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ABSTRACT. The concept of weak BCC algebra (shortly: BZ - algebra) is a
much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss
the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK*-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCl-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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2. Preliminaries

DEFINITION 2.1. A non-empty set A with a binary operation ’ - ’ and a distin-
guished element 0 is called a BZ-algebra (or a weak BCC-algebra) if the following
axioms:

(BZ-1) (Ya,y,2 € A)(((@-2)- (y-2)) - (@-y) = 0),
(BZ-2) (Vz € A)(x -0 = x),
(BZ-3) (Vz,yc A)((x-y=0Ay-2=0) = z=y).
are satisfied.
Similarly as in BCI-algebras in any BZ-algebra A we can introduce a natural
partial order ’ < ’ putting
(Vz,yce A)(x <y < z-y=0).

It is not difficult to see that in BZ-algebras the following hold
(i) Vz e A)(xz-2=0),
(ii) (Vo,y,z€ Az <y = (#-2<y-2 A z-y<z- 1))

DEFINITION 2.2. ([1], Definition 2.3) Determine ¢ : A — A by
(V€ A)(p(x) =0-z).
The following lemma is true.

LeMMA 2.1 ([1], Lemma 2.2). In any BZ-algebra we have
(a) (V,y € A)(Qw(w y)<y-x),

(b) (Vz € A)(¢*(x) < z),

(c) (Va,y € A)(p(x) - (y-x) = ©(y)),

(d) (Va,y € A)(p(z-y) - o(z) = ©*(y)),

(e) (Vz € A)(¢*(z) = p(x)),

(f) (Vz,y € A)(P*(z-y) = *(z) - ©*(y)),

(g) (Vo,y e A)(z <y = <p z) = ¢(y)),

(h) (Vz,y € A)(*(z-y) = o(y - ),

(i) (Vo,y,2 € A)(((x-y) - 2) - p(x) <z - ((y-2) - 9(2))).

3. Some types of ideals in wBCC-algebras

DEFINITION 3.1. ([1]) A non-empty subset J of a BZ-algebra A is a BZ-ideal
if

(HoeJ

(2) (Vz,y,z€ A)(((z-y)-zeJ ANyeJ) = x-z€J).

In the following statement is given a fundamental property of BZ-ideal

THEOREM 3.1. Let J be a BZ-ideal of a BZ-algebra A. Then
3) Ve,yce A)((z-yeJ NyeldJ) = zel)
4) Vz,ye A)((p(y) eJ Nz e ) = x-yecJ).
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PROOF. If put z =0 in (2) we get (3).
If we put y = x and z = y in (2) have

(Vo,y e A)(((z-2) y=0-y=py)eJ) NyeJ) = z-yeJ)
So, the statement (4) is proven. d

COROLLARY 3.1. Let J be a BZ-ideal in a BZ-algebra A. Then
(5) Ve,ye A) (e <y ANyeJ) = ze€lJ).

In what follows, we remind the reader on some types of BZ-ideals

DEFINITION 3.2. ([1], Definition 3.4; [8], Definition 68) An ideal BZ-ideal J of
BZ-algebra A is called

- closed if p(J) C J;

- (x)-BZ-ideal if (Vz,y € A)((z€J Nye A\J) = z-y € J),

- anti-grouped if (Vz € A)(p?*(z) € J = x € J);

- strong if Vey € A)((zx € J ANye A\J) = z-y € A\J);

- reqular if (Vz,y € A)((x-yeJ Nxeld) = yeJ)

- associative if Vz,y € A)(z-p(y) € J = y-x € J);

- T-ideal it (Vz,y,z € A)(z-(y-2)eJ NyelJ) = x-z€J).

For any ideal J of a BZ-algebra A we can define a binary relation ’ < " on A

putting:
(Vz,ye A)(x <y <= x-yeJ).

Such defined relation is a quasi-order relation on A left-compatible and right anti-
compatible with the internal operation in A. Then the relation ’ ~ ’ defined in A
by ~=< N <~!is a congruence on A. This can be proven in an analogous way
as it was done in the article [7]. The set A/ ~= {[z]~ : © € A} is a BZ-algebra
with respect to the internal operation [z]~ o [y]~ = [z -y]~ (for any z,y € A) ([1]).
In this algebra the relation ’ </ defined by [z]~ < [y]~ <= x < y is an order
relation on A/ ~.

4. The concept of BZ-filters in wBCC-algebras

First, we introduce the concept of BZ filters in a BZ-algebra by the following
definition looking at the way we made it into the article [7].

DEFINITION 4.1. A subset F of a BZ-algebra A is a BZ-filter of A if
(6) =(0 € F),
(7) (Vz,y,z€ A)((-((z-y)-z€ F) Nx-z€ F) = y e F).

The BZ-filter defined on this way has the following properties.

THEOREM 4.1. Let A be BZ-algebra and F' a BZ-filter of A. Then
8) (Vo,y € A)((~(z-y e F) Nz e F) = yeF),

(9) (Vo,y € A)((z-y € F A ~(p(y) € F)) = z € F).

PROOF. Putting z = 0 in (7) we obtain (8).

If we put y = z and z = y in (7), we have

(~((z-2) y=0-y=9py)eF) Nz yeF) = z€F.
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Therefore, (9) is proved. O

COROLLARY 4.1. Let F be a BZ-filter of a BZ-algebra A. Then
(10) Vz,ye F)((e<yANzxe€eF) = yeF)

PROOF. Let x,y € A be arbitrary elements such that x < y and z € F. Thus
—(x-y=0¢€ F)and x € F. Then by (8) we have y € F. O

THEOREM 4.2. If F' is a BZ-filter of BZ-algebra A, then the set J = A\F is a
BZ-ideal. Opposite, if J is a BZ-ideal of BZ-algebra A, then the set F' = A\J is a
BZ-filter of A.

PRrROOF. It is clear that 0 € J. Let x,y, z € A be arbitrary elements such that
(x-y)-z€ Jand y € J. Then we have =((z - y) -z € F) and —~(y € F). If we
suppose that z - z € F by (7) we will have y € F. So, must to be =(x -z € F).

Opposite, let J be a BZ-ideal of A. It is that =(0 € A\J). Let x,y,z € A be
arbitrary elements such that =((z-y) -z € A\J) and z -z € A\J. Then y € A\J.
Indeed. If it were y € J then x - z € J follows from (z-y) -z € J and the y € J
which is in a contradiction with the assumption z - z € A\ J. O

THEOREM 4.3. The family Fa of all BZ-filters in BZ-algebra A forms a com-
pletely lattice.

PROOF. Let {Ficr} be a family of BZ-filters in BZ-algebra A. It is clear that
—(0 € Ny Fi) and (0 € U,; Fi)-

(a) Let z,y,2 € A arbitrary elements such that —((z -y) - 2 € [J,;c; Fi) and
z-z2€Ujer Fio Thus =((x-y) -z € F;) for all i € I and there exists an index j € I
such that x - z € Fj. Theny € F; C U;¢; Fi.

(b) Let X be the family of all BCC-filters which contained in the intersection
(Nic; Fi- The union |JX is the minimal BCC-filter contained in the intersection

el -1
(c) So, if we choose Mic;F; = |JX and User Fy = ;¢ Fi, then (§,1,0) is a
completely lattice. O

5. Some types of BZ-filters

In the theory of algebras, important role play ideals. Filters in these algebras
can also be important since they are highly related to the ideals. Our intent in this
section is to determine the various types of filters in the BZ-algebras and establish
the relationships between them.

In what follows, we analyze the conditions that a BZ-filter could satisfy. Marks
for these conditions we borrowed from the corresponding ideals in BZ-algebras since
we have been given them by modification of the logical atoms in the formulas that
are determined these ideals.

(T) (Vz,y,z€ A)((~(x-(y-2)eF) Nz-z€ F) = yeF).

) (Vz,yceA)((zr-ye FANyeF) = x€F;
R) (Vr,ye A)((~(x € F) NyeF) = zy € F);
S) (Vzyye A)((-(z-yeF)NyeF) = x€F);

(
E
(A) (Va,yeA)(z-ye F = y-p(x) € F);
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(C) (VreA(p(x)e F = z€F);
(AG) (Vz € A)(z € F = p?*(x) € F).

Our first proposition refers to BZ-filter which satisfies condition (T).

PROPOSITION 5.1. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (T). Then
(T1) (Vz,y € A)(x-p(y) €F V =(z -y € F)).

PROOF. If we put y = 0 and z = y in formula (T), we get the following
(Ve,ye A)((=(z-p(ly) e F) Ne-yeF) = 0€F)
which is a contradiction. So, we have
(Ve,y € A)=(—(z-¢(y) EF) Nx-y€EF).
Therefore, for any BZ-filter F' satisfying condition (T) have to be
(Vo,y € A)(z-@(y) € F V ~(x-y € F))

d
COROLLARY 5.1. Let F' be a BZ-filter in a BZ-algebra A satisfying the condition
(T). Then
(T2) (Vy € A)(¢*(y) € F V =(ply) € F)).
PRrROOF. Putting x =0 in (T1) we get (T2). O

Our second proposition relates to a BZ-filter that satisfies the condition (x)

PROPOSITION 5.2. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (x). Then
(x1) (Vy € A)(=(p(y) € F) V =(y € F)).
PrOOF. If we put = 0 in formula (%) we get the following
(VyeA)((0-ye FANyeF) = 0€F)
which is a contradiction. So, we have
(Vy € A)~(p(y) e F Ny e F).

Therefore, for any BZ-filter F' satisfying the condition (*), the condition (x1) is
valid also. O

PROPOSITION 5.3. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (R). Then

(R1) (Vy € A)(y € FF = ¢(y) € F).

PrOOF. If we put x = 0 in the formula (R) we have (=(0 € F') AN y € F) =
¢(y) € F. Since the condition —(0 € F) is valid by (6), for any y € A we have

y € F = ¢(y) € F. So, for any BZ-filter in BZ-algebra A satisfying the condition
(R), the formula (R1) is valid. O

Our third proposition refers to the BZ-filter that satisfies the condition (S).
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PROPOSITION 5.4. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (S). Then
(S1) (Vy € A)(p(y) € FV ~(y € F)).

PROOF. Putting z = 0 in (S) we get the following
(Vy € A)((=(p(y) e F) Nye F) = 0€ F).

We got a contradiction. This contradiction negates the hypothesis in the previous
implication. So, have to be =(=(¢(y) € F) A y € F). Therefore, the following
o(y) € F V =(y € F) is proven for any y € A. O

Our next assertion refers to the BZ filter in the BZ algebra that satisfies con-
dition (A).

PROPOSITION 5.5. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (A). Then

(A1) (Ve € A)(z € F = p?(z) € F), and

(A2) (Vy € A)(p(y) e F = y € F).

PRrROOF. Putting y = 0 in (A) we get (Al). If put z = 0 in (A) we will get
(A2). O

With (mark) we mark any of the conditions mentioned above. We will write
F € (mark) if we want to say that the BZ-filter F satisfies the condition (mark).
The obtained results in the preceding propositions allow us to make a summary of
the interdependence of the conditions that we intend BZ-filters satisfies.

COROLLARY 5.2. For any BZ-filter F' of BZ-algebra A the following holds
Fe(A) = Fe(C)n(AG).

Before we expose the first theorem about the BZ-filters in the BZ-algebra, we
recall the readers to the term ’consistent subset’: For a subset X of a algebra A we
say that it is a consistent subset in A if and only if the following is valid

Vz,ye A)(z-ye X = (€ X VyeX)).

THEOREM 5.1. A BZ-filter F' of BZ-algebra A satisfies the condition (C) if and
only if F' is a consistent subset of A.

PROOF. Assume that a BZ-filter F' is a consistent subset in A. Let x € A be
an arbitrary element such that ¢(x) € F. Thus from 0z € F follows 0 € F or
x € F. Since the first option is impossible by (6), we have 2 € F. So, F € (C).

Conversely, Let F' € (C) be holds for a BZ-filter F' of a BZ-algebra A and let
x,y € A be arbitrary elements such that z -y € F. We have two options:

(i) Suppose x -y € F and —(y € F). Thus =(¢(y) € F). Then x € F by (9).

(ii) Let z -y € F and —(x € F) is valid. If we suppose =(y € F), thus
—(¢(y) € F) is valid. Then from z -y € F and —(p(y) € F) would get x € F
according to (9). We got a contradiction. Therefore, it must be y € F.

Finally, the filter F' is a consistent subset of A. (]

THEOREM 5.2. For a BZ-filter F' of BZ-algebra A the following holds
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F e (C)N(x) if and only if (Vz € A)~(p(x) € F).

PRrROOF. Suppose (Vx € A)-(p(x) € F) holds. Let z,y € A be arbitrary
elements such that -y € F and y € F. Then —=(¢(y) € F) by hypothesis. Thus
from x -y € F and —(p(y) € F)follows x € F by (9). So, F € ().

Further, suppose ¢(x) € F and =(z € F'). Thus 2 € A\F and —(¢(x) € F).
We got a contradiction. So, have to be z € F. So, F € (C).

Opposite, suppose (C) and (*) hold. Let z € A be an arbitrary element. If
we suppose p(x) € F, thus z € F by the condition (C). On the other side, from
0-2 € F and € F follows 0 € F. We got a contradiction. So, have to be
—(¢(x) € F). Therefore, for a BZ-filter F' satisfies conditions (C) and (x) the
following (Va € A)—(¢(x) € F') holds. O

THEOREM 5.3. For a BZ-filter F' of a BZ-algebra A the following are equivalent:
(i) F e (AG);

(ii) (Vz,y e A)((ye F ANx<y) = z € F);

(iii) (Vz,y,z € A)(zr € FAN=(yeF)) = (x-2)-(y-2) € F);

(iv) Vz,z€ A)(z € F = (x-2)-p(2) € F).

PrOOF. (i) = (ii). Ly € F' and < y. Thus -y = 0. Suppose y -z € F.
Then ¢2(y - x) € F because F € (AG). From this follows 0 = ¢(0) = ¢(z - y) =
©*(y - x) € F by (h). We got a contradiction. So, =(y - x € F). Now, from
—(y-x € F) and y € F follows z € F by (8).

(ii) = (iii). Suppose (ii) holds. Let x,y € A be arbitrary elements such that
z € Fand -(y € F). Thus z-y € F. Indeed. If there were =(x -y € F) then
from =(z -y € F) and z € F would follow y € F by (8). It would have been
contradictory. Therefore, it must be x-y € F. Since (x-2)-(y-2) < z-y by (BZ-1)
and z -y € F we have (z-2) - (y-2) € F, by (ii).

(iii) = (iv). Putting y = 0 we get (iv).

(iv) = (i). Putting z = x we get (i). O

THEOREM 5.4. A BZ-filter F' of a BZ-algebra A satisfies condition (C) and
(AG) if and only if for every x € A both x and p(x) belong or not belong to F.

PROOF. Suppose F' € (C) N (AG). Let x € A be an arbitrary element such
that € F. Thus ¢?(z) € F by (AG). Then ¢(x) € F by (C). On the other hand,
if p(z) € F then 2 € F according to (c¢). Therefore, both z ¢(x) belong or not
belong to F.

Conversely, let a BZ-filter F' has the property that both z and ¢(z) belong or
not belong to F for any x € A. Suppose x € F and ¢(x) € F. Thus ¢*(z) € F
again. So, F' obviously satisfy the condition (C) and the condition (AG). Analo-
gously, the second option can be demonstrated. O

THEOREM 5.5. For any BZ-filter F' of a BZ-algebra A the following holds
Fe(S) < Fe(C)n(AG).

PROOF. Suppose F' € (5).
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Let z € A be arbitrary element such that x € F. Since p?(x) < z by (b), from
=(¢*(z)-x=0€ F) and z € F follows ¢?(z) € F by (S). So, F € (AC).

Let € A be arbitrary element such that ¢(z) € F. Suppose ﬁ(cp (x) € F).
Thus 0 € F by the condition (S). So, it have to be p?(x) € F. Since ¢?(z) < =, it
follows = € F' by Corollary 4.1. Therefore, F' € (C).

Suppose F' € (C) and F € (AG). Let z,y € A be arbitrary elements such that
—(z-y € F) and y € F. Suppose that =(z € F). Thus ¢?(y) € F by (AG). Further
on, then by (d) ¢2(y) = ¢(z-y) - ¢(z) € Fand p(z-y) € F or ¢(z) € F by
Theorem 5.1 and z -y € F or z € F. Since both cases are in contradictions with
hypothesis, then it must be x € F. Finally, F' € (5). O

THEOREM 5.6. For any BZ-filter F' of a BZ-algebra A the following holds
Fe(R) < F e (C)N(AG).

