estimate for b as

(A.4) b= iy ity YaeK (e — o) — a5,y S0 Ko (uie — up).
S S (g — o) Kp (wie — o)
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For notation simplicity, we denote Kp(u;+ —uo) = Kj. Plug (A.4) into (A.3), we can derive

the estimate of a as:
T N [T N " T N .
P Zi:l{Kh[thl D i (Uit — UO)QKh — (it —u0) D iy D (Uit — UO)K}L] }Yi
T N * T N * T N * :
Zt:1 Zi:1{Kh [ Zf,:l Zi:1(uit - UO)QKh — (uir — uo) Zt:1 Zi:1(uit - UO)Kh]}
Recall that g(up) = a, we can directly get

. . Koo (ug, 0) Ko (uo, 0) — Ki0(ug, 0) K11 (uo, )
A5 up; @) = alg = )
(A.5) 9(u0; ) lo Koo (ug, 0) Koo (uo, 0) — KZ(uo, 0)

where Kjo(ug,0) = Z;‘Ll vazl K,*L(X;EO — )Y}, with exponents j = 0,1,2 and £ =0, 1.

a =
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ABSTRACT. We compute Ricci curvatures and scalar curvatures of minimal
homogeneous real hypersurfaces in nonflat complex space forms M, (c).

1. INTRODUCTION

Standard examples play an important role in geometry. We denote by M,(c)
a complex n (2 2)-dimensional complete and simply connected nonflat complex
space form of constant holomorphic sectional curvature ¢(# 0), namely a complex
projective space CP"(c)(c > 0) or a complex hyperbolic space CH™(¢)(c < 0). In
the theory of real hypersurfaces in M, (c) it is interesting to investigate geometric
properties of homogeneous examples. Here, a real hypersurface M*"~1 in M, (c)
is said to be homogeneous if M is an orbit of some subgroup of the isometry
group I(M,(c)) of the ambient space. For example, we recall the following fact.
In CH™(c) there exist homogeneous real hypersurfaces with positive sectional
curvature and also ones with negative sectional curvature. On the other hand,
CP™(c) admits homogeneous real hypersurfaces with positive sectional curvature,
but does not admit those with nonpositive curvatures (cf. [9]).

Thus it is natural to study Ricci curvatures and scalar curvatures of homo-
geneous real hypersurfaces in M, (c). In this paper, we pay particular attention
to the case that M?"~! is minimal in such ambient spaces. Our aim here is to
compute Ricci curvatures and scalar curvatures of minimal homogeneous real

hypersurfaces in nonflat complex space forms Mn(c)

2. HOMOGENEOUS MINIMAL REAL HYPERSURFACES IN M, (c)

First of all we recall some fundamental notions on real hypersurfaces in a
complete and simply connected nonflat complex space form. Let M be a real
hypersurface of M, (c) through an isometric immersion with a unit normal local
vector field A/. Denote by g  the standard Riemannian metric and by J the
canonical Kéhler structure of M,,(c). Then the hypersurface M can be equipped
with an almost contact metric structure (¢,&,n, g) which consists of a tensor field
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¢ of type (1,1), a vector field &, a 1-form 7 and the induced Riemannian metric
g. That is, we define ¢, £ and n on M by

(2.1)  E£=-JN, n(X)=g(X,§) =g(JX,N) and ¢X =JX —nX)N
for each tangent vector X € TM. The structure satisfies

(22) X =-X+nX)E 96X, 0Y) =g(X,Y) —n(X)n(Y),
nE) =1, ¢{=0 and n(¢X)=0

for all vectors X,Y € TM. We call the vector field £ the characteristic vector
field on M. L N

The Riemannian connections V of M,(c) and V of M are related by VxY =
VxY +g(AX,Y)N and VxN = —AX for vector fields X and Y tangent to M,
where A is the shape operator of M in M, (c). Moreover, we have the following
equations.

(2.3) Vil = ¢AX,
(2.4) (Vx@)Y =n(Y)AX — g(AX,Y)¢,
(2.5)  (VxA)Y — (VyA)X = (c/4){n(X)pY —n(Y)pX —29(¢X, Y )¢

The last one is known as the equation of Codazzi.

Eigenvalues and eigenvectors of the shape operator ,ffl of M are called principal
curvatures and principal curvature vectors of M in M, (c), respectively. We set
Vi={X € TM | AX = AX}, which is called the principal distribution associated
to the principal curvature \. We call M a Hopf hypersurface if the characteristic
vector £ is a principal curvature vector at each point of M. .

Next, we review the classification of homogeneous real hypersurfaces in M,,(c).
Takagi ([12, 13]) classified homogeneous real hypersurfaces in CP™(¢)(¢ > 0) in
an algebraic style. By virtue of the works of Cecil and Ryan ([4]) and Kimura
([6]), we can state geometrically that a homogeneous real hypersurface in CP"(c)
with n 2 2 is locally congruent to one of the following Hopf hypersurfaces all of
whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < 7/4/c ;
(A3) A tube of radius 7 around a totally geodesic CP*(c) with 1 < ¢ < n — 2,
where 0 < r <7/ /c;
(B) A tube of radius r around a complex hyperquadric CQ™" !, where 0 <
r<m/(2yc);
(C) A tube of radius r around the Segre embedding of CP*(c) x CP"1/2(¢),
where 0 < r < 7/(2y/c ) and n (2 5) is odd,;
(D) A tube of radius r around the Pliiker embedding of a complex Grassman-
nian CGy 5, where 0 < r < 7/(2y/c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),
where 0 < r < 7/(2y/c ) and n = 15.

Unifying types (A;) and (A,), we call them of type (A).
In Tables 1 and 2, we denote by d the principal curvature associated with
the characteristic vector &, that is, A = 0. We also put 7 := (y/]|c| r)/2.
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Hereinafter, we use these notations for simplicity. The principal curvatures of
homogeneous real hypersurfaces in CP"(c) are given as follows (cf. [13]):

TABLE 1. The principal curvatures of homogeneous real hypersurfaces in CP™(c)

Type Principal curvatures Multiplicities
(Ay) 0 = +/c cot 27 1
A = (V¢ /2) cot 7 2n — 2
(A9) 0 = +/c cot 27 1
A= (Ve /2) cot 7 2n — 20 — 2
Ao = —(y/c/2) tanT 20
(B) 0 = +/c cot 27 1
A = (Ve /2) cot{r — (w/4)} n—1
A2 = (Ve /2) cot{F + (n/4)} n—1
(C) § = \/c cot 27 1
AL = (Ve /2) cot{F — (m/4)} 2
\e = (Ve /2) cotdF + (r/4)} >
A3 = (/¢ /2) cot T n—3
A = —(y/c/2) tanT n—3
(D) 0 = +/c cot 27 1

A = (VE/2) cot {7 — (x/4)}
A2 = (Ve /2) cot7 + (r/4)}
A3 = (Ve /2) cot 7

M = —(y/c/2) tanT

(E) 0 = +/c cot 27

A = (V2 /2) cot{7 — (r/4)}
A2 = (Ve /2) cot{F + (m/4)}
A3 = (v/¢/2) cot 7

A = —(v/c/2) tan 7

0 00 O O xR

Note that by putting ¢ = 0 in the case of homogeneous real hypersurfaces of
type (Az) we can obtain the case of type (A;).

We describe the case of CH™(¢) (n = 2). Let M be a homogeneous real
hypersurface in such an ambient space. Then, thanks to [3], we know that M is
locally congruent to one of the following:

(Ap) A horosphere in CH"(c);
(A1) A geodesic sphere G(r) of radius r, where 0 < r < o0;
(A11) A tube of radius 7 around a totally geodesic CH™!(c), where 0 < r < oc;
(As) A tube of radius r around a totally geodesic CH*(c) with 1 £ ¢ < n —2,
where 0 < r < o0;
(B) A tube of radius r around a totally real totally geodesic RH™(¢/4), where
0<r <o
(S) The homogeneous ruled real hypersurface HR determined by a horocycle
in a totally geodesic RH?(c/4) in CH"(c), or an equidistant hypersurface
from HR at distance r, where 0 < r < o0;
(W1) A tube of radius 7 around the minimal ruled submanifold W?"~* with
ke{2,...,n—1}, where 0 < r < oo;
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(W3) A tube of radius r around the minimal ruled submanifold Wj””“ for
some ¢ € (0,7/2) and k € {2,...,n — 1}, where k is even and where
0<r<oo.

Unifying real hypersurfaces of types (Ag), (A1), (A11) and (As), we call them
real hypersurfaces of type (A). In the above list, all examples of types (A) and
(B) are Hopf hypersurfaces and others are non-Hopf. The principal curvatures
of homogeneous hypersurfaces are given in Table 2 ([1, 2]).

TABLE 2. The principal curvatures of homogeneous real hypersurfaces in CH™(c)

Type Principal curvatures Multiplicities

(Ao) 5—f 1
=/lc[/2 2n — 2

(A1p) 5 = /|| coth 27 1
A1 = (v/]e] /2) coth 7 2n — 2
(A11) 6= +/]c| coth27 1
M = (y/]c| /2) tanh 7 2 —2
(As) &= +/|c| coth27 1
= (v/]e[ /2) coth 7 2n — 20 —2
A2 = (y/]e[ /2) tanh 7 20
(B) (5 = /|| tanh 27 1
= \/H/Q)cothf n—1
:(\/H/Q)tanhf n—1
(S) = (3y/]c| /4) tanh 7 + (1/]c] /2)4/1 — (3/4) tanh? 7 1
= (3y/]c| /4) tanh 7 — (y/[c] /2)4/1 — (3/4) tanh? 7 1
:(\/|7/2)tanhr 2n —3
(W1) = (3y/]c| /4) tanh 7 — (1/[c] /2)4/1 — (3/4) tanh? 7 1
= (3y/]c| /4) tanh 7 + (1/[c] /2)4/1 — (3/4) tanh? 7 1
:(\/|?/2)tanhr 2n—k—2
= (\/Ic] /2) coth 7 k—1
(Wa) X =—(/]¢| /6) {cothr <u~W + :W> — cschf sech — 4tanhf} 1

for i =1,2,3. The number uj , is the i-th cubic root of
(ﬁﬁs& + \/%7—4) /2, where Brp =27 sin? gotanhQ 7 sech®? — 2.

M\ = (v/]e] /2) tanh 7 2n —k —2
= (/]¢] /2) coth 7 k—2

Note that a real hypersurface of type (B) with radius r = (1/4/]c| ) log(2++/3)
has two distinct principal curvatures \; = § = /3[c[ /2 and Xy = /|c[ /(2V/3).
It has three distinct principal curvatures for other case. Moreover, the principal
curvatures of the homogeneous ruled real hypersurface HR can be obtained as
limits of those of hypersurfaces of type (S) given in Table 2 by taking r — 0.
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3. RICCI CURVATURES OF MINIMAL HOMOGENEOUS REAL HYPERSURFACES

In this section, we investigate Ricci curvatures of minimal homogeneous real
hypersurfaces M in nonflat complex space forms M, (c) (n 2 2). We first recall

that the Ricci tensor S of an arbitrary real hypersurface M in M (¢) is expressed
as

(3.1) SX = (¢/H{(2n+1)X — 3n(X)E} + (trace A)AX — A2X

for all X € TM. The Ricci curvature Ric(X, X) = ¢g(SX, X) in the direction of
unit vector X € T'M is given as

(3.2) Ric(X,X) = (¢/9){(2n + 1) — 3n(X)?} + (trace A)g(AX, X) — | AX|>.

On the other hand, by solving the equation Trace A = 0 one can find easily a
minimal homogeneous real hypersurface in M, (c). In fact, a homogeneous real
hypersurface M in CP"(c) (n = 2) is minimal if and only if it is congruent to
either of type (A1), (Az), (B), (C), (D) or (E), and the radius r satisfies the
following cases, respectively:

(Ay) cot7=1/v/2n—1;

(Ag) cot7=/(20+ )/(27172571);
(B) cot7=+/n ++vn—1

(C) cot7 = (v/n —O—f)/\/n—

(D) cot 7 =+/5 ;

(E) cot7 = (V15 + /6 )/3.

In the case of CH™(c) (n 2 2), a homogeneous real hypersurface M is minimal
if and only if it is congruent to the homogeneous ruled real hypersurface HR
determined by a horocycle in a totally geodesic RH?(c/4) in CH"(c).

