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ABSTRACT. Let (X, o) be a groupoid (binary algebra) and Bin(X) denote the collection
of all groupoids defined on X. We introduce two methods of factorization for this

binary system under the binary groupoid product “¢” in the semigroup (Bin (X),9).
We conclude that a strong non-idempotent groupoid can be represented as a product
of its similar- and signature- derived factors. Moreover, we show that a groupoid with
the orientation property is a product of its orient- and skew- factors. These unique
factorizations can be useful for various applications in other areas of study. Application
to algebras such as B/BCH/BC1/BCK/BH/BI/d-algebra are widely given throughout
this paper.

1. INTRODUCTION

Algebraic structures play a vital role in mathematical applications such as information
science, network engineering, computer science, cell biology, etc. This encourages sufficient
motivation to study abstract algebraic concepts and review previously obtained results. One
such concept of interest to many mathematicians over the past two decades or so is that of
a simple yet very interesting notion of a single set with one binary operation, historically
known as magma and more recently referred to as groupoid. Bruck [8] published the book, “A
Survey of Binary Systems” in which the theory of groupoids, loops, quasigroups, and several
algebraic structures were discussed. Boruvka in [7] explained the foundations for the theory
of groupoids, set decompositions and their application to binary systems.

Given a binary operation “e” on a non-empty set X, the groupoid (X,e) is a gener-
alization of the very well-known structure of a group. H. S. Kim and J. Neggers in [33]
investigated the structure (Bin (X),o) where Bin (X) is the collection of all binary sys-
tems (groupoids or algebras) defined on a non-empty set X along with an associative binary
product (X, ) o (X,0) = (X,e) such that x ey = (z xy) o (y x ) for all z, y € X. They
recognized that the left-zero-semigroup serves as the identity of this semigroup. The present
author in [11] introduced the notion of the center ZBin(X) in the semigroup (Bin (X), o),
and proved that (X,e) € ZBin(X), if and only if (X, e) is locally-zero. Han and Kim in
[13] introduced the notion of hypergroupoids H Bin(X), and showed that (HBin(X),o) is
a supersemigroup of the semigroup (Bin(X),o) via the identification & <— {z}. They
proved that (HBin*(X), S, []) is a BC K-algebra.

In this paper, we investigate the following problems:

Main Problem: Consider the semigroup (Bin (X),¢). Let the left-zero-semigroup
be denoted as idp;,(x). Given a groupoid (binary system) (X,e) € Bin(X), is it
possible to find two groupoid factors (X, *) and (X, o) such that

(X,0) = (X,x) o (X,0)?

2010 Mathematics Subject Classification. Primary 20N02.
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If so,
Problem 1 (Uniqueness). Are the corresponding groupoid factors:

(1) Distinct, i.e., (X,*) # (X,0)?

(2) Unique, i.e., if (X,o) = (X,*)o (X,0), is it possible for (X,e) = (X,<)¢
(X,r>) such that (X,*) # (X, <) and (X,0) # (X,>)?

(3) Different from (X,e), i.e., (X,x) # (X, o) and (X,0) # (X,e)?

(4) Different from the left-zero-semigroup, i.e., (X,*) # idpin(x) and (X,0) #
idBin(x)?

Problem 2 (Derivation). How do we find the groupoid-factors? Are they:

(1) Derived (related to, based off of, dependent on) from: the parent groupoid
(X,0)7
(2) Derived from the identity idpi,(x)?

Problem 3 (Factorization). If we use a certain method to find the two groupoid-
factors, what is the nature of this factorization?

(1) Is it unique?
(2) When is it commutative?

We begin answering these questions by introducing two methods for factoring a random
groupoid in Bin(X) using the product “0”. We will show that both methods result in
unique factorizations (Problem 3.1) of a given groupoid and hence we answer Problem 1.2
with a definite yes! Section two provides some definitions and preliminary ideas which are
necessary in this context. We also present a summarized table of “logic” algebras for a
clear view. Section three describes AU- and U A-factorizations, which comprises the first
method (method-1) of factoring. In fact, method-1 factors a groupoid (X, e) by obtaining
two derived factors from it (Problem 2.1) and from the left-zero-semigroup (Problem 2.2),
the signature- and similar-factors, respectively. We prove that a strong groupoid has a
commutative method-1 factorization (Problem 3.2). The possibility of this first method is
shown to be feasible and produces non-trivial decompositions (Problem 1.4), however, it is
restricted to non-idempotent groupoids only. Hence, section four introduces an OJ- and a
JO-factorization, which constitutes our second method (method-2). We will demonstrate
that the latter method is sufficient for idempotent as well as non-idempotent groupoids. In
addition, an interesting outcome of method-2 is that one of the factors is not derived from
the parent groupoid (Problems 2.1 and 2.2) while the other factor is; we name them orient-
and skew-factors, respectively. We show that a given groupoid (X,e) with z ey € {z,y},
for all z,y in X, has a commutative method-2 factorization (Problem 3.2). Section five
briefly applies our two methods to some of the algebras listed in section two; and discusses
a promising relationship to graph theory.

Finally, in our last section we generalize and summarize our findings that certain groupoids/algebras
decompose into distinct groupoids via (1) an operation on the parent groupoid and the left-
zero-semigroup simultaneously, which is a generalization of our first method; or (2) an
operation which acts on the parent-groupoid and the left-zero-semigroup separately, hence
resulting in a generalization of our second method.

Notions of “method”-composite, “method”-normal, “factor”-prime and “partially”-left /right-
prime are used to classify and analyze various groupoids as well as other familiar algebras.
For simplicity, the left-zero-semigroup will be denoted as idg;n(x)-
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2. PRELIMINARIES

A groupoid [8] (X,e) consists of a non-empty set X together with a binary operation
o: X XX — X where zey € X for all z,y € X.

A groupoid (X, e) is strong [33] if and only if for all x,y € X,
(2.1) r ey =1yex implies z = y.

A groupoid (X, e) is idempotent if z @ x = x for all z € X.

Example 2.1 [12] Let X = [0,00) and let @ y = max{0,z — y} for any =,y € X. Then
(X, ) is a strong groupoid. To visualize this, let’s consider the associated Cayley product
table for “e”. For simplicity, its partial table is displayed below which shows that z ey =0
for all x <y and z ey # 0 for all z > y:

|0 1 2 3 4
0/0 0 0 0 O
111 0 0 0 O
21210 0 0
313 2 1 0 0
414 3 2 1 0

Hence, the strong or anti-commutative property holds for all z,y € X.

Example 2.2 [12] Let X = R be the set of all real numbers and let x,y, e € R. If we define
a binary operation “e” on X by rey = (z —y)(z —€) + e,
then the groupoid (X, e, e) is not strong, since * = e+ a, y = e — a, a # *e implies

rey=yex but x #y.

A groupoid (X, e) is a left-zero-semigroup if x e y = x for all x,y € X. Similarly, (X,e)
is a right-zero-semigroup if xey = y for all z,y € X. For the theory of semigroups, we refer
to [10, 30].

A groupoid (X, e) is locally-zero [11] if

(i) zex =z for all z € X; and

(ii) for any = # y in X, ({z, y}, e) is either a left-zero-semigroup or a right-zero-semigroup.

Example 2.3 Given a set X = {0, 1,2}, let the binary operation “e” be defined by the
following Cayley product table:

Then the binary system (X, ) is locally-zero and has the following subtables:

[0 1 o1 2 |0 2
000 1[1 1 00 2
1j1 1 222 20 2

where ({0,1},e) is a left-zero-semigroup; ({1,2},e) is also a left-zero-semigroup; and
({0,2} , o) is a right-zero-semigroup.

The notion of the semigroup (Bin(X),¢) was introduced by J. Neggers and H.S. Kim in
[33]. Given a non-empty set X, let Bin(X) denote the collection of all groupoids (X, e),
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where @ : X X X — X is a map. Given elements (X, *) and (X,0) of Bin (X), define a
binary product “¢” on these groupoids as follows:

(2.2) (X, %) o (X,0) =(X,e)
where
(2.3) zey=(r*xy)o(yxx)

for all , y € X. This turns (Bin(X),¢) into a semigroup with identity, the left-zero-
semigroup, and an analog of negative one in the right-zero-semigroup.

The present author [11] showed that a groupoid (X, e) commutes, relative to the product
“o” if and only if any 2-element subset of (X, e) is a subgroupoid that is either a left-zero-
semigroup or a right-zero-semigroup. Thus, (X, e) is an element of the center ZBin(X) of
the semigroup (Bin(X), o), defined as follows:

ZBin (X) ={(X,e) € Bin(X) | (X,0) ¢ (X,*) = (X,*) ¢ (X,9), V(X, %) € Bin(X)}.

In turn, several properties were obtained.

Theorem 2.4 [33] The collection (Bin(X),©) of all binary systems (groupoids or algebras)
defined on X is a semigroup, i.e., the operation “¢” as defined in general is associative.
Furthermore, the left-zero-semigroup is an identity for this operation.

Proposition 2.5 [33] Let (X, ) be the right-zero-semigroup on X. Then (X, e) € Str(X),
the collection of all strong groupoids on X.

Proposition 2.6 [11] The left-zero semigroup and right-zero semigroup on X are both in
Z Bin(X).

Corollary 2.7. [11] The collection of all locally-zero groupoids on X forms a subsemigroup
of (Bin(X),o).

Proposition 2.8 [11] Let (X, ®) be a locally-zero groupoid. Then (X, e)o(X, ) = idgin(x),
the left-zero-semigroup on X.

Let (X,e) be an element of the semigroup (Bin(X),o), we say that (X,e) is a unit if
and only if there exists an element (X, *) € Bin (X) such that

(2.4) (X,0) o (X, %) =idpin(x) = (X, %) o (X, 0).

Subsequently, by Proposition 2.8, a locally-zero-groupoid is a unit in Bin (X).

The logic-based BC'K / BCI-algebras were introduced by Iséki and Imai in [15] as propo-
sitional calculus, but later in [16] developed into the present notion of BCK/BCI which
have since then been investigated thoroughly by numerous researchers. J. Neggers and H.
S. Kim generalized a BCK-algebra [26] by introducing the notion of a d-algebra in [32].
They also introduced B-algebras in [2]. C. B. Kim and H. S. Kim generalized a B-algebra
by defining a BG-algebra in [21].

An algebra (X, e,0) of type (2,0) is a B-algebra [2] if for all z,y,z € X, it satisfies the
following axioms:

Bl: zexz =0,
B2: re0 =2z, and
B: (zey)ez==xe[ze(0ey).

An algebra (X, e,0) of type (2,0) is a BG-algebra [21] if for all z,y,z € X, it satisfies

B1, B2, and
BG: x = (zey)e(0ey).



GROUPOID FACTORIZATIONS IN THE SEMIGROUP OF BINARY
SYSTEMSY

An algebra (X, e,0) of type (2,0) is a BCI-algebra [36] if for all z,y,z € X, it satisfies
B2, I: (zrey)e(rez))e(zey)=0,and BH: zey =0 and y e z = 0 implies z = y.
Example 2.9 [36] Let X = {0, 1,a,b}. Define a binary operation “¢” on X by the following
product table:

T = Ole
T = OO
» ®» O O
= O |
OO T

Then (X, e,0) is a BCI-algebra.
A BCl-algebra (X, e,0) is a BCK-algebra [26] if it satisfies the next additional axiom:

K: Qez=0forall x € X.
An algebra (X, e,0) of type (2,0) is a d-algebra provided that for all z, y € X, it satisfies
(B1), (K) and (BH).
A d-algebra is strong if for all z, y € X:
d-3’: x ey =y ex implies z = v.
Otherwise we consider the d-algebra to be exceptional. For more information on d-
algebras we refer to [5, 6, 32, 31].

Example 2.10 [32] Let (X, o) = (Z5, ®) where “o” is defined by the following Cayley table:

o|0 1 2 3 4
0/0 0000
1{1 010 1
202 2030
313320 3
414 4110

Then (Zs,e,0) is a d-algebra which is not a BC K-algebra. For details on BC K-algebras,
see [14, 26, 36].

Y. B. Jun, E. H. Roh and H. S. Kim in [18] introduced the notion of a B H-algebra which
is a generalization of BCK/BCI/BCH-algebras. There are many other generalizations of
similar algebras. We summarize several properties which are used as axioms to define each
algebraic structure . Let (X, e,0) be an algebra of type (2,0), for any z, y, z € X:

Bl: zex =0,

B2: ze0 =1,

B: (zey)ez=xe(z0(0ey)),
BG: z=(zey)e(0ey),

BM: (zez)e(z0y)=yeux,

BH: zey=0andyexr=0=x =y,
BF: Qe (zey)=yeux,

BN: (zey)ez=(0ez)e(yex),
BO: ze(yez)=(vey)e(0ez),
BP1: ze(zey) =y,

BP2: (zez)e(yez)==xey,

Q: (zey)ez=(rez)ey,

CO: (zey)ez=xe(yez),

BZ: ((zez2)e(yez))e(xey)=0,
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K: Qex =0,
L ((zey)e(wez)e(zey) =0,
BI: ze(yex)=ux.

B1 B2 |B|BG|BM BH |BF | BN |BO |BP [ BP2 |Q |CO |BZ |K|I|BI

BCl-alg
BCK-alg
BCH-alg
BH-alg
BZ-alg -
d-alg
(-alg
B-alg
BM-alg

BO-alg -

BG-alg

BP-alg -
BN-alg
BF-alg
Bl-alg .

Cox-alg
frealg.

Fi1GURE 1. Comparison of Algebras

An algebra (X, e,0) of type (2,0) is classified according to a combination of axioms B1
through BI as noted in “Figure 1” above. For instance, (X, e,0) is a BN-algebra [19] if it
satisfies B1, B2 and BN. For detailed information on each, please see [2-6, 14-26, 31, 32,
34, 36].

3. SIMILAR-SIGNATURE FACTORIZATION

In this section, we present a unique factorization of a given groupoid by “deriving” two
factors from it and from the left-zero-semigroup simultaneously.

Let (X, ) be a groupoid of finite order, i.e., |X| = n. Then d°® is the diagonal function
of (X, e) such that d® : N — X where d*(i) = z; 0 5, i = 1,2,...,n for all 2; € X.
Example 3.1 Let (X,e,0) and (X, *) be a d-algebra and an idempotent algebra, respec-
tively. Then rex =0 and zxz =2z;0r d®* =0 and d* = x for all x € X.

Two binary systems (X, x) and (X, @) are said to be similar if they have the same diagonal
function, that is, d* = d°.

Two binary systems (X, x) and (X, e) are said to be signature if

(i) z*xy =z ey when x # y; and

(ii) zxx # ez forall z € X.
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Let (X, e) be a groupoid. Derive groupoids (X, *) and (X, o) from (X, e) and idp;n(x),
simultaneously, such that for all z,y € X,

. o
(3.1) TRy = * ne y., and zoy= vew nw Z./;
r ey otherwise. T otherwise.

The groupoids (X, x) and (X, o) are said to be the signature- and the similar-factors of
(X,e), respectively, denoted by U (X, e) and A(X,e). The product “o” is associative but
not commutative. Hence, for (X, e) € Bin (X), we may have a UA-factorization such that
(3.2) (X,0)=U (X,0)0A(X,e0)
or an AU -factorization such that
(3.3) (X,0) =A(X,0)0U (X,e0).

By the equations in 3.1, it follows that for any given groupoid (X,e),
(1) U(X,e) is similar to idp;n(x) while A (X, e) is similar to (X, e); and
(2) U(X,e) is signature with (X, e) while A (X, e) is signature with idp,x)-
Proposition 3.2 The similar-factor of a groupoid is strong.
Proof. Given (X,e) € Bin(X), let (X,0) = A(X,e).
(i) fx=y,thenxoy=aocxr=zexr=yey=yoy=youx.

(ii) fz#yand zoy =yox for any 2,y € X. Then z oy = x and y oz = y. Thus,
r =y, a contradiction.

Therefore, (X, o) is strong.
|

Example 3.3 Let (X, e,0) be the BCI-algebra defined in Example 2.9. In accordance with
equation 3.1, derive its signature- and similar- factors U(X, e,0) and A(X, e, 0), respectively.
Let groupoids (X, *,0) := U(X,e,0) and (X,0,0) := A(X,e,0) be given. We obtain:

*x|0 1 a b o|0 1 a b
0]0 0 a a 0/0 0 0 O
1/1 1 a a and 1|1 0 1 1
ala a a 0 ajla a 0 a
blb a 1 b blb b b 0
It remains to verify that (X, e,0) = (X, *,0)o(X,0,0) and/or (X,e,0) = (X,0,0)o(X,x,0).

This will be discussed in more detail in the next section. However, there is a very interesting
fact in this example: the two factors are distinct from each other, their parent groupoid,
and the left-zero-semigroup. In summary:

(1) (X,*,0) # (X,0,0); (Problem 1.1)

(2) (X,%,0) # (X,e,0) # (X,0,0); (Problem 1.3)

(3) (X,%,0) # idpin(x) # (X,0,0). (Problem 1.4)
This is important since it is not always the case that all three distinctions hold as the
following example demonstrates.

Example 3.4 Let (X, o) = (Z3,e) where “o” is defined by the following Cayley table:

0
0
1
2

161
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Then (X,e,0) is a Bl-algebra. Derive its signature- and similar-factors U(X,e,0) and
A(X,e,0), respectively, in accordance to the equations in 3.1. Let (X, *,0) := U (X,e,0)
and (X,0,0) := A(X,e,0), hence:

and

Here we observe immediately that the similar-factor (X, o,0) is equal to (X, e,0) and the
signature-factor (X, *,0) is equal to id Bin(x)- Thus this decomposition is basically a trivial
factorization, i.e.,

(X>.7O) = (Xa*70) © (X7O7O) = lden(X) < (X>.7O)

and

(X,0,0) = (X,0,0) 0 (X,*,0) = (X,e,0) 0 idpipn(x)-

3.1. UA-Factorization. In this subsection, we explore a U A-factorization of a given groupoid
(X,e) in Bin (X). In the next subsection, a AU-factorization is considered, where the order
of the product of the two factors is “reversed”. We emphasize that such factorization is
unique and not necessarily reversible. Then, we classify a given groupoid as UA- and/or
AU-composite, u-composite or u-normal; and as signature- or similar-prime.

Example 3.1.1 Let X = Z be the set of all integers and let “—” be the usual subtraction
on Z. Then (Z,—) is a BH-algebra since it satisfies axioms B1, B2 and BH as seen from
its partial table below:

- -2 -1 0 1 2 3 4

-2 -3 4 5 -6

|

1 0
-1,2 1 0 -1 -2 -3 4 -5
0|3 2 1 0 -1 -2 -3 4
174 3 2 1 0 -1 -2 -3
215 4 3 2 1 0 -1 -2
316 5 4 3 2 1 0 -1
417 6 5 4 3 2 1 0

Define two binary operations “x” and “o” on Z such that for all z,y € 7Z,

T ifex=y, 0 ifzx=y,
TxYy = R and zo Yy = .
xr —1y otherwise. x otherwise.

Then it is easy to check that (Z,—) = (Z,*) o (Z,0) and (Z,*) = U(Z,—) and (Z,0) =
A(Z,—). Thus we have a U A-factorization of (Z, —).

A groupoid (X, e) is said to be signature-prime if U (X, ) = idpin(x), and is said to
be similar-prime if A(X,e) = idp;,(x). Alternatively, if (X,e) is neither signature- nor
similar-prime, then (X, e) is said to be

(1) UA-composite if (X,0) =U (X,0) 0 A(X,e);
(2) AU-composite if (X,0) = A(X,0)0U (X, o).
Consequently, (X, e) is said to be u-composite if both (1) and (2) hold.
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Example 3.1.2 Let (X,e) = (Zs,) where the product “e” is defined by the following
Cayley table:

o[0 1 2 3 4
0]3 2 2 1 1
1{1 3 3 2 3
203 30 3 0
3/10 1 1 2
4111 2 4 2

If we derive its signature- and similar- factors (Zs,*) = U(Zs,e) and A(Zs,e) = (Zs,0) as
in (3.1), then we have their ¢ product as follows:

*x[0 1 2 3 4 ol0 1 2 3 4 V[ o1 2 3 4
0/0 2 2 11 0[3 0000 0[3 22 3 3
111323 _ 1/13111 _ 1/13123
203 3 2 30 202 2 0 2 2 213 1030
3|10 1 3 2 33 331 3 313 011 2
411 2 4 4 414 4 4 4 2 413 1 2 4 2

We can clearly conclude that U(Zs,e) o A(Zs5, ) # (Zs,e) since (Zs,0) # (Z5,V) and
hence such a groupoid does not have a U A-factorization. Moreover, (Zs, e) is not a strong
groupoid since 0 e4 = 4 e 0. In turn, we have the next theorem.

Theorem 3.1.3 A strong groupoid has a U A-factorization.