PROOF. Suppose F € (R).

Let x € A is an arbitrary element such that z € F and —(p?(z) € F). Thus
©?(x) -z € F by (R). On the other hand, according to (b), we have ¢?(z) -2 = 0
and —(p?(z) - & € F) We got a contradiction. So, it must be ¢?(z) € F. This
means F' € (AG).

Suppose p(z) € F. But, from —(0 € F) and ¢(z) € F follows ¢?(x) = 0-¢(z) €
F by (R) Further, from ¢?(x) < z and p?(x) € F follows # € F by Corollary 4.1.
So, F' € (C).

Opposite, suppose F' € (C) N (AG) holds. Let z,y € A be arbitrary elements
such that =(z € F) and y € F. Thus —(p(c) € F) by (C) and =(¢*(z) € F) by (C)
again. Besides we have ¢?(y) € F from y € F by (AG). On the other hand we have
¢*(y) = p(z-y) - p(x) € F by (d). Now, from p(z-y)-¢(z) € F and =(¢*(z) € F)
follows ¢(z - y) € F by (9). Finally, thus -y € F by (C). Therefore, F € (R). O

COROLLARY 5.3. For any BZ-filter F' of BZ-algebra A the following holds
Fe(S) < F e (R).

THEOREM b5.7. For any BZ-filter of a BZ-algebra the following conditions are
equivalent:

(T) (Ve,y,ze€ F)(~(z-(y-2) e F)Nx-2z€ F) = yeF),

(Ta) (Vz,z € A)(x- 2z € F = z-¢(z) € F),

(Tb) (Vz,z € A)(z-*(2) € F = z-¢(2) € F),

(Tc) (V€ A)~(p(z) -z €F).

PRrROOF. (T) = (Ta). Putting y = 0 in (T) we obtain (T1). Thus (Ta).

(Ta) = (T). Suppose (Ta). Let z,z € A be arbitrary elements such that
—(x-(y-z) € F for some y € Aand -z € F. Thus z - ¢(z) € F. On the other
hand, if we put x = y and y = 0 in (BZ-1) we get (y-2)-(0-2) < y-0. Again, if we
put y =y-zand z = ¢(z) in (BZ-1) we get (x-¢(2))-((y-2)p(z)) < - (y-z). Since
—(z-(y-2) € F) we have ~((z-¢(2))- ((y-2)p(2)) € F). Now, from the last formula
and z - o(z) € F we get (y-2) - p(2) € F by (8). Again, from (y - z) - ¢(z) < y we
get y € F by Corollary 4.1.
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(Ta) = (Tb). Putting z = ?(z) in (Ta) we obtain z - ¢3(2) € F and
z-p(z) € F by (e)
(Tb) = (Ta). Let z,z € A be arbitrary elements such that x - z € F. Since

(
©?(2) < z by (b), we have z - 2z < x - p?(2). Thus z - ¢?(2) € F by Corollary 4.1
and x - p(z) € F by (Tb).

(T) = (Tc). By Proposition 5.1 we have (T) = (T1). Putting 2 = ¢(y) in
(T1) we obtain 0 = ¢(y) - ¢(y) € F or —(p(y)-y € F). Since, the first option is
impossible, we have =(¢(y) -y € F).

(Tc) = (Ta). Let (Tc) be holds. Let x,y,z € A be arbitrary elements such
that x - z € F. Suppose —=(z - ¢(z) € F). On the other hand, from (BZ-a) with
y = ©9z) we have (z-z2) - (p(2) - 2) < - ¢(z). Since =(x - p(z) € F), then
=((x - 2) - (p(z) - 2z) € F by Corollary 4.1. Now, from —((x - z) - (¢(2) - z) € F and
x -z € F follows ¢(z) -z € F by (8). We got a contradiction. Therefore, it have to
be z - ¢(z) € F. So, we are proven (Ta). O

6. Final Observation

In this text, we try to develop the theory of filters in the BZ algebras. First,
we introduce the concept of the BZ filters in the BZ algebra (Definition 4.1). In
addition, we analyze some of the additional conditions that we assume that BZ-
filters can satisfy them. In addition, we analyze some interrelations between these
additional conditions (Theorems 5.1 - 5.7). The author is convinced that this
analysis enriches our knowledge of BZ-algebras.

By the fluctuation of logic atoms in the formulas that determine the particular
types of ideals in these algebra it can be obtained some other types of filters in the
weak BCC-algebras. Some of these additional conditions that can be imposed on
BZ-filters in BZ-algebra are shown below

(0) (Vo,y € A)((~(z-ye F) Ny e F) = =(x € F)),

() (Vz,y,z€ A)(=((z-y)-z€ F)Nx-2€F) = y-z€F)

(As) (Vz,y,z€ A)(-((z-y)-z€e F) Nz € F) = y-z € F).
It is immediately apparent that if we put z = 0 in (I) and (As) we get (8) in both
cases.

Acknowledgement. The author is grateful to W. A. Dudek for his support
of this theme.
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ABSTRACT. We consider the parabolic equation with exponential nonlinearity and the
corresponding elliptic equation. First, we study the set of stationary solution and its
spectral property. Next we show that the solution of parabolic equation blows up in
finite time for the initial value satisfying a positive integrand condition by the Kaplan
method. Finally we find a global solution for the negative initial value by upper-lower
solution method and for the two dimensional domain by the Trudinger-Moser
inequality, respectively. By the global boundedness and the existence of Lyapunov
function, we treat its dynamical properties of the omega limit set.
1 Introduction We consider the parabolic equation

u=Au+A(e*=1) xz€Q, te(0,Ty,),
(1) u(z,t) =0 z e, te(0,Ty),
u(z,0) = up(z) x €

and the associated elliptic equation

@) Av+A(e?—=1)=0 ze€Q,
v(x) =0 x € 09,

where A > 0, Q is a bounded domain in R™ with smooth boundary 02 for n € N and T,
denotes the maximal existing time for the solution of (1) with u(z,0) = up(z). In the case
of n = 1, we suppose that = (0,1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

Ut:AU‘f’)\(sziZdl_ﬁ) er: te(()’T”U)’
(3) %z, ) =0 z €09, t€(0,Tu),
u(z,0) = up(x) z €l
and
e 1) _
4) Ao+ Mt — i) =0 wen
%(x):() x € 09,

respectively, where || is the measure of Q in R™ and v(z) is the outer unit normal vector
at x € 9Q. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any A > 0 and ug € H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for

2020 Mathematics Subject Classification. Primary:35K58, 35J61; Secondary:35B32, 35B45, 35B44,
37L25.

Key words and phrases. Exponential nonlinearity, Stationary solution, Morse index, Blow-up, Global
solution.
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the nonlocal problem.

Nowadays, it seems that there are not enough studies for (1) and (2) except [1]. The aim
of this paper is to study (1) and (2), respectively. The solution set of (2) has already been
investigated in [1]. To introduce the known results obtained in [1] and state our theorems,
we denote the m-th eigenvalue and eigenfunction of —A in Q with the Dirichlet boundary
condition by p™ and ¢™ normalized as [[¢"™(|, = 1 for m € N, respectively, where || - || is
the standard LP norm in Q with p € [1, cc]. For the sake of convenience, we set u® = 0. We
define the solution set C by

C= {(/\,’U) €RT x (C*(Q) NCy(Q)) | v=1v(x) solves (2) for A > O},
where RT = {z | x > 0} and
Co(Q) = {v € C(Q) ! v(z)=0onx € HQ}

endowed with the L® norm. In [1], they derived the necessary condition for the existence
of positive classical solution of (2). Together with their results, we have the following
proposition:

Proposition 1 (Cf. Proposition 1.2 in [1]) Let Q C R" be a star-shaped domain with
respect to the origin with C%- boundary 0Q for n € N. There exists Ao which depends only
on Q satisfying Ao > 0 forn=1,2 and A\g > 0 for n > 3. Then we have following:

(i) if (\,v) € C satisfies v > 0 in £, then X € (Ao, pt),

(i) if (\,v) € C satisfies v < 0 in Q, then A > p!,

(iii) if n > 3 and A € (0, A\g), then (A, v) € C satisfies v =0 in Q.

If (A\,v) € C is a classical solution, the Morse index ¢ = (A, v) is defined by the number
of negative eigenvalues v of

A+ Xy =—vyp x€Q,
(5) () =0 z € 99,
¥l = 1.

First of all, we introduce results of the stationary solution. It is clear that (2) has a
trivial solution (A,v) = (A,0) for any A > 0. The second proposition is concerned with
the bifurcation from the trivial solution and Morse index around the bifurcation point.
The result for (2) is a little bit similar to that for (4). The difference is the value of
the Morse index on the branch of the nontrivial solution set. We prove the existence of
nontrivial solution by the bifurcation theory [2]. We compute Morse index by the exchange
of eigenvalues [11, 12, 13].

Proposition 2 Let Q@ = (0,1). Then we have p™ = (mx)® and i(A\,0) = m — 1 for
A€ (um=t u™ with m € N. Two continua S;E C C of nontrivial solution bifurcate at
(A v) = (u™,0). Furthermore

2k —2  for (\v) €S, and m =2k — 1,
iANv) =< 2k—1 for (\,v) €S} and m =2k — 1,
2k —1 for (\,v) € St and m = 2k

holds for sufficiently close to the bifurcation point (u™,0), where k € N.
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In [1], they studied the bifurcation diagram and computed the bound for Morse index
globally, not locally around a bifurcation point. If € is a unit ball and the solution is positive
and radially symmetric, they establish the existence of singular solution, multiple existence
of the regular solution and bound for its Morse index. Their results are similar to those of
the well-known Gelfand problem

Av 4+ e’ = 0.

As mentioned in [6, 15], they also derived the bending result of the solution set for n € [3,9].
Next, we consider the case where the solution blows up in finite time. Thanks to the
convexity of eV — 1, we can apply the Kaplan method [8] to obtain following two blow-up
conditions of uyg.

Proposition 3 Let Q C R™ be a bounded domain with smooth boundary 0 for n € N. For

ug € Co(2), the solution of (1) blows up in finite time on the condition that
(i) [quo(z)o! (x)dx > 2||¢t||, (u* = A) /A holds for 0 < X < p',
(ii) [, uo(z)¢! (z)dx > 0 holds for X > p'.

The first global existence result is concerned with the nonpositive solution. For the
nonpositive initial value, we establish the global solution by constructing a lower-upper
solution pair.

Theorem 1 Let Q2 C R™ be a bounded domain with smooth boundary 0Q for n € N. For
ug € Co(Q) with up(z) <0 for any x € Q, we have Tp,, = +00 and

u € C([0,+00); Co(Q)) N C*((0, +00); Co ()
satisfying u < 0 in Q x [0,4+00). If A < put, then
(Ol 5 — 0
s t = oo, where [l y = [Vull, for w € HA(®).

We introduce the main theorems on the global existence for  C R? and Q = (0,1),
respectively. For small parameter and initial value, we construct the global solution by the
Lyapunov function

1

(6) La(u) = 7/ \Vul® do — )\/ (e* —u) dx,
2 Ja 0

Sobolev and Trudinger-Moser inequalities.

Theorem 2 Let Q C R? be a bounded domain with smooth boundary 0. For any A > 0
and ug € H}(Q) satisfying

21Q
7) (G + 2B) 22 ol < a7 o~ ),

we have Ty, = +0o0 and
u € C([0,+00); Hy (2)) NC*((0, +00); L*(2)),

where Crar > 0 is a constant which depends only on Q coming from the Trudinger-Moser
inequality. Moreover, there is some A1 > 0 such that for any A\ < A1, we have

(1) 5 — 0

ast — +oo.
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Theorem 3 Let Q = (0,1). If we replace (7) by
eC? 1 2
2 ((22 Cs + p) A+ l[uolly < elog2,

then the conclusion of Theorem 2 is still true, where Cs > 0 is an embedding constant which
depends only on Q coming from H}(Q) C C(Q).

In the last result, we derive the dynamical properties. The Lyapunov function (6) plays
an important role in arguing the convergence problem.

Proposition 4 (Cf. Theorem 2.1 in [4]) Under the same hypotheses as Theorems 2 or
3, w(ug) is invariant, non-empty, compact and connected in HZ(Q). Moreover w(ug) is a
single point in HZ(£2).

This paper is composed of 5 sections. In Section 2, we show Propositions 1 and 2. We
obtain the stationary solution by a bifurcation theory and compute the Morse index. In
Section 3, we obtain some differential inequalities by the energy method and solve them
to show Proposition 3. In Section 4, we decompose a solution of (1) into that of the heat
equation with the non-zero initial value and the nonlinear heat equation with the zero
initial value. Then we construct a lower and upper solution, which leads us to the proof of
Theorem 1. In Section 5, we use the Lyapunov function and Trudinger-Moser inequality.
Then we derive the H! estimate, which gives us the proof of Theorems 2 and 3. Finally,
we derive the compactness of the orbit, which prove that the global solution converges to a
stationary solution. By the existence of the Lyaounov function, we can prove Proposition
4.

2 Stationary solution First, we consider the condition on a parameter when a positive,
negative or trivial solution exists. We use the Kaplan method [8] and Pohozaev identity
[16]. If Q is a ball, similar results to those in Proposition 1 are obtained in [1]. Next,
we apply a bifurcation theory in [2], obtain a curve of solution (A, v) and parametrize the
solution (A, v) = (A(s),v(+,s)) and the eigenpair (v,v) = (v(s),9(:,s)), respectively. To
compute the Morse index, we consider the signs of v/(s) and v”'(s) at bifurcation points in
the same way as [11, 12, 13]. Owing to the boundary condition, the proof for (2) is more
complicated than that for (4) as proven in [12]. However, for completeness we prove it.

We prepare the Pohozaev identity in [16].

Lemma 1 Let Q2 C R" be a bounded domain with C?-boundary 02 for n € N. Let f(v) €
C(R). Suppose that v € C*(Q) N C(Q) satisfies

Av+ f(v) =0 x €,
v(xz) =0 x € 0N.