Since every homogeneous real hypersurface in CP"(¢) is Hopf, it is enough
to check Ric(€,€) and Ric(X,X) for each unit principal curvature vector X
orthogonal to ¢ in order to compute Ricci curvatures. For the homogeneous
ruled real hypersurface HR in CH"(c) we note that the characteristic vector &
is a eigenvector of the Ricci tensor S, although the real hypersurface HR is not
Hopf. Then, a straightforward computation shows the following:

Theorem 1. (1) The Ricci curvature Ric of a minimal homogeneous real
hypersurface in complex projective space CP"™(¢) (n = 2) satisfies the
following sharp inequalities:

(A1) (c/4)(2n—2)(2n — 1) < Ric < (¢/4)(4n” — 2)/(2n — 1);
(Ag) (¢/M){2n—(2n—20—-1)/(20+1) — (20 +1)/(2n —2( — 1)} < Ric
S(e/H{2n+1—-(2n—-20-1)/(20+ 1)},
(B) (c/4)(=2n+2) = Ric < (¢/4){2n+1— (Vn—1)/(Vn+ 1}
(C) (¢/H){n+2—+/n(n—2)} < Ric < (¢/){n+2+ /n(n—2)};
(D) (¢/4)(31 = 3V5)/2 < Ric < (¢/4)(31 + 3V5)/2;
(F) (¢/4)(27 — V/I5) < Ric < (¢/4)(27 + V15).
(2) The Ricci curvature Ric of the minimal homogeneous real hypersurface
HR in complex hyperbolic space CH™(c) (n = 2) satisfies the following
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sharp inequalities:

(¢/4)(2n+ 2) £ Ric < (¢/4)(2n —1).
For a minimal real hypersurface in CP"(c¢) the following theorem is known.

Theorem A ([8]). Let M be a minimal real hypersurface in CP"(c) (n = 3).
Suppose that the Ricci curvature Ric of M satisfies ¢(n — 1)/2 < Ric < cn/2.
Then M s locally congruent to the minimal homogeneous real hypersurface of
type (Ag) with 20 =n — 1. In this case, M is a tube of radius w/(2v/c) around a
totally geodesic CP*(c).

Related to the above theorem, we pose the following.

Problem 1. Let M be a compact orientable minimal real hypersurface of CP™(c)
(n 2 3). If every Ricci curvature of M is not less than ¢(n—1)/2, is M congruent
to the tube of radius m/(2+/¢) around a totally geodesic CP*(c) with 2¢ = n —1?

4. RICCI CURVATURES OF HOMOGENEOUS REAL HYPERSURFACES OF TYPES
(A) anD (B)

In this section, we investigate Ricci curvatures Ric(X, X) with || X|| = 1 of
homogeneous real hypersurfaces M of types (A) and (B) in a complex projec-
tive space CP"(¢) (n 2 2). By a direct computation we have the following
propositions.

Proposition 1. Let M be a real hypersurface of type (A1) in complex projective
space CP"™(¢) (n = 2). Denote by Ric the Ricci curvature of M and put 7 =
(v/cr)/2. Then the mazimum and the minimum values of Ric are given as
follows:

max Ric = (¢/2){n + (n — 1) cot® 7},
min Ric = (¢/2)(n — 1) cot® 7

Proposition 2. Let M be a real hypersurface of type (Az) in complex projective
space CP"(c) (n 2 3). Denote by Ric the Ricci curvature of M and by X; a unit
principal curvature vector with corresponding principal curvature \; (i = 1,2).
Then, we have

Ric(&,€) = (c/2){(n — £ — 1) cot? 7 + (tan® 7},
Ric(X1,X1) = (¢/2){n — £+ (n — £ — 1) cot?® 7},
Ric(Xa, X5) = (¢/2)(1 + £sec? 7),
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where 7 = (y/c r)/2. Moreover, the mazimum and the minimum values of Ric
are given as follows:

max Ric = Ric(X1, X1) if 0<r<(2/ye)tant\/(n—0—1)/C,
| Rie(Xa, X5) if (2/\/c)tan™t\/(n—€—1)/0 <,

Ric(Xe, Xo)  if 0<r < (2/V/e)tanty/(n—0—1)/((+1),
R(£,€) if (2/ve)tan™'/(n—0—1)/((+1) <r

< (2/v/0) tan ! /(0 — O/,
Ric(X1, X1) if (2/y/c)tan™t\/(n —0)/0 <.
Proposition 3. Let M be a real hypersurface M of type (B) in complex projective
space CP"(c) (n 2 2). Denote by Ric the Ricci curvature of M and by X; a unit

principal curvature vector with corresponding principal curvature \; (i = 1,2).
Then, we have

min Ric =

Ric(X1,X1) =(¢/4){2n — 2 — tan7 — cot 7
+4(n —2)/(tan7 + cot 7 — 2) },
Ric(Xs, Xs) =(¢/4){2n — 2 + tan7 + cot 7
—4(n —2)/(tan7 + cot 7 4 2)},
where 7 = (y/cr)/2. Moreover, we set T = tan7 + cot7 (> 2). Then the
mazimum and the minimum values of Ric are given as follows:
. RiC(X],Xl) Zf 2<,I‘<2\/7’l—17
max Ric = ) ;
Ric(Xs, X5) if 2n—15T,

o Ric(§,€) if 2<T <2n—1++V4n?—8n+1,
min Ric = . .
Ric(Xy, X1) if 2n—14++v4n?2 —-8n+1<T.

5. THE DERIVATIVE OF THE RICCI TENSOR ON REAL HYPERSURFACES OF
TYPE (A)

In this section, we calculate the length of the derivative of the Ricci tensor of
real hypersurfaces of type (A) in a complex projective space CP"(c) (n = 2). It is
known that there exist no real hypersurfaces with parallel Ricci tensor in nonflat
complex space forms M,,(c) with n = 3 (see [11]). We establish the following.

Proposition 4. Let M be a real hypersurface M of type (A) in complex projective
space CP™(¢) (n 2 2), that is to say, M is a tube of radius r around a totally
geodesic CP*(c) with 0 <4 <n—2and 0 <r < n/\/c. Denote by S the Ricci
tensor of M in CP™(c) and put 7 = (\/c r)/2. Then we have
IVS||? =(c*/4)(n — £ — 1){(n — £) cot 7 — L tan7}?

+ (E/){(n —€—1)cot7 — (£ + 1) tan7}2.
Set x = cot T and denote the right-hand side of (5.1) by F(x). Then the function
F(z) takes its minimum at x = {{(nf +¢+1)/(n — € —1)(n* — nl — 6)}1/4.

(5.1)
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Proof. Since trace A is constant, we have from (3.1) that
(VxS)Y =Vx(SY) - SVxY
(5.2) = — Be/A{9(pAX,Y)E +n(Y)pAX}
+ (trace A)(VxA)Y — (VxA)AY — A(VxA)Y.
We recall the fact that a connected real hypersurface M in a nonflat complex

space form is locally congruent to a hypersurface of type (A) if and only if the
shape operator A of M satisfies

(5:3) (VxA)Y = —(c/4){g(¢X, Y)§ +n(Y)pX}
for X, Y € T'M ([10, 11]). The equation (5.2), together with (5.3), yields

(VxS)Y = —(c/){39(pAX,Y){ + 3n(Y)pAX + (trace A)g(¢X,Y)E
(5.4) T (trace AYn(Y)6X — g(6X, AY)E — n(AY)6X
—9(¢X,Y)AL —n(Y)ApX .

We decompose the tangent bundle T'M of M as the direct sum of principal
distributions: TM = Vs & Vy, @ V),, where § = /c cot 27, \; = (y/c/2) cot T,
Ay = —(yv/c¢/2)tan7 and dimV; = 1, dimV,, = 2n — 20 — 2 dimV,, = 2(
(0 =0 < n—2) (see Table 1). Needless to say that Vs = RE.

Now, we have the following lemma.

Lemma 1 ([5, 10]). Let M be a Hopf hypersurface of a nonflat complex space

form M,(c) (n = 2). If a nonzero vector X € TM orthogonal to & satisfies
AX = XX, then 2\ — §)ApX = (0A + (¢/2))pX holds, where ¢ is the principal
curvature associated with &.

By virtue of Lemma 1 we find that ¢V), =V, (i = 1,2) for a hypersurface of
type (A). Equation (5.4), combined with this fact, yields the following:

(VxS)Y = —(¢/4)(trace A+ X\ — X)g(¢ X, Y)E it XY € V),

(VxS)Y = —(c/4)(trace A+ o — \)g(0p X, Y)E Hf XY €V,
(VxS8)E = —(c/4)(trace A+ X\ — X)X if X € V),
(5:5) (VxS)E = —(c/4)(trace A+ Ao — M)pX i X € V),
(VxS)Y =0 if X e V),Y € V(i # j),
(VeS)Z =0 forany Z € TM.

Let {& X1,0X1, ..., Xy 01, 0X0_0-1, Y1, 0Y1, ..., Yo, Y, } be an orthonormal ba-
sis of TM with V), = Span{ X1, ¢X1,..., Xp—s—1,0X, -1} and V,, = Span{Y],
oY1, ..., Yy, ¢oYe}. We apply equations in (5.5) to this basis. Then we can get
(5.1) after a computation. The last statement can also be obtained by elementary
calculation. O

Remark 1. The following is the graph of the function of F(x) given in Proposi-
tion 4.
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s

Remark 2. We put zo = cotiy = {{(nl+C+1)/(n—£—1)(n2 —nt — )}/
(0£0<n—-20Z%ry <7/y/c), which is the value where F(x) = [|[VS||? takes
its minimum. On the other hand, a homogeneous real hypersurface of type (A)
is minimal if and only if cot 7 = /(2 +1)/(2n — 2¢ — 1) . Denote this value by
mg. Then we have the following: mo < zp & n—1<2l; mg=x9 & n—1= 2/
mo > 2o n—1> 20

6. SCALAR CURVATURES OF MINIMAL HOMOGENEOUS REAL HYPERSURFACES

We study all minimal homogeneous real hypersurfaces in nonflat complex space
forms M, (c) (n = 2) by their scalar curvatures. Let M be an arbitrary real
hypersurface in M, (c). Then the scalar curvature p = trace Ric is given by

(6.1) p=c(n* — 1)+ (trace A)* — trace (A?).

Theorem 2. Let M be a minimal homogeneous real hypersurface in a nonflat
complex space form M,(c) (n = 2). Then the scalar curvature p of M satisfies
the following:
(1) p=(c/2)(2n* — n — 1) when M is of type (A) in CP"(c);
(2) p=(c/2)(2n* —3n —1) when M is of either type (B), (C), (D) or (E) in
CP"(c);
(3) p=(c/2)(2n*>—1) when M is the minimal homogeneous real hypersurface
HR in CH™(c).
Remark 3. Theorem 2 shows that we cannot distinguish minimal homogeneous

real hypersurfaces of types (B), (C), (D) and (E) in CP™(c) by their scalar
curvatures.

The following theorem is known.

Theorem B ([7]). Let M be a compact orientable minimal real hypersurface
in CP"(¢) (n = 2). Suppose that the scalar curvature p of M satisfies p =
(¢/2)(2n?> —n —1). Then p = (c¢/2)(2n* — n — 1) and M is congruent to a
homogeneous real hypersurfaces of type (A).

The following problem is still open.

Problem 2. Let M be a minimal non-homogeneous real hypersurface in CP"(c)
(n 2 2). Does there exist M (even in local) with the scalar curvature p satisfying
the following inequalities?

(c/2)(2n* —=3n—1) £ p < (¢/2)(2n* —n —1).
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Abstract

Cellular automata have a configuration consisting of cells which may
become a state “live (infected)” and “dead (non-infected)”, and a con-
figuration evolves according to some rules with respect to time. Cellular
automata also have been used for simulations of spreading some disease.
We often have difficulty to estimate the evolution of configurations. In
this manuscript, we focus on a cycle graph with 2k(k > 1) cells and 1D
cellular automaton rule 90. We first show that any initial configuration
becomes a null configuration which consists of all “non-infected” cells with
a time period of a finite number. Furthermore, some theorems give an
estimation for the time period of an initial configuration until the null con-
figuration by the position of the cells without any simulation or numerical
computations.