Proof. Let (X,e) € Str(X), the collection of all strong groupoids defined on X, and let
(X,0) = (X,%) o(X,0) where (X,*) = U(X,e) and (X,0) = A(X,e). Then 2 ©y =
(xxy)o(yxxz) for all x,y € X. Tt follows that z xx = x, x *x y = x ¢ y when x # y; and
roxr=xex, roy=2x when x #y.
Next, we show that (X,e) = (X,®). Given z,y € X, if x = y, then zOx = (xxx)o(zxx) =
xox =z ex. Assume z # y, we claim that x * y = y * x is not possible:

(i) Ifzxy=y+z, thenzey =x*y =y*x =yex. Since (X,e) is strong, we obtain
x =y, a contradiction.

(i) fxxy#y*xz, then zxy =x ey, y*xx =yex, since x # y.
Therefore z @y = (zxy)o (y*xx) = (rey)o(yex) =z ey, since ey # yex. This proves
that (X,0) = (X, e).

Corollary 3.1.4 The factorization in Theorem 3.1.3 is unique.

Proof. Let (X, e) be a strong groupoid with a U A-factorization such that (X, e) = (X, )
o(X,0) where (X,x) = U(X,e) and (X,0) = A(X,e). Let (X,0) = (X,v) o(X,A) where
(X,v) = U(X,e) and (X,A) = A(X,e). For any z € X, we have zxax = 2 = 2V ,
and zxy = vy when z # y. Hence (X,x) = (X,5/). Similarly, if z € X, then
xox =zex =xAx. When z # y, we have xoy = x = 2 Ay, proving that (X,0) = (X, A).

Example 3.1.5 [32] Consider the d-algebra (X,e,0) from Example 2.10. Observe that
(X,e,0) is a strong d-algebra. Let (X,*,0) := U(X,9,0) and (X,0,0) := A(X,e,0), such
that U(X,e,0) and A(X,e,0) are its derived signature- and similar-factors, respectively, as
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in (3.1). Next, verify that (X, *,0) ¢ (X,0,0) = (X, e,0):
[0 1 2 3 4 o]0 1 2 3 4 e|0 1 2 3 4
0/0 0 0 0 O 0j0 0 0 0 O 0j0 0 0 0 O
1111 1 0 1 o 111 01 1 1 . 111 0 1 0 1
212 2 2 3 0 212 2 0 2 2 o 212 2 0 3 0
313 3 2 3 3 313 3 3 0 3 313 3 2 0 3
414 4 1 1 4 414 4 4 4 0 414 4 1 1 0

Indeed we can see that 2 ey = (2 *x y) o (y x x) for any z,y € X. For instance:

(I1x0)o(0x1) = 1o0=1=1e0,

(3x4)0(4%x3) = 304=3=3e4.

Moreover, since U (X,e,0) # idgn(x) and A(X,e,0) # idpiy(x), then (X,e,0) is UA-
composite.

3.2. AU-Factorization. In this subsection we reverse the order of the signature- and sim-
ilar-factors of any groupoid (X, e) in Bin (X). We conclude that an arbitrary groupoid
(X, o) will always have an AU-factorization. However, this factorization might be trivial
and hence the groupoid is either noted as signature- or similar-prime. Otherwise, if the
decomposition is not trivial, we say the groupoid is AU-composite.

Example 3.2.1 Let (X, e,0) be the strong d-algebra defined in Examples 2.10 and 3.1.5 in
which we determined that (X, e, 0) is U A-composite. Similarly, we can take the product of

A(X,e,0) and U (X, e,0) as follows:
o[0 1 2 3 4 «x[0 1 2 3 4 e|0 1 2 3 4
0{0 0 0 0 O 0j[0 0 0 0 O 0j0 0 0 0 O
11 0 1 1 1 o 11 1 1 0 1 - 11 0 1 0 1
212 2 0 2 2 212 2 2 3 0 o 212 2 0 3 0
313 3 3 0 3 313 3 2 3 3 313 3 2 0 3
414 4 4 4 0 414 4 1 1 4 414 4 1 1 0
By routine checking of (x o y) x (yox) =z ey for any x,y € X, we conclude that (X, e,0)

has an AU-factorization. Moreover, we can see that this particular groupoid has both, a
non-trivial U A- and AU-factorization. Therefore, (X, e,0) is u-composite.

Remark 3.2.2 Note that A(X,e)oU(X,e) =U(X,e)o A(X,e) does not imply that (X, e)
is u-composite. It simply implies that the factors of (X, e) commute. This motivates the
next definition.

A groupoid (X, e) is said to be u-normal if it admits a UA- and an AU-factorization,

ie., if

(i) (X,0) =U (X,0) 0 A(X,e), and

(i) (X,0) = A(X,0) 0 U (X, o).
Theorem 3.2.3 Any given groupoid has an AU-factorization, i.e., if (X,e) € Bin(X),
then

(X,0) = A(X,®) 0 U(X, o).

Proof. Let (X,e) € Bin(X) and let (X,®) = (X,0) o(X,*) where (X,*) = U(X,e) and
(X,0) =A(X,e). Thenz ©y = (zoy)*(yox) for all z,y € X. It follows that x x x = z,
xxy =xey when ¢ # y, and zox = xex, xoy = x when x # y. Given z,y € X,
ifx =y, thenz®a = (rox)*(xvox) = (rex)x*(rexr) =xex Assume x # y, then
x@y=(roy)*(yox)=xxy=xey. This proves that (X,®) = (X, e).
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Corollary 3.2.4 The factorization in Theorem 3.2.3 is unique.
Proof. The proof is similar to that of Corollary 3.1.4.

Corollary 3.2.5 A strong groupoid is u-normal.

Proof. The proof follows directly from Theorems 3.1.3, 3.2.3 and the definition.

Example 3.2.6 Let (X,e) = ({0,1,2},4+) be the cyclic group of order 3.
that ({0,1,2},4) has an AU-factorization but fails to have a U A-factorization.

({0,1,2},%) = U ({0,1,2},+) and ({0,1,2},0) = A({0,1,2},+) such that:

roy=

(r4+2)mod 3 ifzx=y,
otherwise.

and x*y—{f;

x4 y) mod 3 otherwise.

Routine checking of the product A ({0,1,2},+) o U ({0,1,2},+) gives ({0,1,2},+):
o|0 1 2 * |0 1 2 +10 1
00 0 O o 010 1 2 . 010 1
171 2 1 1|1 1 0 - 111 2
212 2 1 212 0 2 212 0

But, the product U ({0,1,2},+) ¢ A({0,1,2},+4) does not give ({0, 1,2
* |0 1 2 o0 1 2 l 0 1
0j0 1 2 o 010 0 O . 010 2
11 1 0 1/1 2 1 o 112 2
212 0 2 212 2 1 211 0

Therefore, ({0,1,2},+) is not u-normal, it is simply AU-composite.

— o Rl Y R o

ifx=uy,

s +):

Proposition 3.2.7 Any signature- or similar-prime groupoid is u-normal.

Proof. The proof is straightforward and we omit it.

Proposition 3.2.8 The right-zero-semigroup on X is similar-prime.

Proof. Let (X, e) be the right-zero-semigroup on X. Then x ey = y for all 2,y € X. Let
(X,#) = U (X,o) and (X,0) = A(X,e), thus

and :z:oy:{

x ifex=y,
TRy = ;
rey =1y otherwise

Hence for all z,y € X, (X, e) = (X, ) ¢ idpin(x)-

Example 3.2.9 Let (X,e) = ({a,b,c},e) be the right-zero-semigroup on {a,b,c}. Its
Cayley table together with its associated signature-similar-product tables, respectively,

are:

rexr =2

roy==x

fe=y

otherwise
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*‘abc O‘abc
ala b c o 4l@ a a
bla b ¢ blb b b
cla b ¢ cle ¢ c

Therefore, the right-zero-semigroup of order 3 is similar-prime since its similar-factor
A({a,b,c},e) is idpn(x), i-e., the left-zero-semigroup for {a, b, c}.
Proposition 3.2.10 A non-locally-zero strong groupoid is u-composite.

Proof. Let (X, o) € Bin(X) — ZBin(X), then x ey # {x,y} for any 2,y € X. Meaning,
(X, e) cannot be the left- nor the right-zero-semigroup on X. By Proposition 3.2.5, (X, e)
is u-normal. Let (X,*) = U (X, ) and (X,0) = A(X,e), then

T ifx =y, Texw ife=y
TRy = ; and zoy= .
r ey otherwise xoy=ux otherwise

Hence, for all 2,y € X, (X, *) # (X, ) # (X,0) and (X, *) # idpin(x) # (X, 0). Therefore,
(X, o) is u-composite.

3.3. Factoring U (X, e) and A (X,e). Let Str (X) be the collection of all strong groupoids
on a non-empty set X. Consider a groupoid (X,e) € Str (X), we classify the signature-

and similar-factors of (X, e) as UA-composite, signature- or similar-prime. We conclude
that U (X, e) and A (X, e) are similar- and signature-prime, respectively.

Theorem 3.3.1 The signature-factor of a strong groupoid is similar-prime, and the similar-
factor is signature-prime.

Proof. Let (X,e) € Str(X). Suppose that (X,*) = U (X,e) and (X,0) = A(X,e). Let
(X,®) =U(X,*) and (X,0) = A (X, *), then “®” and “©®” are defined as:

X ifzx=uy, rxx=x ifx=y,
T®Y = . and xQy= .
rxy=1xey otherwise x; otherwise.

Hence A(X,x) = idp;,(x), and therefore U (X,e) is similar-prime. Similarly, if we let
(X,X) =U(X,0) and (X,) = A(X, o), then “N” and “[0” are defined as:

x ifx =y, zox=zxezx ifx=y,
Xy = . and a0y = .
xoy=ux otherwise x; otherwise.

Therefore, U (X, 0) = idp;n(x), and hence A (X, e) is signature-prime.
|
Corollary 3.3.2. Let (X,e) be any groupoid and let (X,x) = U (X,e) and (X,0) =
A(X,e). If (X,e) has a UA-factorization, i.e., if (X,e) = (X,*)o (X, o), then
(X,0) =U (X,*x)0A(X,0).
Proof. This follows immediately from the previous theorem. In fact, suppose (X, e) has a
U A-factorization, then
(X,0) = (X,x)o(X,0)
X, %) 0 A (X, *)) o (U (X,0) 0 A(X,0))
X, %) o idBm(X)) < (idBm(X) o A(X, O))
= U(X,x)0oA(X,o0).
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Corollary 3.3.3. Let (X,e) be a groupoid and let (X,+) = U (X, e) and (X,0) = A(X,e).
If (X,e) has a AU-factorization then

(X,0) = A(X,0)0U(X,%).

Proof. The proof is very similar to that of the previous Corollary.

|
Corollary 3.3.4. Let (X, ) be a strong groupoid and let (X,*) = U (X,e) and (X,0) =
A(X,e), then
(X,0) = A(X,0)0oU(X,*) =U(X,*)0A(X,0).
Proof. This is a direct result of Theorem 3.1.3 and the previous two Corollaries.
|

As a final observation, a groupoid is similar-prime if it is similar to the left-zero-
semigroup or a locally-zero-groupoid, in other words, if it is idempotent. Hence, we need
another method of factorization for idempotent groupoids.

4. ORIENT-SKEW FACTORIZATION

We say a groupoid (X, =) has the orientation property OP [33] if x xy € {z,y} for all
x,y € X. Moreover, (X,*) has the twisted orientation property TOP if x xy = x implies
yxx = x for all z,y € X. In this section, we introduce a unique factorization which can
be applied to groupoids with OP. This type of groupoids has proven to be useful in graph
theory, where in a directed graph z*y = z can mean there is a path from vertex z to vertex
Y, i.e. * — y; while z * y = y can mean there is no path from z to y, i.e. * - y. In fact, if
I'(x,«) is the directed graph on vertex set X and (X, *) € TOP (X), then I'(x . is a simple
graph [1]. For more details on groupoids associated with directed and simple graphs we
refer to [1, 35].

Example 4.1 Let X = {0,1} and (X, <) be a linearly ordered set. Define a binary
operation “e” on X such that:
{0 ifx <wy,
oy =

1 otherwise.
Then the binary system (X, e) has the orientation property.
Example 4.2 Let X = {a, b, c}. Define a binary operation “e” on X by the following table:

Then (X, e) has the twisted orientation property.

We consider three functions to represent operations on the main diagonal and on the
anti-diagonal of the associated Cayley table of a binary operation on a finite set.
Let (X, *) be a groupoid of finite order n and binary operation “x”, i.e., |X| = n and
% : X2 — X. Then for all z;, r;€X,4,j=12,..,n,and ¢ +j =n+1, we call:
diag-1: d* the anti-diagonal function of (X, ) such that d* : N — X, defined by d*
diag-2: d* the reverse-diagonal function of (X, *) such that N — X, defined by
d (1) = xj * x;j.
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diag-3: d* the skew-diagonal function of (X,x) such that d*: N — X, defined by
d* (i) = d* (i) = x; * x;.

Example 4.3 Consider the groupoid ({0,1,2,3},%) where “x” is given by the following
table:

2
0
1
2

2
Observe that n = 4 and the main diagonal d* = {0,1,2,3}. For instance, d*(2) = 2%2 = 2.
Also, the anti-diagonal d* = {3,1,2,0}. For example, d* (1) = 1 *x4 = 0%x3 = 3. Moreover,
the reverse of the diagonal is a* = {3,2,1,0}. For instance, d* (4)=xz1%x21 =0%x0=0. So
the skew-diagonal deﬁnAed here is the reverse of the anti-diagonal, hence, d* = {0,2,1,3}.
For example, d* (3) = d*(3) = myx 23 = 1 %2 = 1.

Given these definitions, we can derive the orient-factor of a groupoid from idpgin(x),
such that all its elements are the same as those of the left-zero-semigroup except elements
belonging to the anti-diagonal, which we construct from the skew-diagonal of idp;,(x)-
Similarly, the skew-factor is derived from the parent groupoid by letting its anti-diagonal
be that of the skew-diagonal of the parent groupoid, otherwise all other elements are kept
the same as the parent groupoid.

Let (X, ) be a groupoid. Let D® denote the main diagonal of idp;(x). Derive groupoids
(X, ) and (X, o) from idp;,(x) and (X, e), respectively, as follows:
For all z,y € X,
(i) d* = D°, and (i) d° = de,

4.1
(41) (i) = * y = x; otherwise. (ii) oy = x @ y; otherwise.

Groupoids (X, *) and (X, o) are said to be the orient- and skew-factor of (X,e), respec-
tively, denoted by O (X, e) and J (X, e). As previously mentioned, the product “¢” is not
commutative. Hence, for (X, e) € Bin (X), we may have an O.J-factorization such that
(4.2) (X,0) =0 (X,0)0J(X,e0)

or a JO-factorization such that

(4.3) (X,0)=J(X,0)00(X,e0).

Proposition 4.4 The orient-factor of a given groupoid is locally-zero.
Proof. Given (X,e) € Bin(X), let (X,*) = O (X,e). Then, d* = D° ie. z*x =z, and
xxy =z for all z, y € X except when z, y € d*. In fact, for any x # y in X, ({z,y},e)
is either a left-zero-semigroup or a right-zero-semigroup. Moreover, z e x = x for all x € X
which implies that O (X, e) is locally-zero.

|
Corollary 4.5 The orient-factor of a given groupoid is a unit in Bin (X).

Proof. This follows immediately from Propositions 2.8 and 4.4.
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Example 4.6 Let X = {e,a,b,c}. Define a binary operation “e” by the following table:

O‘Gabc
ele a b ¢
ala e ¢ b
blb ¢ a e
cle b e a

Then, clearly (X, e, ¢e) is a group. Derive its orient-factor (X, *,e) = U(X, e, ¢) as in 4.1 to
obtain:

*‘eab c
ele e e ¢
ala a b a
blb a b b
cle ¢ ¢ ¢

Hence, (X, %, e) is locally-zero.

4.1. OJ-Factorization. In this subsection, we explore an O.J-factorization of any groupoid
(X,e) in Bin(X), i.e., into its orient- and skew-factors, respectively. The next subsection
discusses a JO-factorization where the product of the two factors is “reversed”. Then, we
classify (X,e) as OJ- and/or JO-composite, j-composite or j-normal; and as orient- or
skew-prime.

A groupoid (X, e) is bi-diagonal if its anti-diagonal is symmetric, meaning if d® = de.

Example 4.1.1. Let (Z,<) be a linearly ordered set. Consider groupoid (Z,e) where
x ey =max{x,y} for all z,y € Z. Define two binary operations on Z such that:

x ifzx <y, z itz <y,
TRy = . and zoy= .
y otherwise. y otherwise.

Then clearly (X, *) ¢ (X,0) is an OJ-factorization of (X,e), where (X,%) = O(X,e) and
(X,0) = J(X,e). Moreover, (Z, o) is bi-diagonal.

A groupoid (X, e) is said to be orient-prime if O (X,e) = idpin(x), and is said to be
skew-prime if J (X, @) = idp;n(x). Alternatively, if (X, ) is neither orient- nor skew-prime,
then (X, e) is said to be

(1) OJ-composite if (X,0) =0 (X,e) 0 J(X,e0);
(2) JO-composite if (X,0) = J(X,0)00(X,e).

Consequently, (X, e) is said to be j-composite if both (1) and (2) hold.

Just as with U A-factorization, not every groupoid will have a JO-factorization. But it
is possible to derive an OJ-factorization of any given groupoid.

Theorem 4.1.2 Any given groupoid has an O J-factorization, i.e., if (X,e) € Bin(X), then
(X,0) =0(X,0) 0 J(X,0).

Proof. Let (X,e) € Bin(X) such that O(X,e) and J(X,e) are defined as in 4.1. Let
(X,0) = (X,%) o(X,0) where (X,*) = O(X,e) and (X,0) = J(X,e). Then z ©y =
(xxy)o(y*x) for all z,y € X. It follows that

(i) fe=y,zxx=zandxox=zeux.

(ii) If x # y, then if xxy € d*, zxy € D°, and for zoy € d°, then xoy € d®*. Otherwise,

rxy=x,and xoy=zey.
Next, we show that (X, e) = (X,®). Given x,y € X,

(i) fe=y,z20x=(rxox)x(rxox)=x0x=rex.
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(ii) fx #y, thenif zxy = yxxz, then 20Oy = (x*xy)o(y*xx) =z oy = x ey and
yOx = (yxx)o(rxy) =yoxr =zey. Ifxxy #yxz, then zOy = (zxy)o(yxx) =
(zxy)e(y*z)e{rey, you}

Thus, z ®y =z ey for all z,y € X. This proves that (X,®) = (X, e).

|
Corollary 4.1.3 The factorization in Theorem 4.1.2 is unique.
Proof. Let (X,e) € Bin(X) with an OJ-factorization such that (X,e) = (X,x*) o(X, o)
where (X, %) = O(X,e) and (X,0) = J(X,e). Let (X,0) = (X, V) (X, A) where (X,v) =
0O(X,e) and (X,A)=J(X,e). Forany z € X, we have zxx =z =z, and zxy = Yy
when z # y. Hence (X, *) = (X, V). Similarly, if x € X, then zox =z ez =z Axz. When
x # vy, we have x oy = x e y = x Ay, proving that (X,0) = (X, A).

|
Example 4.1.4 [32] Consider the groupoid (X,e) = ({1,2,3,4},e) where “o” is defined
by the following Cayley table:

3
3
3
3
3
)

4
1
2
4
4
nd

J (X, e), respectively, and by letting
X, %) o (X,0) = (X,e).

By deriving its orient- and skew-factors O (X, e) a
(X,%) =0 (X,e) and (X,0) = J(X,e) shows that
Indeed, (X, e) has an OJ-factorization:

—~

x[1 2 3 4 o|1 2 3 4 |1 2 3 4
1111 4 1[1 1 3 4 1[1 131
212 232 o 2|22 22 = 2(2232
313 2 3 3 3|1 3 3 4 3|1 2 3 4
411 4 4 4 411 4 3 4 414 4 3 4

Also, since O (X, ®) # idpin(x) # J (X, e), then (X, o) is O.J-composite.

4.2. JO-Factorization. In this subsection, we reverse the product of the orient- and skew-
factors of a given groupoid (X, e) € Bin (X). We find that an arbitrary groupoid admits a
JO-factorization if it has the orientation property.

Example 4.2.1 Consider the groupoid (X, e) = ({1,2,3,4}, e) defined as in Example 4.1.4:

4
1
2
4
4

3
3
3
3
3
)

Through routine calculations, we find that (X, e) admits a JO-factorization since J (X, o)<
O (X,0) =(X,0) o (X,*) = (X,e). In addition, (X,e) € OP (X).
A groupoid (X e) is said to be j-normal if it admits an OJ- and a JO-factorization, i.e.,
if
(i) (X, 0) = O (X, 0)0.J (X, ) and
(ii) (X,0) =J(X,0) 00 (X,e0).