Then the identity

%/m(x.,,) <gz>2dw—i—n;Z/Qf(v)vda::n/QF(v)dx

holds, where dw is the area element of O) with standard metric, v is the outer unit normal
vector at x and

F(o) = / " f ) dp.
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Proof of Proposition 1 By p and ¢, we denote the first eigenvalue p' and corresponding
eigenfunction ¢! of —A in a star-shaped € with the Dirichlet boundary condition. Then
we have ¢ > 0 in Q. First of all, we obtain relations between p and A stated in (i) and (ii)
of the proposition. Multiplying (2) by ¢ > 0 and integrating it over 2, we have

—,u/cb’udx—i—)\ ¢ —1)de=0
Q Q
and then
()\f,u)/qﬁvdw<0
Q

for v # 0 by expx —1 > z for x € R . If a solution v > 0 in €2, then we have A < u. For
v < 0, we have A > u. Next we obtain a lower bound X¢ given in (i) and (ii). In the case

of n =1,2, since
/ ik d:c:)\/ (e —1)vdx
Q Q

holds, we conclude that Ay > 0 for v Z 0 by (expz —1)a > 0 for all € R. Thus we
concentrate on the case of n > 3. Applying Lemma 1 to f(v) = A(e’ — 1) and F(v) =
A(e? — v — 1) and noting that € is star-shaped, we find

-2
o )\/(e”fl)vdmgnk/(e”fvfl)dm
2 Q Q
and then

n—2 2 n—2 n-—2 v
1 /Q\Vv| dx ( 5~ 4 ))\/Q(e —1Nvdx

-2
< n)\/(e”fvfl)dacfn )\/(e”fl)vdx.
Q 4 Q
Putting
-2 3 2 -2
g@)=n(e —z—1)— n4 (" — 1)z = ne* — n e - n4 ez,
we have g(1) > 0,
(@) = 3n+2em7 3n+2 n—QQmI
g =y 1 1
and lim, 4 g(2) = lim,, 40 ¢’ () = —00. Hence there exists £ > 0 which depends only

on n such that g(z) <0 for z > . Since for ¢, k € [0, 1],
glx) < n(e"—z—-1)

tda
< n/o d—s(e”—ex) de

1
nx/ (e —1) de
0
1 .1
d "
= nac/ — (%) dr de
0 0 dfﬁ
1 .1
= n5m2/ / e dk de
o Jo
1 1
mL'Q/ / e"** dr de
o Jo

nx2e® for xz >0,
nx? for x <0

IN
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holds for all z € R, we have

n—2

Vol da
Q

< )\/ g(v) dx + /\/ g(v)dx + /\/ g(v)dz
Qn{v<0} anfo<v<e} an{v>e}

/\n/ v dx + )\n/ v2e? dx
Qn{v<0} an{0<v<¢}

< )\n(eEJrl)/dea:
Q

(65 + 1)/ [Vol? da
Q

thanks to the Poincaré inequality

IN

An

<

(8) [vlly < —= Vol

for all v € HE(Q), which implies that

pt (n—2) 1

Ao = <p and 0< A <A

T dn(ef +1)

for a nontrivial solution v. Finally we show the last claim (iii). Suppose that v(z) is a
nontrivial solution of (2). Then for 0 < A < Ag, we have

)\0/ Vol da < )\/ |Vo|? d < )\0/ Vol? da,
Q Q Q

which implies that v = 0. a

Proof of Proposition 2 An easy calculation yields
(u™, ¢™) = ((mﬂ')2 ,V/2sin mﬂ'm)

for m € N. At (A, v) = (X, 0), (5) has the k-th eigenvalue v* = ;¥ — X and the corresponding
eigenfunction ¥ = ¢* for k € N. Hence, we have a simple eigenvalue ™ = 0 at (\,v) =
(u™,0) and i(A\,v) = m — 1 for (\,v) = (A\,0) with g™ 1 < XA < p™ with m € N. The
first part of proposition is proved. We will show that the nontrivial solutions bifurcate from
(A, v) = (u™,0). We define X = C?(Q)NCy(Q), Y = C(Q) and a mapping F : RT x X — Y
by

F(\v)=Av+ (A+p")(e" = 1)

for m € N. Then F(\,0) = 0 and the Fréchet derivative is given as
Fy(\v)w] = Aw+ (A + p™)e’w

for w € X. Since
F,(0,0)[w] = Aw + p™w,

the kernel of F,(0,0) is spanned by wo = ¢™. We have

Fro(A\,0)[A, w] = AeVw,
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which implies that F),(0,0)[A, wo] does not belong to the range of F3,(0,0). Hence applying
Theorem 1.7 in [2] to this setting, we obtain two continua St of solutions (\,v) of (2)
bifurcating from (A, v) = (u™, 0) satisfying

St = {()\(s),v(-,s)) | lim (A(s),v(,s)) = (u™,0) and s € (O,a)}

s——+0

and
S, = {()\(s),v(-7s)) ‘ slil{lo (A(s),v(-8)) = (w™,0) and s € (—a,O)}
in RT x X with some o > 0. Moreover the mapping
s € (—a,a) = (A(s),v(,s)) ERT x X
belongs to C?(—a, a) and v(-, s) is expressed as

v(,8) = 50" () + sp(-; 9)

for a function p(-,s) : (—a, @) — Z with C2? dependence in s and p(-,0) = 0, where Z is a
complement of the kernel of F,(0,0). We set

Cr =S, U{(n™,0)}US,.

The bifurcation result is established. Finally, we will compute the Morse index. At
(A(s),v(,5)) € Cpm, it follows from a perturbation theory in [9] that the k-th eigenpair
(vE, k) = (vE (s), ¢k (-, s)) is C? dependence in s. A simple computation yields

i (0) = (k* — m?)7? and YE (x,0) = ¢*(x) = V2sinkra
for ()\,v) = (,um7 ()) € Cy,- Under these notations, we have
o(xz,0) = ¢™(z) = Y™ (z,0) = V2sinmmz,

where v stands for (d/ds)v(-, s) and v(-,0) = (d/ds)v(-, s)|s=0. Now we have the following
lemmas:

Lemma 2 For k € N, we have the following:

Iy = /0 Yk (2,0)dz = k—\/f {1- (,1)’6} ,
! 2
Iy 2 E/O {u)fn(x,O)} dr =1,
I3 = /0 {1%%(:6,0)}3 dr = Z;)T\/f 1 (—l)k},

1
Iis = /0 {0k (2,00} do = g

Lemma 3 If m is even and ™(0) = A(0) = 0, then we have

1
Tz [ o) i 0de = —3.
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Proof Differentiating (5) with respect to s and putting s = 0 and & = m, then we have
Ay (,0) + p" g (2, 0) = =™ {wyi (2, 0)}°
because of v (0) = 7(0) = A(0) = 0 and
AP (2, 0) + (mm)® D7 (x,0) = (mm)? (cos 2mmx — 1) .

Solving this ordinary differential equation with ¢ (0,0) = "*(1,0) = 0 under the restric-
tion

% /01 (v (2, 8)}? doe = 2/01 Yz, )T (x, 8) do = 0

at s = 0 and noting that m is even, we obtain

4 1 4 4 1
m(z,0) = gcosmﬂx—l—gcos%mm:gcosmwx—g—i—g{wz(x,())}z,

which yields the conclusion along with I,,, » and I, 4 in Lemma 2. m|

We return back to the proof of Proposition 2. Differentiating (2) twice and (5) once
with respect to s, we have

AD+ A(e” = 1) + 20D + AV 4 Xe’D =0
and . . . .
A+ Ae’ Y + AP0 + Aey = —ip — v

Putting s = 0 and k& = m, multiplying by ¥/ (z,0) and integrating them over (0, 1), we
have

0) / @ 0))? do 4 / @0 de =0
and
( )+ (0 /{wmxo} de +p™ /{1/1’”960} dx =0.

Hence, I, 2 and I, 3 in Lemma 2 yield

30) = 722000 = =2 1 - (- 1>m}—{ s

sEmm for odd m.

for even m,

Henceforth, we assume that m is even. Differentiating (2) three times and (5) twice with
respect to s, puttlng s = 0 and k = m, multiplying by ¥ (x, 0), integrating them over (0, 1)

and eliminating fo {ym(x .00} (z,0) dz, we have
2(mm)2 L4 + 6(mm)? T, = —307(0) 1 2
and hence

2(mm)?

>0
3

U (0) =
by Lemmas 2 and 3. We conclude that

v(0)=0 and #7(0) <0 for odd m,
vm(0)=v7(0)=0 and 27(0) >0 for even m.
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In the case of m = 2k — 1, we have

v(s) >0
Vi (0) =0,
vm(s) <0

and i (M(0),0) =i (u?*~',0) = 2k — 2. Hence we have

for sufficiently small s < 0,

33

for sufficiently small s > 0

33

. | 2k —=2 for sufficiently small s <0,

iA(s), v 5)) = { 2k —1 for sufficiently small s > 0.

In the case of m = 2k, we have v/ (s) > 0 for sufficiently small |s| > 0, v/*(0) = 0 and
i (A(0),0) =i (u?*,0) = 2k — 1. Hence we have

i(A(s),v(s)) =2k —1
for sufficiently small |s| > 0, which completes the proof. O

Remark 1 Let Q C R™ be a bounded domain with smooth boundary 02 for n > 2. If we
assume that the eigenvalue u™ is simple for all m € N, the conclusion of bifurcation in
Proposition 2 is still true. However, the relation of Morse index is open. The bifurcation
problems where the zero eigenvalue is double are also considered for the equations other than
(2). In [3], the authors obtain four bifurcation curves and compute their Morse indices in a
square in Theorem 1.1. For a disk with Neumann boundary condition, in [10], the author
gives a sufficient condition for a branch of mon-trivial solution not to have a secondary
bifurcation point in Theorem B and applies these results including the simple eigenvalue
case in Theorem C.

3  Blow-up Let up € Cp(2). We transform (1) into the integral equation

¢
u(t) = e Mugy + )\/ e A=) (en(s) — 1) ds
0

and establish a time-local solution
u € C([0,Ty,); Co(Q)) NC((0, T, ); Co(V))

by an abstract theory of evolution equation. Here, we extend A = —A to be a self-adjoint
positive operator in Co(£2) with the domain

D(A) = {u € 0o(Q), Aue co(ﬁ)}

and write the semi-group generated by A as e~4*. In order to prove the proposition by
Kaplan’s method [8], we integrate the solution multiplied by the first eigenfunction ¢! of
A and differentiate it with respect to t. Then we get the differential inequalities and solve

them.

Proof of Proposition 3 We set

k= H¢1H1 and a(t) = /Qu(m,t)gi)l(:v) dx

19
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for all t € (0, Ty,). We have
a =—pla+ )\/sz (" =1)¢ (z)dz > (A —p')a
by expx — 1 > x for € R and integrate this inequality to obtain
a> e()‘f“l)ta(O) = e()‘f“l)t/ﬂuo(m)qﬁl(x) dx >0
for all t € (0,T,,). Next the Jensen inequality [20] and positivity of a imply that

d = —pla +)\/e"¢1dx—)\k
Q

V

—pta + )xk'(exp% — 1)

S Mot a2
> (A u)a—l—%a

by expx > 1+ z + 2%/2 for x > 0. Hence putting p(t) = 1/a(t) for all t € (0,T,,), we have
A

/ 1 A

P+ ()\ Iz )p< o

Multiplying exp ()\ — pl) t, and integrating this differential inequality with respect to t, we
obtain

0<p< poe_(A—u )t + m (6_(>\_” " 1) for A # /J17
Po — 35t for A = pt,

where pgp = 1/a(0). Let

1_
ﬁlog(l—%) for 0 < A < pt,
T= %po for A = pt,

_,,1
)\%“llog (1“1’%) f0r>\>l,61.

Then since the assumption of (i) in Proposition 3 is equivalent to

1 21@(#1—)\)
Po A
for 0 < A < p!, we have
2pok (! — A
0<1—Jﬁi%——l<L

Hence T is well-defined and we find 0 < T' < +o00 such that p(t) — +0 as t — 7. The same
is true of the case of A > u'. Finally, we have

1
o= o — ) = iy J uln 00 @ de < b g sup e, ),

which leads us to the proof of proposition. m]
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4 Negative global solution We decompose (1) into the heat equation with ug < 0 and
the nonlinear equation with wy = 0. First, we begin with the fundamental lemmas.

Lemma 4 Let ug € Co(Q) be ug(z) <0 for any x € Q. The function
wi(z,t) = e g € C([0,4+00); Co(2)) N C*H((0, +00); Co(2))

solves
wy = Aw e, t>0,
w(z,t) =0 zed, t>0,
w(z,0) =ug(z) =€

and satisfies w1 < 0 in Q x [0, +00).

Lemma 5 Let A > 0. The function

t
wy(z,t) = / e A7) (2)) ds € C([0, +00); Co () N C*((0, +00); Co ()
0
solves
wy=Aw—-X\ z€Q, t>0,
w(z,t) =0 x €, t>0,
w(z,0)=0 x€
and satisfies wy < 0 in Q X [0, +00).

We solve the nonlinear equation by constructing the lower-upper solution pair.

Proposition 5 Let wy be a solution obtained in Lemma 4. For any A > 0, there ezists a
unique solution - B
w; € C([0,+00); Co(€2)) N C((0, +00); Co())

of
=Aw+ (et 1) z€Q, t>0,
w(z,t) =0 e, t>0,
w(z,0) =0 x €

satisfying ws < 0 in Q x [0, 400).
Proof Since (0,ws) is an upper and lower solution pair, the statement follows from [18].
Proof of Theorem 1 Setting u = wy + w3, we have a unique solution in an element of the

desired space satisfying u < 0 in Q xR*. Note that u(-,t) € C*(Q)NCo(Q) € H2(Q)NH(Q)
for all ¢ > 1. Applying the Poincaré inequality (8), we have

,ul/ |Vu|? dmg/ (Au)? da
)

for uw € H*(Q) N HE(Q) and finally

2dt/ |Vul® dz

—/ (Au)? d:c+)\/ e |Vul® da
Q Q
/(Au) dw—O—)\/ \Vul|® dz

(n' = / |Vul? da
for ¢t > 1, which yields
(9) lu, )15 < e 20D (- )| — 0

as t = +oo. O

IN

IN
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5 Global solution In this section, we concentrate on 2 C R? and apply the Trudinger-
Moser inequality to our problem. We establish the global solution for sufficiently small
parameter and initial value. To obtain the estimate in the Hi space, we extend B = —A to
be a self-adjoint positive operator in X = L?(Q) with the domain D(B) = H2(2) N H (Q)
and write the semi-group generated by B as e~ B*. For n = 1, we can also derive the similar
estimates. We start with the Trudinger-Moser inequality and an easy lemma.

Proposition 6 ([14, 19]) Let Q C R? be a bounded domain with smooth boundary OS.
Then there exists Crpr > 0 which depends only on  such that

1
/ e“dx < Crprexp (—/ Vul? dac)
9] 167 Q

Lemma 6 Let a,b,k > 0. We define

holds for all u € H ().

ft)=ae® +b—t
fort>0. If

1 1
b+%loga < f%(logk+1)

holds, then there exist t1 € (0,t9) and ta € (to,+00) such that f(t) > 0 is equivalent to
0 <t <t ort>ty, wherety, t1 and ts satisfy to = (1/k)log (1/ak) and f'(to) = f(t1) =
f(t2) = 0.

Proof First, we have f(0) = a+b > 0 and f’(t) = ake*® — 1. Note that

1 1 1
—log— >b+—->0

t:
OT k% ak k

from the assumption. We find f/(to) = akef® — 1 =0 and
Kt 1 1
f(to) =ae™ +b—ty=b+ %loga-kg(logk-kl) <0,
which completes the proof. O

Proof of Theorem 2 Note that e* € LY(Q) for u € HZ(Q) by Proposition 6. Hence the
Lyapunov function Ly (u) defined in (6) is well-defined for u € H}(2). Since

d 2
Za W) = = Jlu )]z <0

holds, Ly(u) is the Lyapunov function for (1) and we have

La(u) = L (up) — / lue ()| ds < La(uo),

which yields

1 1
L w2 g)\/e“d:c—)\/udx—i-fﬂuoﬂi,l +/\/ (up — €% dz.
2 Q Q 2 0 Q
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Since

1 1 1 2
)\/e“dac:CTM)\x7/eudﬂc§fC’2 A2 4+ (/e”dm)
Q Crum Jo 2 ™M 2C7a \Jo
holds by the Young inequality, we have
L w2 Loznzy 2 vd 2 PRVAI®) L o2
5 IVully < 5CnpA” + 30z, \ & + AV [fully + 5 lluoll iy

1 AW |
< 3O+ ge (o IVul) + S Il 5 ol

owing to expz > z for x € R, the Trudinger-Moser inequality (Proposition 6) and the
Poincaré inequality (8). Again the Young inequality yields

A9 V2A /9] 1 9], 1 9
(10) IVully = ——=— x —= [Vull, < =" + 2 [[Vull;,
Vil Vit V2 4

which implies that

1 1 |Q|
SIVul2 < SRV + emggww@ + IVl + 5 ol

2 1 2
lull < 2exp (-l ) +2

Hence for f(t) = ae*® + b —t with

and that

2j0) :
) 22+ 2 unly

2|0 1
a=2, b:2<C’%M—&-%))\2+2||u0H§{& and k:8—,

™

then we have f(||u||§{3) >0 for all t > 0. Then the assumption

1 1
b+ %loga < % (logk +1)
in Lemma 6 is satisfied. In fact

210
<CTM+ | |)/\2+2Hu0\|§{3+87T10g2<87r(10g87r—1)

holds by (7). We can apply Lemma 6 to obtain ||u\|§{% <t or Hu||?q& > to. Now that we
have

luoll3; < 47 (log 4w — 1) < 87 logdm = £
along with (7), we find

(11) HuHi{é <ty <tg=8mlog4r

so long as the local solution exists. Hence we have a global solution in H}(f2). Next, we
define X* as the domain of B for o > 0 with graph norm |jul| yo = ||B%ul|, for u € X,

23
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Then we derive the estimate in X'/2+¢ = H'*+2¢(Q) for € € (0,1/2) by the smoothing effect
of the heat equation. In fact, we have for t > 1

||“||X1/2+a

IN

IN

IN

IN

1
B2y

|55,

t
HBse—BtB%uOH + )\/ HB%-‘FSE—B(t—s) (6u(s) _ 1) H ds
2 0 2

t
Crt ™2™ ||| 5y + Acg/ (t—s5) (379 e=Calt=9) ||eu _ 1|, ds
0
t 1
Civto + Acg/ (t — 5)"(3+) = Calt=9) (He?uuf + ||1\|2) ds
0

¢ —(lie 1 1 1
C1v/to + /\Cg/ (t— )" (219 g=Calt=9) {C’;M exp (8—7T HVqu) + |Q|2} ds
0

AC t 1
OV + 2 {\/CTM exp <£> + \Q|} r (5 - 5)

1
5—€
02

by (11), where I'(p) is a gamma function defined by

+o00
I'(p) = / e TPty
0

for p > 0 and henceforth in this proof we will denote by C; a positive constant which
depends only on Q and ¢, where i € N. Since we have H12¢(Q)) C C(Q) with the Sobolev
embedding constant Cy > 0, we find

[ulloo < Callullyg+- < Cs
X2

for t > 1. Hence the estimate similar to (9) is given as

lu( )3y < €2 2P C)ED (1) 30— 0

for A\ < A\ = pt/expCs as t — +o0. |

Proof of Theorem 3 First, we note that p' = 72.