1 INTRODUCTION

The system of cellular automata has been originally proposed by Stanislaw Ulam
and John von Neumann for studying the growth of crystals [3] and building self-
replicating robots [8]. Cellular automata have been used for representing some
epidemic models [11, 7, 2, 9] with 2D models as well. Recently, we have faced
some epidemic diseases such as influenza, MERS, SARS, and COVID-19, and
it is important to estimate how diseases are spread with respect to time in real
applications. Moreover, we often want to obtain an upper bound of the time
period until disappearing infected patients or epidemics.

Before considering 2D models, we focus on the cellular automata in cycle
graphs with 2% cells (k € N, N is the set of natural numbers). We have a cell
whose stage can be either “live (1)” or “dead (0)”. We could consider the two
stages which are “infected” and “cured (non-infected)” in some graphs whose
edges represent the connection between people. A disease is often spread with
respected to time by the interaction with people, i.e. an infected person interacts
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Table 1: Cellular automaton rule 90

| state [ 111 ][ 110 | 101 | 100 [ 011 | 010 [ 001 | 000 |
HfuturestateHO‘l‘O‘l‘1‘0‘1‘0”

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time ¢. The center of the three becomes
0 or 1 at future time t+ 1 (future state) according to the neighbor cells. We can
interpret the state 101 at time ¢ and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 027 +1%264+0%254+1%24 4123 4022+ 1521 +0%2° = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t < 2F=1 In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2F~1 ¢ < 25=2 etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of ¢, t = 2¥=1 ¢ < 2F=2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 CYCLE GRAPHS

We let C,, be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [bg,...,b,—1], where a
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cell at position i, b; € {0,1}. The cells b; (i = 0,...,n — 1) at the position ¢
are located clockwise. If a cell b; = 0,1 holds, then a cell i is “dead”, “live”,
respectively. We note that by and b,,_; are connected with an edge. If all cells

b; (i =0,...,n—1) are 0, then the configuration is called a null configuration
B We also describe a configuration B*) = [b(t) . ,bgl) 1] at time ¢.

We again introduce rule 90 of 1D cell automaton (see Table 1). A future

state b(t+ ) at time ¢ + 1 and position ¢ can be defined by two cells bgt)l, b§21 at

previous time ¢ and position ¢ — 1, ¢ + 1 as follows, bitH) = bgil + biJr1 (mod
2). Therefore, the future configuration according to rule 90 can be obtained by
the following matrix multiplication in modulo 2.

BUHOT — Adj(C,)BDT (mod 2), (1)

where BT represents the transpose of a vector B and Adj(C,,) is an adjacency
matrix of C,,.

For instance, if an initial configuration at time 0 in a cycle graph with eight
cellsis B(Y) = [1,1,0,0,1,0,1,1], then the next configurations at time 1, 2, 3 are
BM =10,1,1,1,0,0,1,0], B® =[1,1,0,1,1,1,0,1], B® = [0,1,0,1,0,1,0, 1],
BW = [0,0,0,0,0,0,0,0] according to rule 90. This instance never becomes a
null configuration because of “repeatedly”.

Although this manuscript focuses on rule 90, rule 60, 102, and 150 can be
expressed with some modifications for equation (1) (see details in Appendix A).
We also obtain the following equation by induction;

BWT = Adj(C,) ' BOT (mod 2). (2)

This manuscript focuses on circle graphs C,, n = 2F, a natural number
k > 1. We show a theorem that any initial configurations B(®) become a null
configuration B,,;; with a time period of ¢, t < 2k=1 We prove the theorem
combinatorically although the theorem has been proved polynomially [13]. For
the theorem, we first prepare some lemmas. We first introduce the feature of
an adjacency matrix. We note that the (7, j)th entry a;; of Adj(C,)™ counts
the number of walks (ways) of length m having start and end cells b; and b;,
respectively [4].

Next, we consider Pascal’s triangle and values with rows 2%,2% — 1 of the
triangle. At first, we consider values with 2¥th row. We show that all values

(2;) except the two ends (n = 0,2%) are even by using mathematical induction.
Lemma 2.1. Ifn,k € N and 0 < n < 2% holds, then (27:) is even.

Proof. By induction, we assume that (z + 1)2k =22 41 (mod 2). We obtain

k+1

(x+ 1)216+1 = ((z+ I)Qk)2 = (ka +1)2 =2 + 202 +1=22"" +1 (mod 2).
O

We consider the values with 2% — 1th row of Pascal’s triangle. We show that
k
all values (2 7:1) are odd by using lemma 2.1.
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Lemma 2.2. If n, k € N and 1 < k holds, then (2’“7:1) is odd.

Proof. All values (2:1) in row 2F —1 of Pascal’s triangle are odd since all values

in row 2* is even except for the two ends (2(:), (gt) by lemma 2.1. O

Theorem 2.1. For a natural number k > 1, any initial configurations B(®) of
Cyr become By with a time period t, t < 281,

Proof. We first consider Adj(Cyx)2" ", and (4, j)th entry of Adj(Cyx)2" " rep-
resents the number of walks (ways) to reach a cell b; from a cell b; with length
2k=1_ Without loss of generality, in cycle graphs we consider a cell by. For the
convenience of proof, we consider the number of walks of length 2¥~! from bg
tob;, 0<5 < 28=1 i a half circle.

The distance between b; and by is j, and we consider all possible walks to
get to b; from by with length k=1,

Let  and y, z,y € N, be the number of lengths to clockwise and counter-
clockwise, respectively. Then, we obtain the following equations;

2k71

r+y= , T =Y =] (3)

We next obtain - -
J+ 28 —j + 2
= = . 4
x 5 Y 5 (4)
When j € Nis odd, x,y ¢ N, which means that the number of walks from by to
bj is 0. When j € N is even, the number of walks from by to b; can be obtained

as follow;
T +y _ 2k—1
(2)-00) g

In the case j = 2F71, (32:1) =1, and there is another way from the other half
circle, therefore there are two walks to bgr—1.
In the other case 0 < 5 < ok—1 _ 2, we obtain k=2 < 5 < 9k=1 _ 1 and

(2,%1) = 0, (mod 2) by lemma 2.1. Finally, we obtain Adj(C’Qk)Qk_1 = O in

x

modulo 2. We obtain Adj(Cgk)QkilB(o)T =0BOT = BT . (mod 2). O

By a similar manner of Theorem 2.1, when B**+1) becomes a null configura-
tion at time ¢ + 1, the configuration B® has only two configurations. The first
case is a configuration with all “live” cells. The second case is a configuration
which locates “live” and “dead” cells alternately. We can confirm that with
some instances in Section 4.

3 SURVIVAL PERIOD

We consider a set of initial configurations which takes a time period of exactly
2F=1 yntil a null configuration. We first obtain a set of initial configurations
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which a time period of ¢, t < 2F~1
a set that we want to obtain.
After that, we consider a set of initial configurations which takes a time

period of ¢, ¢t < 2k=2 yntil a null configuration.

— 1. The compliment of the obtained set is

2k=1_1,(0) 2k=1_1.(0) . C .
Theorem 3.1. If ) 5 " by ord i by, is odd, then an initial configu-

ration B() = [béo), ey bg,?ﬁl] becomes By with a time period of exactly 281,

Proof. We again consider a half circle between a cell by and a cell b;, 0 <
j < 281 Let # and y, z,y € N be the number of lengths to clockwise and
counter-clockwise, respectively. The distance between b; and by is j, where
0 < j <2F=1 — 1. We obtain the following equations:

c+y=21—12-y=3j (6)

We obtain
jH2k -1 —j42k1 1
T = 5 Y= ) : (7)

When j is even, z,y ¢ Z, which means that the number of walks from by to b;
is 0. When j is odd, the number of walks from by to b; obtained as follows:

(200

is odd by the lemma 2.2. Therefore, when we obtain the entry (7, j)th entry a;;

of Adj(CQk)2k71_1, ai; = 0if ¢ — j is even, otherwise a;; = 1.
2k=1_1.(0) 2k=1_1.(0) e . (0)
If 7o by’ and Y. by, are even, its initial configuration B
becomes By with a time period of ¢, t < 2F — 1. The compliment of the set of
the initial configurations is a set which we want to obtain. O

Next, a set of initial configurations which become B,,,;; with a time period
of t, t < 2k=2 ig considered with the similar technique of Theorem 3.1.

Theorem 3.2. If i — j| = 271 and bl(-o) + b§-0) is even for any i,j, then an
initial configuration B(©) becomes By with a time period of t, t < 2F=2.

Proof. This proof is obtained with a similar manner as the proof of Theorem
3.1. O

We believe that we can obtain the statement that an initial configuration
becomes B, with a time period of ¢, ¢ < 2¥=3 with the similar manner and
some modifications.
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102
108
114
120
126

0 3 6 9121518212427303336394245485154576063

Figure 1: An initial configuration with thirteen “live” cells at {0, 10, 20, ..,
120}.

0 3 6 9121518212427303336394245485154576063 0 3 6 9121518212427303336394245485154576063
(a) (b)

Figure 2: (a) An initial configuration with two “live” cells at {0, 127}. (b) An
initial configuration with two “live” cells at {32, 96}.

4 EXPERIMENTS

To confirm our theorems, we prepare a cycle model Cyr = (28 and review our
theorems with some initial configurations B(®). In Figure 1, 2, and 3, the ith
column represents B(*) and the jth row represents b;j. Therefore, the value at
1th column and jth row represents by). A white cell bgl’) represents “live” or 1,
and a black cell represents “dead” or 0.

At first, we prepare an initial configuration B©) following Theorem 3.1,
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0 3 6 91215182124273033363942454851 5457 6063 0 3 6 9121518212427303336394245485154576063
(a) (b)

Figure 3: (a) An initial configuration with four “live” cells at {10, 50, 80, 101}.
(b) An initial configuration with four “live” cells at {16, 48, 80, 112}.

which is B with thirteen “live” cells; bgo) =1,j € {0,10,...,120}, otherwise
. :
b;o) = 0. Since 25101—1 bgp = 13 (odd), we estimate the initial configuration

BO becomes By, with a time period of exactly 27! = 64 (see Figure 1). We
also prepare an initial configuration B(®) following the Theorem 3.1. B(®) with

Wive” colle B0 — 1 5 o b0 — 0 G 28 11,(0) _
two “live” cells b, =1, j € {0,127}, otherwise b; " = 0. Since } ;_ by, =1

and 2?20171 bé?ll = 1, we also estimate the initial configuration becomes the
null configuration with a time period of exactly 64 (see Figure 2(a)).

In Figure 2, we prepare two initial configurations with two “live” cells, which
have different time periods until the null configuration. We prepare an initial

configuration B(®) following the Theorem 3.2. B(®) with two “live” cells; b;o) =

1,7 € {32,96}, otherwise b;o) = 0. Since bgg) + bg%) = 2 and the rest of bgo) +
b;o) = 0, where |i — j| = 2¥~1 = 64, the initial configuration becomes the null
configuration with a time period of ¢, t < 2772 = 32 (see Figure 2(b)).

In Figure 3, we prepare two initial configurations with four “live” cells, which
have different time periods until the null configuration. We prepare an initial
configuration B(©); b;o) = 1,75 € {10,50,80, 101}, otherwise bgm =0 (see Figure
3(a)). We prepare another initial configuration B(®) with four “live” cells; b§-0) =
1,7 € {16,48, 80,112}, otherwise b;m = 0. Its initial configuration becomes By,
with a time period of 2773 = 16 (see Figure 3(b)). Although we have the two
similar initial configurations, we can see that the evolution of one configuration
differs from that of the other due to the position of “live” cells.
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5 (CONCLUSION

In this manuscript, we study the cellular automata (rule 90) in the cycle graphs
with 28,k > 1 cells. First, we show that any initial configuration becomes the
null configuration with a time period of exactly 2~ combinatorically. Next,
we investigate the condition for a set of initial configurations with a time period
of t, t < 2F=2. With some modifications, we believe that we can obtain a set
of initial configurations with a time period of 2", where m < k. According
to simulations with some instances, we confirmed our theorems hold and the
position of “live” and “dead” cells matters for the time period. For each ini-
tial configuration, we can estimate the time period until the null configuration
without any simulations. We really hope this study gives some contribution for
epidemic diseases in real applications.
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APPENDIX A MATRIX REPRESENTATIONS

Table 2: Cellular automaton rule 150

H state H 111\110\101\100\011\010\001\000 H
HfuturestateH1‘0‘0‘1‘0‘1‘1‘0”

With a given cycle graph C,,, we prepare a matrix A with an identity matrix
T with size n x n such as A = Adj(C,,) + I. We can express rule 150 in Table 2
by using the matrix A. We obtain B**Y by matrix multiplication as follows;

B(t-‘rl)T — AB(f)T (9)

By some modifications of the matrix A, we can express rule 60 and rule 102 by
matrix multiplication of A.
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INVARIANT MEASURE OF ISOMETRIC ACTIONS ON METRIC SPACE

RATAKA TAHATA

Received June 8,2020 ; revised August 19,2020

ABSTRACT. The late Prof. Y. Mibu proved that there exists an invariant measure
under a condition that the action is transitive. Our aim in this note is to show that
when space is a metric space, we do not need this condition.