Theorem 4.2.3 A groupoid (X, e) with the orientation property has a JO-factorization.
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Proof. Let (X,e) € OP(X). Define (X,®) = (X, %) o(X,0) where (X,*) = O(X,e) and
(X,0) =J(X,e). Then x ©y = (z*y) o (y*x) for all z,y € X. It follows that
(i) fz=y,thenxxx =z and xox =z ex.
(i) If 2 # y, the two cases arise: if zxy € d* and zoy € d°, then zxy € D* and zoy €
d® which also € {z, y}. Otherwise, t*y =z,and zoy=zey.
Next, we show that (X,e) = (X,®). Given z,y € X,
(i) fz=y,thenz@x=(vox)*(zox)=x*T="rTe0I.
(ii) If x £y, then z Oy = (xoy)*(yox). fzoy=youx, thenzOy = (zoy)*(zoy) =
zoy=zey lfrzoy#yox, thenzOy=(zxy)e(y*xz) € {roy, yeox}.
Thus ¢ ®y = z ey for all x,y € X. This proves that (X,®) = (X, e).

|
Corollary 4.2.4 The factorization in Theorem 4.2.3 is unique.
Proof. The proof is very similar to that of Corollary 4.1.3 so we omit it.

|
Proposition 4.2.5 A groupoid with the orientation property is j-normal.
Proof. The result follows from Theorems 4.1.2, 4.2.3 and the definition.

|

Example 4.2.6 Let (X, o) be defined as in Example 4.2.1 where we determined that (X, e)
admits an OJ-factorization. It can be verified that J (X, )¢ O (X, e) = (X, ), which shows
that (X, e) admits a JO-factorization as well. Therefore, (X, o) is j-normal in (Bin (X), ).
Additionally, J (X, e) # idpin(x) 7 O (X, e) implies that (X, e) is j-composite.

4.3. Factoring O (X,e) and J(X,e). In this subsection, the orient- and skew-factors
of (X,e) € OP(X) are factored to deduce that O (X, e) is skew-prime while J (X, e) is
binary-equivalent to (X e).

Let (X,e) and (X, o) be groupoids in Bin (X). We say that (X, o) is binary-equivalent
to (X, e) if there exists (X, *) € Bin (X) such that
(i) (X,e) = (X, %) o (X,0); and
(ii) (X,0) = (X,*) o (X,e).

Theorem 4.3.1 Given a groupoid (X, e) with the orientation property. Its orient-factor is
skew-prime, and its skew-factor is binary-equivalent to (X, e).

Proof. Let (X,e) € OP (X). Suppose that (X,*) = O (X,e) and (X,0) = J(X,e). Then
by Theorem 4.1.2 (X,e) = O(X,0) o J(X,0) = (X, x) ¢ (X,0). Let (X,®) = O (X, %) and

(X,®) = J(X,%), then for ®: (i) d® = D°, (ii) z ® y = =, otherwise; and for ®: (i)

d® =d* = D°, (ii) x ®y = x x y = x, otherwise. Hence,
(X, %) = (X, %) 0 idpin(x)
and O (X, e) is skew-prime. Similarly, if we let (X,K) = O (X,0) and (X,0) = J (X, 0)

then for X: (i) d¥ = De, (ii) * My = =, otherwise; and for [J: (i) d = d° = d°, (ii)
zy=xzo0oy =x ey, otherwise. Thus,

and the final result follows.
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Example 4.3.2 Consider the locally-zero groupoid (X, e) = ({0,1,2,3,4,5} ,¢) where “o”
is defined by the following Cayley table:

/0 1 2 3 4 5
0j0 1 00 4 0
110 1.2 3 1 5
212 1 2 3 4 2
313 1 2 3 3 3
410 4 2 4 4 4
515 1 5 5 5 5

Since (X, e) has the orientation property, then (X, e) is j-normal by Proposition 4.2.5.
Factoring its orient- and skew-factors (X, %) = O (X,e) and (X,0) = J(X,e) into their
respective orient- and skew-factors, O (X, ), J (X, *) and O (X, o), J(X,0), is observed
through their respective product tables:

*(0 1 2 3 4 5 *|10 1 2 3 4 5 ©(0 1 2 3 4 5
0[O0 0O 0 0 0 5 0j0 0O 0O 0 0 5 00 0 0 0 0 O
1111 1 1 41 1111 1 1 4 1 17111 1 11
212 2 2 3 2 2 = 212 2 2 3 2 2 o 212 2 2 2 2 2
313 3 2 3 3 3 313 3 2 3 3 3 313 3 3 3 3 3
414 1 4 4 4 4 414 1 4 4 4 4 414 4 4 4 4 4
5(0 5 5 5 5 O 5(0 5 5 5 5 5 5|5 5 5 5 5 b
o0 1 2 3 4 5 *[0 1 2 3 4 5 e 0 1 2 3 4 5
0[]0 1 0 0 4 5 0j0 0O 0O 0 0 5 0j0 1 0 0 4 O
110 1 2 3 4 5 111111 4 1 10 1 2 3 1 5
212 1 2 2 4 2 = 212 2 2 3 2 2 o 212 1 2 3 4 2
3/3 13 3 3 3 313 3 2 3 3 3 3131 2 3 3 3
410 1 2 4 4 4 414 1 4 4 4 4 410 4 2 4 4 4
5/0 1 55 5 5 5/0 5 5 5 5 5 5/5 1 5 5 5 5
Indeed, (X,*) = O (X, %) o J (X, ) = (X,*) 0 idpin(x) and (X,0) = O(X,0) 0 J(X,0) =
(X, *) o (X,e). This clearly shows the results of Theorem 4.3.1.

Theorem 4.3.3 The right-zero-semigroup on X is j-composite.
Proof. Let (X,e) be the right-zero-semigroup on X. Suppose that (X,*) = O (X,e) and
(X,0) = J(X,e). By applying Proposition 4.2.5, (X,e) is j-normal. Thus, (X,e) =
(X, %) o (X,0) = (X,0)o(X,*). Consider (X, *): (i) d* = D°, (ii) 2 *y = x, otherwise; and
for (X,0): (i) d° = d*, (ii) z oy = x @ y = y, otherwise. Since neither one of the factors is
the left-zero-semigroup for Bin (X), (X, e) is j-composite.

[ |
Example 4.3.4 Let (X, e) be the right-zero-semigroup as in Example 3.2.9 where X =
{a,b,c}. Let (X,%) = O(X,e) and (X,0) = J(X,e), we can check that (X,e) is in fact
O.J- and JO-composite. Hence, (X, ) is j-composite:

[SIIES RN <R IS
Q2 Q|8
(ST eI - o)

QO S Q%
[SIRAS RIS S
(SIS BN e
o S Qo
[SaEES SISl IS
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Moreover, its orient-factor (X, *) has the following subtables:
*|la b x|la ¢ x|b c
ala a ala c b|b b
b|b b cla c cle ¢

which implies that (X, ) is locally-zero.

Given two distinct groupoids (X,>) and (X,<) in Bin(X). Suppose that (X,») #
idpin(x) and (X, <) # idpin(x). Let (X, o) be a groupoid such that (X,>) # (X, e) # (X, <).
Then (X, e) is said to be:

(i) partially-right-prime, O,-prime, if (X, o) = (X, o) o (X,>);
(ii) partially-left-prime, O)-prime, if (X, o) = (X,<) o (X, o).

Whence (X,>) and (X, <) behave like right- and left-identities respectively. Here, (X,1)
and (X, <) could be either O (X, o), J (X,e), U (X,e), A(X,e) or any other factor of (X, e).
The next proposition demonstrates one such case.

Proposition 4.3.5 A bi-diagonal groupoid is partially-left-prime.
Proof. Given a bi-diagonal groupoid (X, e), then its skew-factor J(X,e) = (X,e) since
d° = d* = d* and x oy = x ey otherwise. Meanwhile, its orient-factor O(X,e) is not
affected by the bi-diagonal property. By Theorem 4.1.2, (X, ) has an OJ-factorization,
(X,0) = O(X,e)0J(X,0)
= O(X,e)0(X,e).
Therefore, O(X, o) is a left-identity in (Bin (X), o) and the result follows.
[ |

Example 4.3.6 Consider the group (X, e,e) as defined in Example 4.5. Then clearly
(X, e,e) is bi-diagonal. Recall its orient-factor (X, x,e) = O(X,e,e) and derive its skew-
factor (X, o0,e) = J(X,e,¢) to obtain:

* ‘ e a b c o ‘ e a b c
ele e e ¢ ele a b ¢
ala a b a and ala e ¢ b
b|b a b b b|b ¢ a e
cle ¢ ¢ ¢ clec b e a
Then (X,e,¢) = O(X,e,¢e) o (X,0,¢) and therefore the group (X, e, e) is 9;-prime.

5. APPLICATION

Recall some of the algebras described in “Figure 1” of Section 2.
We shall say an algebra (X, e,0) of type (2,0) is a strong Bl-algebra if it satisfies (B1)
and equation 2.1. Meaning, if for all x,y € X,
(i) zex =0,
(ii) x @ y = y e x implies = = y.
A groupoid (X, e,0) is semi-neutral if for all x,y € X,
(i) zex =0,
(ii) zoy = x.
A Bl-algebra (X, e,0) is semi-neutral if for v # y, x e y = x for all z,y € X.

A normal/composite groupoid is semi-normal (resp., semi-composite) if only one of its
factors is semi-neutral.
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Proposition 5.1 A semi-neutral groupoid is signature-prime and O.J-composite.

Proof. Let (X,e,0) be the semi-neutral groupoid on X. Then z ey = z for all z,y € X
and zex = 0. Let (X,%,0) = U (X,e,0) and (X,0,0) = A(X,e,0), its signature- and
similar-factors, respectively. Deriving them according to 3.1 gives:

x ifx =y, zex =0 ifx=y,
TRy = ; and zoy= .

rey=ux otherwise. T otherwise.
Hence for all z,y € X, (X, 0,0) = idp;nx) © (X, 9,0).
By Theorem 4.1.2, (X,e,0) has an O.J-factorization. Let (X,®,0) = O (X, e,0) and
(X,0,0) = J(X,e,0), its orient- and skew-factors, respectively. Deriving them accord-
ing to 4.1 gives: for ®: (i) d® = D°, (ii) 2 ® y = z, otherwise; and for ®: (i) d® = d® # D?,
(ii) 20y = wey, otherwise. Thus, (X, *,0) # idp,x) # (X, 0,0) and (X, *,0) # (X, e,0) #
(X,0,0).

|

Corollary 5.2 A semi-neutral groupoid is semi-normal.
Proof. This is a direct result of Proposition 5.1 and the definition of a semi-normal groupoid.

|
Proposition 5.3 The product of semi-neutral groupoids is semi-neutral.
Proof. Consider semi-neutral groupoids (X, *,0) and (X,0,0). Let (X,x*,0) o (X,0,0) =
(X,e,0) such that z ey = (zxy)o (y*x). Then, zex = (xxz)o (xxx) =0. If x #
y,.x ¢y = x oy. It follows that (X,e,0) = (X, 0,0) and therefore is semi-neutral.

|
Proposition 5.4 The similar-factor of a Bl-algebra is semi-neutral.
Proof. Let (X, e,0) be a Bl-algebra. Consider the AU-factorization (X, e,0) = A (X, e,0)¢
U (X,e,0). Let (X,*,0) :=U (X,0,0) and (X,0,0) := A(X,e,0), its signature- and simi-
lar-factors, respectively. Deriving them according to 3.1 gives:

x ifx =y, rxex =0 ifx=uy,
Ty = ; and zoy= .
x ey otherwise. x otherwise.

Clearly, (X,o0,0) is semi-neutral.

|
Corollary 5.5 A strong Bl-algebra is semi-normal.
Proof. This is a direct result of Corollary 3.2.5, Proposition 5.4 and the definition of a
semi-normal algebra.

|
Corollary 5.6 A strong Bl-algebra (X,e,0) is semi-composite if it is not semi-neutral,
ie,if rey#xforalz yeX.
Proof. Let (X,e,0) be a strong Bl-algebra. Let (X,*,0) := U (X,,0) and (X,0,0) :=
A(X,e,0), its signature- and similar-factors respectively. Deriving them according to 3.1.
Assume that zey = 2. Then xxy = x for all z,y € X. Thus, (X, e,0) = idp;,(x)o(X,e,0)
which makes it signature-prime and not u-composite.

Example 5.7 Let (X, e,0) = ({0,1,2},e) be a strong BC'K-algebra of order 3 where “e”
is defined by the following Cayley table:
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— o~ olo
N O O~

o
—

Let ({0,1,2},%x) =U ({0,1,2} ,e) and
is: ‘

2
0
1

= oo
O O =

1
0
1

= O ¥

°
0
1

N — O o :w»—to‘o
o

0
0
1
2 2 2

Therefore, ({0,1,2}, o) is signature-prime and u-normal. Moreover, ({0, 1,2} ,e) as defined
is semi-neutral. Next, derive its orient- and skew-factors O (X,e,0) and J (X, e,0), re-
spectively. Let (X,®,0) = O (X,e,0) and (X,®,0) = J(X,e,0). We have the following
product:

01 2
0 0 2
1 01

O = OO
N = O
N = NN

— Ol 0

N = O %

210 2 0
Hence, O (X, e,0) # idp;n(x) # J (X, ,0) implies that (X, e,0) is O.J-composite.

Example 5.8 Let (X,e,0) = {(0,1,2),e} be a strong @Q-algebra of order 3 where “eo” is
given by the following Cayley table:

0 2
0 1
1 2
2 0
Let ({0,1,2} %) = U ({0, 1,2} , o) and ({0,1,2} ,0)
is:
[0 1 2 o|0 1 2 2
0j]0 2 1 o 010 0 O 1
11 1 2 1/1 0 1 2
212 1 2 212 2 0
Since ({0,1,2},%,0) # Idpiy(x) and ({0,1,2},0,0) is semi-neutral, we can conclude that

({0,1,2},e,0) is semi-composite.

P.J. Allen, H.S. Kim and Neggers in [4] introduced the notion of Smarandache disjointness
in algebras. Two groupoids (algebras) (X, e) and (X, %) are said to be Smarandache disjoint
if we add some axioms of an algebra (X,e) to an algebra (X, ), then the algebra (X, *)
becomes a trivial algebra, i.e., | X| = 1.

Proposition 5.9 The class of abelian groupoids and the class of u-normal groupoids are
Smarandache disjoint.

Proof. Let (X,o) € Ab(X), the collection of all abelian groupoids defined on X. Suppose
that (X,0) = A(X,e) and (X,*) = U (X,e). By Theorem 3.2.3, (Xe) admits an AU-
factorization. Consider (X, *) ¢ (X, 0), then for x =y,
zox = (xxx)o(xx*x)
= zox

= ZTex.
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Itz #y,
roy = (zxy)o(y*x)
= (zey)o(yen)
= (zey)e(zey).
Hence, (Xe) admits a UA-factorization only if (zey) e (zey) = x e y. This means that
(X, ) is u-normal if it is either the left- or right-zero-semigroup. Since both such groupoids
are not abelian, then X must only have one element and the conclusion follows.
|

Suppose that in Bin(X) we consider all those groupoids (X,x*) with the orientation
property. Thus, z * © = x as a consequence. If (X, x) and (X, o) both have the orientation
property, then for x ¢ y = (x % y) o (y * &) we have the possibilities: z xx = z, y xy =
y, xxy € {z,y} and yxx € {z,y}, so that z oy € {z,y}. It follows that if OP(X) denotes
this collection of groupoids, then (OP(X),¢) is a subsemigroup [33] of (Bin(X), ¢).

In a sequence of papers Nebesky ([27], [28], [29]) associated with graphs (V, E) groupoids
(V,*) with various properties and conversely. He defined a travel groupoid (X,x*) as a
groupoid satisfying the axioms: (u*v)*u = u and (u * v) * v = u implies u = v. If one
adds these two laws to the orientation property, then (X, ) is an OP-travel-groupoid. In
this case u * v = v implies v * u = u, i.e., uv € E implies vu € E, i.e., the digraph (X, E)
is a (simple) graph if wu ¢ E, with u*u = u. Also, if u # v, then u * v = u implies
(u*v)*v =wu%v = u is impossible, whence u * v = v and uv € FE, so that (X, E) is a
complete (simple) graph.

In a recent paper, Ahn, Kim and Neggers [1] related graphs with binary systems in the
center of Bin (X). Given an element of ZBin(X), say (X,e) , they constructed a graph,
I'x by letting V(I'x) = X and (x,y) € E(I'x), the edge set of I'x, such that z # y,
yex =y and x ey = x. Thus, if (z,y) € E(I'x), then (y,2) € E(I'x) as well and they
identify (z,y) = (y,z) as an undirected edge of I'x. Then they concluded that if (X, e)
is the left-zero-semigroup, then I'y is the complete graph on X. Also, if (X, e) is the
right-zero-semigroup, then I'x is the null graph on X, since F(I'x) = &.

Example 5.10 Let X = {a,b,¢,d} and consider the simple graph on X:

a

d

W

Then the associated groupoid table with binary operation “e” is:

O‘abcd
ala a ¢ d
b/b b b b
cla ¢ ¢ d
d|la d ¢ d

By applying Proposition 4.2.5 to (X, e), we have the product of O (X, e) and J (X, e) given
by their respective tables:
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* ‘ a b c d o ‘ a b ¢ d . ‘ a b ¢ d
ala a a d ala a ¢ a ala a ¢ d
bbb b ¢c b ¢ Db|b b ¢ b = bib b b b
clc b ¢ ¢ cla b ¢ d cla ¢ ¢ d
dja d d d dj{d d ¢ d djia d ¢ d

We can visualize this product with the associated graphs of groupoids (X, %) and (X, o):

a a a
b c b c b c
o ® =
d d d

Thus, any simple graph constructed in this manner can be decomposed into two or more
other factors with the binary product “¢”. This fact is further illustrated in the next
example.

Example 5.11 Let (X,e) = ({0,1,2,3,4,5},e) be the locally-zero groupoid defined as in
Example 4.3.2. Then its associated graph decomposes into its factors (X, %) and (X, o):

0 5 0 5 0 5
1 4 1 4 1 4
. = O .

2 3 2 3 2 3

6. GENERALIZATION AND SUMMARY

In this final note, we discuss two generalizations which can serve as grounds for future
exploration of groupoid factorizations or algebra decompositions via the groupoid product
(40?7 .

6.1. U-type-Factorization. Let ¥ be a groupoid operation that interchanges elements
of any two given groupoids and produces two other (possibly identical) groupoids. Given
groupoid (X, e) € Bin (X) and the left-zero-semigroup as idp;n(x), define ¥ : Bin (X) x
Bin(X) — Bin(X) x Bin(X). A U-type-factorization of (X,e) gives a pair of groupoid
factors as follows:
\Il((X7 .) ) idBin(X)) = ((Xa .)L ) (Xv .)R)

where (X> .)L = \I}a((Xa.) 7idBin(X)) and (Xv.)R = \Ija(idBin(X%(Xa.))a the left- and
right-U-factors of (X,e), respectively, such that the maps ¥, and « are defined as ¥, :
Bin (X) x Bin(X) — Bin(X) and « : Bin(X) — Bin (X).
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Let (X, %) := (X,e), and (X,0) :
of the groupoid pair, i.e.,

(X, e)p, then (X, e) can be represented as a product

(X,8) = (X,%)o(X,0) and/or
(X,0) = (X,0)0 (X, %)
thus rendering (X, o) as:
(i) W-prime, if (X,®); = idgin(x) or (X, ) = idpin(x); OF
(i1) W-normal if (X, *) o (X,0) = (X,0) ¢ (X, *); or
(iil) W-composite if (X, o) is ¥-normal but not ¥-prime.

An example of this U-type-factorization is our first method of similar-signature-factorization

where

\Ild((Xv .) 7idBin(X)) = {(X7 .) |d(X7 .) =d (Zden(X))}
and

Wy(idpin(x): (X, ®)) = {idpinx)ld (idpin(x)) = d(X, )}
The ¥ in that case switched the diagonal d of the parent groupoid (X, e) with that of the
left-zero-semigroup, idpg;,(x), to obtain the signature- and similar-factors (X, o) and (X, ),
respectively. Hence, the signature- and similar-factors of a groupoid are W-type-factors.

6.2. T-type-Factorization. Let T be a groupoid operation that manipulates elements of
any given pair of groupoid in the same fashion. Given groupoid (X,e) € Bin (X) and the
left-zero-semigroup as idp;n(x), define 7 : Bin (X) x Bin (X) — Bin(X) x Bin(X). A
T-type-factorization of (X, e) is given as follows:

T ((X7 o) ,idBin(X)) =((X,0);,(X,0)z)
where (X,e); = 0(idpin(x)) and and (X, ), = 0 (X, e) such that the map 6 : Bin (X) —
Bin (X), the left- and right-T-factors of (X,e), respectively. Let (X,*) := (X,e), and
(X,0) :=(X,e)p, then (X, e) could factor into a product of the groupoid pair, i.e.,

(X,8) = (X,%)o(X,0) and/or
(X,0) = (X,0)0(X,%).