2. In the same manner, Lyapunov

function yields

1 9 ! 1 9
§HWH2 < A/ 6‘“‘dﬂf+AH1IIQIIUHQ+§Iluo||H3
0

Cslullgr | A LT
< e b+ [Vull, + 5 ol
Csllull: . 1 2 A1 2
< e Hj 4 1 [|Vull; + ) + 5 HUOHHg

owing to H'(0,1) C C([0,1]) with the Sobolev embedding constant Cs > 0, (8) and (10).
Since we have

1 1 2
Cs |lull gy = V2eCs x —= |lullyy < eC3 + P [l s 5

V2e



DYNAMICAL SYSTEM ON A PARABOLIC AND ELLIPTIC GELFAND-TYPE
EQUATION

we find
1 2 2 1 2 1 2 )\2 1 2
SIVulE < a1 lully ) + 5 IV0lE + 25 + 5 ol
o1 1 1 , A2 1,
= Ve x oo (1l ) + IVl + 3 + 5 ol
<

2 2ec? | 1 1 2 1 s A1 5
28 1 foxp (gl ) + 5 19l + 25 + 5 ol
again by the Young inequality and

1 2 ec2 1 2 2
exp (g Tl ) 4 (2 5 ) 2 42 Junlyy — iy > 0
which completes the proof by applying Lemma 6 for

_ _ 2eC?2 1 2 2 71
a=1, b—4<e S+ﬁ)>\ +2HU0HH5 and k’—2—e.

O

Proof of Proposition 4. Since the embedding X'/2t¢ C H}(9Q) is compact, the orbit
U1 {u(-, t)} is relatively compact in Hg (). Hence the omega limit set w(uo) is invariant,
non-empty, compact and connected in H3(Q) by Theorem 5.1.8 in [7]. Again by Corollary
7.2.2in [7] and the existence of the Lyapunov function, we have w(ug) C C. Moreover, thanks
to the regularity of nonlinear term (e — 1) of (1), w(uop) is a single point by Theorems 1.2
in [5] or 11.4.3 in [7].

O

Remark 2 In the proposition, we impose the same hypotheses as Theorems 2 or 3, which

is not needed. If the global soluiton exists, then the conclusion is true by Theorem 2.1 in
[4].

Acknowledgement. The author would like to express his deepest gratitude to an anony-
mous referee for careful reading of the manuscript.
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ABSTRACT. The aim of the present paper is devoted to discussing some more properties
of fB-irresolute mappings, contra S-irresolute mappings and two weak homeomorphisms
such as Sc-homeomorphisms and contra fc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of 3(2)-open sets of the digital plane.

1 Introduction and preliminaries  Abd El Monsef el al. [1] and Andrijevié [3] intro-
duced independently the concept of S-open sets [1] and semi-preopen sets [3], respectively.
Let (X, 7) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by CI(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, 7) is called a S-open set [1] (or semi-
preopen set [3]) if A C Cl(Int(Cl(A))) holds in (X, 7). The complement of a S-open (or
semi-preopen) set is called 5-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, S-open sets, S-closed sets. The [-closure of a subset E of a topological space
(X, 7) is defined by SCI(E) :=({F : E C F, F is -closed in (X, 7)} and it is the smallest
B-closed set containing E. And SCI(A) = A holds if and only if A is S-closed in (X, 7). We
recall some importance properties of 3-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, 7) be a topological space.
BO(X,7) = SPO(X,7) :={B: Bis -open in (X, 7)} (cf. [1, Defintion 1.1], [3]),

BC(X,7) = SPC(X,7):={F : F is B-closed in (X, 7), i.e. Int(Cl(Int(F)))C F} [1], [3],
SO(X,7):={G : G is semi-open in (X, 7), i.e. G C Cl(Int(G))} [26],
SC(X,7):={F: F is semi-closed in (X, 7), i.e. Int(CI(F)) C F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X, X \ H;7) := con-Bch(X, X \ H;7) U Bch(X,X \ H;7) and
Go(X, X \ H;7):=con-Bcho(X,X \ H;7) U Bcho(X,X \ H;7), where H C X with H # ()
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
Beh(X, X \ H;7) = () in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
Beh(X, X \ H;7) = 0 = con-fcho(X, X \ H;7) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

*2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :B-open sets, [-irresolute mappings, contra-g-irresolute mappings, Sr-
homeomorphisms, contra-3r-homeomorphisms, digital plane, 5(2)—open sets.
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In the last Section 5, a characterization (cf. Corollary 5.8) of B-open sets of the dig-
ital plane (Z2,x2) will be studied and we prove that (x) con-Bch(Z%;k?) = ) (cf. Corol-
lary 5.11(ii)") and so G(Z?; k%) = Bch(Z?%; k?) (cf. Corollary 5.11(iii)’). Therefore, we de-
fine and construct the new concept, say (()-open sets in a set H, where H C 72 with
|H| > 2 (cf. Definition 5.15). And, using such [(sy-open sets, we construct new groups,
say B(2)ch(H; k?|H) U con-faych(H; k?|H) and p.B2)ch(H; 5%|H) U con-p.f2)ch(H; k2 |H)
etc (cf. Definition 5.21, Theorem 5.25). As examples, it is obtained that some motions, say
pas and (ps5)~", are elements of con-p.B2)ch(U; x*|U) and so con-p.Bych(U; *|U) # 0,
where U is the smallest open set containing the origin (0,0) in (Z?, k?) (cf. () above and
Notation 5.26, Example 5.27; Definition 5.20, Definition 5.21).

2 Contra-S-irresolute mappings and f-irresolute mappings. Let (X,7), (Y,0)
and (Z,n) be topological spaces.

Definition 2.1 A mapping f: (X,7) — (Y, 0) is said to be

(i) B-continuous [1] if f=1(V) is a B-closed set of (X, T) for each closed set V of (Y, o),

(i) perfectly continuous [37] if f~1(V) is clopen in (X, 7) for each open set V of (Y, o),

(iii) contra-continuous [13]if f=1(V) is closed in (X, ) for each open set V of (Y, o),

(iv) contra-B-continuous ([7], [18]) if f=1(V) € BC(X, 1) for each open set V of (Y, o),

(v) strongly contra-B-continuous if f is a contra-S-continuous mapping such that the
inverse image of such nonempty open set of (Y, o) has an interior point,

(vi) B-continuous [43] if f=1(V) is a B-set of (X, 7) for each nonempty open set V of
(Y, 0), where the B-set is the intersection of an open set and a semi-closed set of (X, 7) (this
is defined by [43]),

(vil) B*-continuous [12] (cf. (vi)) if f~1(V) contains a nonempty B-set of (X, 7) for each
nonempty open set V of (Y, o),

(viil) strongly B-closed [17]if f(G) is B-closed in (Y, o) for each S-closed set G of (X, 7).

Definition 2.2 A mapping f : (X, 7) — (Y, 0) is said to be

(i) drresolute [8, Definition 1.1] if f~1(U) € SO(X, 1) for every set U € SO(Y, ),

(ii) B-irresolute [36] if f~1(U) € BO(X,T) for every set U € BO(Y, o),

(iii) contra-B-irresolute [5] if f=1(U) € BC(X,T) for every set U € BO(Y, o) (cf. Re-
mark 2.9(ii)),

(iv) perfectly contra-B-irresolute if f~1(V') is B-clopen in (X, 7) for each set V € BO(Y, o),

(v) contra-irresolute [5] if f=1(U) € SC(X, ) for every set U € SO(Y, o),

(vi) perfectly contra-irresolute [5] if f=1(U) is semi-open and semi-closed in (X,7) for
each set U € SO(Y, o).

Theorem 2.3 A mapping f : (X,7) — (Y,0) is B*-continuous if one of the following
conditions (1) and (2) is satisfied,

(1) f is a strongly contra-f3-continuous mapping (cf. Definition 2.1(v)).

(2) f is an onto and B-continuous mapping (cf. Definition 2.1(vi)).

Proof. Let V be a nonempty open set of (Y,0). Under the case of the assumption (1),
we have that f~1(V) € BC(X,7) and Int(f~1(V)) # 0, and so O # Int(f~1(V)) = X N
Int(f~1(V)) € f~Y(V). Hence f~%(V) contains a nonempty B-open set U, say U :=
X N Int(f~1(V)). Indeed, X € SC(X,7), Int(f~*(V)) € 7 and U # . Thus, f is B*-

continuous, under the assumption (1). Under the case of the assumption (2), we have
that @ # f~1(V) and f~1(V) is a B-set. And so f~!(V) contains a nonempty B-set f~1(V).
Thus, f is B*-continuous, under the assumption (2). O

Remark 2.4 The following diagram shows implications among several mappings defined
above, where p — ¢ (resp. p +» ¢) means that p implies ¢ (resp. p and ¢ are independent). The
implications are not reversible and the independence is explained (cf. Remark 2.5 below).
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contra-continuity

v pY
contra-f-continuity ¢ B-continuity = onto and B-continuity
t 1
strongly contra-S-continuity — B*-continuity

Remark 2.5 (i) Let (R, E) be the real line with the Euclidean topology E. The mappings
f[ilr: (R, E) = (R, E) of (i-1) below are seen in [14].

(i-1) Let f : (R, E) — (R, E) be a mapping defined by f(z) = [x], where [z] is the Gaussian
symbol. Then f is contra-S-continuous (cf. Definition 2.1(iv)). However, f is not contra-
continuous, because for an open interval (3, 2), f=1((3, 2)) = [1,2) is not closed in (R, E).
(i-2) The identity mapping 1g : (R, E) — (R, E) is B-continuous (cf. Definition 2.1(vi)) but
not contra-f-continuous, since the inverse image of each singleton is not S-open. Moreover,
1g is not contra-continuous.

(ii) The mapping f : (X, 7) — (X, 7) is contra-f-continuous, but f is not B-continuous.
Let X = {a,b,c} and 7 = {X,0,{a,b}}. Then we have SC(X,7) = {0, {a}, {b},{c},{b,c},
{a,c}, X} and SC(X,7) = {0,{c},X}. We define the mapping f : (X,7) — (Y,0) by
fla) =a, f(b) =cand f(c) =b.

(iii) The converse of Theorem 2.3 under the assumption (1) is not reversible. Let X =
{a,b,c} and 7 = {X,0,{a}, {b},{a,b}}. Let f: (X,7) = (X,7) be a mapping defined by
f(a) = b, f(b) = c and f(c¢) = a. Then since BC(X,7) = SC(X,7) = P(X)\{{a,b}}, we
show f is B-continuous and onto. By Theorem 2.3 under the assumption (2), it is obtained
that f is B*-continuous. This mapping f is contra-S-continuous, but Int(f~!({a})) =
Int({c}) = ¢ hold. And so f is not strongly contra-S-continuous.

(iv) The converse of Theorem 2.3 under the assumption (2) is not reversible. The map-
ping f : (X,7) — (X,7) defined in (ii) above is not B-continuous (cf. (ii)). But f is
B*-continuous, because {c} and X are the nonempty B-sets.

(v) The contra-S-continuous mapping f : (X,7) — (X, 7) of (ii) above is not strongly
contra-(-continuous (cf. Definition 2.1(v), because Int(f~!({a,b})) = 0.

Remark 2.6 (i) Let X =Y = {a,b} and 7 = {X,0,{a}} and 0 = {Y,0,{b}}. Then
the identity mapping 1x : (X,7) — (Y,0) is a contra-S-continuous mapping but not S3-
continuous.

(ii) The identity mapping 1g : (R, E) — (R, E) of Remark 2.5(i)(i-2) is 8-continuous but
not contra-S-continuous.

Remark 2.7 The following properties are well known.
(i) If f: (X,7) = (Y,0) is contra-S-irresolute and ¢ : (Y,0) — (Z,n) is B-continuous,
then the composition go f: (X,7) — (Z,n) is contra-S-continuous (cf. [7, Theorem 2.18]).
(ii) ([4, Theorem 2.3(iv)]) Every homeomorphism is S-irresolute.

Remark 2.8 (i) By the following examples (i-1) and (i-2), it is shown that the contra-
B-irresoluteness and S-irresoluteness are independent. Let X = {a,b,c} and 7 = {X, 0, -
{a},{a,b}}. Then

(i-1) The identity mapping on (X, 7) above is S-irresolute but not contra-S-irresolute.

(i-2) Let f: (X,7) = (X,7) be a mapping defined by: f(a) =b = f(b), f(¢) = a. Then
f is contra-B-irresolute but not S-irresolute.

(ii) In general, for any topological space (X, 7), the identity mapping 1x : (X, 7) — (X, 7)
is contra-f-irresolute if and only if SO(X,7) = BC(X, 7) holds. And, 1x on any topological
space (X, 7) is B-irresolute.
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Remark 2.9 (i) Every contra-{-irresolute mapping is contra-S3-continuous, but it is shown
that its converse is not true, by the following example. Let X = {a,b,c} and 7 = {X, 0, -
{a},{b},{a,b}}. Let f : (X,7) = (X,7) be a mapping defined by f(a) = ¢, f(b) = a,
f(c) =b. One can deduce that f is contra-S-continuous, but it is not contra-g-irresolute.

(ii) For a mapping f : (X,7) = (Y,0), f is contra-S-irresolute if and only if the inverse
image f~!(F) of each B-closed set F' of (Y, ) is B-open in (X, 7).

(iii) For a mapping f : (X,7) — (Y,0), f is S-irresolute if and only if the inverse image
f~Y(F) of each S-closed set F of (Y,o) is S-closed in (X, 7).

Remark 2.10 (i) The following diagram of implications is well known.
Contra-irresolute < Perfectly contra-irresolute — Irresolute.
We have also the following diagram of implications.
Contra-S-irresolute < Perfectly contra-g-irresolute — [-irresolute;
and they are not reversible (cf. Remark 2.8(i) above and Remark 2.11 below).

(ii) In the implications above, the irresoluteness (resp. contra-irresoluteness, perfectly
contra-irresoluteness) and the S-irresoluteness (resp. contra-3-irresoluteness, perfectly contra-
B-irresoluteness) are independent (cf. (a), (b), (c) below).

Let X = {a,b,c}. We consider the topologies on X: 7 = {X,0,{a},{b},{a,b}},
7 = {X,0,{a},{a,b}}, 72 = {X,0,{c},{a,b}} and 73 = {X,0}. We have the following:
SO(X7 T) = 6O(X7 T) = P(X) \ {{C}}v SO(X7 Tl) = ﬁO(Xv TI) = {@, {a}v {CL, b}v {CL, C}vX}v
SO(X77‘2) = T2, /BO(X,T2) = P(X), SO(X,Tg) = {@,X}, BO(X,TP,) = P(X)

(a)(a-1) Define a mapping f : (X,7) — (X, 72) as follows: f(a) = a, f(b) = ¢ and
f(c) =b. Then f is irresolute; f is not S-irresolute.

(a-2) Let f: (X,73) = (X, 7) be the identity mapping. Then f is S-irresolute; f is not
irresolute.

(b)(b-1) Let f : (X, 72) — (X, 71) be the identity mapping. Then f is contra-S-irresolute,
f is not contra-irresolute.

(b-2) Define a mapping f : (X,71) — (X, 72) as follows: f(a) =a, f(b) =a, f(c) =b.
Then f is contra-irresolute, f is not contra-S-irresolute.

(¢)(c-1) Let f: (X,73) = (X, 72) be the identity mapping. Then f is perfectly contra
[-irresolute, f is not perfectly contra-irresolute.

(c-2) Define a mapping f : (X,7) — (X, 72) as follows: f(a) = ¢, f(b) =a, f(c) =b.
Then f is perfectly contra-irresolute, f is not perfectly contra-3-irresolute.