1 Introduction. In [2] Prof. Matsumoto approched this problem from an angle of er-
godic theory. Hence it is hard for us to understand its proof. Our proof is done by reducing
the result of Mibu. Hence the proof can understand easily.

2 Notation and preparation. In this section we explain notation used in this note and
do preparation for the proof of main theorem.

Definition 2.1. A metric space X is called proper if any closed ball B.(z) = {y €
X |d(z,y) < r}is compact for any € X and r > 0. (The word comes from the properness
of the distance function from z.)

Let X be a proper metric space and let G = {f | f: X — X surjective, isometric} be the
set of all the surjective isometries. We denote by K(X) (resp. O(X)) the set of all compact
(resp. open) subsets of X.

We introduce in G the compact-open topology [1]. Put

() W(K,U) ={f e G| f(K)cCU}
for any K (resp. U) belonging K(X) (resp. O(X)).

Definition 2.2. For any finite subset {W(K;,U;)|1 < i < n} of the form (*), all of their
meet (), W(K;, U;) form an open base. One says this topology the compact-open topology
in G

For any compact sets { K1, K2} and open sets {Uy, Uz} such that K; C Ky and Uy C Uy,
we have W (Ko, Us) C W(Kq,Uy).

Proposition 2.3. (i) G is separable and metrizable with respect to the compact-open topol-
0gy.
(ii) For any x € X and a bounded closed ball B, (x¢) of X, W({z}, B.(x0)) is a compact
set with respect to the compact-open topology.

Proof. (i) Since X is a proper metric space, X is separable metric space. Let D = {d;} be
a countable dense subset of X. Since X is a proper metric space, the closed ball B,.(z0) is
a compact set in X.

Let V' be a bounded open set in X. Let B,.(z) be a closed ball. Since X is a proper
metric space, for any r > 0 and « € X, B,(x) is compact. For any K € K(X) there exists

2000 Mathematics Subject Classification. Primary 28C10.
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anr € QT such that K C B,.(x), where Q7 is the set of all positive rational numbers. Since
D is dense in X, there exists a dj in D with dj, € V. Hence there exists an open set Uy(dy)
such that dy, € Uy(dy) C Up(di) C V and t € QF. We have W (B, (z),U;(dx)) C W(K, V).
{W(B,(d1),Us(dg)) | .t € QT,dy,d; € D} is a countable open base and satisfies the regular
condition. Hence G is metrizable.

(ii) W (B, (z0),U;(dy)) is closed with respect to the compact-open topology, for U;(dy)
is compact. Let x € B,(xo). By Ascoli’s theorem W({z},U;(dy)) is compact. Since
W (B, (z),U(dx)) € W({z},U(dr)), W(By(20),Us(dx)) is compact. Hence G is locally
compact. O

3 Main theorem. Let Y be a locally compact metric space with a distance function
d(x,y). Assume a group I' acts on Y isometrically. For z in Y, put I'y = {yz|y € T},
which is the orbit of y. We denote by X the closure I',, of the orbit.

Definition 3.1. When all the orbits are dense, one says that the action is minimal.
In this section we prove the main theorem.

Theorem 3.2 (main theorem). Let Y be a locally compact metric space. Assume a group
I' acts on Y isometrically. Then there is a I'-invariant Radon measure on Y .

The next proposition is a key to prove the main theorem.

Proposition 3.3. T' acts minimally on X. This means that any orbit contained in X is
dense in X.

Proof. We shall show that for any y, z € X and € > 0, there is v, € I" such that d(y, 'y, 2) <
€. The point x used in the definition of X has the property that for any ¢ > 0 and y € X,
there is 7, such that d(y, v,x) < €/2, since X is the closure of the orbit of z. Hence we have

d(v=7y 71y, 2) < d(vy Ty ) + d(vw, 2) = d(y,yyw) + d(vw,z) < ef2+e/2 =€
and the proof is complete. O

This means that any orbit contained in X is dense in X. Since a closed subspace of a
locally compact metric space is again locally compact, we have only to show the following.

Theorem 3.4. Let X be a locally compact metric space. Assume a group T’ acts on X
isometrically and minimally. Then there is a I'-invariant Radon measure on X.

Proof. This is a special case of the main theorem of [2]. However if the space X is proper,
we have a conceptually easier proof, which we shall discuss below.

Let G be the set of all the surjective isometries from X to X. By proposition 2.3, if X is
a proper metric space, then standard argument shows that the group G of all the surjective
isometries forms a locally compact metrizable group with respect to the compact-open
topology (see proposition 2.3).

The closure I in G is also locally compact metrizable, and acts transitively on X, that is,
for any x,y € X there exists an element ¢ in T such that gz = y. Indeed, by proposition 3.3,
for any positive integer n, there exists a v, € I' C G such that d(y,z,y) < 1/n. For any
compact neighbourhood U (y) of y, W ({x},U(y)) is compact. Hence there exists a positive
integer N such that v,z € U(y) for any n > N. Accordingly, for any positive integer n > N,
we have v, € W({z},U(y)). Hence there exists a convergent subsequence {yy,} of {7, }.
Its limit g is contained in the closure of I' C G. Hence gz = y holds, that is, the closure of
I' acts transitively on X. Therefore, Theorem 3.4 follows from a result of Mibu. 0
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The proof of main Theorem 3.2. Let Y be a locally compact metric space with a
distance function d(z,y). Put

G=CY,Y)={f|f:Y — Y surjective, isometric}.

Let T, = {yx |y € T'}. T acts isometrically on Y, that is, for any z,y € Y and v € T,
d(x,y) = d(vyz,~vy) holds. I' acts minimally, that is, any orbit I'; is dense in Y. Assume
the Y is proper. A group G is dense in Y. A group G is locally compact and metrizable
with the compact-open topology and acts transitively on Y, that is, for any z,y in Y there
exists g in I such that gz = y. By the result of Mibu we have I'-invariant measure.
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ABSTRACT. The least absolute shrinkage and selection operator (LASSO) is a popular
technique for variable selection and estimation in linear regression models. Introduc-

tion of information criteria for LASSO can decrease the computational cost efficiently.
So far the forms of some classic information criteria for LASSO are derived. In fact,
there exists some regression matrix such that the ordinary LASSO may not select the
correct model efficiently even by information criteria. In such situation, [9] introduced
modified LASSO approach. In this paper, we introduce two forms of Akaike infor-
mation criterion (AIC) based on modified LASSO estimation to help find the optimal
tuning parameters for prediction and variable selection purposes respectively. The
properties of those two forms are shown and a simulation study comparing these two
forms is conducted.

1 Introduction The least absolute shrinkage and selection operator (LASSO) is pro-
posed by [7], and is a popular technique for variable selection and estimation in linear
regression models. As we know, the performance of the LASSO relies heavily on the choice
of tuning parameter A to select the optimal model. For prediction purpose, the prediction
error is estimated by using cross-validation (CV) or by information criteria ([2]). A draw-
back of using information criteria is that the degrees of freedom must be known. [8] showed
that the number of nonzero coefficients is an unbiased estimate for the degree of freedom
of the LASSO, and the unbiased estimator is shown to be asymptotically consistent. For
variable selection purpose, choosing the optimal tuning parameter is more difficult since
the prediction optimal value is inconsistent in the sense of correct selection. [4] shows that
for certain high dimensional cases, generalized information criterion (GIC) on sub-models
decided by LASSO is consistent in the sense of correct selection. In the paper, we consider
a more general linear model, where the ordinary LASSO estimation may not work well. We
consider the following linear model:

Y, =8 +¢;,

where 1 < ¢ < n, B8* € RP, and {¢;} is independent and identically distributed process
with €; ~ N(0,0%). Let xi = (241, %42, .., Tip) be a known nonrandom function of i. By
X = (x1,...,2,)", we discuss the estimation of 8* based on an observed stretch Y =
(Y1,...,Y,) . Let ajy = Z?Zl T4, and we assume the following conditions on {«;}.

Assumption 1 1. a}; o0 (n—00), (j=1,...,p).

2
2. lim, o 25 =0, (j =1,...,p).
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3. The limit
a’y,
n—o00 a”.a,kk

exists for j,k=1,...,p, h € Z.
4. Letting ® = {pjr : j,k=1,...,p},  is regular.

The point of item 2 of Assumption 1 is to prevent that the last z2 +1,; from being an
appreciable part of the sum of squares for large n. Item 3 shows that the relations between
regressors for all sufficiently large n are approximately fixed values. Item 4 is for avoidance
of multicollinearity of the model. Obviously, the model includes the case that the norm
of different column in regression matrix may have different order of sequence length n.
For example, letting z;; = /="', O(3_1_, «3;) is greater than O(n) when j > 2. In such
condition, the ordinary LASSO estimation, where the estimators for the coefficients 8* are
obtained by

n p
B = argmin} (Vi = @iB)* + 3 AulBjl,
i=1 Jj=1

might not work well in the sense of variable selection, where ), is a given tuning parameter.
Correspondingly, it requires the modified LASSO estimation to match the different order
of each column which was introduced by [9] as follows:

n P
B\, = argrrgan —B)?+ ) Any/am|B;l.
i=1 j=1

In the numerical results ([9]), it was shown that the estimation of modified LASSO has
higher probability of correct selection of true model than that of the ordinary LASSO even
by selecting an optimal )\, with Akaike information criterion (AIC). In this paper, we
construct two forms of AIC based on modified LASSO for prediction and variable selection
purposes respectively in Section 2. In Section 3, the numerical analysis part, the selection
and prediction performance of the modified LASSO when using the above two forms of AIC
are analysised.

2 Main results We first define some notations. Let fiy, be the modified LASSO fit. j;
is the ith component of fi. For convenience, we let df (A,,) stands for df (f1», ), the degrees of
freedom of the modified LASSO. Suppose W is a matrix with p column. Let S be a subset
of the indices set {1,2,...,p}. Denote Wg = [--- W, ---]jcs, where W; is the jth column
of W. Similarly, define Bs = (--- ;- );jes for any vector 8 of length p. Let sgn(-) be
the sign function: sgn(z) = 1 if > 0; sgn(x) = 0 if x = 0; sgn(x) = —1, if x < 0. Let
So = {j : sgn(B*); # 0} be the active set of 8*, where sgn(3) is the sign vector of 8 given
by sgn(8); = sgn(f;). We denote the active set of B(An) as So(A,) and the corresponding
sign vector sgn(B(\,)) as sgn(\y).

2.1 Prediction purpose Prediction accuracy of a model can be assessed by calculating
its prediction error, that is, the error when the model is used to predict a new sample
of observations. Let f1 be a model fit decided by Y. The estimation of prediction error,
covariance penalties (C),) which was first introduced by [5], can be treated as a criterion
to show how well i will predict a future dataset independently generated by the same
linear regression model. Mallows shows that if it = MY, where M is an n X n matrix
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A2 .
not depending on Y, Cp(f1) := ”Y;"H + 2““:(M>02 is an unbiased estimation for the

expectation of prediction error. For a general estimate it = m(Y'), as in [10], C), can be

extended to i .
Y Al | 2
n n

Cp(pr) o?,
where df (1) = W By the connection between Mallows’s C, ([5]) and AIC
([1]), we know
Cp(i)
o2
In the following, we introduce the form of AIC for modified LASSO by following the line of
[8].
From the properties of modified LASSO solution, for a given Y, there is a finite sequence,

AIC(j) =

)\nO > )\nl > )\n2 > > )\nK = 0’

such that for all A\, > A0, B(\,) = 0, and that for all A\, € (A\p m+1, Anm), the active set
So(Arn) and sign vector sgn(A,) are invariant with respect to A,. Thus we write them as
S, and sgn,, for simplicity. Noticing that for any m = 0,..., K — 1, when A,, decreases
from the right hand side of A,,,, some predictors with zero coefficient at \,,, are about
to have nonzero coefficients, we call \,,,, as a transition point. Correspondingly, for any
An €[0,00) — {Anm,m =0,..., K — 1}, it is called as a non-transition point.