Once again rendering (X, e) as:
(i) T-prime, if (X, 0); = idpin(x) or (X, ®)p = idpin(x); OF
(ii) 7-normal if (X, x) o (X,0) = (X,0) ¢ (X, *); or
(iil) 7-composite if (X, o) is T-normal but not 7-prime.

An example of this 7-type-factorization is our second method of orient-skew-factorization
where O (X,e) := (X,0), and J(X,e) := (X,e),. The 7 (indeed, ) in that scenario
reversed the anti-diagonal of a given groupoid. Hence, applying 7 to the left-zero-semigroup
idpin(x) and to the parent groupoid (X,e) results in the orient- and skew-factors (X, *)
and (X, o), respectively. In conclusion, the orient- and skew-factors of a groupoid are
T-type-factors.

6.3. Summary. The goal of this paper was to gain more insight about the dynamics of
binary systems, namely groupoids or algebras equipped with a single binary operation.
We have shown that a strong groupoid can be represented as a “composite” groupoid
of its similar- and signature- derived factors. Moreover, we concluded that an idempotent
groupoid with the orientation property, can be decomposed into a product of its orient- and
skew- factors. An application into the fields of logic-algebras and graph theory were briefly
introduced. We found that a semi-neutral Bl-algebra is signature-prime, O.J-composite
and semi-normal. Meanwhile, a strong Bl-algebra is then semi-composite if it is not semi-
neutral. We finished our note with generalizations of our two methods in hopes that other
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factorizations can be discovered in the near future. It may be interesting to find other
conditions for a groupoid to have such decompositions. As a final reminder, factorization
can be useful in various applications such as algebraic cryptography and DNA code theory.

We

intend to extend our investigation in the future to hypergroupoid, semigroups as well

as determine other factorizations and explore their applications.

7. ACKNOWLEDGMENT

The author is grateful to Professors J. Neggers, H.S. Kim, C. Odenthal and the referee
for their valuable suggestions and advice.

This research did not receive any specific grant from funding agencies in the public,
commercial, or not-for-profit sectors.

(1]

2]
(3]
[4]

(5]
(6]

(7]
(8]
9]

(10]
(11]
(12]
(13]

[14]
(15]
[16]
(17]
(18]
(19]
[20]
(21]
[22]
(23]
[24]

(25]
(26]
(27]
(28]
29]
(30]
(31]
(32]

REFERENCES

Ahn, S.S.; Kim, H.S.; Neggers, J. A method to identify simple graphs by special binary systems,
Symmetry 10 (2018), 297.

Allen, P. J.; Kim, H. S.; Neggers, J. On B-algebras, Mat. Vesnik 54 (2002), no. 1-2, 21-29.

Allen, P. J.; Kim, H. S.; Neggers, J. B-algebras and groups, Sci. Math. Jpn. 59 (2004), no. 1, 23-29.
Allen, P. J.; Kim, H. S.; Neggers, J. Smarandache disjoint in BCK/d-algebras, Sci. Math. Jpn. 61
(2005), no. 3, 447-449.

Allen, P. J.; Kim, H. S.; Neggers, J. On companion d-algebras, Math. Slovaca 57 (2007), 93-106.
Allen, P. J.; Kim, H. S.; Neggers, J. Deformations of d/BCK -algebras, Bull. Korean Math. Soc. 48
(2011), 315-324.

Boruvka, O. Foundations of the theory of groupoids and groups, John Wiley & Sons, New York, 1976.
Bruck, R. H. A Survey of Binary Systems, Springer-Verlag, New York, 1958.

Cho, J. R.; Kim, H. S. On B-algebras and quasigroups, Quasigroups and Related Systems, 8 (2001),
1-6.

Clifford, A. H.; Preston, G. B. The algebraic theory of semigroups, American Mathematical Soc.
Providence, 1961.

Fayoumi, H. F. Locally-zero groupoids and the center of Bin(X), Comm. Korean Math. Soc. 26 (2011),
163-168.

Han, J. S.; Kim, H. S.; Neggers, J. Strong and ordinary d-algebras, J. Multiple-Valued Logic and Soft
Computing 16 (2010), 331-339.

Han, J. S.; Kim, H. S.; Neggers, J. The hypergroupoid semigroups as generalizations of the groupoid
semigroups, Journal of Applied Math. 2012 (2012), Article ID 717698, 8 pages.

Torgulescu, A. Algebras of logic as BCK -algebras, Editura ASE, Bucharest, 2008.

Iséki, K; Tanaka, S. An introduction to theory of BCK -algebras, Math. Japonica 23 (1978), 1-26.
Iséki, K. On BCI-algebras, Math. Seminar Notes 8 (1980), 125-130.

Iséki, K; Kim, H. S; Neggers, J. On J-algebras, Sci. Math. Jpn. 63 (2006), 413-419.

Jun, Y. B.; Roh, E. H.; Kim, H. S. On BH-algebras, Sci. Math. 1 (1998), 347-354.

Kim, C. B; Kim, H. S. On BN-algebras, Kyungpook Math. J. 53 (2013), 175-184.

Kim, C. B; Kim, H. S. On BM-algebras, Sci. Math. Jpn. 63 (2006), 421-427.

Kim, C. B; Kim, H. S. On BG-algebras, Demonstratio Math. 41 (2008), 497-505.

Kim, C. B; Kim, H. S. On BO-algebras, Math. Slovaca 62 (2012), 855-864.

Kim, H. S; Kim, Y. H. On BE-algebras, Sci. Math. Jpn. 67 (2007), 113-116.

Kim, H. S; Kim, Y. H; Neggers, J. Cozeters and pre-Cozxeter algebras in Smarandache setting, Honam
Math. J. 26 (2004), 471-481.

M. Kondo, On the class of QS-algebras, Int. Math. & Math. J. Sci. 49 (2004), 2629-2639.

Meng, J.; Jun, Y. B. BCK -algebras, Kyungmoon Sa, Seoul, 1994.

Nebesky, L. An algebraic characterization of geodetic graphs, Czech. Math. J. 48 (1998), 701-710.
Nebesky, L. A tree as a finite nonempty set with a binary operation, Math. Bohem 125 (2000), 455-458.
Nebesky, L. Travel groupoids, Czech. Math. J. 56 (2006), 659-675.

Neggers, J.; Kim, H. S. Modular posets and semigroups, Semigroup Forum 53 (1996), 57-62.
Neggers, J.; Kim, H. S. On d-algebras, Math. Slovaca 49 (1999), 19-26.

Neggers, J.; Jun, Y. B.; Kim, H. S. On d-ideals in d-algebras, Math. Slovaca 49 (1999), 243-251.



180

HIBA F. FAYOUMI

[33] Neggers, J.; Kim, H. S. The semigroups of binary systems and some perspectives, Bull. Korean Math.
Soc. 45 (2008), 651-661.

[34] Saeid, A. B.; Kim, H. S.; Rezaei, A. On BI-algebras, An. St. Univ. Ovidius Constanta 25 (2017), no.
1, 177-194.

[35] West, D. B. Introduction to graph theory, Prentice Hall, Upper Saddle River, 2001.

[36] Yisheng, H. BCI-algebras, Science Press, Beijing, 2006.

Communicated by Klaus Denecke

UNIVERSITY OF TOLEDO, 2801 BANCROFT STREET, TOLEDO, OHIO, 43606, U.S.A.
Email address: hiba.fayoumi@UToledo.edu



Scientiae Mathematicae Japonicae 84, No.3(2021) (181-192) 181

KURATSUBO PHENOMENON OF THE FOURIER SERIES OF SOME
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ABSTRACT. On the Fourier series the Gibbs-Wilbraham phenomenon is well known. In
1993, Pinsky, Stanton and Trapa discovered the so called Pinsky phenomenon on the
spherical partial sum for the Fourier series of the indicator function of a d-dimensional
ball with d > 3. In 2010, Kuratsubo discovered the third phenomenon in dimension d >
5. Recently, Taylor found that the Pinsky phenomenon arises even in two dimension.
In this paper we prove that the Kuratsubo phenomenon arises even in four dimension.

1 Introduction For the Fourier series of piecewise continuous functions, the Gibbs-
Wilbraham phenomenon is well known. For example, let

1, |z <a, d
)= zeR* a>0.
Xl {o, ol >

Let d = 1. Then the partial sums overshoot the jump at x = 4a by approx. 9% of the jump,
while its partial sum Sy (xq)(x) converges x,(z) as A — oo at & # £a. This phenomenon can

0 . VI

g gl
-05 -04 -03 -02 -01 0 01 02 03 04 05 -05 -04 -03 -02 -01 1} 01 02 03 04 05

Figure 1: Gibbs-Wilbraham phenomenon Sy (x1,s) (A = 20,30) [2]

be seen not only in one dimension but also in higher dimensions (see for example [1, 8, 12]).

In one dimension, it is also well known as the localization property that, if the function
is zero on an interval, then the Fourier series converges to zero there. However, in higher
dimensions this property is no longer valid. In 1993, Pinsky, Stanton and Trapa [10] showed
that, for the Fourier series of the indicator function of a d-dimensional ball with d > 3, the
spherical partial sum diverges at the center of the ball. This phenomenon is called the
Pinsky phenomenon.

In 1996 Kuratsubo [3] conjectured that, if d > 5, then the third phenomenon would arise,
see also [4]. After the numerical calculation by [7] (2006) he proved that his conjecture is
true in [5] (2010). Namely, for the Fourier series of the indicator function of a d-dimensional
ball with d > 5, the spherical partial sum diverges at all rational points, while it converges
almost everywhere, see Figures 3-5. Figure 4 is the expansion of Figure 3 to the direction
of the vertical axis for the interval [0.2,0.5]. Figure 5 is created using 3D graphics.

2020 Mathematics Subject Classification. Primary 42B05.
Key words and phrases. multiple Fourier series, spherical partial sum, Pinsky phenomenon, Kuratsubo
phenomenon, lattice point problem.
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08

Figure 2: Pinsky phenomenon in 4 dim. Sx(x1/s)(21,22,0,0) (A = 47) [2]

4

Figure 3: Kuratsubo phenomenon in 6 dim. Sx(x1,4)(x,0,0,0,0,0) (A = 800) [7]

Recently, Taylor [13, 14] found that the Pinsky phenomenon arises even in two dimen-
sions. He treated the radial function

1/y/a? — |x|2, <a,
Uy(z) = Ve ] o <a zeR2 a>0.
0, |lz| > a,

See Figure 6.
Our aim in this paper is to prove the Kuratsubo phenomenon in four dimensions. We
consider the Fourier series of the function
2 [,.|2\8

a x|9)P, |zl <a
(1.1) Ug,o(z) = ( )", =] reRY a>0, B> 1.

0, lz| > a,
If 8 =0, then Ug 4(x) is the same as the indicator function of the ball centered at the origin

and of radius a. If 8 = —1/2, then Ug,(x) is the function considered by Taylor [13, 14].
We consider the case —1 < < —1/2.
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Figure 5: Kuratsubo phenomenon Sx(x1/s)(z1,%2,0,0,0,0) (A = 407) [2]

In the next section we give the definitions of the Fourier spherical partial sum and the
Fourier spherical partial integral and state some known results on them. Then we state our
main result in Section 3 and prove it in Section 4.

At the end of this section we note the sources of the figures. Figures 1, 2 and 5 were
made by MATLAB in [2]. Figures 3 and 4 were made by Mathematica in [7]. In this time
we made Figure 6 by Mathematica and Figures 7 and 8 by gnuplot with Java.

2 Definitions and known results By R? Z? and T¢ = R?/Z? we denote the d-
dimensional Euclidean space, integer lattice and torus, respectively. In this paper, however,
we always identify T¢ with (—1/2,1/2]%, that is, z € T¢ means z € (—1/2,1/2]¢ and T¢ C
Re. Let Q be the set of all rational numbers, and let Q¢ = {(x1,...,24) : ¥1,...,2q4 € Q}.

For an integrable function F(z) on R?, its Fourier transform F(€) and its Fourier spher-
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Figure 6: Pinsky phenomenon in 2 dim, Sio(Uy /4)
ical partial integral oy (F)(z) of order A > 0 are defined by
(2.1) F(&)= /d F(z)e ™ dz, €= (&,...,&) € RY,
R
R . d
(2.2) ox(F)(x) = / ‘ B(e)e*mnde, g = |> &2 zeRY,
&< =1

respectively, where £z is the inner product ZZ:I &rxg. Also, for an integrable function f(x)

on T¢, its Fourier coefficients f(m) and its Fourier spherical partial sum Sy (f)(z) of order
A > 0 are defined by

(23) f(m) = . f(x)e*2ﬂ'imx d.T, m = (mh e 7md) S Zd7
T
(2.4) S\(N@) = 3 e, | =
m|<X
respectively.
For an integrable function F(z) on R%, we consider its periodization
(2.5) flz) = Z F(z+m), z¢€T%
mezd

Note that in (2.5) the series converges with respect to the L!'-norm on T¢ and then f is an
integrable function on T¢. Then it is known as the Poisson summation formula that the
equation

(2.6) f(m) = F(m), mez

holds, see for example [11, Theorem 2.4 (page 251)]. The left hand side of (2.6) is defined
by (2.3) and the right hand side of (2.6) is defined by (2.1) with £ = m.
In particular, we denote by ug ,(z) the periodization of Ug ,(z). That is,

(2.7) ug,q(x) = Z Usa(z+m), xeT

mezZd
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In this paper we always assume that 0 < a < 1/2. Then
(2.8) ug () = Upa(r), €T

The behavior of o) (Ug,,)(z) as A — oo is known by [6]. Let I' be the Gamma function
and J,, the Bessel function of order v. Then the following theorem is known:

Theorem 2.1 ([6, Theorem 4.1]). Letd > 1, a >0 and 8 > —1. Then

11 (59)41505)

41
()"

for all z € R? and X\ > 0. Moreover, ox(Ug,,) has the following properties:

2mwa J
(2.9) ox(Ug.a)(z) = 2°T(8 + 1)a?? /0 ds,

1. At x =0,
(a) if B> (d—3)/2, then ox(Ug,q)(0) converges to Ug o(0) as A — oo,
(b) if =1 < B <(d—3)/2, then ox(Ug,q) Teveals the Pinsky phenomenon.

2. For near |x| = a,

(a) if B >0, then ox(Ug,q)(x) converges to Ug ,(z) as X — oo,
(b) =1 < B <0, then oA (Ug,,) reveals the Gibbs-Wilbraham phenomenon.

3. If v # 0 and |z| # a, then ox(Upq)(x) converges to Ugq(x) as A — oo and the
convergence is uniform on any compact subset of R\ {x # 0, |z| # a}.

The difference between o (Us,q) and oy (ug,,) is also known by [6]. For j =0,1,2,...
let

1 L
D. . _ _ 2\j 2mimzx Rd
J(s l‘) F(]+1) Z (5 |m| )6 ’ 5>07 T e ’
Im|2<s
1 o
Dj(s:x) = 7/ (s — €2 e*™*e dg, s >0, x€RY,
! LG +1) Jig2<s
and
(2.10) Aj(s:x)=Dj(s:x) = Di(s:x), s>0, x€R%

Further, for j =0,1,2,..., 8> —1 and a > 0, let

(2.11) A9 (s) = (71)&5[3}_1) e :ﬁjﬁi‘;ﬁ) s> 0,
and let

dy
(2.12) Kpa(s :z) = (~1)7A;(s : 2)AY) (),

j=0

where dj is the integer part of (d 4 1)/2. Then the following theorem is known:
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Theorem 2.2 ([6, Corollary 6.2]). Letd > 1,5 > —1 and 0 < a < 1/2. Then
(2.13) Sx(up.a)(z) = ox(Us.a) (@) + Kga(N? :2) +ON 7Y as A — o0
for all z € T,

In the above O is Landau’s symbol, that is, f(s) = O(g(s)) as s — oo means that
limsup,_, .. |f(s)|/g(s) < oo for the positive valued function g. Similarly, f(s) = o(g(s)) as
s — oo means that lims_,o f(s)/g(s) = 0.

Therefore, to investigate the behavior of Sy(ug,,)(x) as A — oo we need to estimate

Kp.a(A\2: 2).

3 Main result Recall that

(3.1) upa(z) = Uga(z), =€T9,

under the assumption 0 < a < 1/2. Let
E,={zeT%:2+#0,|z| #a}.

Our main result is the following:

Theorem 3.1. Let d = 4 and 0 < a < 1/2. Fiz a point € E, N Q* arbitrarily. If
Sa(ugqe)(x) converges ugo(x) as A — oo for some € (—=1,—1/2), then Sx(up,q)(x) di-
verges for all other 5 € (—1,—1/2).

This theorem shows that the Kuratsubo phenomenon arises even if d = 4. On the other
hand, it is known by [6, Theorem 1.3] that, if d = 4 and f > —1/10, then Sj(ug,q)(x)
converges to ug () as A — oo for all # € E,. Therefore, the case of § € [-1/2,—1/10]
is an open problem. Note also that, if 5 > —1/2, then Sy(ug,q)(x) converges to ug () as
A — oo a.e.x € T4, see [6, Theorem 1.5].

Figures 7 and 8 are graphs of S)(ug,)(z,0,0,0) for § = —9/10 and @ = 1/8 in four
dimensions. We can observe the Kuratsubo phenomenon in Figure 8.

4000 i

2000 N

-2000 1

-4000 N

-0.4 -0.2 O 0.2 0.4

Figure 7: Kuratsubo phenomenon in 4 dim. Sy(ug,q)(x,0,0,0) (A = 400)



KURATSUBO PHENOMENON OF THE FOURIER SERIES OF SOME

187
RADIAL FUNCTIONS IN FOUR DIMENSIONS

40
20
o !\ﬂ N«WW L J
20 i
-40 R
0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 8: Kuratsubo phenomenon in 4 dim. (expansion of Figure 7)

4 Proof Let z € E,. By Theorems 2.1, 2.2 and (3.1), we see that Sy (ug,q.)(z) = ug,q(x)
if and only if Kg4(A? : £) — 0. To estimate

dy

Kpa(A?:2) = (-17A;(0 : 2)AY) (A?),

=0

we combine the estimates of A;(A\? : ) and Ag}l()@).
Firstly, by the asymptotic behavior of Bessel functions

(4.1) Jy<s>=\/%cos(s—2”j1w)+o<s*3/2> as 5 00,
™

we see that

rB+1) s +B+ ’ 5+H68+i (2may/s)

(J) _
(42) ( )_( ) 71'6 J 82( +ﬁ+])
r 1) q%+8+i—3% d+28+2j+1
(B+1) af 2 Cos(gmﬁ_%iﬁ

=it g3 (§48+5+3)
+O(s 3 E AT as 5 — o0,

= (-1

which shows
(4.3) AP (N2 = O~ EHHHD) as A o0,

In the above, for the asymptotic behavior (4.1) of Bessel functions, see [11, Lemma 3.11 on
page 158] for example.
For the terms A;(s : z), we use known results related to the lattice point problem.

Lemma 4.1 ([6, Lemma 5.1]). Let d > 1. Then, as s — oo,

O(s? ), ifa =0,
(4.4) Ag(s:z) =< 0(s %7%:+ *€) for every e >0, if0<a< %17
O(s ™= %), if > 4L,

uniformly with respected to x € T?.
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For a > 0, let

(4.5) Pu(s:x) = Dgo(s : ) LA 5(z) R", >0
. als:x)=Dyls: ) — —5—0(x), xE , s 20,
N4 +a+1)

where §(x) is the indicator function of Z.

Theorem 4.2 (Novék [9]). Let d > 3. Then, for all v € Q%, there exists a positive constant
Kq(x) such that

Kq(z)s 2logs + O(s 21og1/2 s), ifd=3,
s 5/2 o
(4.6) / |Po(t: 2)” dt = Ka(w)s® + O(s** log s), ifd=4,
0 Kq(z)s* + O(s*log? 5), ifd =5,
Kd(l')sd ! + O( d— 2) Zfd > 6.

Remark 4.1. Tn Theorem 4.2 the positive constant K4(z) is given explicitly for each 2 € Q%,
see [5].
Remark 4.2. Theorem 4.2 valids for A, (s : ) instead of P, (s : z), if v € TYNQ?. Actually,

0 ifx=0
Aa . - Pa . = ’ d—1 |, o ’
(s:2) (s:2) {—Da(s cx) =0(s7 %), ifxe T\ {0},

see [6, Remark 5.2].