Remark 2.11 We have a decomposition of perfectly contra-g-irresolute mappings. The
following conditions (1) and (2) are equivalent: (1) f : (X,7) = (Y, 0) is perfectly contra-
B-irresolute; (2) f: (X,7) — (Y, 0) is contra-S-irresolute and S-irresolute.

3 Groups G(X, X\ H;7) and Go(X, X\ H;7). Main purposes of the present Section 3
are to prove Theorems 3.5 and Theorem 3.6 (cf. Notation 3.3).

Definition 3.1 Let (X,7) and (Y, o) be topological spaces.

(i) A mapping f: (X,7) — (Y, 0) is said to be

(i-1) a Be-homeomorphism ([4, Definition 3.1(ii)]) if f is a S-irresolute bijection and f~!
is p-irresolute,

(i-2) a contra-fc-homeomorphism if f is a contra-f-irresolute ([6], [4, Definition 4.1])
bijection and f~1! is contra-S3-irresolute (cf. Definition 2.2(iii)).

(ii) (ii-1) Beh(X; 1) == {f]| f : (X,7) = (X; 7) is a Bc-homeomorphism} ([4, notation (3)
after Definiton 3.1],

(ii-2) con-Beh(X;7):={f| f: (X,7) = (X, 7) is a contra-Bc-homeomorphism} ([4, Defi-
nition 4.3(1)]).

(iii) h(X;7) :={f| f: (X,7) = (X, 7) is a homeomorphism} (e.g., [4, notation (3) after
Definiton 3.1]).
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(iv) ([40, Definition 2.1]) Let H be a nonempty subset of X.

(iv-1) Beh(X, X \ H;7) :={a| a € Bch(X;7) and (X \ H) = X \ H}.

(iv-1)" con-fech(X, X \ H;7) := {a|] a € con-fch(X;7) and o(X \ H) = X \ H} (cf.
(i) (i-2))

(iv-2) Bcho(X, X \ H;7):={a| a € Bch(X,X \ H;7) and a(z) = x for every point x €
X\ H}.

(iv-2)" con-Bcho(X, X \ H;7) := {a| a € con-Bch(X,X \ H;7) and a(z) = z for every
point z € X \ H}, where H # X (cf. (ii)(ii-2) above).

Remark 3.2 (i) In 2010, N. Arora et al. [4, Theorem 4.4(i)] proved that Sch(X;7) U con-
Bch(X;T) forms a group under the composition of mappings.

(ii) In 2019, Sanjay Tahiliani [40, Theorem 2.2] proved that Sch(X,X \ H;7) and
Bcho(X, X \ H;7) form groups under the composition of mappings, where H is a subset
of X, and Sanjay Tahiliani proved important propertes [40, Theorem 2.7].

Notation 3.3 Let (X, 7) be a topological space and H C X with H # ().
(i) G(X;7) := Beh(X;7) U con-Beh(X;T).
(if) G(X, X \ H;7) := con-Bch(X, X \ H;T) U fch(X, X \ H; ).
(i) Go(X,X \ H;7) := con-fcho(X, X \ H;7) U Bcho(X, X \ H; 7).

Remark 3.4 Let us consider especially the case where that H = X in Notation 3.3(ii)
above. Then, we have that G(X, X \ X;7) = G(X;7) holds. (cf. Definition 3.1(ii),(iv)).

Theorem 3.5 Let H be a nonempty subset of (X,7) and G(X, X \ H;7), Go(X, X \ H; )
and G(X;T) be the families defined in Notation 3.3 above, respectively. Then,
(i) G(X, X \ H;7) forms a group under the composition of mappings.
(1)'Go(X, X \ H;T) forms a subgroup of G(X,X \ H;7), where H # X.
(ii) The group Bcho(X, X \ H;7) forms a subgroup of Go(X, X \ H;T), where H # X.
(iii) The groups G(X,X \ H;7) and Go(X, X \ H;7) (where H # X)) are subgroups of
G(X;7) (cf. Notation 3.3, [4, Theorem 4.4(i)]).

Proof. Throghout the present proofs of (i),(i)" and (ii), let us denote: G := G(X, X \ H;7)
and Gy := Go(X,X \ H;7). (i) A binary operation w : G x G — G is well defined by
w(a,b) :=boa, where bo a is the composite function of the functions a and b. Indeed, it is
shown by the following four cases.
Case 1 (resp. Case 1’) a (resp. b) € Bch(X, X \ H;7) and b (resp. a) € con-Bch(X, X \
H;7). For the present case, boa : (X,7) — (X, 7) is a contra-S-irresolute bijection such
that (boa)~! is also contra-fS-irresolute and (boa)(X \ H) = X \ H (cf. [4, Lemma 4.2(i-2)]).
And so, w(a,b) € con-fch(X, X \ H) CG.
Case 2 (resp. Case 3) a,b € con-8ch(X, X\ H;1) (resp. fch(X, X\ H;7)). For the present
case, boa: (X,7) — (X, 7) is a B-irresolute bijection such that (boa)~! is also S-irresolute
and (boa)(X \ H)=X \ H (cf. [4, Lemma 4.2(i-1)]). And so, w(a,b) € fch(X,X \ H) CG.
Thus, the binary operation w : G x G — G is well defined. For all elements a,b,c €
G,w(w(a,b),c) = w(a,w(b,c)) holds. The identity element e € G is well defined by the
identity mapping 1x : (X,7) — (X, 7), i.e., e := 1x € G; and so w(e,a) = a = w(a,e) hold
for all element a € G. The inverse element of an element a € G is well defined by the inverse
mapping a~! of @ : (X,7) = (X, 7) and so w(a,a™!) = e = w(a"',a) hold for all element
a € G. And hence (G, w) forms a group under the composition of mappings, i.e., G is a
group. (i)’ Since 1x € Bcho(X, H;7), we have the following: Gy # (). For any element
a,b € Gy and the binary operation w : G x G — G, it is seen that w(a,b‘l) =bloaeg
and (b~ oa)(x) = b~1(z) = x for every point x € X \ H; and so w(a,b~!) € Go. (i) By
(i), the subgroup Gy has the binary operation w|Gy. Let a,b € Bcho(X,X \ H;7). Then,
1x € Beho(X, X \ H;7) # 0 and (w|Go)(a,b™!) =b"toa € Beho(X, X \ H;7) C Go; and so
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Beho(X, X \ H; 7) is a subgroup of Gy.  (iii) The group G(X;7) (cf. Notation 3.3(i)) forms
a group under the compositon of mappings ([4, Theorem 4.4(i)]). And, G forms a group by
the composition of mappings (cf. (i)) such that G C G(X;7) (cf. Notation 3.3). Thus, G is
a subgroup of G(X, 7). And using (i)', Go is a subgroup of G(X, 7). O

Theorem 3.6 (i) If f : (X,7) — (Y, 0) is a contra-Sc-homeomorphism (cf. Definition 3.1(i)(i-
2)), then f induces also an isomorphism f. : G(X, X \ H;7) = G(Y,Y \ f(H);0), where f.
is defined by f.(a) = foao f71.
(i) If f : (X,7) = (Y, 0) is a Be-homeomorphism (cf. Definition 3.1(1)), then f induces
an isomorphism f.: G(X, X\ H;7) = G(Y,Y \ f(H);0), where f. is defined in (1) above.
(iii) Suppose one of the following properties (a), (b) below on mappings f : (X,7) — (Y,0)
and g : (Y,0) = (Z,n): (a) [ and g are contra-Bc-homeomorphisms, (b) f and g are Be-
homeomorphisms.
Then, (go f)e = gso fu : G(X, X\ H;7) = G(Z,Z\ g(f(H);n)) holds and (1x), = 1:
G(X, X\ H;7) = G(X, X \ H;7) is the identity isomorphism, where 1x : (X,7) = (X, 7)
on the identity and 1 is the identity on G(X, X \ H).

Proof. (i) Under the assumption that f is a contra-Sc-homeomorphism, it is proved that
f« is an isomorphism between the groups. Indeed, we have the following properties: (1)
mapping fi : G(X, X\ H;7) = G(Y,Y\ f(H);0) is well defined; (2) f. is a homomorphism;
(3) f« is a bijection. Proof of (1) Let a € G(X, X \ H;7). We first have the following:
fx(@)(Y\ f(H)) =Y \ f(H) holds. And, we consider the following two cases.

Case 1 a € fch(X,X \ H;7) (resp. Case 2 a € con-fch(X,X \ H;7)). Let B €
BO(Y,d). Then, for the Case 1 (resp. Case 2), we have the following: (f.(a))"}(B) =
fla X (f~1(B))) € BO(Y;0) (resp. BC(Y,a)) and so f.(a) : (Y,0) — (Y,0) is B-irresolute
(resp. contra-B-irresolute) bijection. Moreover, we have the following: f.(a)(B) € fO(Y,0)
(resp. BC(Y,0)). Then, (f.(a))™!: (Y,0) = (Y, o) is B-irresolute (resp. contra-S-irresolute).
Thus, for the Case 1 (resp. Case 2), we prove that f.(a) : (Y,0) — (Y,0) is a fSe-
homeomorhism (resp. contra-Bc-homeomorphism) such that f,.(a)(Y \ f(H)) =Y \ f(H).
Namely, using Notation 3.3, we have that f.(a) € G(Y,Y \ f(H);0).

Proof of (2) Let a and b be elements of G(X,X \ H;7). Then, we have the following:
felwx(a,b)) = (fobo fh) o (foao f7) =wy(fi(a), f(b)).

Proof of (3) Let a,b € G(X, X\ H; ) such that f.(a) = f«(b). Then, foaof~! = fobof~!
andsoa=0>. Let d € G(Y,Y \ f(H);0). Then, it is proved that f~ 10d0f €eG(X, X\ H;7)
and f.(f~lodo f)=d. (ii) Under the assumption that f is a Sc-homeomorphism, it is
proved similarly that of (i) that f, is isomorphism between the groups. (iii) By definitions
and (i) (resp. (ii)), the present properties are shown. O

Corollary 3.7 (i) (vesp. (ii)) If f : (X,7) — (Y, 0) is a contra-Bc-homeomorphism (resp.
Be-homeomorphism), then [ induces an isomorphism f. : G(X;7) — G(Y;0), where f. is
defined by f.(a) := foao f~1 for any a € G(X;T).

(iii) Suppose one of the following properties (a), (b) below on mappings f : (X,7) — (Y, 0)
and g : (Y,0) = (Z,n), (a) f and g are contra-Bc-homeomorphisms, (b) f and g are Se-
homeomorphisms.

Then, we have the following properties (1), (2) and (3) on fs, g«-

(1) (gof)e=gsofu: G(X;7) = G(Z5m). (2) (Ix)s =1:G(X;7) = G(X;7) is the identity
isomorphism, where 1x : (X,7) — (X, 7) is the identity.

(3) (3-1) fulcon-Bch(X; 1)) = con-fech(Y;0) holds. (3-2) fo(Bch(X;T))=Bch(Y;0) holds.
(3-3) fu(R(X;7)) C Be-h(Y;0) holds (cf. Definition 3.1(iii)).

(iv) (cf. [4, Theorem 4.5(i)]) Especially, if f: (X,7) = (Y,0) and g : (Y,0) — (Z,n) are
homeomorphisms, then the induced mappings f. : G(X;7) = G(Y;0) and g« : G(Y;0) —
G(Z;n) are isomorphisms (cf. (i)). Moreover, they have the same property of (1), (2) and
(3)(3-1)(3-2) in (iii). We note that, in (3)(3-3), f«(h(X;7T)) = h(Y;0) holds.
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Proof. (i), (ii), (iii)(1)(2) are obtained respectively, by setting that H = X in Theorem 3.6
above (cf. Remark 3.4).  (iii)(3) Proof of (3-1) (resp. (3-2)) By setting the case where
H = X in the proof of Theorem 3.6(i) (resp. (ii)), it is obtained that f.(con-Sch(X;7)) C
con-Beh(Y; o) (resp. fo(Bch(X;71)) C Beh(Y;0) ) holds, under the assumption (a) (resp.
(b)) on f. Conversely, for each element d € con-Bch(Y, o) (resp. fch(Y;0)), we take a
mapping f~'odo f: (X,7) — (X, 7). Then, it is shown that f~'odo f € con-Bch(X;T)
(resp. Beh(X;7)) and f.(f~todo f) =d and so d € f.(con-Bch(X;T)) (resp. Bch(X;T)).
Proof of (3-3) By [4, Theorems 3.2(iii), 3.3(vi)], it is well known that h(X;7) C Beh(X, T);
and so fu«(h(X;7)) C fu(Bch(X;7)) = Beh(Y;0) (cf. (3)(3-1) above).

(iv) Since any homeomorphism is a Sc-homeomorhism ([4, Theorems 3.2(iii), 3.3(vi)]),
then by (ii) it is shown that f. and g. are isomorphisms. By (1),(2) of (iii), the same
properties (1), (2) and (3)(3-1)(3-2) are obtained;the present property (3-3) is well known.
g

Corollary 3.8 (cf. Notation 3.3, Corollary 3.7(i)(ii) ) (i) If G(X;7) 2 G(Y;0), then

(i-1) there does not exist any contra-Bc-homeomorphism between two topological spaces
(X,7) and (Y,0), and (i-2) there is not any Bc-homeomorphism between (X, 7) and (Y, 0),
and hence (i-3) (X, 1) 2 (Y, 0) (i.e., (X, 7) is not homeomorphic to (Y, 0)).

(i) If Beh(X;7) 2 Beh(Y;0), then there does not exist any Be-homeomorphism between
(X,7) and (Y,0). O

Example 3.9 Let (X, 7),(Y,0),(Y(1),01) and (Y (2),02) be four topological spaces, where
X=Y=Y(1) =Y(2) :={a,b,c}, 7 := {0,{a},{b,c}, X} , 0 := {0,{a},{b},{a, b}, Y},
o1 := {0,{a}, {b},{a,b},{a,c},Y (1)} and o2 := {0,{a},Y(2)}. And, let h; : X — X be
a bijection such that h,(z) = z and h, # 1x for a given point x € X. Then we have the
following properties.

(i) G(X;7) 2 G(Y;0) (cf. Corollary 3.8(i) above). Indeed, it is shown that SO(X,7) =
P(X) = BC(X, ) hold and so Sch(X;T) = con-Sch(X;T) = Ss(=the symmetric group of
degree 3) and hence G(X;7) = S3. And, it is shown that fO(Y,0) = P(Y) \ {{c}} and
BC(Y,0) = P(Y)\ {{a,b}} hold; and so con-Bch(Y;c) = 0 and G(Y;0) = Bch(Y;0) =
{1y, h¢}.

(i1) G(X;7) 2 G(Y(1); 01). Indeed, it is shown that BO(Y (1),01) = o1 and Sch(Y (1);01)
={1ly)} and con-Bch(Y (1);01) = {h}; and so G(Y(1);01) = {ly), e} % S3 (cf. (i)
above).

(iii) G(Y(1);01) 2 G(Y(2);02) and Bch(Y(1);01) 2 Bch(Y (2);02). Indeed, it is shown
that BO(Y(2)70—2) = {@,{a}, {a7b}7{a7c}7y(2)} and 6Ch(y(2);0—2) = {1y(2),ha},CO’I’L—
Beh(Y (2);02) = 0.

4 Groups G(X,X \ H;7)/Ker((ru)«)), Go(X,X \ H;7)/Ker((ru).) and G(H;7|H).
The purpose of the present section is to prove Theorem 4.7. We first recall the concept of
a-open sets et al. due to [35], i.e., (x) a subset H of a topological space (X, ) is said to be
a-open in (X, 7) if H C Int(Cl(Int(H))) holds in (X, 7) and the compliment of an a-open
set is called a-closed. The family of all a-open sets (resp. a-closed sets) of (X, 7) is denoted
by aO(X, 1) (resp. aC(X,1)).

And we recall some importante properties on S-open sets as follows.

Theorem 4.1 (i)([1], e.g., [32, Lemma 3.3(b)],[19, Lemma 4.1(2)]) Let AC H C X. If
A€ BO(H,7|H) and H € BO(X,T), then A € BO(X,T).

(i1)([1, Lemma 2.5 and its Proof], e.g. [32, Lemma 3.2(b)], [19, Lemma 4.1(1)]) Let
HCX and Ay CX. If He€ aO(X,7) and A1 € BO(X, 1), then AyNH € BO(H, 7|H).

(ii)" (ct. (ii),(i) above, [2, Corollary 2.14(a)]) Let H C X and A; C X. If H € aO(X, 1)
and Ay € BO(X, 1), then Ay N H € BO(X, 7).