Theorem 1 For any \g > 0, the modified LASSO fit fix, (Y) is uniformly Lipschitz. Fur-
thermore, under the condition that X is full rank, the degree of freedom of fux, (Y') equals
the expectation of the cardinality of the active set So(\), that is,

df (An) = E|[So(An)]-

Theorem 1 shows that df(A,) = | So(\,)] is an unbiased estimate for df(X,). In the follow-
ing, we show that df (),) is also consistent.

Assumption 2 There exists v > 0 so that

minag;, = 0(n"), for n— c.
7

Lemma 1 Assume that Assumptions 1 and 2 hold, and that \, = O(n¢) where 0 < ¢ <
~/2, then,
P(So(An) = So) =1, forn— cc.

Theorem 2 If :‘1—2‘ — \*, then dAf(An) — df (An) in probability.

Proof. From Lemma 1, P(Sp(\,) = So) — 1. Immediately we see dAf()\n) — S in
probability. Then by the dominated convergence theorem, we have

df (\a) = Eldf(\a)] — | Sol-

Thus the theorem holds.

Based on the above discussion, the unbiased estimator for dAf (An) suffices to provide an
unbiased estimate to the true prediction error of fi, , as

Y — |2 2
_ H |29 +*|SO()\n)|O'2-
n n

Cp(frnr,)
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Correspondingly, AIC for the modified LASSO is defined as follows:

Y |

AIC([I’)\") no?

2
+ﬁ|30()\n)|'

Using AIC to find the optimal modified LASSO model, we introduce the following theorem
to find the optimal \,, where AIC(f1y,) get its minimum.

Theorem 3 To find optimal A\, (optimal), we only need to solve

f= in AIC(jy ):
" arng{(IJflllE.,K} (£x,,,.);

then A, (optimal) = A= .

2.2 Variable selection porpuse In the least squares fit fi(7) for a given subset 7 C

{1,...,p},

Y - XA 2

AIC(j(r)) !

no?
where B(ﬂ) is the lest squares estimate of 3* where B(W){l,._ﬂp}_ﬂ = 0, that is

3(n) = ar min Y; — ' 83)2.
CCRTEE D SUEE
Then we define 7 as
7=arg min AIC(f(m)).
©C{1,....,p}
We say AIC is consistent if P(7 = Sg) — 1, as n — oo. Then by setting =} = D, '\/nx;,
where D,, = diag{ /a}, ..., /ap,}, for the original model

)/:i = m;ﬁ* + Ei,

it is transferred into
Y = (x7) DnB* [/ + €.

After the transformation, from Theorem 2 in [4], we can get that AIC(f(7)) is consistent.
However, to find the 7, O(2™) times computational cost of a single least squares fit is needed.
Define m as

m = argmin AIC(f1(Sp)),

m

where m is the index of the transition point \,,, of modified LASSO. Then the following
theorem holds.

Theorem 4 P(S; = S) =1, asn — .

Proof. From Lemma 1, among the transition points, the probability that there exists m
such that Sy = S, converges to 1. Noticing that P(7 = Sp) — 1, we get P(S;, = So) — 1.

From Theorem 4, the consistency of AIC on sub-models decided by modified LASSO
approach is shown. Considering the computational cost can be reduced, it is reasonable to
use Sy, to estimate Sy.
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3 Numerical results In this section, the simulation study analyses the selection and
prediction performance of the modified LASSO when using the above two forms of AIC.
We set p=8 and B =1{1,0,1,1,0,0,0,0} i.e.

Yi =z + 23 + Tia + &4,

where the sequence z;; = 1 for all i € N, x40 = 4, 245 = cos%j for j =3,...,8,i ¢ N
and {e;} is generated by identically distributed Gaussian disturbances with length n going
from 50 to 500 and variance o2 = 0.1,0.5, 1 respectively. Here we use C; to stand for the
AIC(f1y,), and use Co to stand for AIC(fu(7)) for brevity. 100 replications are performed
for each situation.

From table 1, we compare C; and Cy by the bias and and mean squared error (MSE) of
their estimators in the sense of parameter estimates. Here the bias and MSE are defined as
follows:

s 8

Bias(8) = % Z Z(Btj - B;);
t=1 j=1
. 1 s 8 N
MSE(B)= -3 (B — 5,
t=1j=1

where s is the amount of replications. It is shown that the prediction performance of
modified LASSO with C is better than that of modified LASSO with C5, noticing that
both of absolute value of bias and MSE of C are smaller than those of Cs5. Besides, we can
notice that, with sequence length n increases, the performance of Cy gets worse. It agrees
to the condition of consistency, that the optimal A,, increases as n increases. From Table
2, the results from five aspects in the sense of variable selection are shown, which are the
probability of correct selection, the probability of relevant variables included, the probability
of irrelevant variables excluded, average number of included variables and average number
of included irrelevant variables. It is shown that the results by C5 are better than those
by C; overall. From the probability of true model included, the probabilities by Cy are
greater than those by C;. Besides, by comparing the values as n increases, it is shown that
the the probability of correct selection of the true model increases, which keep consist with
the consistency properties shown in Section 2. From the probability of relevant variables
included, almost all the probabilities by C; and C5 are 1, which means that by both
and Cy, the probabilities that relevant variables are excluded are low.

Table 1: Parameter estimates
Cl CQ

n 50 100 300 500 50 100 300 500
Bias

N(0.1) -0.1107 -0.0687 -0.0511 -0.0434 -1.4880 -1.4839 -1.5848 -1.6751
N(0.5) -0.2390 -0.1712 -0.1010 -0.0903 -1.4646 -1.5184 -1.5618 -1.5790
N(1) -0.3724 -0.2915 -0.1792 -0.1323 -1.5117 -1.5352 -1.5453 -1.5854
MSE

N(0.1) 0.0221 0.0115 0.0042 0.0024 1.3915 1.3944 1.5361 1.6444
N(0.5) 0.1090 0.0522 0.0180 0.0120 1.2837  1.3877  1.4639  1.5000
N(1) 0.2365 0.1135 0.0412 0.0231 1.3124 1.3421 1.4166  1.4922
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Table 2: Veriable selection

Ch Oy
n 50 100 300 500 50 100 300 500
Probability of correct selection
N(0.1) 0.53 0.55 0.55 0.57 074 073 0.79 0.84
N(0.5) 0.47 0.52 048 0.55 070 0.74 0.77 0.78
N(1) 0.35 041 046 049 0.68 0.71 0.75 0.78
Probability of relevant variables included

N(O0.1) 1 1 1 1 1 1 1 1
N(0.5) 1 1 1 1 1 1 1 1
N(1) 1 1 1 1 0.99 1 1 1

Probability of irrelevant excluded

N(0.1) 0.53 0.55 0.55 057 0.74 073 0.79 0.84
N(0.5) 0.47 0.52 048 0.55 070 0.74 0.77 0.78
N(1) 0.35 041 046 049 0.68 0.71 0.75 0.78
Average number of included variables

N(0.1) 3.81 3.80 3.66 3.56 333 334 3.23 3.16
N(0.5) 3.93 383 394 364 335 336 326 3.25
N(1) 411 396 3.79 3.75 341 333 325 3.24
Average number of included irrelevant variables

N(0.1) 0.81 08 0.66 056 0.33 034 0.23 0.16
N(0.5) 0.93 083 0.94 064 035 036 0.26 0.25
N(1) 1.11 096 0.79 0.75 041 033 025 0.24

4 Conclusion In Sections 2 and 3, the prediction performance of C; is better than Cs.
Whereas, the selection performance of the later is better than the former. Since these two
forms of AIC are derived by the ideas of [8] and [4], in fact a more general form of the
criteria can be derived. Besides, noticing that the consistency depends on the consistency
in the sense that the probability of correct selection of the true model converges to 1 as
the sequence length n goes to infinity, the consistency on high dimensions can be discussed
furthermore.
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Appendix A. Proof of Theorem 1 To prove Theorem 1, we introduce the following
lemma. For given Y, there exists a set of transition point, {A,;, : m = 0,..., K}. Recall
the definition of notations, S,, = So(Anm ), and sgn,,, = sgn(Anm).

Lemma 2 Suppose Ay, € (An,m+1; Anm). Then we have
2 / —1 / /\n
BOWs, = (X5, X5,) (X5, Y — 2 Dysem,).

where D,, = diag{+/a7,(0),...,/ax,(0)}.

Lemma 3 Consider the transition point \p.,, when A, decreases from the right hand side
of Anm t0 Ao, tadd 15 an inder added into S,,, and the order index of iqdq is i*, that

i8, lgdd = (Sm)ix. Denote the kth element of any vector a by (a),. We can express the
transition point A\pm as

(X5, X5,) 1 X5 Y)ir
(X's, Xs,)" Dy 'sgn,,,)i-

)‘nm =

Lemma 4 For any A\, > 0, there exists a null set Ny, which is a finite collection of
hyperplanes in R™. Let Gy, =R"—N,,. ThenVY € Gy, , A\, is not any of the transition
points for'Y .

n?

Lemma 5 V), >0, B(An) is a continuous function with respect to'Y .

Lemma 6 Fiz any A\, > 0 and consider Y € Gy, as defined in Lemma 4. The active set
So(An) and the sign vector sgn(A,) are locally constant with respect to'Y .

Lemma 7 Let Gog = R". For any A\, > 0, on the set Gy, as defined in Lemma 4, the
modified LASSO fit fux, (Y) is uniformly Lipschitz. Precisely,

16x, (Y + AY) — oy, (V)] < [[AY],
for sufficiently small AY . Moreover, we have the divergence formula
V- jin, (Y) = So(Xo)l,
where | So(Ay,)| stands for the cardinality of So(An).

The proofs of Lemma 2 to 7 are similar to those in [8], here we omit the proofs.
Proof of Theorem 1: By Lemma 4-7, fi5, (Y') is differentiable almost every where. Then by
the Stein’s unbiased risk estimation theory ([6]) and Lemma 7,

df(\n) = EV - iy, (Y) = E[So(An)]-
Thus Theorem 1 holds.

Appendix B. Proof of Lemma 1

Noticing that {e;} is independent and identically distributed process with &; ~ N(0,0?),
\/ar: (0)
Thus, Lemma 1 is a special case of Theorems 4 and 5 in [9], which implies it holds.

then Y7, b, e; satisfies the Bernstein inequality, where by,;; = for j =1,...,p.



TWO FORMS OF AIC BASED ON MODIFIED LASSO

Appendix C. Proof of Theorem 3
From the forms of AIC, we know that

no?

n

Y - )? 0 2
An (optimal) = arg H)\liIIAIC(ﬂ)\n) = argmin ¥ =7 + =So(An)]-
n , n

From Lemma 2, for A\, € (Aym+1, Anm), we have

N A2
1Y =, [P =Y'(I - X5, (X5, Xs,) "' X5 )Y + ~—sgn,

4 nD"(X/SmXSm)_ID"Sgnn’m
where I is the n x n identity matrix. Thus we conclude that in the interval (Ap m+1, Anm ),
Y — fuy, ||? is strictly increasing with respect to A,. On the other hand, note that
| So(Anm)| > | So(An,m—+1)|- Therefore, the optimal choice of A, in [Ay m+1, Anm) 1S Apms1,
which means A, (optimal) € { A\ : m+0,..., K}. Thus Theorem 3 holds.

Communicated by Masanobu Taniguchi
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ABSTRACT. We show new spectral mapping theorem of the Taylor spectrum for
doubly commuting pairs of p-hyponormal operators and log-hyponormal operators.

And we give Putnam inequality for log-hyponormal tuples.