Lemma 4.3. Let d = 4. Then, for allz € Q% and all 1 > 0, there exists a positive constant
K(x) and a sequence {\g}r such that A\, — 0o as k — oo and

(4.7) |Ao(M2, )| > K (z)\2

Proof. By Theorem 4.2 and Remark 4.2 we have
S
4.8 Ag(t, 2dt = Ku(2)s® + O(s"%logs) as s— o0.
( g
0

We may assume that 0 < p < 1. If there exists a positive constant ty such that, for all
t > to,
|Ao(t,z)| < Ky(z)t' 2, de. |Ag(t?,z)| < Ky(z)t? ™+,

then s
/ |Ag(t,z)[?dt < K42(z)s®*  for large s,
0
which contradicts (4.8). O
Proof of Theorem 3.1. Let d =4 and 0 < a < 1/2. Then dy = 2 and

2
Kpa(X?:2) =Y (-1 N2 ) AY) (A%).

J=0

By Lemma 4.1 and (4.3) we have

Ao(N2,2) = O()\12/5), A(ﬁ%()@) _ ()()\7,6‘75/2)7
A (N2, 2) = O(A14/5+¢), AD () =0 7T/2), as A— oo,

As(N2,2) = O(NT/2), ADT(N2) = O(A=#-972),
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which imply

Ao 2)AY) (A2) = O(A=F=1/10),

(4.9) AN 1 2)ATL(A%) = O(AF-T/104) - as A — oo,
A(A: 2) A, (V) = 01,

It follows that, if 4 > —1/10, then Kgq(A? : ) — 0 as X — oo, that is, Sx(ug,q)(z) —
ug,q(x) for all z € E,, which is a known result as mentioned after Theorem 3.1.

We shall consider the main term Ag(A? : x)A(ﬁ?l(AQ) more precisely. From (4.2) it follows
that

2
(4.10) AL (N?) = CoAP75/2 cos <27m)\ _2 4+ >

7r) + OB/

where Cy = T'(3 + 1)a’/2+8 /xB+1. Let x € E, N Q*. For any small y > 0, take {\}x as
in Lemma 4.3. If there exists By € (—1,—1/2 — p) such that Sx(ug,,q)(z) = ugy.a(z) as
A — 00, then Kg, (A : ) — 0 as A — oo, which implies
2

%ﬂ') =0.

k—o0

(4.11) lim cos (27ra/\;c -

Actually, if

2 5
limsup |cos | 2maA; — 507_‘_77 =20 >0,
k—o0 4

then by (4.7) and (4.10) we have

‘AO()\]CQ : x)Ag?,a()‘kQH > CoK(z)Ak7g071/27”57

for infinitely many k, which means that ICgO’a(AkQ : x) diverges, since the other terms are
smaller, see (4.9).
Now, (4.11) is equivalent to

lim (27ra)\k -

k—o0

2ﬂ0+5 e od
= — m . .
4 m D) ™

In this case, for all g € (—1,—-1/2 — )\ {Bo},

262_571) = g — w mod. T,

lim <27m>\;C —

k—o0

which shows

lim
k—oo

2 5
cos (27‘&'@)\k — ﬂ: 71')‘ > 0.

This means that IC57Q(Ak2 : x) diverges as seen before. Since p > 0 is arbitrary, we have
the desired conclusion. O
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FUZZY SCHWARZ INEQUALITY
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ABSTRACT. In the present paper, the fuzzy Schwarz inequality in inner product spaces
is derived. It is an extension of the Schwarz inequality, and is described by using a

fuzzy norm and a fuzzy inner product defined by Zadeh’s extension principle. The
fuzzy norm of a fuzzy set is the image of the fuzzy set under the crisp norm, and it is
also a fuzzy set. The fuzzy inner product between two fuzzy sets is the image of the
two fuzzy sets under the crisp inner product, and it is also a fuzzy set. The Schwarz
inequality evaluates the inner product between two vectors in an inner product space
by norms of the two vectors. On the other hand, the fuzzy Schwarz inequality evaluates
the fuzzy inner product between two fuzzy sets on an inner product space by fuzzy
norms of the two fuzzy sets.

1 Introduction The concept of fuzzy sets has been primarily introduced for representing
sets containing uncertainty or vagueness by Zadeh [18]. Then, fuzzy set theory has been
applied in various areas such as economics, management science, engineering, optimization
theory, operations research, etc. [6, 10, 14, 15, 16, 17]. Zadeh’s extension principle [4, 18]
provides a natural way for extending the domain of a mapping. It is an important tool in
the development of fuzzy arithmetic and other areas. Let f : X XY — Z be a mapping, and
let @ and b be fuzzy sets on X and Y, respectively. In addition, let f(a,b) be the fuzzy set
on Z obtained from @ and b by Zadeh’s extension principle. In [12], relationships between

f([@]a, Do) and [f(a,b)], are investigated, where [@]n, [b]a, and [f(a,b)], are the a-level
sets of a, E, and f (’d,g), respectively. A fuzzy norm and a fuzzy inner product defined by
Zadeh’s extension principle are proposed, and their properties are investigated in [9] and
[8], respectively. We adopt them. The fuzzy norm of a fuzzy set is the image of the fuzzy
set under the crisp norm, and it is also a fuzzy set. The fuzzy inner product between two
fuzzy sets is the image of the two fuzzy sets under the crisp inner product, and it is also a
fuzzy set.

Fuzzy normed spaces and fuzzy inner product spaces have been discussed in several
papers; see, for example [13] and references therein. Fuzzy norms and fuzzy inner products
in most of papers are based on axioms rather than Zadeh’s extension principle, and their
values are fuzzy sets for norms and inner products of crisp vectors rather than of fuzzy
sets. The Schwarz inequality evaluates the inner product between two vectors in an inner
product space by norms of the two vectors, and it has a long history; see, for example [3].
We consider the Schwarz inequality in fuzzy settings by using our adopted fuzzy norm and
fuzzy inner product. The Schwarz inequality is derived for fuzzy matrices by using a fuzzy
norm and a fuzzy inner product based on axioms rather than Zadeh’s extension principle
in [5], and the Schwarz inequality is derived for fuzzy integrals in [2]. Our settings such as
the fuzzy norm and the fuzzy inner product are different from the previous works on the
Schwarz inequality in fuzzy settings.

2010 Mathematics Subject Classification. Primary 03E72; Secondary 06A99.
Key words and phrases. Schwarz inequality, fuzzy norm, fuzzy inner product.



194

MAsAMICHI KON

In the present paper, the fuzzy Schwarz inequality in inner product spaces is derived.
It is an extension of the Schwarz inequality, and is described by using the fuzzy norm and
the fuzzy inner product. The fuzzy Schwarz inequality evaluates the fuzzy inner product
between two fuzzy sets on an inner product space by fuzzy norms of the two fuzzy sets.

The remainder of the present paper is organized as follows. In Section 2, some notations
are presented. In Section 3, we investigate relationships between level sets of fuzzy sets
and level sets of another fuzzy set obtained by Zadeh’s extension principle, and the fuzzy
norm and the fuzzy inner product defined by Zadeh’s extension principle are presented. In
Section 4, the fuzzy Schwarz inequality is derived by using the fuzzy norm and the fuzzy
inner product as an extension of the Schwarz inequality in inner product spaces. Finally,
conclusions are presented in Section 5.

2 Preliminaries In this section, some notations are presented.

Let R and C be the set of all real numbers and the set of all complex numbers, respec-
tively. Weset Ry = {z € R: 2 >0} and R_. = {z € R: 2 < 0}. For A C R, we denote
the interior of A by int(A). For a,b € R, we set [a,b] = {z € R: a < z < b}, [a,b] =
{reR:a<x<b},|a,b)={reR:a<z<b},and |a,b[ = {z € R:a <z < b}.

Let X be a set. Then, @ : X — [0,1] is called a fuzzy set on X, and let F(X) be the set
of all fuzzy sets on X. For a € F(X) and « € )0, 1], the a-level set of a is defined as

o = {z € X :a(z) > a}. 1)

For a crisp set S C X, the indicator function of S is a function ¢g : X — {0, 1} defined as
cs(z) =1z e S, and cg(z) =0if z ¢ S for each x € X. A fuzzy set a € F(X) can be
represented as
a= sup acpg, (2)
a€l0,1]
which is well-known as the decomposition theorem or the representation theorem; see, for
example [4].

We consider fuzzy sets on a topological space. Let (X, T) be a topological space. Let
C(X) and K(X) be the set of all closed subsets of X and the set of all compact subsets of
X, respectively. Let a € F(X). The fuzzy set a is called a closed fuzzy set (on X) if [a],
€ C(X) for any a € ]0,1]. The fuzzy set @ is a closed fuzzy set on X if and only if @ is an
upper semicontinuous function on X. The fuzzy set a is called a compact fuzzy set (on X)
if [a]o € K(X) for any « € ]0,1]. Let FC(X) and FK(X) be the set of all closed fuzzy sets
on X and the set of all compact fuzzy sets on X, respectively.

In R, we define an order relation for crisp sets, and then define an order relation for
fuzzy sets by using the order relation for crisp sets. Let A, B C R. We write A < B if
BCA+R;and AC B+R_, and write A < Bif B C A+int(Ry) and A C B + int(R_).
Then, < is a pseudo order on 28, B C A + R, if and only if for any b € B, there exists
a € A such that a < b. A C B+ R_ if and only if for any a € A, there exists b € B such
that @ < b. B C A+ int(R,) if and only if for any b € B, there exists a € A such that
a<b. AcC B+int(R_) if and only if for any a € A, there exists b € B such that a < b. Let
a,b € F(R). We write @ < b if [d] < [b]o for any a € ]0,1], and write @ < b if [a]o < [b]a
for any « € ]0,1]. Then, < and < are called the fuzzy maz order and the strict fuzzy maz
order, respectively, and < is a pseudo order on F(R); see [7, 11].

3 Images of fuzzy sets by Zadeh’s extension principle In this section, we investigate
relationships between level sets of fuzzy sets and level sets of another fuzzy set obtained
by Zadeh’s extension principle, and the fuzzy norm and the fuzzy inner product defined by
Zadeh’s extension principle are presented.
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Definition 1. Let X;, i = 1,2,--- ,n be sets, and let a; € F(X;), i = 1,2,--- ,n. Then,
[T, @ € F(I[T;, X;) is defined as

n
(H al) ($13$25 e 7xn) = z:lnéln nal(xl)

i=1
for each (z1,22, - ,x,) € [[i-; X;, and is called the fuzzy product set of @;, i =1,2,--- ,n.
The fuzzy product set H?zl a; is also represented as @y X da X -+ X Gy, OF (A1, A2, ,dp)-

The following definition provides images of fuzzy sets under a crisp mapping by Zadeh’s
extension principle; see [4, 18] for Zadeh’s extension principle.

Definitin 2. Let X;, i =1,2,--- ;n and Y be sets, and let f : H;;l X; — Y. Then, for
a; € F(X;),i=1,2,---,n, f(a1,a2, -+ ,a,) € F(Y) is defined as

f(alya% ce ,57L)(y) = sup ~ min al(xl)
(21,02, wn)Ef~1(y) =h2on

for each y € Y, where sup® = 0.

Let X be a real or complex normed space equipped with a norm ||-||, and set f: X — R
as f(z) = ||z|| for each 2z € X. For @ € F(X), it follows that

f@)(y) = llal(y) = sup a(z), yeR (3)
z€f~1(y)

from Definition 2. Then, [[a]| € F(R) is called the fuzzy norm of a, and some properties of
fuzzy norms are investigated in [9].

Let X be a real or complex inner product space equipped with an inner product (-, ),
and set f: X x X — K as f(z,y) = (x,y) for each 2,y € X, where K = R or C. For
a,b € F(X), it follows that

f@b)(z)=@b)(z)= sup minfa(z),b(y)}, ze€K (4)
(zy)ef=1(2)

from Definition 2. Then, (a,b) € F(K) is called the fuzzy inner product between @ and b,
and some properties of fuzzy inner products are investigated in [8].

The following theorem provides a relationship between level sets of fuzzy sets and level
sets of another fuzzy set obtained by Zadeh’s extension principle.

Theorem 1. [12] Let X;, i = 1,2,---,n and Y be sets, and let f : [[[~, X; = Y. In
addition, let a; € F(X;), i =1,2,--- ,n. Then,

[f(al7a2a T 7677)]0 = f([ﬂdl}m [aZ]Oza Ty [Zin]a) (5)

for any o €10,1] if and only if y €Y and f~'(y) # 0 imply the existence of (x5, x5, %)
€ f~Y(y) such that

N S
_mina; (x}) = sup _min (x;).
=151 (w17z2~,"'7£n)€f71(y) 1=1,2,"- M

The following theorem gives sufficient conditions for (5) in Theorem 1 to hold.
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Theorem 2. Let (X;,T;), i = 1,2,--- ,n be Hausdorff spaces, and let' Y be a Ti-space.
Assume that f: [, X; = Y is continuous. In addition, let a; € FK(X;), i =1,2,--- ,n.
Then,

[f(aha% e 75n)}a - f([al}ou [62]a7 Tty [a7z]a)

for any o € ]0,1].

Proof. Fix any y € Y, and suppose that f~1(y) # 0. Then, it is sufficient to show the
existence of (z}, 25, ,2%) € f~1(y) such that

(z1,22,,xn)Ef 71 (y)

n
~min  q(x)) = sup <H6,) (x1, 29, -+ ,Tn)
1=1,2,---.n

i=1
from Theorem 1. For any « € ]0, 1], since [a;]o € K£(X;), i =1,2,--- ,n, it follows that
n n n
|:H’L\il:| = H[Ez]a e <H Xz>
i=1 o =1 i=1

from Tychonoff’s theorem; see [1] for Tychonoff’s theorem. Thus, it follows that
n n n
[la 7k (HXZ-) cFe (HXZ-) :
i=1 i=1 i=1
and that []!_, @; is an upper semicontinuous function on [];_, X;. If
n
sup Hﬁi (x1,29, -+ ,25) =0,
(w122, ,xn)Ef 1Y) \G21

then

n n
(H%) (Tllvxl% 73}%):0: sup (Ha,) (l‘l,l’Q,-.. ,J}n)
=1

(w122, ,xn)Ef~H(y) \G21

for any (4,2, ,2.,) € f~1(y). Suppose that

n
sup Haz (Il,Iz,"' ,Ilfn)>0
(w1,m2,,wn)EF 1Y) \j=1

Then, there exists (z/,2%,--- ,z!) € f~1(y) such that

rrn

n
~ "o N
( ai> (xf, a5, zn) > 0.
i=1

~ " 1 1"
ai) (zf, 25, ,xp) > 0.

We set
/3 f—

/-~

i=1

Then, since z € [a;]g, i =1,2,--- ,n, it follows that

(wlllvxg> e alﬁ) € f_l(y) N <H[az]/3> .

i=1



FUZZY SCHWARZ INEQUALIT
Since
and

by the continuity of f, it follows that

o () <)

Since
(I
for any .
(x1,22,- saq) € fH(y) N (ﬁ@]ﬂ) :
and o
(1)
for any .
(z1,22,- aq) € f7H(y)\ <ﬁ[5i}ﬂ> ,
we have -

Hal (1;17:1:27 7117»”)
(1,22, @ )Ef Hy)
= sup <H5z> (1‘171‘27"' 7.Tn)-
i=1

(1,2, wn) €L~ ()N(TT7, [@:]s)

By the compactness of f~1(y) N (H? 1lails ) # () and the upper semicontinuity of ]}, @,
there exists (zf, 25, ,2%) € f~1(y) N (ITi-,[@]p) such that

n
i=1
= sup (H%) (z1,22,+ ,Tn).
(21,02, wn)ef ~H ()N(TT7, [@ils) \im1

O

The following theorem gives sufficient conditions for the fuzzy set obtained by Zadeh’s
extension principle from other fuzzy sets to be a compact fuzzy set.
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Theorem 3. Let (X;,T;),i = 1,2,--- ,n be Hausdorff spaces, and let Y be a Ti-space.
Assume that f: [, X; = Y is continuous. In addition, let a; € FK(X;), i =1,2,--- ,n.
Th@’ﬂ, f(aha% e 7677,) € fIC(Y)

Proof. Fix any « € ]0,1]. Since a; € FK(X;), i =1,2,--- ,n, it follows that [a;], € K(X,),
i=1,2,---,n, and that [[\_,[a;]o € K([T;—, X;) from Tychonoff’s theorem. From Theo-
rem 2 and the continuity of f, if follows that [f (a1, a2, -+ ,an)]a = f([@1]a, [@2]as ;s [@n]a)
€ K(Y). Therefore, we have f(ay,aq,---,a,) € FL(Y). O

The following theorem shows that order relations of functions imply order relations of
fuzzy sets obtained by Zadeh’s extension principle using the functions.

Theorem 4. Let (X;,T;), i = 1,2,---,n be Hausdorff spaces, and let a; € FK(X;),
i=1,2,---,n. Assume that f,g:[]}_, X; = R are continuous.

(7/) If.f < 9, then f(615627"' :an) = 9(617627”' 7671)
(ZZ) Iff <g, then f(51,527-~~ 7671) = g(alva%"' 7an)

Proof. We shall show only (i). (ii) can be shown in the similar way to (i).

From Theorem 2, it follows that [f(a1,az2, - ,an)]la = f([@1]a, [@2]ay s [@n]a) and
[9(5176% e 7an)]a = g([al]aa [52}047 ) [an]a) for any o € ]Ov 1]' Fix any o € }07 1]'
First, let z € [g(a1, a2, -+ ,an)]a = 9([@1]a, [@2)as 5 [@n]a). Then, there exists (1, w2,
: ,Z'n) € H;;l[al]a such that z = g('rl’x25 e ,{I,'n). Set Yy = f(xlax27' o ,I’n) € f([al]aa
[52]0H e 7[5n]a) = [f(alana e 75TL)]O¢7 then it follows that Yy = f(:El?xZ? T 7zn) < g(l’,lv
Zg, -+ ,xy) = z from the assumption. Thus, for any z € [g(a1,az, -, an)]a, there exists y
€ [f(a1,az,- -+ ,ay)]q such that y < z.
Next, let y € [f(617627 o 767’1)}(1 = f([al]aa [52](17 I [En]a) Then, there exists (1'1,582,
-, xpn) € [[i,[@]a such that y = f(21, 29, -+ ,2,). Set z = g(z1,22, - ,2n) € g([@1]a,
[@2]as -, [anla) = [9(a1, a2, - - -, @n)]a, then it follows that y = f(x1, 22, -+ ,2,) < g(w1, 22,
-, &) = z from the assumption. Thus, for any y € [f(a1, a2, - ,ap)]a, there exists z €
[g(a1,a2, -+ ,an)]a such that y < z.
Therefore, we have f(ay,as, - ,a,) = g(ai,ds, -+ ,a,) since [f(ay,az, -, an)]a <
[g9(a1, @z, - ,ap)]a for any o €]0,1]. O

4 Fuzzy Schwarz inequality In this section, the fuzzy Schwarz inequality is derived by
using the fuzzy norm and the fuzzy inner product as an extension of the Schwarz inequality
in inner product spaces.

Throughout this section, let X be a real or complex inner product space equipped with
an inner product (-,-) : X x X — K, where K =R or C. For each z € X, the norm of z is

defined as
[zl = V{z, ). (6)

The same notations (-, -) and || - | are used when some inner product spaces are considered.
The inner product on X x X is defined as

((@1,91), (22,92)) = (z1,22) + (Y1, Y2) (7)

for each (21,y1), (z2,92) € X x X, and the norm on X x X is defined as

Iz, )l = v/{(z,9), (@,9) = VIl=]]? + Iyl (®)

for each (z,y) € X x X.
The following theorem provides an inequality which evaluates the inner product between
two vectors in an inner product space by norms of the two vectors; see, for example [3].
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Theorem 5. (Schwarz Inequality) For any z,y € X,

(@ y)| < ll[l[yl]-

Moreover, equality holds in this inequality if and only if x and y are linearly dependent.
In order to derive fuzzy Schwarz inequality, we present the following lemma.

Lemma 1. Define f1 : X X X = K as fi(z,y) = (z,y) for each (z,y) € X x X, fo : K
— R as fa(2) = |z| for each z €K, and f: X x X = R as f(z,y) = fo(f1(z,9)) = [(z,y)
for each (x,y) € X x X. In addition, define g1 : X — R as ¢g1(x) = ||z|| for each x € X,
g2 : RxR = R as ga(u,v) = wv for each (u,v) E R xR, and g: X x X — R as g(z,y) =
92(91(x), g1(v)) = |lz|||ly|l for each (x,y) € X x X. Let a,b € FK(X). Then,

£(@b) = fo(fr(@b)) = (@b, (9)

9(a@,b) = g2(91(@), 91 (9) = [[a]|[b] (10)

where the second equalities in (9) and (10) are definitions.

Proof. For A, B C X, it can be shown easily that
f(AvB):fQ(fl(A7B>):‘<A7B>|7 (11)

9(A, B) = g2(91(A), 91(B)) = [ A[ll| Bl (12)

where the second equalities in (11) and (12) are definitions.

_ Since fi, f2, and f are continuous, it follows that [f(a,b)]a = f([aa; [bla) = f2(f1([a]a;

bla)) = fa([f1(@,b)]a) = [f2(f1(a, ))N]O‘ for any a € ]0,1] from Theorems 2, 3, and (11).
Therefore, we have f(a,b) = f2(f1(a,b)) from the decomposition theorem (2).