(iii) ([1, Remark 1.1]) Arbitrary union of S-open sets of (X, ) is S-open in (X, T).
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(iv)([19, Lemma 4.3(2)]) If A C H C X and H € aO(X, 1), then BCI(A) N H =
BClg(A), where BCly(A) denotes the B-closure of A in the subspace (H,7|H).

(iv-1) Let FC H C X. If H € aO(X,7) and F € BC(X, 1), then F € BC(H,7|H) (i.e.,
BuCl(F) = F holds).

(iv-2) Let Fy and H be subsets of X. If H € aO(X,7) and Fy € BC(X,T), then
FiNHepBCH,T|H) (ie., BuCl(FiNH)=F, NH holds).

(iv-3) Let F C H C X. If H € aO(X,7) N BC(X,7T) and F € BC(H,7|H), then
FepC(X,T).

Proof. (iv-1) (resp. (iv-2)) By the assumptions and (iv), it is shown that Sy CI(F) = F
(resp. fuClH(FANH)=pCH(FINH)NH C CI(F1)NH =FiNH andso BgCl(FiNH) =
Fy N H). Therefore, we have the following: F' € SC(H,7|H) (resp. F1 N H € SC(H,T|H) ).
(iv-3) By the assumptions, (iv) and (iii), it is shown that F = g CI(F) = HNBCI(F') and
so HNBCUF) € pC(X,T). O

Remark 4.2 It follows from the following example that one of assumptions of Theo-
rem 4.1(ii) above (i.e., H € aO(X,7)) is not removed. Let X := {a,b,c} and 7 :=
{0,{a}, {b},{a,b}, X}. Then, a subset H := {b,c} € aO(X,7) and H € SO(X, 7). And,
for a set A1 = {a,c} € BO(X,7),A1 N H = {c} ¢ BO(H,7|H). Indeed, we have that
BO(X,7) = P(X)\{{c}}, BO(H, 7|H) = {0, {b}, H} and aO(X,7) = 7 hold and Clg (Intx-
(Clg(A1NH)))=Clg(Intg({c})) =02 A1NH.

Remark 4.3 (i) Let H and K be subsets of X and Y, respectively. For a mapping f :
X — Y satistying K = f(H), we define the map rg x(f) : H — K by (ru,x(f))(x) = f(z)
for every x € H. Then, we have the following: jx o (ru,x(f)) = f|[H : H — Y, where
jik : K — Y is the inclusion defined by jx(y) := (1y|K)(y) = y for every y € K and
fIH : H—Y is the restriction of f to H defined by (f|H)(x) := f(z) for every x € H.
Especially, if X =Y = H = K, then ry g (f) = f holds.

(ii) Especially, we suppose that X = Y,H = K C X and a(H) = H,b(H) = H for
mappings a,b: X — X. Then, rg p(boa) = (rg,u(b)) o (ry,u(a)) holds.
Moreover, if a : X — X is a bijection such that a(H) = H, then ry g(a) : H — H is
bijective and rg g(a™1) = (rg p(a)) =t

Theorem 4.4 (cf. [40, Lemma 2.8]) (i) Let H € a«O(X, 7). If f : (X, 7) — (Y, 0) is contra-
B-irresolute (resp.S-irresolute ), then the restriction of f to H, say f|H : (H,7|H) — (Y, 0),
is contra-B-irresolute (resp.B-irresolute ).

(i) Let k : (X,7) = (K, 0|K) be a mapping and ji : (K,0|K) — (Y,0) be the inclusion,
where K CY. If K is a-open in (Y, o), then the following properties (1), (2) are equivalent:

(1) k:(X,7) = (K,0|K) is contra-3-irresolute (resp. B-irresolute );

(2) jxok: (X,7) = (Y,0) is contra-S-irresolute (resp. B-irresolute).

(iii) Suppose that f : (X,7) — (Y,0) is contra--irresolute (resp. [B-irresolute), H €
aO(X,7) and f(H) € aO(Y,0). Then, rg s (f) : (H,7|H) = (f(H),0|f(H)) is contra-
B-irresolute (resp.B-irresolute).

Proof. (i) Let A € BO(Y,0) (resp. BC(Y,0)). Then, we have the following: f=1(A) €
BC(X, 7). By Theorem 4.1(iv-2), it is shown that (f|H)'(A) = f~1(A)NH € BC(H,7|H)
and so f|H : (H,7|H) — (Y,0) is contra-f-irresolute (resp. f-irresolute).

(ii) (1)=(2) Let A; € BO(Y, o). We have the followng: (1) jz'(4;) = KN A €
BO(K,c|K) (cf. Theorem 4.1(ii)). Then, using (*1) above and assumption (1), we have
that (jx o k)"'(A1) = k(g (A1) € BO(X,7) (resp. BO(X,7)). (2)=(1) Let B €
BO(K,o|K). Then, we have that B € SO(Y,0) (cf. Theorem 4.1(i)). Then, using (2), we
show that k=(B) = (jx ok)~*(B) € BC(X, ) (resp. BO(X,7)). (iii) By assumption and
(i), it is obtained that f|H : (H,7|H) — (Y,0) is contra-f3-irresolute (resp. (-irresolute).
Since fIH = jmy © (ra sy (f)) (cf. Remark 4.3(i)), by (ii) it is shown that the mapping
ra,pm) (f) is contra-g-irresolute (resp. S-irresolute). O
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Theorem 4.5 (cf. [40, Definition 2.5, Theorem 2.7(i)]) Suppose that H € aO(X,T).

(i) If f € con-Bch(X, X\ H; 7) (resp. Bch(X, X\H;T)), thenry u(f) € con-Bch(H;T|H)
(vesp. Bch(H;T|H)).

(il) The following mapping (rg)s« : G(X, X \ H;7) — G(H;7|H) is well defined by
(ri1)o () = a1, (f) for every f € G(X, X \ H; 7).

(i) The following mapping (ru)«o : Go(X, X \ H;7) — G(H;7|H) is well defined by
(re)«o(f) :==rau(f) for every f € Go(X, X \ H;T).

(iv) (cf. [4, Theorem 4.4(i)]), Notation 3.3, Theorem 3.5(i),(i)’)
(iv-1) (ra)« : G(X, X \ H;7) — G(H;7|H) is a homomorphism of group.
(iv-2) (re)s0: Go(X, X\ H;7) — G(H; 7|H) is a homomorphism of group.
(1v-3) ()4 G0 (X, X \ H:7) = (r)-o-

Proof. (i) In Theorem 4.4(iii), let consider the case where Y = X and 7 = ¢. Since f € con-
Beh(X, X \ H; ) (resp. Bch(X, X \ H; 7)), we have the following property that both f and
f1 are contra-g-irresolute (resp. B-irresolute) bijections from (X, 7) onto itself such that
f(X\H)=X\H=fYX\H)) (cf. Definition 3.1), and so f(H) = H = f~*(H), f(H)
and f~1(H) are a-open in (X, 7). Then, by Theorem 4.4(iii), it is shown that 7 g (f) and
(rau(f)Y=rgg(f~): (H,7|H) — (H,7|H) are contra-G-irresolure (resp. S-irresolute)
bijections (cf. Remark 4.3(ii)). Namely, we have the followng: g g (f) € con-Sch(H;7|H)
(vesp. Bch(H;T|H)). (ii) Let @ € G(X,X \ H). For the case where that a € con-
Beh(X, X \ H;7) (resp. fch(X,X \ H;7)), by using (i) it is shown that rg g(a) € con-
Beh(H;T|H) (resp. Beh(H;7|H)) and so rg p(a) € G(H;7|H). Therefore, (rg)«(a) =
ra,u(a) € G(H;7|H) holds for any element a € G(X, X \ H;7) and so (rx)« is well defined.

(iii) We recall that Go(X, X \ H;7) C G(X, X \ H; 7). Then, by the definition of (7)o
and (ii), it is obtaned that (rg)«o(a) :==ru,u(a) € G(H;7|H) for every a € Go(X, X \ H).

(iv) We denote G := G(X,X \ H;7) and Gy = Go(X,X \ H;7), throughout the
present proof of (iv). (iv-1) Let a,b € G and w : G Xx G — G be the binary opera-
tion of the group G (cf. Proof of Theorem 3.5). Then, by definition, w(a,b) := bo a for
a,b € G and (rg)«(w(a, b)) = rap(boa) = (ra,u(d)) o (ru,m(a)) hold (cf. (ii) above, Re-
mark 4.3(ii)). Here, we recall that the group G(H;7|H) := con-Bch(H;7|H) U Sch(H;7|H)
has the binary operation wy : G(H;7|H) x G(H;7|H) — G(H;7|H) defined by the com-
posite mapping: wg(f,g) := go f, where f,g € G(H;7|H) (cf. [4, Theorem 4.4(i)]). Thus,
we have the following: (rg)«(w(a,d)) = (ra,u(b)) o (ru,u(a)) = wg(rga(a),rg, o (b)) =
wg ((rg)«(a), (rg)«) (b)) and hence (rg)s : G — G(H;7|H) is a homomorphism of group.
(iv-2) Since Gy is a subgroup of G (cf. Theorem 3.5(i)’), by an argument similar to that of
(iv-1) it is shown that (rg)«0 : Go — G(H;7|H) is a homomorphism of group. (iv-3) For
an element a € Gy, we have the following: ((rg)«|Go)(a) = (rm)+«(a) = 7, u(a), on the other
hand, (rg)+«,0(a) = ra,m(a) and hence (75)+|Go = (ri)+0- O

Lemma 4.6 ([40, Lemma 2.6] for the case where S-irresoluteness ) Let (X, 1) and (Y, o) be
topological spaces such that X = U;UU; withU; # 0 (5 € {1,2}). Let f1 : (Uy,7|Uy) = (Y, 0)
and fo : (U, 7|U2) — (Y, 0) be the two contra- ,6’ irresolute (resp. S-irresolute) mappings with
fi(x) = fa(x) for every point x € Uy NUs. If Uy and Us are a-open sets of (X, 7), then
its combination f1V fa 1 (X,7) — (Y,0) is contra-G-irresolute (vesp. (-irresolute), where
(1Vf2)(2) = [j(2) for every z € U; (j € {1,2}).

Proof. By using Theorem 4.1(i)(iii) and above definitions, this lemma is proved. O

Theorem 4.7 (cf. [40, Theorem 2.7 (ii),(iii)]) (i) Suppose that H € aO(X, 7). Then, we
have the following isomorphisms of groups (cf. Theorem 4.5(ii), (iii),(iv)).

(1) G(X, X\ H;7)/Ker((ru).) = Im((ra)s)-

(i-2) Go(X, X \ H;7) 2 Im((ru)«0), where Ker((ru)«) :={a € G(X, X \ H;7)|(ru)«(a) =
1u} is a normal subgroup of G(X, X\ H; 1), and Im((ru)«):={(ru)«(a)la € G(X, X\ H;T)
and Im((re)s0):= {(ru)«o(d)b € Go(X,X \ H;7)} are subgroups of G(H;T|H).
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(i) Suppose that H € aO(X,7) N aC(X,7) (cf. Lemma 4.6, the top of the present
Section 4). Then, under the assumption above, we have the following properties on the
homomorphisms (1)« and (ri)«o (cf. Theorem 4.5).

(ii-1) If con-Beh(X, X \ H;7) # 0, then (rg)« : G(X, X \ H;7) — G(H;7|H) is onto.
(ii-2) If con-Bcho(X, X \ H;7) # 0, then (ru)wo: Go(X, X \ H;7) = G(H;7|H) is onto.

(iii) Suppose that H € aO(X,7) NaC (X, 7). Then, we have the following isomorphisms
of groups.

(iti-1) If con-Beh(X, X \ H;7) # 0, then G(X, X \ H;7)/Ker((rm).) 2 G(H;7|H).
(iii-2) If con-Beho(X, X \ H;7) # 0, then Go(X, X \ H;7) 2 G(H; 7|H).

Proof. (i) Since H € aO(X,7), the mappings (rg). and (rg).«o are the well defined
homomorphisms of groups (cf. Theorem 4.5, Remark 4.3(i)). Then, by using the first iso-
morphism theorem of group theory, it is obtained that there are group isomorphisms below,
under the a-openness of H in (X, 7): (i-1) G(X, X \ H;7)/Ker((rg).) = Im((rg).) and
(i2)1 Go(X, X\ H;7)/Ker((rg)«0) = Im((rg).o). In (i-2); above, it is shown that
(i-2)2 Ker((rg)«o) = {1x}. Indeed, let ug € Ker((rg)s«o0) € Go(X,X \ H;7). Then,
(ra)«o0(up) = 1y holds,where 1y is the identity element of G(H;7|H), by definitions (cf.
Theorem 4.5(iii),(ii) and Remark 4.3(i)), it is shown that, for any point z € H,1y(z) =
((re)so0(uwo))(z) = (ram(u))(z) = uo(z) and so ug(x) = z holds for any point € H.
Moreover, for any point © € X \ H,uo(z) = z holds, because of ug € Go(X, X \ H;7) (cf.
Notation 3.3(ii)’, Definition 3.1(iv)) and hence we prove (i-2)oKer((ru)«o0) = {1x}. Thus,
by using (i-2); and (i-2)5 above, the isomorphism (i-2) is proved.

(ii) (ii-1) Let h € G(H;7|H). We find a mapping, say hy € G(X,X \ H;7) such
that (rg),(h1) = h. Indeed, we consider the following two cases (because of G(H;T|H) :=
Bch(H;T|H) U con-Beh(H; 7| H)).

Case 1 h € con-fch(H;7|H). For the present case, we select an element g belonging to con-
Bch(X, X \ H;7) # () by one of assumptions. By Theorem 4.4(i), it is obtained that g|(X \
H):(X\H,7|X\ H)—= (X,7) is a contra-S-irresolute mapping such that (g|(X \ H))(X \
H)=X \ H. Then, since jgoh : (H,7|H) — (X, 7) is a contra-fS-irresolute mapping (cf.
Theorem 4.4(ii)), by Lemma 4.6, it is shown that the combination, say hq := (jgoh)V(g|(X\
H)): (X,7) = (X,7), is a contra-fS-irresolute bijection. And, we have the followng:h (X \
H)= X\H and h]' = (juoh ")V (g |g(X\ H)). Using Theorem 4.4(ii) and (i) above, it is
shown that jyoh™ : (H,7|H) — (X,7) and g~ g(X\ H) : (X\ H,7|(X\ H)) — (X, 7) are
contra-f-irresolute mappings; and so the mapping hy " is contra-S-irresolute (cf. Lemma 4.6).
Thus, we proved that hy € con-Bch(X, X \ H;7) and (rg)«(hi)=rg,u(h)=ru,u((ju o
RV (g(X\ H)))= ru,u(ju o h) = h (cf. Theorem 4.5(ii), Remark 4.3(i)). Namely, for the
present case, there exists an element h; € con-Bch(X, X \ H;7) C G(X, X \ H; 7) such that
(r)«(h1)= h.

Case 2 h € fch(H;7|H). For the present case, using [40, Theorem 2.7 (i)(i-2)]. there is
an element b} € fr-h(X, X \ H;7) C G(X, X \ H;7) such that (rg),(h})= h, where h} :=
(Jaroh)V(Ax|(X\ H)) : (X,7) = (X,7). Therefore, using Case 1 and Case 2, we prove
that (rg )« is onto.

(ii-2) Let h € G(H;7|H). We consider the following two cases.

Case 1 h € con-fch(H;7|H). For the present case, we select an element gy € con-
Beho(X, X \ H;7) # . By an argument similar to that in the proof of (ii)(ii-1) Case
1, it is proved that hy := (jg o h)V(go|(X \ H)) € con-Bch(X, X \ H) C Go(X, X \ H;7)
and (7g)+,0(h2) = h.

Case 2 h € Bch(H;7|H). For the present case, using [40, Theorem 2.7 (i)(i-2)], there exists
an element hy € Beho(X, X \ H;7) C Go(X, X \ H;7) such that (rp), o(hy)= h, where
hy = (ju o h)V(1x[(X \ H)). Therefore, (ry),, is onto. (iii) By (i) and (ii), the
isomorphisms (iii-1) and (iii-2) are obtained. O
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5 A characterization of 3-open sets of the digital plane (Z2, x?) and some new
groups on (Z2, k?). In the present Section 5, we have the following four subsections (I),
(II), (T1I1) and (IV).

(I) Introduction of some related notation. We recall the concept of the digital plane.