1 Introduction Let H be a complex Hilbert space and B(H) be the set of all bounded
linear operators on H. For T € B(H), let o(T),0,(T") and 0,(T") denote the spectrum, the
point spectrum and the approximate point spectrum of 7', respectively. Let A € C belong
to the residual spectrum o, (T) of T" if there exists ¢ > 0 such that ||(T"— X)z|| > ¢||z|| for
all z € H and (T'— \)H # H. It is easy to see that if A € 0,(T"), then 0 € o,((7" — \)*).
It is well known that o(7") = 0,(T") U 0,(T). For an Hermitian operator A € B(H), we
denote A > 0 if (Az,z) > 0 for every v € H and A > B if A— B > 0. When (Az,z) >0
for every non-zero x € H, then we denote 7' > 0. For a given p > 0, T € B(H) is
said to be p-hyponormal if (T*7)? > (TT*)?. When p = 1/2, T is said to be semi-
hyponormal. It means that 7" is semi-hyponormal if and only if [T'| > |T*|. T is said to
be log-hyponormal if T" is invertible and log |T'| > log |T™|. It is well known that if 7" is
invertible p-hyponormal for some p > 0, then T is log-hyponormal. If M is a reducing
subspace for a p-hyponormal or log-hyponormal operator 7', then so is T'| o4, respectively.

For a commuting n-tuple T = (T1,...,T,,) € B(H)", we explain the Taylor spectrum
o(T) of T shortly. Let E™ be the exterior algebra on n generators, that is, E™ is the
complex algebra with identity e generated by indeterminates ey, ...,e,. Let E}(H) =
H @ Ep. Define d} : E}(H) — E} (H) by

k
dix®@e; N Ne) =Y ()T Ta@e;, Ao Aéj A Aey,
i=1
where ¢;, means deletion. We denote d} by dj, simply. We think Koszul complex E(T) of
T as follows:

dn dp— d d
E(T) + 0— Ej(H) = B ((H) == - =5 E{(H) = Ej(H) — 0.
2010 Mathematics Subject Classification. Primary 47B20, Secondary 47A10.
Key words and phrases. Taylor spectrum, Xia spectrum, spectral mapping theorem, p-hyponormal,
log-hyponormal.
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. DI
It is easy to see that E(H) = H&---aH (k=1,..,n).

Definition 1.1. A commuting n-tuple T = (T4, ...,T,) € B(H)" is said to be singular if
and only if the Koszul complex E(T) of T is not exact.

Definition 1.2. For a commuting n-tuple T = (T4, ..., T,,) € B(H)", the Taylor spectrum
or(T) of T is the set of all z = (21, ..., 2,) € C" such that T — z = (T} — 21, ..., Ty, — 2)
is singular.

About the definition of the Taylor spectrum, see details J. L. Taylor [11] and [12].

For a commuting pair T = (71,Ty) € B(H)?, it is well known that, for polynomials
f1, -y fn of 2 variables, if f(z1,22) = (fi(21,22), ..., fu(21, 22)), then it holds

or(f(Th,1z)) = flor(T1,T2)),

where or(T1,Ts) is the Taylor spectrum of T = (71, T3). See Theorem 4.7 in [12].

In this paper, we study other spectral mapping theorem, that is, let 7; = U;|T;| (j =
1,2) be the polar decomposition of T; and f(t) be a continuous function on the non-
negative real line. Let S; = U;f(|T}]) (j = 1,2) and S = (51, S2). Then under some
assumption does it hold

or(S) = {(¢" f(r1), e f(r2)) + (re™,rae'™) € 07(T) } ?

For a single operator, it holds for some classes of operators. For example, if T = U|T| is
a p-hyponormal operator or a log-hyponormal operator with log |T'| > 0 and f(t) = ¢* or
f(t) =log t, then

(1) o(UF(T) = {e”f(r) : re” € o(T) },
respectively by [7, 10].
Let T = (11, T3) be a commuting pair of operators on H, z = (21, z) € C? and let

T, — = T — 29

a(T —1z) = < Ty = m) (Ti— =) > on HoH.

Then Vasilescu proved the following result.
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Proposition 1.3. (Theorem 1.1, Vasilescu [13]) Let T = (T1,T) € B(H)?* be a com-
muting pair. Then

z = (21, 22) € or(T) if and only if (T — z) is not invertible.
Therefore, we have

z = (z1,29) € or(T) if and only if 0 € o(a(T — 2)).

For an n-tuple T = (71, ...,T,), the joint point spectrum o;,(T) is the set of all numbers
z = (z1,...,2,) € C" such that there exists a non-zero vector x € H which satisfies
Tjx = zjxz (Vj = 1,...,n) and the joint approximate point spectrum o,,(T) is the set of
all numbers z = (21, ..., 2,,) € C" such that there exists a sequence {x;} of unit vectors of
‘H which satisfies

(T; — zj)x, — Oask — oo (Vj=1,..,n).

Following proposition is due to Berberian [1] for a single operator case. It is easy to see
a proof for n-tuples. See Berberian [1] and Cho [2].

Proposition 1.4. Let B(H) be the set of all bounded linear operators on H. Then there
exist an extension space K of H and a faithful x-representation of B(H) into B(K) :
T — T° such that

Uja(Th 7Tn) = O'jp(TO, ,T,S) == O'p(T’lo7 ,TZ)

We have Putnam inequalities of hyponormal tuples, semi-hyponormal tuples, and p-
hyponormal tuples. See [2],[3],[4],[5],[8]. Finally we give Putnam inequality of log-
hyponormal tuple.

2 New spectral mapping theorem
Following results are well known.

Proposition 2.1. Let T = U|T| be the polar decomposition of T and f be a continuous
function on the non-negative real line which contains o(|T|). For a sequence {x,} of unit
vectors, if (T —re?)z, — 0 and (T —re?)*z,, — 0, then (U —e*)z,, — 0, (|T| — 1)z, — 0
and (f(|T]) = f(r))an — 0.

See Lemma 1.2.4 in [15].
Proposition 2.2. Let T be semi-hyponormal. Then o(T) ={Z : z € 0,(T*)}.
See Theorem 1.2.6 in [15].

Let T'= U|T| € B(H) be the polar decomposition of 7" with unitary U and f be a con-
tinuous function on the non-negative real line which contains o(|T'|). Let I be Berberian
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extension of # and o : B(H) > T — T° € B(K) be a faithful *-representation. We set
the following conditions (2) and (3):

(2)  For a sequence {x,} of unit vectors, if (T' — z)x,, — 0, then (T — 2)*x,, — 0.
(3) If a closed subspace M of K reduces T° and re’ € o(T°| ),
then M reduces U°,|T|° and e f(r) € o, (U°|mf(IT))°|m)7) -

Remark. If T is p-hyponormal and f(t) = t?7, then (2) holds by Theorem 4 of [5]. If
T is log-hyponormal and f(¢) = log t, then (2) holds by Lemma 3 of [10]. About (3),
since the mapping o of Berberian method is a faithful x-representation, so is T° if T is
p-hyponormal or log-hyponormal, respectively. Let M be a reducing subspace for T'. It
is clear that if 7" is p-hyponormal or log-hyponormal, then so is 1|, respectively.

(i) Let T' be p-hyponormal and T'= U|T| be the polar decomposition of T" and f(t) = t?P.
Then S = U|T|? is semi-hyponormal and o(U|T|*?) = {r*e¢? : re® € o(T)} by Theo-
rem 3 of [7]. Hence (3) holds by Proposition 2.2.

(ii) Let T" = U|T| be log-hyponormal and f(t) = log t. Then S = Ulog|T| is semi-
hyponormal and o (U log|T|) = {e?log r : re? € o(T) } by Lemma 8 of [10]. Hence (3)
holds by Proposition 2.2.

Therefore, if T is p-hyponormal or log-hyponormal and f(t) = %7 or f(t) = log t, respec-
tively, then 7" satisfies (2) and (3) for this f.

Theorem 2.3. Let T = (11,15) be a doubly commuting pair of operators and T; =
Ui|T;| (7 = 1,2) be the polar decomposition. Let f(t) be a continuous function on a
open interval in the non-negative real line which contains o(|Ti|) U o(|Ts|). Let S; =
U; f(IT3]) (5 = 1,2) and S = (51, S2). Let Ty, Ty and f satisfy (2) and (3). If (rie', roe?) «
or(T), then (e f(r1),e" f(rqy)) € or(S).

Proof. Let z = (21, 22) = (r1€%,79¢"2) € o7p(T). Then 0 € o(a(T — z)) by Proposition
1.1.

Case 1. If 0 € 0,(a(T — z)), then there exists a sequence {x,, ® y,,} of unit vectors of
‘H & H such that

o =nie,on - (L2 B ) o (1),

Since 11, T are doubly commuting, we have
(T1 — 21)*(T1 — 2’1)3)” + (TQ — Zz)(TQ — 22)*xn — 0

and
(Tl — Zl)(Tl — Zl)*yn -+ (TQ — 22)*(T2 — Zg)yn — 0.

If z,, /4 0, then (21,%) € 0j,(11,Ty), and if y,, /4 0, then (Z7, 22) € 0;,(T7, T3).
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Case 2. If 0 € 0,(2(T — 2)) C 0,(a(T — 2)*), then there exists a non-zero vector
x @ y such that

. (N —z) e —(Ty—2z)y\ (0
a(T - Z) (x@y) - <<T2 _ 22)*1, + (Tl _ Zl)z) - <0> :
Hence, we have
(T — 21)(Th — 1)+ (To — 22)*(Ty — 22)x =0
and
(Tl — Zl)*<T1 — zl)y + (TQ — Zg)(TQ — 22)*y =0.

If © # 0, then we have (77 — z1)*x = (T2 — 2z9)z = 0 and if y # 0, then (T} — z1)y =
(Tg — 22)*y =0.

Therefore, if necessarily by changing order, we may assume that there exists a sequence
{z,,} of unit vectors such that (the proof of case (T} — z1)*z,, — 0and (To —23)x, — 0
is similar.)

(Th — z1)x, — Oand (Ty — 29)" 2z, — 0.

Hence

(Uy — ™, — 0, (|Ty] —r)z, — 0,(S1 — e f(r))z, — 0
by the assumption. Let K be the Berberian extension of H. Then there exists 0 # z° € K
such that

(S5 — e f(r))a® = (Ts — 2z)"2° = 0.

Let M = ker(S5 — €' f(ry)). Since (S5, Ty) are doubly commuting pair, M is a reducing
subspace for Ty. Since 2° € M, we have 2z, = 192 € o(T5|p). Let Sy = Uy f(|T3]). Then
by the assumption (2), we have 75|y = Us| | T3|°| a0 and €72 f(r5) € 0,,(S5*| m). Hence
there exists non-zero y° € M such that (S5 — 2 f(ry))*y° = 0. Since y° € M, we have
(S5 — €™ f(r1))y° = 0. Therefor there exists a sequence {y,} of unit vectors such that

(S1— ™ f(r1))ya — 0and (Sy — €™ f(ry)) 'y, — 0.
Then
a(S — (€% f(r1), 6 f(r))) (yo) - <_<(%2__if££}((?j)>ﬁgn> — (8) '
Hence 0 € o (a(S B (ewlf(h),ewzf(m)))) and (eialf(rl),eiGQf(TZ)) € o7(S). This com-

pletes the proof.
O

Corollary 2.4. Let T = (11,73) be a doubly commuting pair of p-hyponormal operators
(0 < p < 1). Let U; be unitary for the polar decomposition of Ty = U;|T;| (j = 1,2) and
S = (U1|T1|2p, U2|T2|2p). Then

or(S) = {(rPe® rPe®?) 1 (re rye®?) € op(T) }.
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Proof. Let f(t) = t?’ on the non-negative real line. Since T is a doubly commuting pair
of p-hyponormal operators and f(t) = t**, Ty, Ty and f satisfy (2) and (3). Hence, by
Theorem 2.3 we have

or(S) D {(rPe raPe®) : (r1e rye?) € op(T) }.

Conversely, put g(t) = £ on the non-negative real line. Since S is a doubly commuting
pair of semi-hyponormal operators, 51, Sy and ¢ satisfy (2) and (3). Then we have the
converse inclusion by Theorem 2.3 and similar argument. O

Corollary 2.5. Let T = (T1,Ts) be a doubly commuting pair of log-hyponormal operators
with log |T;| > 0. Let U; be unitary for the polar decomposition of T; = U;|T};| (j = 1,2)
and S = (Uy log |T1|, Uz log |Ts]). Then

or(S) = {ew1 logr1, 2 log ro) : (Tlei‘gl,rgei%) € op(T) }.

Proof. Let f(t) =logt on (0,00). Since T is a doubly commuting pair of log-hyponormal
operators and f(t) = logt, Ty, T> and f satisfy (2) and (3). So by Theorem 2.3 we have

or(S) D {e”logri,e®logry) 1 (1€, rye’?) € op(T) }.