Since g1, g2, and g are continuous, it follows that [¢(a@,b)]a = g([d]a, [bla) = 92(01([a]a),

91 ([la)) = 92([91@)]ecs [91 (B)]ec) = [92(91(@), 91 ()] for any @ € 10, 1] from Theorems 2,
3, and (12). Therefore, we have g(a,b) = g2(g1(a), g1(b)) from the decomposition theorem
(2). o

The following theorem provides an inequality which evaluates the fuzzy inner product
between two fuzzy sets on an inner product space by fuzzy norms of the two fuzzy sets.

Theorem 6. (Fuzzy Schwarz Inequality) For any a,b € FK(X),

(@, B)| = [[all][b]]

Proof. Define f,g: X x X — R as f(z,y) = |(z,y)| and g(z,y) = ||z||||y|| for each (z,y)
€ X x X. From Theorem 5, it follows that f(z,y) = |(z,y)| < ||z|/||y|| = g(z,y) for any =,
yeX. _ _ _ _

Let a,b € FK(X). Then, it follows that f(a,b) = [(a,b)| and ¢(a,b) = |[a||||b]| from

Lemma 1. Since f,g are continuous, we have |(a,b)| = f(a,b) =< g(a,b) = ||al|||b]| from
Theorem 4 (i). O

5 Conclusions In the present paper, the fuzzy Schwarz inequality in inner product spaces
was derived. It was an extension of the Schwarz inequality, and was described by using a
fuzzy norm and a fuzzy inner product defined by Zadeh’s extension principle. The Schwarz
inequality evaluates the inner product between two vectors in an inner product space by
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norms of the two vectors. On the other hand, the fuzzy Schwarz inequality evaluates the
fuzzy inner product between two fuzzy sets on an inner product space by fuzzy norms of
the two fuzzy sets.

First, the fuzzy norm and the fuzzy inner product were defined by Zadeh’s extension
principle. The fuzzy norm of a fuzzy set is the image of the fuzzy set under the crisp norm,
and it is also a fuzzy set. The fuzzy inner product between two fuzzy sets is the image of
the two fuzzy sets under the crisp inner product, and it is also a fuzzy set. Next, sufficient
conditions for the image of level sets of fuzzy sets to coincide with level sets of another
fuzzy set obtained by Zadeh’s extension principle were given as Theorem 2. Next, sufficient
conditions for the fuzzy set obtained by Zadeh’s extension principle from other fuzzy sets to
be a compact fuzzy set were given as Theorem 3. Next, it was shown that order relations of
functions implied order relations of fuzzy sets obtained by Zadeh’s extension principle using
the functions as Theorem 4. Finally, based on these results, the fuzzy Schwarz inequality
was derived as Theorem 6.
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IP~-BOUNDEDNESS OF A HAUSDORFF OPERATOR

ASSOCIATED WITH CHANGE OF VARIABLES AND
WEIGHTS
RADOUAN DAHER * TAKESHI KAWAZOE | FAOUAZ SAADI *

Recieved October 1, 2020; Revised February 12, 2021

Abstract

Multivariate Hausdorff operators associated with linear transfor-
mations on LP(R™) are investigated by Brown and Moricz. We replace
the linear transformation with a general change of variables and in-
troduce modified Hausdorff operators H,, associated with a change of
variables and weights. We obtain a condition of ¥ under which the
operator is bounded from LP to LP. The modified Hausdorff opera-
tors cover the Hausdorff operators defined on the Euclidean space, the
Dunkl hypergroup and the Jacobi hypergroup. In each case, we give
conditions of ¢ under which the operators are bounded from LP to LP.

1 The modified Hausdorff operator

Let u(t) be a Borel measure on R"™ and A(t) a n x n matrix whose entries
a;;(t) are functions on R™. Brown and Moricz [2] introduce the multivariate
Hausdorft operator H, acting on functions on R" as

Hy(f)(z) = - () F(A(t)z)dp(t)

provided that the integral on the right-hand side exists. For 1 < p < oo
they obtain a condition of i) under which H, is bounded from L? to L”
(see §3.1). Moreover, the boundedness on H?, BMO, Herz-type spaces,
Morrey-type spaces, and so on are investigated by many authors (see [1]
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and references therein). The Hausdorff operators are generalized on abstract
groups. For example, on the Heisenberg groups, Guo, Sun and Zhao [4]
obtain the sharp L? estimates of high-dimensional and multilinear Hausdorff
operators. Then the operators on other function spaces are investigated (see
[7] and references therein). In this paper we introduce a modified Hausdorff
operator H, by replacing A(t)x with a general change of variable F(x) and
dpu(t) with a weight function w(t)dt. In particular, treating the cases that the
weight functions w(t) corresponds to the Dunkl and the Jacobi hypergroups
respectively, we can obtain some conditions of 1) under which H, for the
Dunkl and the Jacobi hypergroups are bounded from L? to L? (see §3.2 and
§3.3).

Let U C R™ be an open subset and let F' : U — R"™ be a C* function.
We suppose that F' is one-to-one and that, for all x € U, the derivative
DF(x) is invertible. Hence V = F(U) C R" is open and F' : U — V is a
diffeomorphism. Then for a suitable function f on V,

/f dv—/f )| det DF (u)|du,

where dv and du are Lebesgue measures on R". Let wy and wy are positive
functions on U and V respectively. We denote by LP(U,wy) (resp. LP(V,wy))
the space of LP functions on U with respect to wy(u)du (resp. on V with
respect to wy (v)dv). For g € LP(U,wy ), we put

wy (F~1(v))

o)At DEE @)

gr(v) = g(F~(v))
If g € LY(U,wy), then it follows from the change of variables formula that

/Vg}(v)wv(v)dv:/Ug(u)wy(u)du. (1)

We now suppose that I’ depends on a parameter t € U, and write I’ = F};. Let
1 be a positive function on U. We define the Hausdorff operator H,, acting
on functions on V' and its dual H;, acting on functions on U as follows.

(Hof)(u / B0 f(Fu(w)wu (1),
- / Bt g, (v)w (1)t
U
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Actually, they satisfy the following relation.

/U (i ) () g (@)t ()

= [ wowo( | FE@)a @

= [ oo | 5@ @) det DR(E W) o)
= [ 1) w0 (e @) 2)
- [ SOy ()
Lemma 1.1. We suppose that ¢ € L'(U,wy). Then for all f in L=(V,wy),

o fllzee @) < Nl @wwn 1 F L= @)
Proof. This is obvious from the definition of H,. O

Lemma 1.2. We suppose that

dy :sup/ »(t) waV - ))|detDFt(F o)) Trwp(t)dt < oo, (3)

veV

Then for all f in LY(V,wy),

Ho fllerwen) < dullfllswor)-

Proof. By letting g = 1, the inequality follows from (2). ]

Therefore, by using the interpolation and the duality, we can deduce the
following.

Theorem 1.3. Let 1 < p < oo and ;17 + I% = 1. Then for all f in L*(V, wy)
and all g in LP(U,wy),

1
[ Hop fll Uy < (dy)?

F(U,wU) HfHLp(V,wV);

11590 o) < (@) 011 Es ) N9l 0
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2 Another L’ boundedness

To obtain the L” boundedness of H,, in Theorem 1.3 we use the interpolation.
Here we shall calculate the LP norm of ‘H,, directly. We put

o(t) = inf L4t PRl (Fi(w))

uelU wU(u)

and for 1 < p < oo,
_1
Ct, = [ wiplt) Pt (1
U

Theorem 2.1. Let 1 < p < oo and % + z% = 1. Then for all f in LP(V,wy)
and all g in LP(U,wy),

[Ho fllrwewr) < Cy I fllzrvi),

1Hy9ll e vin) < Cyllgll e e
provided that C; , < oo and C’fZTP < 00 respectively.

Proof. We shall prove the second inequality. Then for ¢ € LP(U,wy) and
1 < p < oo, we see that

[P :/U|g(u)|p(|det DFiz)(t;v(Ft(u)))lpwU(u)du

< p) P9l o (5)
Hence, by the definition of H;,g and (5), we see that

wwwmmwséwmwmwwmmmm

< / () p(t) 7 wur ()t - ||gl| o W)
U

The case p = oo is obvious. The first inequality follows by the duality. Here
we give a direct proof. We suppose p < co. We see that

| Ho fllLrwe)
g/wmmmmmmmwa
U

< [wtraoto [ 15 (MUEPEEIDIV N T a6

g/wmmwhwwﬁwmmmw
U

The case p = oo is obvious. Ol

—
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Remark 2.2. We note that d;, < Cw o Moreover by using the Holder

inequality, it follows that C} | < (Cy, p) and thus, C}, , > (CF )P

‘WHIL;?UMU). Therefore, if
| det DFy(u)|wy (Fi(u))
wy (u)

does not depend on u (see §3), then it follows that d, = C’}A , and thus,

(dw) ||¢||L1(UWU) Cp

Uw)

3 Variants of weights

Our modified Hausdorff operator H, depends on a weight function wy.
Therefore, by changing the weight, we can treat the Hausdorff operators
for the Euclidean space, the Dunkl hypergroup, and the Jacobi hypergroup
similarly

3.1 Euclidean space

Let A(u) = (aij(u))?

=1 be an n x n matrix, where coefficients a;;(u) are
measurable functions of u and A(u) may be singular on a set of measure
zero. We take U =V = R",

F: R* — R
w w
xr > TA(t),

and wy(x) = wy(z) = 1. Here zA(t) is the multiplication of the row vector
x and the matrix A(¢). Then

gp,(v) = g (zAT(t)) | det(A(t))| "

Hence the Hausdorff type operator and its dual are given as follows.

(Hyf)(u) = [ o(t)f(uA(t))dt,

(Hig) (v) = - Y(t)g(vA™H ()| det (A(t))|dt.

Moreover, it follows that
|det DEy(w)foy (Fi(w)
uelU (,UU(U)

olt) = ~ |det A1)
Then the following corollary is obtained (see [2]).

5
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Corollary 3.1. Let A(t) = (a;;(t)) be an n x n matriz and may be singular
on a set of measure zero in R™. Let 1 < p < oo and ]lg + 1% =1. We put

Wl_/ O(8)] det A(t)|Fdr.
Then for all f in LP(R™),

[Hy fllre@ny < Cp allf oy,
[ H g fllLr@ny < Cp all fll ey

provided that C, , < oo and CZA < 00 respectively.

Remark 3.2. Let A(t) be a diagonal matrix diag(ty,ts, - - - ,1,). Then g, ()
is a kind of dilation of g. Actually, when n = 1, g5, (7) coincides with the
dilation of g and H, is the classical one-dimensional Hausdorff operator.
However, there are various kinds of extension of the classical Hausforff oper-
ators. For example in [5], the case that U =V = R", wy () = wy(z) = ||z||*

and Fy(x) = T i investigated.

3.2 Dunkl hypergroup

As an extension of one-dimensional Hausdorff operator, we shall consider a
modified Hausdorff operator related with the Dunkl hypergroup (see [3]).
Let k = (k1,- -+, k,) where each k; is a nonnegative real number. Let du,
denote the associated measure given for z = (x1,--- ,2,) € R" by

dp () = hig(w)da,

where h,, is the Zj-invariant function defined by

n
o) = [Lfosl.
j=1

Let A(s) = diag(ayi(s), -+ ,a,(s)) be a diagonal matrix, where coefficients
aj(s) are measurable functions of s and A(s) may be singular on a set of
measure zero. We take U =V = R",

Ft R — R™
w W
xr — zA(t),
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and wy(x) = wy(z) = h2(z). Then

) et LA 1
o) =g A O oy~ O

Hence the modified Hausdorff operator and its dual are given as follows.

(Hrsf) () = . () f(wA(s))dpn(s),

uelU wU( )

_ dp(t)
He,g) W) = | v(t)gwAHt)) =5 —.
( K0 )( ) an ( ) ( ( ))Hj:1 ’aj(t)PHJ_H
Moreover, it follows that
DF, (Fi( -
plt) = ing 9 DTl (il I CUS

Corollary 3.3. Let A(t) = diag(ay(t), - ,a,(t)) be a diagonal matriz and
may be singular on a set of measure zero in R™. Let 1 < p < oo and
1—1) + ;z% =1. We put

n

= [ o (TTsor) " dino

j=1

Then for all f in LP(R™, du,),

1M fl Lo i) < CF 4kl fllLe e dpn)
15 o f o @n ey < Clha I F |20 )
provided that Cy , . < 0o and CZA,K < 0o respectively.

Next let us consider the case that A(s) = (a;;(s)) is a non-singular upper

triangular matrix with a;;(s) > 0 for all j > ¢. Then for u = (21,29, -+ ,z,),
[det DE (v () _ |44 a00) Ty [ 200 aij ()|
wy (u) T15y fj
= [ det(A(t)| H |aj;(t) + Z ag;(t _|2K]
j=1 1<J

Hence, by taking the infimum of the above over u € ]Rd then the infimum
p(t) is given by [T}, |aj;(t)[***!. Moreover, {zA(t) | = E R} C R%. Then,
noting (5) and (6), we can obtain the following.

7
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Corollary 3.4. Let A(s) = (ai;(s)) be a non-singular upper triangular matric
with a;;(s) >0 for all j >i. Let 1 < p < oo and % + 1% = 1. Then for all f
in LP(RZZ d:u:‘i);

| Hop fll o ®e dpu) < CF a il FllEe @2 dun)
1 f | o @ ) < CFp ol f 2o )

provided that Cy , . < 0o and C’ZTA,K < 00 respectively.

3.3 Jacobi hypergroup

We shall consider a modified Hausdorff operator related with the Jacobi
hypergroup (R, %, A) (see [6]). Let a > 3 > —3, (o, 8) # (3.3) and put
A(z) = (sinh x)?**(cosh z)?#*! on R,. We define the LP-norm of a function

fon R, by N .
e = ([ 1F@lA@E)"

Let LP(A) denote the space of functions on Ry with finite LP-norm. For
¢ € L'(A) we define the dilation ¢, ¢ > 0 of ¢ as

bilw) = %AE@ (%) A G) '

for x € Ry. We see that |¢||r1a) = [|¢]/21(a). We take U =V =R,

Ft . R+ — R+
W W
r +— xt,

and wy () = wy(z) = A(z). Then L'(U,wy) = LY (V,wy) = L' (A) and

95 (x) —g(ﬂ—l(m%

L5t 68 ) a0

Hence the modified Hausdorff operator and its dual are given as follows.

|det DF(F7*(z))| ™

(Hof)(u / Fut)yb(®) AW
(Hig)(0) = / NG

0
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Corollary 3.5. We suppose that » € L*(A). Then for all f € L®(A),

I Hop fllzeay < [0l zray [ fllzea)

and for all g € L*(A),

[Hygllzray < NYlzvayllgloiay-
We note that if ¢t < 1, then

N tA(tu)
0<u<oo A(u) a

p(t) =

and if t > 1, then p(t) = 22 because tsinhu < sinh(tu). Therefore, if
Y € L*(A) is supported on [1,00), then C’Zw equals

2a+2
r

Cla= [ w0 awi < ol

and also, CfZTA < |[¥]l1(a) for %—i— z% = 1. Therefore, we can obtain the
following.

Corollary 3.6. Let 1 < p < oo. We suppose that » € L'(A) and is sup-
ported on [1,00). Then for all f in LP(A),

1My fllzra) < Cyallfllzra),
1My fllzra) < Cya

[l (a)-
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Abstract

Cyber - Physical Systems [CPS] are “Engineered systems that are built from, and depend upon,
the seamless integration of computational algorithms and physical components”. CPS have the
potential to provide much richer functionality - including efficiency, flexibility, autonomy,
and reliability — than systems that are loosely coupled, discrete, or manually operated. CPS also
can create vulnerability related to protection, security and reliability. This can result in a
chaotic collapse around the many new complex and powerful technological systems we rely
on. The very complexity and interconnectedness of such CPS warrants unconventional
proofing to unravel. Moreover, CPS is diffused across the social fabric. The sociology of
mathematics is quite elusive for the construction of formal proofing in CPS.

The gap between rigorous argument and formal proof in the sense of mathematical logic is
one that will close in CPS.

The generic characteristics of CPS are:

Self-organization

Interdependence

Feedback

Far from equilibrium

Exploration of the space of possibilities
History and path dependence

Creation of new order

Cyber risk is an increasing concern in the complex, connected world of CPS.The complexity of
the ecosystem, the connectivity of devices and the criticality of devices and services all increase
risk, and the necessary formal proofs are elusive to take an effective action. ‘Fake People” is the
Case Study presented in this paper to illustrate unconventional proofing in Humane Security
Engineering of CPS. Adapting the Cynefin Framework with the inclusion of Neurotheology,
Complexity Science and Indic Studies in Consciousness enables the construction of
unconventional proofing systems that transcend the software design limits of CPS.
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1. Introduction

"a mathematician's work is mostly a tangle of guesswork, analogy, wishful thinking and
frustration, and proof ........ is more often than not a way of making sure that our minds are not
playing tricks.“- Gian-Carlo Rota, Introduction to the Book '"The Mathematical
Experience' by Philip Davis and Reuben Hersh, Mariner Books [Reprint], 1999.

Aristotle observed that within the universe there are three natural languages which perfectly
describe the supreme science - music, color, and numbers. Ancient cultures had no conception of
computing beyond simple arithmetic. Modeling the Human Brain in the form of Computers
began with Numbers. However, the human brain in itself is an enigma.

1.1 Basics of the Human Brain

Human brain is a collection of large networks of nerve cells. A nerve cell or neuron is the basic
unit of neural networks, which can be said to perform computation. Natural neural networks are
complex arrangements and connections of a usually large number of nerve cells. Natural Neural
Networks are also loosely referred to as Biological Neural Networks.

The nervous system in human beings is classified into
1. Central Nervous System, and
2. Peripheral Nervous System

The central nervous system is further divided into two parts namely
1. The Brain
2. The Spinal Cord

In the average adult human, the brain weighs 1.3 to 1.4kg (about 3 pounds). The brain contains
about 100 billion nerve cells and trillions of "support cells" called glia. There are over 1011
neurons. There are over 1014 connections.

Human Brain is organised into regions and the various regions are organised as layers. Cortex
and cerebellum are good examples of layered parts. There are more than 100 different types of
neurons as well as associated glial (neuroglial) cells. There are a number of different transmitter
substances. The cerebral hemispheres are split in right and left and only joined by the corpus
callosum.

The spinal cord is about 43 cm long in adult women and 45 cm long in adult men and weighs
about 35-40 gm. The vertebral column, the collection of bones (back bone) that houses the spinal
cord, is about 70 cm long. So the spinal cord is much shorter than the vertebral column. The
various divisions are shown in Figure 1.
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Modeling only the Brain is very limited in scope

Figure 1: Divisions of Human Nervous System

The human body is made up of billions of cells. The central nervous system [CNS] is composed
entirely of two kinds of specialized cells: neurons and glia. Neurons, are specialized to carry
"messages" through an electrochemical process. The human brain has about 100 billion neurons.
Neurons (nerve cells) come in many different shapes and sizes. Some of the smallest neurons
have cell bodies that are only 4 microns wide, while some of the biggest neurons have cell bodies
that are 100 microns wide.Glia (or glial cells) are the cells that provide support to the neurons.
There are as many as 50 times more glia than neurons in the CNS. Alan Turing accentuated the
Neurons and all Computational Models functionally based on the Neurons with support systems
necessary for information processing structures.

Neurons are similar to other cells in the body in some ways such as:

. Neurons are surrounded by a cell membrane.
. Neurons have a nucleus that contains genes.
. Neurons carry out basic cellular processes like protein synthesis and energy production.

Neurons differ from the other body cells in some ways such as:

e Neurons have specialized extensions called dendrites and axons. Dendrites bring
information to the cell body and axons take information away from the cell body.

e Neurons communicate with each other through an electrochemical process.

e Neurons contain some specialized structures (for example, synapses) and chemicals (for
example, neurotransmitters).
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A neuron typically has many dendrites and one axon. The dendrites branch and terminate in the
vicinity of the cell body. In contrast, axons can extend to distant targets, more than a meter away
in some instances. Dendrites are rarely more than about a millimeter long and often much
shorter. Neurons communicate through specialized junctions called ‘synapses’. There are as
many as 10,000 specific types of neurons in the human brain.The most widely used types of
neurons based on their structure are shown in Figure 2.

Unipolar Bipolar Pseudounipolar

Dendrite
Cell
body
Most Used
Neuron Model
Myelin Axon
Sensory
receptor
Sensory
receptor

Figure 2: Most Used Types of Neurons based on Structure that is amenable to
Mathematical Modeling

Neuron model represents a mathematical structure that incorporates its biophysical and
geometrical characteristics. There are a few typical types of Neurons based on the functionality
such as Motor, Sensory and those that connect these types called Interneurons.