Definition 5.1 (E.D.Khalimsky, R.Koppermann,P.R.Meyer,T.Y.Kong, cf. [22, p.175,-
Definition 4], [20, p.905,p.908], [29, Section 2], [30, Example 4 in Section 2]).

(i) The digital line or the Khalimsky line (Z, k) is the set Z of all integers, equipped with
the topology & having {{2m — 1,2m,2m + 1}|m € Z} as a subbase (e.g., [27, Section 3 (I)],
[16], [38, Section 6 in p.6]).

(ii) The digital plane or the Khalimsky plane is the Cartessian product (=topological
product) of 2-copies of the digital line (Z, ). This topological space is denoted by (Z2, x?),
where Z2? := Z x Z and k2 := k X k (e.g., [16], [9, Section 6], [39, Section 5], [11, Section 7],
[10], [33, Section 6], [27, Section 3(II) in p.322]).

(o) In (Z, k), for each integer s, {2s} is closed and it is not open, and {2s 4+ 1} is open and
it is not closed. And so Cl({2s}) = {2s}, Cl({2s+1}) = {25,25+ 1,25+ 2}, Int({2s}) =0
and Int({2s + 1}) = {2s + 1}.
(o) In (Z2 k?), for each integers s and m, {(2s,2m)} is closed and it is not open, and
{(2s +1,2m + 1)} is open and it is not closed, and {(2s + 1,2m)} and {(2s,2m + 1)} are
not open and they are not closed. And so we have the following properties:
-Cl({(2s,2m)}) = {(2s,2m)}, Cl({(2s+ 1,2m+1)}) = {2s,25+ 1,25+ 2} x {2m, 2m +
1,2m + 2}, Cl({(2s + 1,2m)}={2s,2s + 1,25 + 2} x {2m}, CI({(2s,2m + 1)} = {2s} x
{2m,2m + 1,2m + 2}, and
-Int({(2s,2m)}) =0, Int({(2s+1,2m+1)}) = {(2s+1,2m+1)}, Int({(2s+1,2m)}) =
Int({(2s,2m + 1)}) = 0.

Definition 5.2 (cf. Notation 5.5 below) Let A be a subset of (Z2, k?).
(i) Aez == {z| z € A and {z} € v?}, (ii) Arp:={z| z € A and {z} is closed in (Z%, k?)},
(iil) Apiz ={z| z € A, ¢ A2 and & & Ar2}, and
(iv) for the set A =0, Auo:=0, Ar2 =0, Az := 0.
(v) Note that, sometimes, the set A2 (resp. Arz, Ap,iy) above is denoted by (A),2 (resp.
(A) 72, (A)miz (cf. Notation 5.5).

Definition 5.3 (i) For an open set E and a point « € E, F is said to be the smallest open
set containing xz, if E C G holds for every open set G containng z (e.g., [31, Definition 2.5,
Remark 2.6 (ii)], [27, Section 3], [25, p.6 of Section 1]).

(ii) The smallest open set containing a point x in (Z?, k2) is denoted by U(x) throughout
the present section (cf. Remark 5.4(iv) below).

Remark 5.4 The following properties are well known. Let A be a subset of (Z%, k2) in (i),
(ii) and (iii).

() (2% ={(2s+1,2m+1)| 5, m € Z}, Apz = AN (Z?)2,

(ii) ( Zz)]:z = {(2s, 2m)| s, mEZLY, Ap = AN (Z2) r2

(iii) (Z2)miz = {(25+1,2m)| 5, m € ZYU{(2s',2m'+1)| s',m’ € Z}, Aiz = AN(Z?) mix-

(iv) Moreover, we have the following properties:
(iv-1) if € (Z2),2, then z := (25 + 1,2m + 1) for some s,m € Z and U((2s + 1,2m +
1))={(2s +1,2m + 1)} (cf. (i) above and Definition 5.3(ii) for the notation U (e)),

(iv-2) if # € (Z2)z2, then x := (2s,2m) for some s,m € Z and U((2s,2m))={2s —
1,258,254+ 1} x {2m — 1,2m,2m + 1} (cf. (ii) above),

(iv-3) if z € (Z*)mix, then x = (25 + 1,2m) or & = (2s,2m + 1) for some s,m € Z and
U((2s+1,2m)) ={2s+ 1} x {2m—1,2m,2m+ 1}, U((2s,2m+ 1)) = {2s — 1,2s,2s5+ 1} X
{2m + 1} (cf. (iii) above).
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(IT) A characterization of 3-open sets of (Z2,x?). We prepare the following notation
which are used in Theorem 5.7 and Corollary 5.8 below. And, we note (X).2:={yly € X
and {y} € 2} for a subset X of (Z2, k?).

Notation 5.5 (cf. Definition 5.2) Let A be a nonempty subset of (Z2, x?2).

V(Ar2) :=J{{z} U(ANU(@))e2]| v € Az2 and (ANU(x)),.2 # 0},

V(Amiz) = U{y} U (ANUY))w2| y € Amiz and (ANTU(y)).2 # 0}. And, for the
case where Az2 = () (resp. Az = 0), we set that V(Axz) :=0 (resp. V(Amiz) := 0).

Example 5.6 Let A = {z,p,,y,y7,9,2} U {a} C Z% and B := A\ {a}, where x :=
(0,0),p; := (1,1),y := (2,1),y~ := (3,1),y := (3,0), z := (5,1) and a := (—2,0). Then,
we have the following properties: (1) the set A is not S-open and B is S-open,

(2) V(Ar2) UV (Api) U Az = {par =, 2,2,/ }=A\ {a} # 4,

(2) V(Br2) UV (Biniz) U Bez={2,ps } U{p2, 4,4,y } U{pe,y ™, 2}=B.
Proof of (1) We see that Cl(Int(Cl(A))) ={0,1,2,3,4,5,6}x{0,1,2} # (—2,0) = a and so
Cl(Int(Cl(A))) 2 A holds. For the set B, we see that Cl(Int(Cl(B))) = {0,1,2,3,4,5,6} x
{0,1,2} D B. Proof of (2) Since Ar: = {a,z}, we see that (ANTU(a))xz =0 and (AN
U(x))ez £ 0, V(Ar) = {z}U(ANU ()2 = {x,p} hold. Since A, = {y,y'}, we see that
V(Amia) = [{y}O(ANU () 2] V{y YU(ANU(Y')) 2] ={y, 2,y Yy ™ 1 ={y, 00,9759}
Since Ag2 = {ps,y~,z}, we prove (2). Proof of (2)’ For this S-open set B, we are
able to see that: Br: = {z}, Bmiz = Amiz, Bw2 = Ax2 and so we have the following:
V(Br2) UV (Bmiz) U Bee={2,ps } U {po, 4,47, 4"} U{pz,y~, 2}=B.

By investigating Example 5.6 above, we find one of the characterization of 5-open sets of
(72, K2) (cf. Theorem 5.7(i)(i-2),(ii) and Corollary 5.8 below).

Theorem 5.7 (i) (i-1) If B is a nonempty 3-open subset of (Z2,k2), then
(BNU(x))x2z # O holds for each point x € Br2 U By (cf. Remark 5.4(1)(ii)).
(i-2) If B is a B-open set of (Z2,K?), then B is expressible as follows:
B =V (Bz2) UV(Biz) U B2 (cf. Notation 5.5, Remark 5.4(i)).
(i) If a subset B is expressible as B = V(Bz2) U V(Bmiz) U By2, then B is [3-open in
(72, K?).

Proof. We note that, in general, for a point w € Z? and a subset B of (Z2, k?),

(1) (BNU(w))e2=BnN (U(w)).2 holds, where (U(w))x2:={2]z € U(w) and {z} € x2}.

(i)(i-1) Let € Bx2 U Byyy. Then, since B C Cl(Int(CIl(B))), we have the following:
U(xz) N Int(Cl(B)) # 0 holds and so there exists a point z(z) such that z(z) € U(z) N
Int(Cl(B)). Then (2) U(z(x)) C CU(B) and 0 # (U(z(z)) C U(z) (cf. Definition 5.3(ii)).
Then, using (2), we see that () # (U(z(x))).2 C (U(z)),2 and we can take an open singleton
{p(x)} such that p(z) € U(z(z)) and so p(x) € B. Thus, we have the following:p(z) €
BN(U(x))x2, i.e., (BNU(x))x2 # 0 (cf. (1) above). (i-2) First we note that the sets V(Bzz)
and V(B ) are well defined by (i-1) above, respectively, for a nonempty S-open set B. We
prove that: (3) V(Bz2) UV (Bz2) U B,z C B holds and (4) B C V(Bz2) UV (Bpiz) U By
holds. Proof of (3) We see that V(Bx2) C |J{{z} U Bx2|x € Br2}=Bz2 U B,> C B and
V(Bmiz) c U{{y} U Bmiz|y € Bmzz}:Bmzz Cc B. And so we prove (3)

Proof of (4) Let z € B. And we consider the following two cases.
Case 1 z € B2 U Byy;,. For the present case, by (i-1), it is shown that (BN U(z)).2 # 0
and z € V(Bz2) UV(Bpiz), and so (5) z € V(Bz2) UV (Biz) U Bye.
Case 2 z € B,2. For the present case, it is seen clearly that (5) above holds. Thus, by
Case 1 and Case 2 above, (4) is proved. Therefore, by (3), (4) and Notation 5.5, it is proved
that B = V(Bz2) UV (Bnixz) U By2 holds if B is S-open in (Z2, k?).

(i) Let B # 0. By using the assumption of (ii), the definition of V(Bx2) and V(B,,iz)
(cf. Notation 5.5), it is shown that (BN U(x)).2 # 0 holds for each point x € Bx2 U By
We show firstly that: (6) {z}U(BNU(z)),z2 is f-open for each point © € Bxr2UB;,. Indeed,
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since (BNU (z)),2 # 0, there exists a point, say z(x), such that z(z) € B,2N(U(x)),2. Then,
it is shown that = € Ci({z(z)}), because z(z) € (U(z))2 C U(x) C W hold for every open
set W containing . And we have the following: Cl(Int(Cl({z(x)}) D Cli(Int({z(x)})) =
Cl({z(x)}) 3 z, and so Cl(Int(Cl({z} U (BNU(x))2))) 2 Cl(Int(Ci({z(x)}))) D {z}.
Then, Cl(Int(Cl({z} U (BNU(z))x2))) 2 {z} UCI(Int(CI((BNU(x)).2))) 2 {z} U (BN
U(x)),2, because (BN U(x)).2 € BO(Z2,k%). Thus we prove the property (6), i.e., {z} U
(BNU(z))x2 € BO(Z?, k?) for each point x € Brz U Bz

Therefore, since any union of S-open sets is S-open (cf. Theorem 4.1(iii)), by using (6),
Notation 5.5 and the assumption of (ii), it is proved that the set B is -open in (Z2,x2). O

Corollary 5.8 A subset B of (Z2,k?) is B-open if and only if B is expressible as B =
V(B].-z) U V(Bmw) UB,z:. O

(III) A proof of con-Bch(Z?;k%) = B (cf. Corollary 5.11(ii)’ below).  We first pre-
pare the following notation: (III-1) U := {-1,0,1} x {-1,0,1} (i.e., U := U((0,0)): the
smallest open set of (Z?;x?) containing (0,0)): (III-2) O := (0,0),p™" := (1,-1),p? :=
(-1, —1)7]7(3) = (_17 1)710(4) = (17 1) and y(l) 2= (07 —1),2/(2) = (_170)721(3) . (03 1)7_

y@ = (1,0), and so (III-3) () U = {o’p(1)7p(2)’p<3)’p(4)7y(1)7y(2>7y(3)’y(4)} and (-)
Un2 = {p(l)ap<2)7p(3>7p(4)}7 () UJ:2 = {0}7() Umzz = {y(l)7y(2)7y(3)7y(4)} and so ()
U = U2 UUpiz UUz> (disjoint union) and (-) the smallest open sets U(y(*) of (Z2; %) con-
taining the point ¢ (1 < i < 4) is defined as follows: U(y(®) = {p+1 4@ pD1(1 <i < 4),
where p® = p(1) (cf. (%) in the first part of the subsection (IV) below).

Proposition 5.9 Let U := U((0,0)) (cf. (III-1) above) and f : (U,xk2|U) — (U, x%|U) be a
mapping. If f is bijective, then

(i) f=1 is not contra-B-irresolute (cf. Definition 2.2) and

(i) f~=% and f are not contra-Bc-homeomorphisms (cf. Definition 3.1).

Proof. (i) We select three points, say p®) € U, p® € U, and yV) € U, with the
smallest open set U(y(M) = {pM) y® pP} (cf. (I1I-2) above). For the point y*) there
exists an only one point, say z(y(1), such that z(y™") € U and f(z(y™")) = y(M. Then, ()
we take a set B := U\ {z(y™)}. Then, we claime that:

(1) the set B is S-open in (U, x?|U) and

(2) f(B) is not B-closed in (U, k?|U). Proof of (1) We consider the following two cases,
because of z(y™M) € U = U2 U (Upiz UUgz2) (cf. (ITD)-1, (II1)-2, (III)-3 above).

Case 1 z(y(M) € U,». For the present case, since {z(y™"))} is open in (Z2, x?) and z(yM) €
U, we see that z(y(M) = plo) for some jo with 1 < jo < 4. And, so we have the followng:
ClU(B) = U{CL({pD}|i # jo with 1 < i < 4} and Int(CI(B)) 2 U{Int(CI({pD})|i # jo
with 1 <4 < 4}=J{{p®}]i # jo with 1 < i < 4} and so Cl(Int(CI(B))) 2 U{CL({pP})|i #
jo with 1 <i <4} = CI(B) D B, i.e., for the present Case 1, B is 3-open in (Z2, x?).
Case 2 z(y™") € Uiz U Ure. For the present case, since B = U N (Z2\ {z(yM)}), we
have the following: Cl(Int(Cl(B))) 2 Cl(Int(U N CUZ* \ {z(yM)))=Cl(Int(U N Z?)) =
Cl(Int(U)) = CI(U) D B and so B € BO(Z? k?). Thus, for each case, B € BO(Z?, k?)
and so, by using Theorem 4.1(ii), it is shown that B = B N U is B-open in (U, x2|U)
(note: U € k% C aO(Z?,K2)). Proof of (2) For the point z(y™M) with y) = f(z2(yV)),
B := U\ {z(y™MV} and the bijection f : U — U, we see that f(B) = U \ {yV}, where U :=
U((0,0)). Using Theorem 4.1(iv), we have the following: SCly(f(B)) = U N BCI(f(B))=
U [F(B) U Tnt(CUInt(F(B))] = U N (U \ 1y} U] = U and so 8CIu (f(B)) = U #
U\ {yM} = f(B). Thus, we prove (2). Therefore, by (1), (2) and definitions, it is proved
that f=% : (U,k%|U) — (U,x%|U) is not contra-B-irresolute (cf. Definition 2.2(iii)).  (ii)
By (i) above and Definition 3.1(i)(i-2), it is obtained that f~! and f are not contra-fc-
homeomorphisms. 0
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Remark 5.10 Let g : (Z2, k%) — (Z?,k?) be a bijective function. Then, the inverse g—! :
(72, k?) — (Z?, k?) is not necessarily contra-[-irresolute and so g and g~ ! are not necessarily
a contra-fr-homeomorphism (cf. Definitions 2.2, 3.1). Indeed, we take a mixed point, say
Y € (Z*)miz, and a set B := Z2\ {g7(y)}. We prove that B € BO(Z?,x2?) and g(B) =
Z2\ {y} is not B-closed in (Z2, k?) (cf. Proof of Proposition 5.9(i)).

Corollary 5.11 Let U := U((0,0)), i.e., U := {—1,0,1} x {—1,0,1}(C Z2). Then, we have
the following properties.
(i) Every homeomorphism f : (U, 52|U) — (U, sz\U) is not a contra-fr-homeomorphism.
(i)" Every homeomorphism g : (Z2, k%) — (Z2, k?) is not a contra-Br-homeomorphism.
(ii) h(U; HQ\U ) & con-Beh(U; /<a2|U and con-Bch(U; ﬁQ\U =0.
(i)’ ( k2) € con-Bch(Z?; k?) and con- Bch(Z2 2y = 0.
(iii) G(U; /@2|U) =Bch(U; k2|U) (cf. Notation 3.3, Definition 3.1(ii)).
(iii) G(Z2; k?)=Bch(Z?*; k?) (cf. Notation 3.3, Definition 3.1(ii)). O

(IV) New groups fBo)ch(H;x* H), Bz)ch(H; x*|H) U con-foych(H; k*|H), -
p-Bych(H; k2|H) and p.B(2ych(H; k2 |H) U con-p.Boych(H; % H).