Conversely, let g(t) = ¢’ on the non-negative real line. Since S is a doubly commuting
pair of semi-hyponormal operators, S, Sy and g satisfy (2) and (3). Hence, we have the
converse inclusion by similar argument. O

3 Putnam inequality

In this section we study for Putnam inequality of log-hyponormal tuples. Let U =
(U1, ...,U,) be an n-tuple of unitary operators. For T" € B(H), an operator Q; (j =
1,...,n) on B(H) is defined by

Definition 3.1. Let U = (Uy,--- ,U,) be a commuting n-tuple of unitary operators and
A>0. An (n+ 1)-tuple (U, A) is said to be a semi-hyponormal tuple if

Q- Q;,A>0 forall 1<j; <+ <jp<n.

Definition 3.2. Let U = (Uy,--- ,U,) be a commuting n-tuple of unitary operators and
A > 0 with log A > 0. An (n+ 1)-tuple (U, A) is said to be a log-hyponormal tuple if
(U,log A) is a semi-hyponormal tuple.

Let U = (Uy,---,U,) be an n-tuple of unitary operators and T € B(H). If

+ . : —n n
S (T) :=s— lim (U;"TU})

n—+oo
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exist, then the operators S;E(T) are called the polar symbols of 7. If U;|A| is semi-
hyponormal, then the polar symbols Sf(T) exist,.

For k € [0,1] and A > 0, we denote

(kS + (1= k)S7)A = kS (A) + (1 — k)S; (A).

J

Let k = (kq, ..., k,) € [0,1]" and (U, A) be a semi-hyponormal tuple. Then the generalized
polar symbols Ay of A are defined by
A =T, (kSF + (1 — k;)Sy) A.

J

Since A > 0, then A > 0. Hence it is clear that (U, Ay) is a commuting (n + 1)-tuple of
normal operators for every k € [0, 1]".

Definition 3.3.
(1) Let (U, A) be a semi-hyponormal tuple. The the Xia spectrum ox (U, A) is defined by

ox(U,A) = U 0,0(U, Ayg).

ke[0,1]™

(2) Let (U, A) be a log-hyponormal tuple. Since (U,log A) is a semi-hyponormal tuple,
Xia spectrum ox (U, A) of (U, A) is defined by

ox(UA) :={(z1, ..., 2n,€") : (21, .., 2n,7) € ox(U,log A)}.
Proposition 3.4. (Theorem 5, Xia [14]) Let (U, A) be a semi-hyponormal tuple. Then

1
\Qr”QnAHSn/'”/ dfy--- db, dr.
(2m) ox (U, A)

Let (U, A) be a semi-hyponormal tuple and k = (ky,--- , k,) € [0,1]". We define

Apog e = exp{Ilj_, (kjS;r(log A) + (1 = k;)S; (log A))}

Then (U, Ajog k) is a commuting tuple and (U, log A) is a semi-hyponormal tuple. Let
(log A) = IT7_, (k:ij(log A+ (1- kj)S;(log A))

Then Apgx = exp{(log A)x} and we have the following lemma.

Lemma 3.5. Let (U, A) be a log-hyponormal tuple and k € [0,1]". Then

(21, , 2, logr) € 04(U, (log A)x) if and only if (21, ,2p,7) € 0o(U, Alogx)-



152 MUNEO CHO AND KOTARO TANAHASHI

Proof. 1t is easy from Aj,gx = exp{(log A)x}.

Theorem 3.6. Let (U, A) be a log-hyponormal tuple. Then

(U4 = | 3lU A

ke[0,1]™

Proof. Since ox(U, A) = {(z1,-+ ,zn,€") : (21, , 2n,7) € 0x(U,log A)} by the defini-
tion 3.3 (2), we have

ox(U,log A) = U 0;0(U, (log A)y).

ke(0,1]n

Hence we have
ox(U,A) = U ja(U, Alogx)

ke[0,1]n

by Lemma 3.5.

Theorem 3.7. Let (U, A) be a log-hyponormal tuple. Then

1 1
Q- Q, log Al < n// 6, db,dr.
(27) o(U,A) T

Proof. Since (U, log A) is a semi-hyponormal tuple, it holds

1
|Q1 - Qplog Al Sn// dby - - - db,dr
(27T) o(U,log A)

by proposition 3.4. Since
ox(U,log A) = {(z1, -, zn,logs) : (21, ,2,5) € ox(U, A)}
by definition, we have

(21, 2z, 7) €E0x(U,log A) <= (21, , zn,€") € ox (U, A).

Let s = ¢". Then ds = e"dr and dr = lds. Hence
S

1 1 1
// d@l---dQndT—/.../ —dby ---db,ds.
(2m)" (U log A) (2m)" o(U,A) S
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Let T = (T3,...,T;) be a doubly commuting n-tuple of log-hyponormal operators and
T; = U;|T;| be the polar decomposition of T; with log |Tj| > 0 (j = 1,...,n). Let U =
(Uy,...,U,) and A = exp(log|T3|---log|T,|). Then U is a commuting n-tuple of unitary
operators and A > 0. By the definition of the operator Q;, it is easy to see that

Q;log A = (Il log | Ty|) (log |Tj| — log T ])
for all j = 1,...,n. Therefore (U, A) is a log-hyponormal tuple and

Qi QulogA = H?:1(10g|7}| _10g|T;’) > 0.

Hence we have the following theorem.

Theorem 3.8. Let T = (13,...,T,,) be a doubly commuting n-tuple of log-hyponormal
operators with log |T;| > 0. Let T; = U;|T;| (j = 1,...,n) be the polar decomposition and
A =exp(log|Ty|---log|T,). Then

— d91 -df,dr.
ou,A) T

1T, (log | T3] — log [TF])|] <
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(a) Joachim Schroder

(b) Department van Wiskunde, Universiteit van die Vrystaat, Posbus 339, Bloemfontein 9300, South Africa

(b") schroderjd@ufs.ac.za

(c) Enumerative combinatorics, Categorical methods in topology, Set theoretic topology (cardinal invariants, elementary
submodels)

SPAIN
(a) Javier Gutierrez Garcia
(b) Departamento de Matematicas, Universidad del Pais Vasco/Euskal Herriko Unibertsitatea UPV/EHU, Apartado 644,
48080, Bilbao, Spain
(b") javier.gutierrezgarcia@ehu.eus
(c) General topology (in particular, insertion and extension of functions), Pointfree topology,Many-valued topology

(a) Jorge Galindo

(b) Instituo de Matematicas y Aplicaciones de Castellon (IMAC), Departamento de Matematicas, Universidad Jaume I,
12071-Castellon, Spain.

(b") jgalindo@mat.uji.es

(c) Topological Algebra, Abstract Harmonic Analysis, General Topology.

(a) Luis M. Sanchez Ruiz

(b) ETSID-Depto. de Matematica Aplicada & CITG, Universitat Politécnica de Valéncia, E-46022 Valencia, Spain

(b") LMSR@mat.upv.es

(c) Functional Analysis, Topological Vector Spaces, Barrelledness Properties, Baire-like Spaces, Continuous Function
Spaces, Wavelets

(a) Salvador Hernandez

(b) Departamento de Matematicas, Universitat Jaume I, 12071 Castellon, Spain

(b") hernande@uji.es

(c) Topological groups and semigroups, Spaces of continuous functions, Operators defined between spaces of continuous
functions, General Topology.

TAIWAN
(a) Hang-Chin Lai
(b) Department of Mathematics, National Tsing Hua University, Hsin Chu City, Taiwan
(b’) laihc@mx.nthu.edu.tw
(c) Nonlinear analysis and convex analysis, Optimization theory, Harmonic analysis



UNITED STATES OF AMERICA

(a) Andreas Blass

(b) Mathematics Department, University of Michigan, Ann Arbor, MI 48109-1043, USA
(b") ablass@umich.edu

(c) Mathematical logic, set theory, category theory

(a) John B Conway

(b) Professor Emeritus, George Washington University,Phillip Hall 801 22™ St. NW
Washington, DC 20052, U.S.A

(b’) Conway@gwu.edu

(c) Functional Analysis and Operator Theory

(a) Paul Cull

(b) Computer Science, Kelley Engineering Center, Oregon State University, Corvallis, OR 97331, USA

(b') pc@cs.orst.edu

(c) Difference Equations and Dynamical Systems, Computer Science (Theory, Algorithms, Networks), Mathematical
Biology (Population Models, Neural Nets)

(a) W. Wistar Comfort

(b) Department of Mathematics, Wesleyan University, Wesleyan Station, Middletown, CT USA 06459
(b'") weomfort@wesleyan.edu

(c) Topological theory of topological groups, General (set-theoretic) topology

JAPAN

(a) Mariko Yasugi

(b) non-public

(b’) yasugi@cc.kyoto-su.ac.jp
(c) Logic Oriented Mathematics

(a) Haruo Maki

(b) non-public

(b") makih@pop12.odn.ne.jp

(c) (Topological) digital n-spaces (n>0), Generalized closed sets (after Levine),
Operation theory in topology (in the sense of Kasahara and Ogata)

(a) Kohzo Yamada

(b) Faculty of Education, Shizuoka Univ., 836 Ohya, Shizuoka 422-8529, Japan
(b’) kohzo.yamada@shizuoka.ac.jp

(c) General Topology

(a) Yasunao Hattori

(b) Shimane Univ., Matsue, Shimane 690-8504, Japan
(b’) hattori@riko.shimane-u.ac.jp

(c) General Topology

(a) Yoshikazu Yasui

(b) Department of Modern Education, Faculty of Education, Kio University, 4-2-2, Umami-naka, Koryo-cho,
Kitakaturagi-gun, Nara, 635-0832, Japan

(b’) y.yasui@kio.ac.jp

(c) General Topology



(a) Eiichi Nakai

(b) Department of Mathematics, Ibaraki University, Mito, Ibaraki 310-8512, Japan

(b") eiichi.nakai.math@vc.ibaraki.ac.jp

(c) Real analysis, harmonic analysis, Fourier analysis, function spaces, singular and fractional integrals

(a) Jun Kawabe

(b) Division of Mathematics and Physics, Shinshu University, 4-17-1 Wakasato, Nagano 380-8553, Japan
(b') jkawabe@shinshu-u.ac.jp

(c) Measure and integration, Vector measure, Nonadditive measure

(a) Shizu Nakanishi

(b) non-public

(b’) shizu.nakanishi@nifty.ne.jp
(c) measures and integrations

(a) Jun Ichi Fujii

(b) Department of Educational Collaboration(Science, Mathematics and Information),Osaka Kyoiku
University, Asahigaoka, Kashiwara, Osaka 582-8582, Japan

(b") fujii@cc.osaka-kyoiku.ac.jp

(c) Operator Theory

(a) Masaru Nagisa

(b) Department of Mathematics and Informatics, Graduate School of Science, Chiba University, Yayoi-cho,
Chiba, 263-8522, Japan

(b’) nagisa@math.s.chiba-u.ac.jp

(c) operator algebra, operator theory

(a) Hiroyuki Osaka

(b) Graduate School of Science and Engineering, Ritsumeikan University, 1-1-1 Noji-higashi, Kusatsu,
Shiga 525-8577 Japan

(b') osaka@se.ritsumei.ac.jp

(c) Operator Theory and Operator Algebras

(a) Masatoshi Fujii

(b) non-public

(b’) mfujii@cc.osaka-kyoiku.ac.jp
(c) Operator Theory

(a) Wataru Takahashi

(b) Keio Research and Education Center for Natural Science,Keio University, Kouhoku-ko,Yokohama 223-8521,
Japan

(b’) wataru@is.titech.ac.jp, wataru@a00.itscom.net

(c) Nonlinear Functional Analysis

(a) Shigeo Akashi

(b) Department of Information Sciences, Faculty of Science and Technology, Tokyo University of Science,
2641, Yamazaki, Noda-City, Chiba-Prefecture, 278-8510, Japan

(b)) akashi@is.noda.tus.ac.jp

(c) Information Theory, Entropy Analysis, Applied Mathematics, Functional Analysis

(a) Yoshitsugu Kabeya

(b) Department of Mathematical Sciences, Osaka Prefecture University, 1-1, Gakuen-cho, Naka-ku,
Sakai, Osaka 599-8531, Japan