Human Brain is an electro-, chemical- and biological- organ. Hardly 1% of brain and its
functioning are understood by neuroscientists. New research suggests that genius can be nurtured
as well. Expertise in calculation is not due to increased activity of processes that exist in non-
experts, but they are due to the usage of different brain areas. Musical training at an early age
may lead to the increased growth of certain brain regions. These results have made modeling the
Human Brain even more difficult.
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Alan Turing showed that under certain conditions, random heterogeneities in chemically
interacting diffusible substances could generate patterns without a pre-existing organization. In
other words self-organization happens. These ideas were very difficult for the biologists.

The notion of Intelligence which is associated with the Human Brain began to appear more
attractive than modeling the Human Brain.

"A computer would deserve to be called intelligent if it could deceive a human into believing
that it was human" — Alan M Turing

Turing devised a test, which he called “the imitation game,” to herald the advent of computers
that were indistinguishable from human minds.

“I believe that in about 50 years’ time it will be possible to program computers ... so well that an
average interrogator will not have more than a 70% chance of making the right identification
after five minutes of questioning.” - Alan M Turing

1.2 The Turing Brain

“Some of the feats that will be able to be performed by Britain's new electronic brain, which is
being developed at the N.P.L., Teddington, were described to the SURREY COMET yesterday
by Dr. A. M. Turing, 34-year-old mathematics expert, who is the pioneer of the scheme in this
country. The machine is to be an improvement on the American ENIAC, and it was in the brain
of Dr Turing that the more efficient model was developed.... - Surrey Comet, 9 November
1946

Turing gives two examples of artificial unorganized machines, which he claims are about the
simplest possible models of the nervous system.

The first type are A-type machines — these are randomly connected networks of NAND gates
(where every node has two states representing 0 or 1, two inputs and any number of outputs).

The second type Turing calls B-type machines — these are derived from any A-type network by
intersecting every inter-node connection with a construction of three further A-type nodes which
form a connection modifier. B-type networks with their propensity to form loops of various
lengths may be well suited to model the kind of massive, widespread feedback and interacting
waves of activity.

Turing also proposed P-type unorganised machines, which are not neuron-like and have only
two interfering inputs, one for "pleasure”" or "reward" ... and the other for "pain" or
"punishment”. Turing studied P-types in the hope of discovering training procedures
“analogous to the kind of process by which a child would really be taught".Since this type is non
neuron-like and is a modified Turing Machine. The Turing Machine model for computing has
enabled the progress of computation as seen in the Figure 3.
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Artificial Neuron is a barely functional model for the biological neuron. However, the Artificial
Neural Networks have been found applicable in modeling learning. It is another puzzle that the
P-type i.e non-neuron like unorganized machines proposed by Turing gave an application
domain for the use of Artificial Neural Networks in their present form. Please see the Figure 4.

\Wept R RN

* Unorganlzed CO(‘I’Ip'GXItVR
Physics and Modeling the Human Brain

N

1Computer programming

27 Programming Paradigms

Randomness

I11. Organized complexity
Software Systems and Controls

Context Free Grammars

I. Organized
simplicity
Machine Architectures

/Computer programming

/
z
Y
4
”

S
Complexity

Figure 3: Progress in Computation with the Turing Machine Model
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Figure 4: The puzzle of P-Type Unorganized Machine proposed by Alan Turing

"Restrained by our organic constitution and by our different emotions in the lower sphere of our
daily occupations, we also feel ourselves urged on by the appeal of the ideal, by more or less
precise aspiration towards spiritual values, and from those sentiments even the worst amongst us
do not entirely escape." - Louis deBroglie, 'Physics and Microphysics', Pantheon 1955 Quantum
Questions, Mystical Writings of the World's Great Physicists [Ken Wilber, Editor]

Turing was way ahead of Artificial Neural Networks. Turing described his idea as a "Universal
Computing Machine".In October 1945, Turing joined the National Physical Laboratory [NPL]
where he worked on developing the ACE (Automatic Computing Engine). By 1946 he had a
finished proposal for the computer, but unfortunately NPL did not have the resources to turn it
into reality.

The author opines that Type A is the Reality Layer and Type B is the Spiritual Layer. This is the
foundation for the Unconventional computing model for constructing the unconventional proof.

To develop Turing’s idea of building a brain-like B-type machine we need to mirror the brain’s
own development. The proliferation of neurones during the brain’s formation involves a
substantial random element and only later is this growth fine-tuned by killing off the cells that
have grown in the wrong places. This process of weeding out is called programmed cell death, is
essential to the development of intelligence, and means that we start off with many more brain
cells than we actually need to function as a normal adult.

A B-type cortex would begin with a very large number of nodes and follow a developmental path
with the same delicate mix of the random and determined as a living brain. At a magnification
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where individual nodes and connections could be seen, the resulting very large B-type network
would typically look much like a bowl of spaghetti. Such a disorderly structure is prone to
forming feedback loops of varying lengths which take varying times to traverse, thus forming
possible delay or memory circuits.

In a large network these loops can lead to greatly varying patterns of activity, regardless of input,
since activity can be perpetually recycled in a complex manner. The activity in many
conventional neural networks stops when the output layer settles into a stable pattern; the
equivalent of a Turing Machine halting, its computation over. But just as the brain does not halt,
large B-type networks will tend not to either.

The Universal Turing Machine is an excellent mathematical model to establish computations as
an activity of the human brain. It is an essential element for explaining how the mind works.
However, mind is not so obvious in the present understanding of the work proposed by Alan
Turing. This is the premise for the “Spiritual Layer” which fosters Mystic Visions.

In the new field of “Neurotheology,” scientists seek the biological basis of spirituality. Is God all
in our heads?

The American Psychological Association published “Varieties of Anomalous Experience,”
covering enigmas from near-death experiences to mystical ones. Some of the early results in
from the field of Neurotheology include:

e Attention: Linked to concentration, the frontal lobe lights up during meditation.

e Religious Emotions: The middle temporal lobe is linked to emotional aspects of
religious experience, such as joy and awe.

e Sacred Images: The lower temporal lobe is involved in the process by which images,
such as candles or crosses, facilitate prayer and meditation.

e Response to Religious Words: At the juncture of three lobes, this region governs
response to language.

e Cosmic Unity: When the parietal lobes quiet down, a person can feel at one with the
universe.

“It is certain that thought may be transmitted from one individual to another, even if they are
separated by long distance. These facts, which belong to the new science of metaphysics, must
be accepted just as they are”....”They express a rare and almost unknown aspect of
ourselves”...”What extraordinary penetration would result from the union of disciplined
intelligence and of the telepathic aptitude”... - Dr. Alexis Carrel, Man the Unknown

“The catalogue of our ignorance must also include the understanding of the human brain, which
is incomplete in one conspicuous way: nobody understands how decisions are made or how
imagination is set free. What consciousness consists of (or how it should be defined) is equally a
puzzle. Despite the marvelous successes of neuroscience in the past century (not to mention the
disputed relevance of artificial intelligence), we seem as far from understanding cognitive
process as we were a century ago.” -Sir John Maddox, “Consciousness — The Unexpected
Science to Come”, Former Editor-in-Chief, Nature
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2. Conventional Computing and Constructing Proofs

Describing the human brain in mathematical terms is coveted ambition of neuroscience research.
The challenges remain considerable. It was Alan Turing who first demonstrated how time-
consuming such an undertaking would be. Through the analogy of computer program, Turing
argued that a complete mathematical description of the mind would take well over a thousand
years.

Computing is essentially a combination of theoretical, scientific, and engineering traditions.
Programming is a process of mapping the computing problem into a form that can be executed
on an automaton. The resulting software implementations are representations (models) of real-
world conceptual systems. The engineering processes move a concept from the Realm of
Actions (concepts) to the Realm of Representations (technology). Modeling the application in
terms of “well-defined structures and algorithms” is the most important step towards evolving a
solution. It is becoming increasingly difficult to decide on a correct solution while building
complex evolving software.

The Turing Machine [TM] was invented by Alan Turing in 1936 and it is used to accept
Recursive Enumerable Languages [generated by Type-0 Grammar].

A turing machine consists of a tape of infinite length on which read and writes operation can be
performed. The tape consists of infinite cells on which each cell either contains input symbol or
a special symbol called blank. It also consists of a head pointer which points to cell currently
being read and it can move in both directions. A TM is expressed as a 7-tuple (Q, T, B, Y, 9, q0,
F) where:

Q is a finite set of states

T is the tape alphabet (symbols which can be written on Tape)

B is blank symbol (every cell is filled with B except input alphabet initially)

> is the input alphabet (symbols which are part of input alphabet)

0 is a transition function which maps Q x T — Q x T x {L,R}. Depending on its present state
and present tape alphabet (pointed by head pointer), it will move to new state, change the tape
symbol (may or may not) and move head pointer to either left or right.

q0 is the initial state

F is the set of final states. If any state of F is reached, input string is accepted.

Formal proof of correctness is tedious, time-consuming, and outlandishly expensive. Also, it is
not necessarily effective. People commit errors when attempting a formal proof. There is no way
of determining if a proof is correct. “Clean Room Approach” with informal techniques of
proving programs correct is in vogue. The code is never run by the programmers in this
approach. It is typically not formal proof of correctness. It is acceptable as a pragmatic practice.

The computational complexity of a problem is the amount of resources, such as time or space,
required by a turing machine that solves the problem. The descriptive complexity of problems is
the complexity of describing problems in some logical formalism over finite structures. One of
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the exciting developments in complexity theory is the discovery of a very intimate connection
between computational and descriptive complexity.

Computational complexity theory classifies the computational problems according to their
inherent difficulty, and relates these classes to each other. A computational problem is a task
solved by a computer. It is solvable by mechanical application of mathematical steps, such as an
algorithm. The following classes of problems and their inter-relations are well studied.

EXPSPACE Solvable with exponential space

EXPTIME Solvable in exponential time

IP Solvable in polynomial time by an interactive proof system

NP "YES" answers checkable in polynomial time

co-NP "NO" answers checkable in polynomial time by a non-deterministic machine

RP Solvable in polynomial time by randomized algorithms (NO answer is probably right,
YES is certainly right)

ZPP Solvable by randomized algorithms (answer is always right, average running time is
polynomial)

P Solvable in polynomial time

NL "YES" answers checkable with logarithmic space

L Solvable with logarithmic (small) space

BPP Solvable in polynomial time by randomized algorithms (answer is probably right)

The relations among these complexity classes open research problems. There are some standard
and startling results based on the Turing Machine Model. A Turing Machine is essentially a
neural framework for mental programs.

Proof must begin from axioms that are not themselves proved. To prove a proposition, one starts
from some first principles, derive some results from those axioms, then, using those axioms and
results, push on to prove other results. This is to avoid mistaken "theorems", based on fallible
intuitions, of which many instances have occurred in the history of the subject Axioms in
traditional thought were "self-evident truths", but that conception is problematic. At a formal
level, an axiom is just a string of symbols, which has an intrinsic meaning only in the context of
all derivable formulas of an axiomatic system.

Computational proof offers only the probability - not the certainty - of truth, a statement.The
complexity of the Turing machine is limited to serve this purpose. The success of the Turing
machine model broke the ideal of axiomatization of mathematics. It paved way for a theoretical
computational machine for scoping the capabilities and limitations of an algorithm. Variants of
the Turing Machine such as “Multiple Track Turing Machine” and “Two-way Infinite Tape
Turing Machine” are well studied.

The odd symbols and scattered numerals look like a strange language, and yet to read them,
neurologists tell us, we would have to use parts of our brains that have nothing to do with what
we normally think of as reading and writing. Mathematics and physics researchers are the
interpreters of this unconventional language. The subject matter confounds even mathematicians
and physicists, as they use mathematics to calculate the inconceivable, undetectable, nonexistent
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and impossible.Our brains have the ability to compute the abstract mathematics they created to
construct theories about reality, and yet they may never be smart enough to comprehend those
theories, let alone explain them.

Cyber — Physical Systems need the interplay between software, control and social systems.The
existing interplay as shown in the Figure 4 isfar from comprehensive. Neither the Control
theories nor the social systems seldom play a major role in the quality assurance of software
analysis and design. The core of software engineering and that of control theory / engineering
have been developed independently of each other.

. Typical Comfort Zone of Sy Thinki
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Low Innovation

Chaos

Creativity
| Political Debate Anarchy
c
2 control-. Zone of
g compromise Complexiy”
(=)
<

Serendipity o

Trial & Error
Standards

Guidance

High Monitoring Experimenting

High Certainty Low’

Figure 5: Zone of Complexity and the Present Comfort Zone

The quest for unconventional models of computation and proving techniques for CPS is an
important area of research. It is a challenge to attempt the “Zone of Complexity” as shown in
Figure 5 and factor as much of the zone not labeled the Comfort Zone.

3. Unconventional Computing

The methods of developing software for the CPS have severe limits such as:

The Laws of Physics

The Principles and Concepts of Software Engineering

The Challenge of Algorithms and Expressing the Solutions for the Machine to Execute
The Difficulty of Distribution, Decentralization, Centralization, Localization
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e The Lack of Design Rules for Software

e The Difficulty of Factoring the Organization — Structure and Behavior

e The Economics of Development i.e Cost and Time

e The Influence of Politics

e The Limits of Human Imagination to work with Incomplete Information and Unstable
Requirements

The crux of the proposed Unconventional proofing is to bring back the mind in the Turing
machine model. There have been Physical, Chemical, Biochemical, Biological and Mathematical
approaches to specify the Unconventional Computing Model with severe constraints. The
generic model for Unconventional computing is elusive. The Cynefin Framework, is an
interpretative model of the different levels of the systems complexity, ranging from order to
disorder. The author uses this model to support the unconventional proofing as shown in the
Figure 6.

Probe-Sense-Respond
Multiple Causes - D

SEMISIGSARRIACHEE™ Mapped to Multiple (11NN
Effects | S

The Cynefin Framework

Unknown
Unknowns
Complex

Chaotic Simple
Unknowable Known

Unknowns Knowns

“Best Practice”

a egoze-Respond

Figure 6: The Cynefin Framework for Unconventional Proofing

The framework is independent of the specifics of the technology to Sense, Choose, Categorize,
Probe, Respond and Act that works with this.

3.1 The Need for Unconventional Proofs

The Latin phrase "quod erat demonstrandum [Q.E.D / QED]" placed at the end of a mathematical
proof or a philosophical argument indicates that the proof or the argument is complete. In a
Cyber — Physical System, the following three standards of proof are necessary in the increasing
level of standardization. Please see the Figure 7.

1. Preponderance of the Evidence [50% Proven]
2. Clear and Convincing Evidence [> 70% Proven]
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3. Proof Beyond a Reasonable Doubt [> 95% Proven]

Beyond a
Reasonable Preponderance Reasonable
Scintilla Suspicion of the Evidence Doubt
Quick Dismissal Conviction

No Hnm:h or Emerging
Air of Reality Probable Cause s Clearand Truth Beyonda
trong C n¢ Shadow of a
Preliminary Evidance é"v'.";..l’f Doutt

Figure 7: Levels of Standards of Proof

It is a fact that the term "point" is often left undefined in geometrytexts. It is easy for us to
conceptualize a point, but it is quitedifficult to define exactly."The Chemical Basis of
Morphogenesis" by Alan Turing describes the way in which natural patterns such as stripes,
spots and spirals may arise out of a homogeneous, uniform state. Turing’ theory that can be
called a reaction—diffusion theory of morphogenesis, has served as a basic model in theoretical
biology. Please see the Figure 8. Principles of Natural Selection or Artificial Selection govern the
inclusion and a given CPS can evolve very slowly in this manner.

Figure 8: Turing’s hand-drawn, hand-colored Chemical Basis of Morphogenesis Diagram

In a CPS, it is important to understand that a point is not a thing, but a place or a computational
node. If a set of points all lie in a straight line, they are called 'collinear'. If a set of points all lie
on the same plane, they are called 'coplanar'. For coplanar points, we need mythical rules of
inclusion. Please see the Figure 9. These rules of inclusion can also be based on the theory of
neural systems or fuzzy systems. The interactions among the points is a challenging
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computational problem. Please see Figure 10 for potential models of Virtual Organizations made
from interactions.

Figure 10: Finding the Optimal Interactions is Computationally Challenging
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Bringing the context into the design of CPS is vital as seen in the Figure 11.

Figure 11: Bringing the Context into Design

Theoretically multiple — realities are possible, A model of CPS for geometric processing emerges
with various standards of proof indicated in Figure 7 becoming apparent.

4. Physics and Metaphysics of CPS

The mathematical model of computation has always been challenged. The turing machine
provided the algorithmic method of computation that can be formally verified and validated
within the scope of the Universal Turing Machine. Problems can be classified based on the
complexity classes. As Software Engineering progressed, the Conceptual Metaphor Theory was
found useful to prepare the requirements and analyze them. Metaphors and more shallow
concepts called “Similes” were soon found to be limited in scope for the purpose of design and
development of Software. It is the Natural Language basis of Metaphors and Similies that was
promising when a majority of the stakeholders providing the requirements were not from the
Computing domain of specialization. The success rate for the software projects was not high.

These models are seldom conclusive when we are not Bayesian. The concept of “Rational
Agent” is the cornerstone of classical decision theory. Completeness and Transitivity of Choice
are difficult to establish. Desirability of a choice is the same as Utility. A study of Cause — Effect
relationships shown in Figure 6 provides the basis for Physics into the proofing. A preliminary
mathematical representation of the software development process is shown in Figure 12. Such a
representation provide a very limited scope for using the Laws of Motion in the context of
evolving complex software systems in CPS..
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Figure 12: A simple mathematical representation of the Software Development process

Many mathematical objects, such as sets of numbers and functions, exhibit internal structure.
The structural properties of these objects are investigated in the study of groups, rings, fields and
other abstract systems, which are themselves such objects. This is the field of abstract algebra.
Differential Geometry, Representation Theory, Algebraic Topology, and Algebraic Geometry are
some computationally effective models for the virtual organizations and contexts of CPS
indicated in Figure 10 and Figure 11. This is an unconventional proofing proposed by the author
to mark the various standards of proof indicated in Figure 7.

Hempel’s dilemma is the classical exploration of naturalism and physicalism. Physicalism avers
that everything is physical. “Once every physical aspect of the world is settled or modeled, every
other aspect will follow” forms the basis of proofing in Physics. This is far from being a
satisfactory metaphysical conception of Physicalism. Even today, certain natural events that
involve immaterial entities such as gods, angels and magical creatures in general are perceived to
occur.

The mind-body problem is often described as the problem of explaining how the mind fits into
the physical world. More generally, it is the problem of explaining the relationship between
physical properties and mental properties. Is the “State” in the “Universal Turing Machine” the
same as “State of Mind”? Is the computational model same for both? The answers to these
questions have to resolve the Hempel’s dilemma on the current physics will be discarded in the
future, and the not yet known nature of the future physics. The present notion of State in a the
Turing machine very limited in scope. It does not factor the human mind that can routinely solve
the Towers of Hanoi problem while the mathematical answer is that it takes several times more
the age of the universe to solve. The strange geometry of thought is the crux. The author opines
that the model in Figure 13 is more suited for the purpose. The concept of geophilosophy, or to
be more precise geo-metaphysics, is an enduring bond between the philosophical thought and its
terrestial support for contextualization.
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The “Three Cities” (Tripura) _ Bindu [Trikuta]
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Figure 13: The Model for the Mind — Body

A Voronoi diagram is a partition of a plane into regions close to each of a given set of objects. In
the simplest case, these objects are just finitely many points in the plane. For each seed there is a
corresponding region consisting of all points of the plane closer to that seed than to any other. A
point of view or a thought can be a “Voronoi Tessellation”. A point in the CPS can be depicted
as shown in Figure 14. In theory this can be the Bindu or Trikuta shown in Figure 13. It needs a
simulator to study the resulting complex mathematical model for the CPS.

Figure 14: Voronoi Tessallation for a Point in CPS
5. Conclusions

There have been several attempts at specifying unconventional computing such as Reservoir
Computing, Tangible Computing, Spintronics , Atomtronics, Fluidics and Chaos Computing.
None of these have been a generic model for computation. In the context of CPS they even more
restrictive. In this paper, the author proposes unconventional proofing in a CPS using
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Neurotheology, Geometry, Physics and Metaphysics based of Indic studies in Consciousness. If
the metaphysical dominates, the proof tends to be more experiential than expressive. These are
the difficult questions related to Consciousness and modeling to thought and its seamless
transmission to other receptive brains.
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(c) Uncertain dynamical systems;Fuzzy differential equation; Fuzzy optimization;Fuzzy sets theory

ROMANIA

(a) Adrian Petrusel

(b) Babes-Bolyai University Cluj-Napoca, Faculty of Mathematics and Computer Science, Department of Mathematics,
Kogalniceanu street no. 1, 400084 Cluj-Napoca, Romania

(b") petrusel@math.ubbcluj.ro

(c) Nonlinear Analysis

(a) Ioan A. Rus

(b) Department of Mathematics, Babes-Bolyai University, Str. Kogalniceanu No. 1, 400084 Cluj-Napoca, Romania
(b') iarus@math.ubbcluj.ro

(c) Fixed Point Theory

(a) Vasile Berinde

(b) Department of Mathematics and Computer Science, Faculty of Sciences Technical University of Cluj-Napoca North
University Center at Baia Mare, Victoriei Nr. 76, 430122 Baia Mare, Romania

(b") vberinde@cubm.utcluj.ro

(c) Fixed Point Theory, iterative approximation of fixed points

RUSSIA

(a) Andrei Vesnin

(b) Sobolev Institute of Mathematics, pr. ak. Koptyuga 4, Novosibirsk, 630090, Russia
(b") vesnin@math.nsc.ru

(c) Low-dimensional topology, Knot theory, Hyperbolic manifolds and orbifolds.