(b)) kabeya@ms.osakafu-u.ac.jp

(c) Partial Differential Equations, Ordinary Differential Equations



(a) Atsushi Yagi

(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871,
Japan

(b’) yagi@ap.eng.osaka-u.ac.jp

(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems

(a) Yoshimasa Nakamura

(b) Osaka Seikei University, 3-10-62 Aikawa, Higashiyodogawa-ku, Osaka 533-0007, Japan
(b)’ nakamura-yo@osaka-seikei.ac.jp

(c) Integrable Systems, Numerical Linear Algebra, Special Functions

(a) Yasumasa Fujisaki

(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology,
Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan

(b’) fujisaki@ist.osaka-u.ac.jp

(c) Control Systems Theory

(a) Naruhiko Aizawa

(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture
University,Sakai,Osaka 599-8531,Japan

(b*)aizawa@p.s.osakafu-u.ac.jp

(c) representation theory

(a) Hisao Nagao

(b) non-public

(b’) nagao.hisao@aqua.plala.or.jp

(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method

(a) Masanobu Taniguchi

(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,
3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386

(b) taniguchi@waseda.jp

(c) Statistical Inference for Stochastic Processes

(a) Masao Kondo

(b) non-public

(b’) kondo@sci.kagoshima-u.ac.jp
(c) Time Series Analysis

(a) Masao Fukushima

(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering,
Nanzan University, Nagoya, Aichi 466-8673, Japan

(b)’ fuku@nanzan-u.ac.jp

(c) Mathematical Programming, Nonlinear Optimization

(a) Ryusuke Hohzaki

(b) non-public

(b”) ryu-hoh@outlook.jp

(c) Reviewable area: Operations Research, Search theory, Game theory

(a) Hiroaki Ishii

(b) Department of Mathematical Sciences, School of Science and Technology, Kwansei Gakuin University

2-1 Gakuen, Sanda, Hyogo 669-1337, Japan

(b’) ishiroaki@yahoo.co.jp

(c) Operations Research and Fuzzy Theory, especially Mathematical Programming (Stochastic Programming,
Combinatorial Optimization, Fuzzy Programming), Scheduling Theory, Graph and Network Theory, Inventory control,
Mathematical evaluation method



(a) Junzo Watada

(b) Universiti Teknologi PETRONAS Department of Computer & Information Sciences 32610 Seri Iskandar,Perak Darul
Ridzuam,Malaysia Office Phone:
+60-5-368-7517 Mobile:+60-13-598-0208
Professor Emeritus,Waseda University,Japan

(b’) junzow(@osb.att.ne.jp

(c) Fuzzy systems, Management Engineering

(a) Kensaku Kikuta
(b) School of Business Administration, University of Hyogo,
8-2-1 Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN
(b’) kikuta@biz.u-hyogo.ac.jp
(c) Game Theory, Operations Research,

(a) Wuyi Yue

(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada-ku , Kobe 658-8501, JAPAN

(b’) yue@konan-u.ac.jp

(¢) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov
Processes, Probabilistic Methods, Systems Engineering

(a) Hiroaki Sandoh

(b) Faculty of Policy Studies Kwansei Gakuin University 2-1, Gakuen, Sanda-shi, Hyogo 669-1337 Japan
(b’) sandoh@kwansei.ac.jp

(c) Operations Research and Management Science, Stochastic modeling

(a) Katsunori Ano

(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku
Saitama-city, 337-8570, Japan

(b’) k-ano@shibaura-it.ac.jp

(c) Optimal Stopping, Mathematical Finance, Applied Probability

(a) Koyu Uematsu

(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University
6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan

(b’) uematsu@oiu.jp

(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory

(a) Yoshiki Kinoshita

(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa
259-1293, Japan

(b’) yoshiki@kanagawa-u.ac.jp

(c) Software Science, Programming language semantics

(a) Shunsuke Sato

(b) non-public
(b’)ss_22362@nifty.com

(c) Mathematical biology in general

(a)Tadashi Takahashi

(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada, Kobe, Hyogo 658-8501, Japan

(b’) takahasi@konan-u.ac.jp

(c)Mathematics Education



(a) Benoit Collins

(b) Department of Mathematics, Faculty of Science, Kyoto University

(b") collins@math.kyoto-u.ac.jp

(c) Random Matrix Theory, Free Probability, Quantum Information Theory
Quantum Groups (operator algebra side), Operator Algebra

(a) Yoko Watamori

(b) Department of Mathematics and Information Sciences, Graduate School of Science, Osaka Prefecture University,
Sakai, Osaka 599-8531, Japan

(b') watamori@mi.s.osakafu-u.ac.jp

(c) Directional statistics, Multivariate Analysis

(a) Koichi Osaki

(b)Department of Mathematical Sciences,School of Science and Technology, Kwansei Gakuin University,
2-1 Gakuen, Sanda, 669-1337, Japan.

(b")osaki@kwansei.ac.jp

(c)Nonlinear partial differential equations, Infinite-dimensional dynamical systems
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Managing Editor

Koyu Uematsu (Professor of Osaka International University)
International Society for Mathematical Sciences
1-5-12-202 Kaorigaoka-cho, Sakai-ku, Sakai-city, 590-0011,Japan
uematsu@jams.jp
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Submission to the SCMJ

In September 2012, the way of submission to Scientiae Mathematicae Japonicae
(SCMJ) was changed. Submissions should be sent electronically (in PDF file) to the

editorial office of International Society for Mathematical Sciences (ISMS).

(1) Preparation of files and Submission
a. Authors who would like to submit their papers to the SCMJ should make
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty)
Submissions should be in PDF file compiled from the source files. Send the
PDF file to slbmt@jams.jp .
b. Prepare a Submission Form and send it to the ISMS. The required items to
be contained in the form are:
1. Editor’s name whom the author chooses from the Editorial Board

(http://www.jams.or.jp/hp/submission f.html )and would like to take in

charge of the paper for refereeing.
2. Title of the paper.
3. Authors’ names.
4. Corresponding author’s name, e-mail address and postal address (affiliation).

5. Membership number in case the author is an ISMS member.
Japanese authors should write 3 and 4 both in English and in Japanese.

At http!//www.jams.or.jp/hp/submission fhtml, the author can find the

Submission Form. Fulfill the Form and sent it to the editorial office by pushing
the button “transmission”. Or, without using the Form, the author may send
an e-mail containing the items 1-5 to slbmt@jams.jp

(2) Registration of Papers
When the editorial office receives both a PDF file of a submitted paper and a
Submission Form, we register the paper. We inform the author of the
registration number and the received date. At the same time, we send the PDF
file to the editor whom the author chooses in the Submission Form and request
him/her to begin the process of refereeing. (Authors need not send their papers to

the editor they choose.)

11



(3) Reviewing Process

a.

4) a.

b.

The editor who receives, from the editorial office, the PDF file and the request
of starting the reviewing process, he/she will find an appropriate referee for
the paper.

The referee sends a report to the editor. When revision of the paper is
necessary, the editor informs the author of the referee’s opinion.

Based on the referee report, the editor sends his/her decision (acceptance of

rejection) to the editorial office.

Managing Editor of the SCMdJ makes the final decision to the paper valuing the
editor’s decision, and informs it to the author.
When the paper is accepted, we ask the author to send us a source file and

a PDF file of the final manuscript.

c. The publication charges for the ISMS members are free if the membership dues

have been paid without delay. If the authors of the accepted papers are not the
ISMS members, they should become ISMS members and pay ¥6,000 (US$75,
Euro55) as the membership dues for a year, or should just pay the same

amount without becoming the members.

Items required in Submission Form

1. Editor’s name who the authors wish will take in charge of the paper
Title of the paper

Authors’ names

w

3’.  3.1n Japanese for Japanese authors

Corresponding author’s name and postal address (affiliation)
4. in Japanese for Japanese authors

ISMS membership number

S T

E-mail address
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Call for ISMS Members

Call for Academic and Institutional Members

Discounted subscription price: When organizations become the Academic and Institutional
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the
yearly price of US$225. At this price, they can add the subscription of the online version upon
their request.

Invitation of two associate members: We would like to invite two persons from the
organizations to the associate members with no membership fees. The two persons will enjoy
almost the same privileges as the individual members. Although the associate members
cannot have their own ID Name and Password to read the online version of SCMdJ, they can
read the online version of SCMJ at their organization.

To apply for the Academic and Institutional Member of the ISMS, please use the following
application form.

Application for Academic and Institutional Member of ISMS

Subscription of SCMdJ
[JPrint OPrint + Online

(US$225) (US$225)

Check one of the two.

University (Institution)

Department

Postal Address
where SCMdJ should be

sent

E-mail address

Name:

Person in charge Signature:

Payment
[OBank transfer OCredit Card (Visa, Master)
Check one of the two.

Name of Associate Membership

13



Call for Individual Members

We call for individual members. The privileges to them and the membership dues are shown
in “Join ISMS !” on the inside of the back cover.

Items required in Membership Application Form

Name

Birth date

Academic background

Affiliation

4’s address

Doctorate

Contact address

E-mail address

Special fields

0. Membership category (See Table 1 in “Join ISMS !”)

290000k W

Individual Membership Application Form

1. Name

2. Birth date

3.
Academic background

4. Affiliation

5. 4’s address

6. Doctorate

7. Contact address

8. E-mail address

9. Special fields

10.
Membership
category

14



Contributions (Gift to the ISMS)

We deeply appreciate your generous contributions to support the activities of our
society.
The donation are used (1) to make medals for the new prizes (Kitagawa Prize,
Kunugi Prize, and ISMS Prize), (2) to support the IVMS at Osaka University
Nakanoshima Center, and (3) for a special fund designated by the contributors.

Your remittance to the following accounts of ours will be very much appreciated.

(1) Through a post office, remit to our giro account ( in Yen only ):

No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS )
or send International Postal Money Order (in US Dollar or in Yen) to our
address:

International Society for Mathematical Sciences

2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan

(2) A/C 94103518, ISMS
CITIBANK, Japan Ltd., Shinsaibashi Branch
Midosuji Diamond Building
2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan

Payment Instructions:
Payment can be made through a post office or a bank, or by credit card. Members may
choose the most convenient way of remittance. Please note that we do not accept payment by
bank drafts (checks). For more information, please refer to an invoice.

Methods of Overseas Payment:

Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4)
UNESCO Coupons.

Authors or members may choose the most convenient way of remittance as are shown below.
Please note that we do not accept payment by bank drafts (checks).
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send
International Postal Money Order to our postal address (2) Remittance through a
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO
Coupons.

Methods of Domestic Payment:

Make remittance to:
(1) Post Office Transfer Account - 00930-3-73982 or
(2) Account No0.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING
CORPORATION, Sakai, Osaka, Japan.
All of the correspondences concerning subscriptions, back numbers, individual and
institutional memberships, should be addressed to the Publications Department,
International Society for Mathematical Sciences.
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Join ISMS !

ISMS Publications: We published Mathematica Japonica (M.J.) in print,
which was first published in 1948 and has gained an international reputation in
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online
and in print. In January 2001, the two publications were unified and changed to
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and
published both online and in print. Ahead of this, the online version of SCMJ
was first published in September 2000. The whole number of SCMdJ exceeds 270,
which i1s the largest amount in the publications of mathematical sciences in
Japan. The features of SCMJ are:

1) About 80 eminent professors and researchers of not only Japan but also 20
foreign countries join the Editorial Board. The accepted papers are
published both online and in print. SCMJ is reviewed by Mathematical
Review and Zentralblatt from cover to cover.

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ
are introduced to the relevant research groups for the positive exchanges
between researchers.

3) ISMS Annual Meeting: Many researchers of ISMS members and
non-members gather and take time to make presentations and discussions
in their research groups every year.

The privileges to the individual ISMS Members:
(1) No publication charges
(2) Free access (including printing out) to the online version of SCMdJ
(3) Free copy of each printed issue

The privileges to the Institutional Members:
Two associate members can be registered, free of charge, from an institution.

Table 1: Membership Dues for 2019

Categories Domestic Overseas Develop.lng
countries
L-year Regular ¥8,000 US$80, Euro75 | USS50, Eurod7
member
l-year Students
¥4,000 US$50 , Euro47 US$30 , Euro28
member
. N Calculated
Life member . US$750 , Euro710 US$440, Euro416
as below
Honorary member Free Free Free

(Regarding submitted papers,we apply above presented new fee after April 15 in
2015 on registoration date.) * Regular member between 63 - 73 years old can apply
the category.

(73—age) x ¥3,000
Regular member over 73 years old can maintain the qualification and the privileges
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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