(a) Semen S. Kutateladze
(b) The Sobolev Institute of Mathematics of the Siberian Branch of the Russian Academy of Sciences, Academician
Koptyug's Avenue 4, Novosibirsk, 630090, RUSSIA
(b") sskut@member.ams.org and sskut@math.nsc.ru
(c) Functional Analysis, Operator Theory, Convex Geometry, Optimization and Programming, Nonstandard Analysis,
Boolean Valued Models



(a) Vladimir V. Mazalov

(b) Institute of Applied Mathematical Research, Karelia Research Center of Russian Academy of Sciences Pushkinskaya

str., 11, Petrozavodsk 185610, Russia

(b') vmazalov@krc.karelia.ru

(c) Optimal Stopping Theory, Game with Optimal Stopping, Stochastic Dynamic Programming, Applications in
Behavioral Ecology

(a) Elena Parilina

(b) Department of Mathematical Game Theory and Statistical Decisions, Saint Petersburg State University,7/9
Universitetskaya nab., Saint Petersburg 199034, Russia

(b") e.parilina@spbu.ru<mailto-e.parilina@spbu.ru>

(c) Game Theory, Stochastic Games, Applied Mathematical Statistics.

SOUTH AFRICA

(a) Joachim Schroder

(b) Department van Wiskunde, Universiteit van die Vrystaat, Posbus 339, Bloemfontein 9300, South Africa

(b') schroderjd@ufs.ac.za

(c) Enumerative combinatorics, Categorical methods in topology, Set theoretic topology (cardinal invariants, elementary
submodels)

SPAIN
(a) Javier Gutierrez Garcia
(b) Departamento de Matematicas, Universidad del Pais Vasco/Euskal Herriko Unibertsitatea UPV/EHU, Apartado 644,
48080, Bilbao, Spain
(b') javier.gutierrezgarcia@ehu.eus
(c) General topology (in particular, insertion and extension of functions), Pointfree topology,Many-valued topology

(a) Jorge Galindo

(b) Instituo de Matematicas y Aplicaciones de Castellon (IMAC), Departamento de Matematicas, Universidad Jaume I,
12071-Castellon, Spain.

(b") jgalindo@mat.uji.es

(c) Topological Algebra, Abstract Harmonic Analysis, General Topology.

(a) Luis M. Sanchez Ruiz

(b) ETSID-Depto. de Matematica Aplicada & CITG, Universitat Politécnica de Valéncia, E-46022 Valencia, Spain

(b") LMSR@mat.upv.es

(c) Functional Analysis, Topological Vector Spaces, Barrelledness Properties, Baire-like Spaces, Continuous Function
Spaces, Wavelets

(a) Salvador Hernandez

(b) Departamento de Matematicas, Universitat Jaume I, 12071 Castellon, Spain

(b'") hernande@uji.es

(c) Topological groups and semigroups, Spaces of continuous functions, Operators defined between spaces of continuous
functions, General Topology.

TAIWAN
(a) Hang-Chin Lai
(b) Department of Mathematics, National Tsing Hua University, Hsin Chu City, Taiwan
(b’) laihc@mx.nthu.edu.tw
(c) Nonlinear analysis and convex analysis, Optimization theory, Harmonic analysis



UNITED STATES OF AMERICA

(a) Andreas Blass

(b) Mathematics Department, University of Michigan, Ann Arbor, M1 48109-1043, USA
(b") ablass@umich.edu

(c) Mathematical logic, set theory, category theory

(a) John B Conway

(b) Professor Emeritus, George Washington University,Phillip Hall 801 22™ St. NW
Washington, DC 20052, U.S.A

(b’) Conway@gwu.edu

(c) Functional Analysis and Operator Theory

(a) Paul Cull

(b) Computer Science, Kelley Engineering Center, Oregon State University, Corvallis, OR 97331, USA

(b") pc@cs.orst.edu

(c) Difference Equations and Dynamical Systems, Computer Science (Theory, Algorithms, Networks), Mathematical
Biology (Population Models, Neural Nets)

(a) W. Wistar Comfort

(b) Department of Mathematics, Wesleyan University, Wesleyan Station, Middletown, CT USA 06459
(b") weomfort@wesleyan.edu

(c) Topological theory of topological groups, General (set-theoretic) topology

JAPAN

(a) Mariko Yasugi

(b) non-public

(b’) yasugi@cc.kyoto-su.ac.jp
(c) Logic Oriented Mathematics

(a) Haruo Maki

(b) non-public

(b") makih@pop12.odn.ne.jp

(c) (Topological) digital n-spaces (n>0), Generalized closed sets (after Levine),
Operation theory in topology (in the sense of Kasahara and Ogata)

(a) Kohzo Yamada

(b) Faculty of Education, Shizuoka Univ., 836 Ohya, Shizuoka 422-8529, Japan
(b’) kohzo.yamada@shizuoka.ac.jp

(c) General Topology

(a) Yasunao Hattori

(b) Shimane Univ., Matsue, Shimane 690-8504, Japan
(b’) hattori@riko.shimane-u.ac.jp

(c) General Topology

(a) Yoshikazu Yasui

(b) Department of Modern Education, Faculty of Education, Kio University, 4-2-2, Umami-naka, Koryo-cho,
Kitakaturagi-gun, Nara, 635-0832, Japan

(b’) y.yasui@kio.ac.jp

(c) General Topology



(a) Eiichi Nakai

(b) Department of Mathematics, Ibaraki University, Mito, Ibaraki 310-8512, Japan

(b") eiichi.nakai.math@vc.ibaraki.ac.jp

(c) Real analysis, harmonic analysis, Fourier analysis, function spaces, singular and fractional integrals

(a) Jun Kawabe

(b) Division of Mathematics and Physics, Shinshu University, 4-17-1 Wakasato, Nagano 380-8553, Japan
(b") jkawabe@shinshu-u.ac.jp

(c) Measure and integration, Vector measure, Nonadditive measure

(a) Jun Ichi Fujii

(b) Department of  Educational Collaboration(Science, Mathematics and Information),Osaka Kyoiku
University, Asahigaoka, Kashiwara, Osaka 582-8582, Japan

(b") fujii@cc.osaka-kyoiku.ac.jp

(c) Operator Theory

(a) Masaru Nagisa

(b) Department of Mathematics and Informatics, Graduate School of Science, Chiba University, Yayoi-cho,
Chiba, 263-8522, Japan

(b’) nagisa@math.s.chiba-u.ac.jp

(c) operator algebra, operator theory

(a) Hiroyuki Osaka

(b) Graduate School of Science and Engineering, Ritsumeikan University, 1-1-1 Noji-higashi, Kusatsu,
Shiga 525-8577 Japan

(b") osaka@se.ritsumei.ac.jp

(c) Operator Theory and Operator Algebras

(a) Masatoshi Fujii

(b) non-public

(b’) mfujii@cc.osaka-kyoiku.ac.jp
(c) Operator Theory

(a) Wataru Takahashi

(b) Keio Research and Education Center for Natural Science,Keio University,Kouhoku-ko,Yokohama 223-8521,
Japan

(b’) wataru@is.titech.ac.jp, wataru@a00.itscom.net

(c) Nonlinear Functional Analysis

(a) Shigeo Akashi

(b) Department of Information Sciences, Faculty of Science and Technology, Tokyo University of Science,
2641, Yamazaki, Noda-City, Chiba-Prefecture, 278-8510, Japan

() akashi@is.noda.tus.ac.jp

(¢) Information Theory, Entropy Analysis, Applied Mathematics, Functional Analysis

(a) Yoshitsugu Kabeya

(b) Department of Mathematical Sciences, Osaka Prefecture University, 1-1, Gakuen-cho, Naka-ku,
Sakai, Osaka 599-8531, Japan

() kabeya@ms.osakafu-u.ac.jp

(c) Partial Differential Equations, Ordinary Differential Equations

(a) Atsushi Yagi

(b) Dept. of Applied Physics, Graduate School of Engineering, Osaka Univ., 2-1 Yamadaoka, Suita, Osaka 565-0871,
Japan

(b’) yagi-atsushi-ch@alumni.osaka-u.ac.jp

(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems



(a) Yoshimasa Nakamura

(b) Osaka Seikei University, 3-10-62 Aikawa, Higashiyodogawa-ku, Osaka 533-0007, Japan
(b)’ nakamura-yo@osaka-seikei.ac.jp

(c) Integrable Systems, Numerical Linear Algebra, Special Functions

(a) Yasumasa Fujisaki

(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology,
Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan

(b’) fujisaki@ist.osaka-u.ac.jp

(c) Control Systems Theory

(a) Naruhiko Aizawa

(b) Department of Physical Science, Graduate School of Science, Osaka Prefecture
University,Sakai,Osaka 599-8531,Japan

(b*)aizawa@p.s.osakafu-u.ac.jp

(c) representation theory

(a) Hisao Nagao

(b) non-public

(b’) nagao.hisao@aqua.plala.or.jp

(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method

(a) Masanobu Taniguchi

(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,
3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel & Fax: 03-5286-8386

(b’) taniguchi@waseda.jp

(c) Statistical Inference for Stochastic Processes

(a) Masao Kondo

(b) non-public

(b”) kondo@sci.kagoshima-u.ac.jp
(c) Time Series Analysis

(a) Masao Fukushima

(b) Dept. of Systems and Mathematical Science, Faculty of Science and Engineering,
Nanzan University, Nagoya, Aichi 466-8673, Japan

(b)’ fuku@nanzan-u.ac.jp

(c) Mathematical Programming, Nonlinear Optimization

(a) Ryusuke Hohzaki

(b) Department of Computer Science, National Defense Academy, 1-10-20, Hashirimizu,
Yokosuka, 239-8686, Japan

(b’) hozaki@cc.nda.ac.jp

(c) Reviewable area: Operations Research, Search theory, Game theory

(a) Junzo Watada

(b) Universiti Teknologi PETRONAS Department of Computer & Information Sciences 32610 Seri Iskandar,Perak Darul
Ridzuam,Malaysia Office Phone:
+60-5-368-7517 Mobile:+60-13-598-0208
Professor Emeritus,Waseda University,Japan

(b’) junzow(@osb.att.ne.jp

(c) Fuzzy systems, Management Engineering

(a) Kensaku Kikuta
(b) School of Business Administration, University of Hyogo,
8-2-1 Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN
(b’) kikuta@biz.u-hyogo.ac.jp
(c) Game Theory, Operations Research,



(a) Wuyi Yue

(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada-ku , Kobe 658-8501, JAPAN

(b’) yue@konan-u.ac.jp

(¢) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov
Processes, Probabilistic Methods, Systems Engineering

(a) Hiroaki Sandoh

(b) Faculty of Policy Studies Kwansei Gakuin University 2-1, Gakuen, Sanda-shi, Hyogo 669-1337 Japan
(b’) sandoh@kwansei.ac.jp

(c) Operations Research and Management Science, Stochastic modeling

(a) Katsunori Ano

(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku
Saitama-city, 337-8570, Japan

(b’) k-ano@shibaura-it.ac.jp

(c) Optimal Stopping, Mathematical Finance, Applied Probability

(a) Koyu Uematsu

(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University
6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan

(b’) uematsu@oiu.jp

(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory

(a) Yoshiki Kinoshita

(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa
259-1293, Japan

(b’) yoshiki@kanagawa-u.ac.jp

(c) Software Science, Programming language semantics

(a) Shunsuke Sato

(b) non-public
(b’)ss_22362@nifty.com

(c) Mathematical biology in general

(a)Tadashi Takahashi

(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada, Kobe, Hyogo 658-8501, Japan

(b’) takahasi@konan-u.ac.jp

(c)Mathematics Education

(a) Benoit Collins

(b) Department of Mathematics, Faculty of Science, Kyoto University

(b") collins@math.kyoto-u.ac.jp

(c) Random Matrix Theory, Free Probability, Quantum Information Theory
Quantum Groups (operator algebra side), Operator Algebra

(a) Yoko Watamori

(b) Department of Mathematics and Information Sciences, Graduate School of Science, Osaka Prefecture University,
Sakai, Osaka 599-8531, Japan

(b") watamori@mi.s.osakafu-u.ac.jp

(c) Directional statistics, Multivariate Analysis



(a) Koichi Osaki

(b)Department of Mathematical Sciences,School of Science and Technology, Kwansei Gakuin University,
2-1 Gakuen, Sanda, 669-1337, Japan.

(b")osaki@kwansei.ac.jp

(c)Nonlinear partial differential equations, Infinite-dimensional dynamical systems
sk sk sk sk steske sk sk sk sk sk sk sk skeske sk sk sk sk stk sk sk sk sk sk skt sk sk sk sk skeosk s sk skeske sk sk skesk stk s sk stesk sk sk sk sk sk sk sk sk sk sk sk skt sk sk sk sk sk sk sk sk stk sk stk sk stk sk ksl skokoskskoksk

Managing Editor

Koyu Uematsu (Professor of Osaka International University)
International Society for Mathematical Sciences
1-5-12-202 Kaorigaoka-cho, Sakai-ku, Sakai-city, 590-0011,Japan
uematsu@jams.jp

10



Submission to the SCMJ

In September 2012, the way of submission to Scientiae Mathematicae Japonicae
(SCMJ) was changed. Submissions should be sent electronically (in PDF file) to the

editorial office of International Society for Mathematical Sciences (ISMS).

(1) Preparation of files and Submission
a. Authors who would like to submit their papers to the SCMJ should make
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty)
Submissions should be in PDF file compiled from the source files. Send the
PDF file to slbmt@jams.jp .
b. Prepare a Submission Form and send it to the ISMS. The required items to
be contained in the form are:
1. Editor’s name whom the author chooses from the Editorial Board

(http://www.jams.or.jp/hp/submission f.html )and would like to take in

charge of the paper for refereeing.
2. Title of the paper.
3. Authors’ names.
4. Corresponding author’s name, e-mail address and postal address (affiliation).

5. Membership number in case the author is an ISMS member.
Japanese authors should write 3 and 4 both in English and in Japanese.

At http!//www.jams.or.jp/hp/submission fhtml, the author can find the

Submission Form. Fulfill the Form and sent it to the editorial office by pushing
the button “transmission”. Or, without using the Form, the author may send
an e-mail containing the items 1-5 to slbmt@jams.jp

(2) Registration of Papers
When the editorial office receives both a PDF file of a submitted paper and a
Submission Form, we register the paper. We inform the author of the
registration number and the received date. At the same time, we send the PDF
file to the editor whom the author chooses in the Submission Form and request
him/her to begin the process of refereeing. (Authors need not send their papers to

the editor they choose.)

11



(3) Reviewing Process

a.

4) a.

b.

The editor who receives, from the editorial office, the PDF file and the request
of starting the reviewing process, he/she will find an appropriate referee for
the paper.

The referee sends a report to the editor. When revision of the paper is
necessary, the editor informs the author of the referee’s opinion.

Based on the referee report, the editor sends his/her decision (acceptance of

rejection) to the editorial office.

Managing Editor of the SCMdJ makes the final decision to the paper valuing the
editor’s decision, and informs it to the author.
When the paper is accepted, we ask the author to send us a source file and

a PDF file of the final manuscript.

c. The publication charges for the ISMS members are free if the membership dues

have been paid without delay. If the authors of the accepted papers are not the
ISMS members, they should become ISMS members and pay ¥6,000 (US$75,
Euro55) as the membership dues for a year, or should just pay the same

amount without becoming the members.

Items required in Submission Form

1. Editor’s name who the authors wish will take in charge of the paper
Title of the paper

Authors’ names

w

3’.  3.1n Japanese for Japanese authors

Corresponding author’s name and postal address (affiliation)
4. in Japanese for Japanese authors

ISMS membership number

S T

E-mail address
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Call for ISMS Members

Call for Academic and Institutional Members

Discounted subscription price: When organizations become the Academic and Institutional
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the
yearly price of US$225. At this price, they can add the subscription of the online version upon
their request.

Invitation of two associate members: We would like to invite two persons from the
organizations to the associate members with no membership fees. The two persons will enjoy
almost the same privileges as the individual members. Although the associate members
cannot have their own ID Name and Password to read the online version of SCMdJ, they can
read the online version of SCMJ at their organization.

To apply for the Academic and Institutional Member of the ISMS, please use the following
application form.

Application for Academic and Institutional Member of ISMS

Subscription of SCMdJ
[JPrint OPrint + Online

(US$225) (US$225)

Check one of the two.

University (Institution)

Department

Postal Address
where SCMdJ should be

sent

E-mail address

Name:

Person in charge Signature:

Payment
[OBank transfer OCredit Card (Visa, Master)
Check one of the two.

Name of Associate Membership

13



Call for Individual Members

We call for individual members. The privileges to them and the membership dues are shown
in “Join ISMS !” on the inside of the back cover.

Items required in Membership Application Form

Name

Birth date

Academic background

Affiliation

4’s address

Doctorate

Contact address

E-mail address

Special fields

0. Membership category (See Table 1 in “Join ISMS !”)

290000k W

Individual Membership Application Form

1. Name

2. Birth date

3.
Academic background

4. Affiliation

5. 4’s address

6. Doctorate

7. Contact address

8. E-mail address

9. Special fields

10.
Membership
category

14



Contributions (Gift to the ISMS)

We deeply appreciate your generous contributions to support the activities of our
society.
The donation are used (1) to make medals for the new prizes (Kitagawa Prize,
Kunugi Prize, and ISMS Prize), (2) to support the IVMS at Osaka University
Nakanoshima Center, and (3) for a special fund designated by the contributors.

Your remittance to the following accounts of ours will be very much appreciated.

(1) Through a post office, remit to our giro account ( in Yen only ):

No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS )
or send International Postal Money Order (in US Dollar or in Yen) to our
address:

International Society for Mathematical Sciences

2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan

(2) A/C 94103518, ISMS
CITIBANK, Japan Ltd., Shinsaibashi Branch
Midosuji Diamond Building
2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan

Payment Instructions:
Payment can be made through a post office or a bank, or by credit card. Members may
choose the most convenient way of remittance. Please note that we do not accept payment by
bank drafts (checks). For more information, please refer to an invoice.

Methods of Overseas Payment:

Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4)
UNESCO Coupons.

Authors or members may choose the most convenient way of remittance as are shown below.
Please note that we do not accept payment by bank drafts (checks).
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send
International Postal Money Order to our postal address (2) Remittance through a
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO
Coupons.

Methods of Domestic Payment:

Make remittance to:
(1) Post Office Transfer Account - 00930-3-73982 or
(2) Account No0.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING
CORPORATION, Sakai, Osaka, Japan.
All of the correspondences concerning subscriptions, back numbers, individual and
institutional memberships, should be addressed to the Publications Department,
International Society for Mathematical Sciences.
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Join ISMS !

ISMS Publications: We published Mathematica Japonica (M.J.) in print,
which was first published in 1948 and has gained an international reputation in
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online
and in print. In January 2001, the two publications were unified and changed to
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and
published both online and in print. Ahead of this, the online version of SCMJ
was first published in September 2000. The whole number of SCMdJ exceeds 270,
which i1s the largest amount in the publications of mathematical sciences in
Japan. The features of SCMJ are:

1) About 80 eminent professors and researchers of not only Japan but also 20
foreign countries join the Editorial Board. The accepted papers are
published both online and in print. SCMJ is reviewed by Mathematical
Review and Zentralblatt from cover to cover.

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ
are introduced to the relevant research groups for the positive exchanges
between researchers.

3) ISMS Annual Meeting: Many researchers of ISMS members and
non-members gather and take time to make presentations and discussions
in their research groups every year.

The privileges to the individual ISMS Members:
(1) No publication charges
(2) Free access (including printing out) to the online version of SCMdJ
(3) Free copy of each printed issue

The privileges to the Institutional Members:
Two associate members can be registered, free of charge, from an institution.

Table 1: Membership Dues for 2019

Categories Domestic Overseas Develop.mg
countries

L-year Regular ¥8,000 US$80, Euro75 | USS$50, Eurod?
member
l-year Students

¥4,000 US$50 , Eurod7 US$30 , Euro28
member
Life member* Calculated US$750 , Euro710 | US$440, Eurodl6

as below

Honorary member Free Free Free

(Regarding submitted papers,we apply above presented new fee after April 15 in
2015 on registoration date.) * Regular member between 63 - 73 years old can apply

the category.
(73—age ) x ¥3,000

Regular member over 73 years old can maintain the qualification and the privileges
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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