Our main results of (IV) are Theorems 5.23, 5.25 and Example 5.27 (cf. Definition 5.15).
We introduce some new concepts 3(s)-open sets (cf. Definition 5.12, Definiton 5.15). We
first recall the following notation (x) et al. and we prepare new definitions (Definition 5.12,
Remark 5.13).

(*) Let & = (z1,22) € (Z*) £ (i.e., 1 and x5 are even). For this point x, we denote the
points belonging to the smallest open set U(z) containg the point z as follows:

U((IJ) = {x1_1>x17x1+1}X{x2_17x2’$2+1}: {[L’ p(11)7p17 apz ap(4) (1) (2 Y. 7yz)}7
where p{) = (r1 + 1,29 — 1), p? = (x1 — L,za — 1), p &) = (r1 — L,z0 + 1) (=
(141, 224+1), yg(gl) = (21, 29—1), yg(f) = (z1—1,22), ¥ I = (z1,22+1), y ( ). = (z1+1,29).

(*x) The following illustration shows the points belonglng inU(z), Where {z} = {(z1,22)}
is closed in (Z2,k2) (i.e., z € (Z2)52), (U(z))r2 = {2}, (U(z))n2 = {p{"]i € {1,2,3,4}} and
(U(@))mi = {98"]i € {1,2,3,4}}

Z
opt” s opt!
4P o 4
op? e opth)
00 i i L7

When = = (0,0) (i.e., x =“the origin O” of Z?), we simply denote p ) and y as p® and
y', respectively, and so U := U((0,0))={(0,0),p™,p®,p@®, p®), (1),y(2),y(3)7y(4)}-

Definition 5.12 Let z € (Z?) 72 and U(z) be the smallest open set containing x. We define
the following two families, 82)O(U(x)) and B2)C(U(x)) as follow (cf. Propositions 5.16(i),
5.18(1)):

(i) ByO(U(x)) :={B|B € BO(Z*,K?), B C U(x) and |B| = 2} (cf. Remark 5.13(i)),

(i) B2y C(U(x)):={F|F € BC(Z* k*),F C U(z) and |F| = 2} (cf. the definition of
p-B2)C(U(x)) C B2)C(U(x)) in Remark 5.13(ii) below).

Remark 5.13 For a point x € (Z2)r> and the smallest open set U(x) containing z, we
have the following precise form of families 82)O(U(x)) and B(2)C(U(x)) above, respectively
(cf. Propositions 5.16(i), 5.18(1)).
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(i) BoyOU(2)) = {{z,ps"}, {z,pS}, {2,087}, {2, oV}, {ws" . pe" ), {ws” o7}
{yg(f), P, {y<4) Y, {p 2)7y(1>} P2, {p(4)7y(3)} 6y, P, My -

0P 023, (0,02, (Y MY, {pSE”,pJ} (", p&} 1. (We use the fouowmg abbrew—

ated notation: 5(2)0( () :== {{=, px )} {yx ,px)} {p z+1)7y@)} {p 1+1)7px)} {Pa: ,px }
{087, p}i € {1,2,3,4}}, where pf?) == pi))
(i) (1) P O(U2))= {0 ), o), ,y‘“} W Y, -

NS N (O e R N RN {p““%yﬁ}, o, 5"} € {1,2,3,4}}, and
(ii-2) we introduce the following importante subfamily, say p.3(2)C(U(x)), of B2y C(U (x))
above and this concept is used in Theorem 5.23, 5.25 and Example 5.27,

p-BayC(U(x)):={{, S ’} {y““),y“} 0,y D, D), 0 0], (pD 0] -
li € {1,2,3,4}}), where y{ : (1) and p& == pM p () = (12)7 )= ;3)‘

Remark 5.14 (cf. Definition 5.12) We have the following inclusions of families.

(i) B O(U(x)) C BO(Z?,K*). (i) B)O(U(x)) C BO(U(2),k*|U(x)) C BO(Z2, %)
(cf. (i) above, Definition 5.12(i), Theorem 4.1(i),(ii)).

(i) pﬂ(z)C(U(w)) C B)C(U(x)) C BC(Z, k). (i) B)C(U(x)) C BC(U(x), K2|-
U(z)) C BC(Z2%, k?) (cf. (ii) above, Definition 5.12(ii), Remark 5.13(ii) and, Theorem 4.1(iv-
1),(iv-3)).

(Note) By definition, we say that: (1 ) 0¢ 5(2)0( (x)) and @ & B(2)C(U(x)) and
(2) By OU @) Biay C(U (@) ={{r, 0}, 1”7}, (0,0, (0708}, (0, 07 i €
{1,2,3,4}}, where pf) = p&l).

Definition 5.15 Let H C Z? with |H| > 2. A subset B (resp. F, F}) of (Z2, x?) is said
to be a fBay-open (vesp. Bz)-closed, p.B(g)-closed) set of H, if B C H (resp. F C H, Fy C H)
and there exists a point 2 € (Z?) z2 such that B € 52,0(U(z)) (resp. F € B2yC(U(x)), Fy €
p-B2)C(U(z)) ) (cf. Definition 5.12(i) and Remark 5.13(i) (resp. Definition 5.12(ii) and
Remark 5.13(ii))). The family of all 3(5)-open (resp. B(2)-closed, p.B(2)-closed) sets of H is
denoted by B(2)O(H) (resp. B2)C(H), p.B2)C(H) ). (Note: Proposition 5.16 (resp. 5.18(i),
5.18(i)) below.)

Proposition 5.16 Let H C Z? with |H| > 2.

(i) B2)O(H) C BO(Z?, k*) holds (cf. Remark 5.17(i) below).

(ii) B2)O(H) C BO(H, k*|H) holds (cf. Remark 5.17(i) below).

(iii) If H is B-open in (Z2,x2%), then BO(H,x%|H) C BO(Z?,x?) (cf. Theorem 4.1(i),
Remark 5.17(ii) below).

Proof (i), (ii) Let B € f(2)O(H). By Definition 5.15 and Remark 5.14(i), it is obtained that
(*)B € B2y0(U(z)) and B C H for some point & € (Z?) re.

The proof of (i) By Definition 5.12(i) (or Remark 5.14(i)), it is obtained that B €
BO(Z?, k*) and so (i):82)O(H) C BO(Z?, k).

The proof of (ii) is as follows. Let B € f2yO(H). We show that B € SO(H,r* H).
Indeed, by (*) above in the top of the present proof, B C H and B € f(2)O(U(z)) for some
point x € (Z%)r=. We investigate the proof with the following cases: Case 1, Case 2 and
Case 3 (cf. Remark 5.13(i) etc.).

Case 1 B € {{z, p{"}|i € {1,2,3,4}} (resp. Case 2 B € {{y{”,p{"}, {4\, piTV}|i €
{1,2,3,4}}, where p° := pg(v ).) For the present case, we put B = {u, p}, where u € (U(z)) 2
(iie., u = x) and p € (U(x))x2 (vesp. v € (U(%))miz and p € (U(u))x2). Then, we
have the following: (1) Inty(B) 2 {p} and (2) Clug({p}) 2 B. Proof of (1) Since
Ul(p) N H = {p} N H = {p} € x%|H, the set U(p) N H = {p} is the smallest open set of
(H,k?|H) containing p such that p € B and so p € Inty(B). Proof of (2) Since U(u) N H
is the smallest open set of (H, x2|H) containing u and (U(u) N H) N {p} # 0, we have the
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following: u € Clg({p}) and so Clyg({p}) D {u,p} = B.

Then, using (1) and (2), we see that Cly (Intg (Cly(B))) 2 Cly(Intg(B)) 2 Clu({p}) 2 B
and so B is $-open in (H, k2?|H) for the present Case 1 (resp. Case 2).

Case 3 B € {{p{”, pi™V} {pt, pliT™i € {1,2,3,4}}, where p) := pi") and p{¥ = p{?.
For the present case, we put B = {p, p'} where p € (U(z)).2 and p’ € (U(x)),2 with p #p'.
Then, we have (3) Inty(B) = B. Proof of (3) Since B = {p,p’}, where p # p’ and
p, 0 € (U(x))yez, it is shown that U(p) N H = {p} N H = {p} C Band U(p') N H C B, and
so U(p) N H (resp. U(p') N H) is the smallest open set of (H, x%|H) containing p (resp. p').
Thus we have the following: p € Inty(B) (resp. p’ € Inty(B)) and so B C Inty(B), ie.,
B = Intg(B). Then, the set B is f-open in (H, x?|H) for the present Case 3. Therefore,
by all cases above, it is shown that S)O(H) C BO(H,x* H) (cf. Remark 5.17(i) below).
(iii) Suppose that B € BO(H,x?|H). Since B C H C Z? and H is S-open in (Z?, x?) (by
assumptions), using Theorem 4.1(i), we have the followng: B € SO(Z?, x?). Thus we prove
that BO(H, k*|H) C BO(Z?, k%) if H is B-open in (Z2, K?). O

Remark 5.17 (i) In Proposition 5.16(i)(ii)), B2)O(H) is a proper subfamily of

BO(H, k%|H) and BO(Z?2, k?), respectively. Indeed, let B := {p,p'} and H := BU{x}, where
p:=(=1,-1), p’ :== (3,—1) and z := (0,0). Then, B € BO(H;«?|H) and B € BO(Z?, k?).
However, B & 2)O(H), because B & )0 (U(x)) for any x € (Z?) .

(ii) It follows from the following example that the assumption of Proposition 5.16(iii)
is not removed. Let H := {p,p’,y,z,y'} and B := {p,p’,y,y'}, where p := (-1,-1),p :=
(3,-1),y := (—1,0),2 := (0,0),3 := (1,0). Then, H is not 3-open in (Z?, x2),
because Cl(Int(CI(H))) = Cl({p,p'}) Z v’ and y’ € H. And, B is S-open in (H, k?|H), be-
cause Cly (Inty(Cly(B))) = H D B; however, B ¢ BO(Z?, k?), because Cl(Int(Cl(B))) =
Cl({p,p'}) Z v and ¢’ € B.

Proposition 5.18 Let H C Z? with |H| > 2.

(i) p-Bo)C(H) C BoyC(H) € BC(Z?,K?) hold.

(ii) If H is a-open in (Z*,k*), then B2 C(H) C BC(H;x* H) (cf. Theorem 4.1(iv-2),
Remark 5.19(i) below).

(iii) If H is a-open and B-closed in (Z2,x?), then BC(H, k?|H) C BC(Z?, k?) (cf. Theo-
rem 4.1(iv-3), Remark 5.19(ii) below).

Proof. The proof is analogous to the case of 82)O(H) (cf. Proposition 5.16 above) and so
is omitted. O

Remark 5.19 (i) In Proposition 5.18(i), 8(2)C(H) is a proper subfamily of SC(Z?,k?).
Indeed, let H := U(z) U U(2’), where x := (0,0) and 2’ := (2,0). Then, a S-closed set
F := {x,2'} of (Z* k?) is not fBz)-closed in H, because F & B C(U(z)) for any point
z € (Z*) 72 (cf. Remark 5.13(ii)).

(ii) It follows from the following example that the assumption of Proposition 5.18(iii) is
not removed. Let F' := {p,z,p'} and H := F U {q}, where z := (0,0), p := (-1,-1), p’ :=
(1,-1), ¢ :== (3,—1). Then, Int(Cl(Int(H))) = {-1,0,1,2,3} x {—1} 2 H and so H is not
a-open in (Z2,k?). Since Inty(Clg(Intg(F))) = F holds, we see that F' € SC(H, x%|H).
However, F ¢ BC(Z?, k?), because Int(Cl(Int(F))) = {-1,0,1} x {-1} ¢ F.

Definition 5.20 Let (H, x2|H) be a subspace of (Z2, x?) with |H| > 2 and f : (H, k?|H) —
(H, x%|H) be a mapping. And, let Ay and By be collections of subsets of H such that:-
An,Bu € {B)O(H), B2)C(H),p.f2)C(H)} (cf. Definition 5.15, Remark 5.13).

Then, f is said to be (Ag, Bg)-irresolute, if f~1(E) € By for every set E € Ay, where
(Ap,Bg) denotes the ordered pair of the collections Ay and By.

(Note 1) Especially, if Ay = By, then the concept of the (Ag, Ag)-irresolute mapping
is simply said to be Ag-irresolute.
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(Note 2) In the present definition, we are able to define the concepts of the following
mappings: the B()O(H)-irresolute mappings, [(2)C(H)-irresolute mappings, p.f2)C(H)-

irresolute mappings, (B2)O(H), B2)C (H))-irresolute mappings, (B2)C(H), B2)O(H))-irresolute

mappings, (B2)O(H),p.B2)C(H))-irresolute mappings, (p.B2)C(H), B2yO(H))-irresolute
mappings.

Definition 5.21 For a subspace (H, k2|H) of (Z2, k%), where |H| > 2, we define the follow-
ing collections of mappings as follows (cf. Definitions 5.20, 5.15).

(i) Beych(H; w*|H):={f| f: (H,x*|H) — (H,x?|H) is a bijection such that f and f~!
are both f(2)O(H)-irresolute and they are B)C/(H)-irresolute}.

(1) p-Bych(H; k2| H):={f| f : (H,rk*|H) — (H,rx*|H) is a bijection such that f and
f~1 are both B(5)O(H)-irresolute and they are p.S(2)C(H)-irresolute}.

(ii) con-Baych(H; k2| H):={f| f : (H,x*|H) — (H,x*|H) is a bijection such that f and
[~ are both (B2)O(H), 5(2)0( ))-irresolute and they are (8(2)C(H), B(2)O(H))-irresolute}.

(ii)’ (*onp,é’(z)ch(H K2|H):={f| f : (H,xk*|H) — (H,x?|H) is a bijection such that f
and f~! are both (8(2)O(H),p.B(2)C(H))-irresolute and they are
(p-B(2)C(H), B(2)O(H))-irresolute}.

Lemma 5.22 Let (H,x?|H) be a subspace of (Z2, k%) such that:
(x) H = {U(2)|z € A2}, where Ar> is a nonempty subset of Z2. If f : (H,k?|H) —
(H,x%|H) is a homeomorphism, then for a point x € Hre,

(i) f(Hy2) = Hyo, f(Hp2) = Hrz and f(Hpiz) = Hmio hold in (22, 52),

(ii) f(U(p)) =U(f(p)) holds for each point p € (U(x))z,

(iii) f(U(y)) =U(f(y)) holds for each point y € (U(x))miz, and

(

iv) f(U(x)) = U(f())-

Proof. Since f is homeomorphic, we have the property (i) (cf. Definition 5.2, Remark 5.4).
Then, by the standard method, the properties (ii), (iii) and (iv) are proved. O

Let us consider the case H = Z2, i.e., H = |J{U(2)|z € (Z?)#2}. Then, we have the
following properties on (Z2, x2).

Theorem 5.23 Let h(Z?;k2) be the group of all homeomorphisms from (Z2, k?) onto itself
(cf. Definition 3.1(iii)).
() If f : (Z%,Kk?) — (Z%,K?) is a homeomorphism, then (cf. Definition 5.20, Note:1)
(la) f is b’(g)C(Zz)—irresolute, (1b) f is 5(2)O(Z2)—irresolute, and
(1c) f is p.B2yC(Z?)-irresolute.
(ii) h(Z?; k*) C B2ych(Z?; K?) holds (cf. Theorem 5.25(iv)’ below).
(ii)" h(Z?; K?) C p.Baych(Z*; k*) holds (cf. Theorem 5.25(iv)" below).

Proof. (i) (Proof of (1a)) Let F € fB(5)C(Z?) (cf. Definition 5.15). We claim that
f7HF) € B2yC(Z?). Indeed, there exists a point € (Z*)z2 such that F € B2 C(U(z))
and we note that f~'(z) € (Z?)r2 (cf. Lemma 5.22(i) above). Since F € BC(U(x)),
we have that F C U(z),|F| = 2 and F € BC(Z? k?) (cf. Definition 5.12(ii), or Re-
mark 5.14(ii)). By definitions., Remark 2.7(ii) and Lemma 5.22(i)(iv), it is shown that
fUF) CU(f ) 2% |fH(F)| =2, f~1(z) € (Z%)F2 and f~1(F) € BC(Z? K?), and
so [7Y(F) € BCU(f ! (x))) (cf. Definition 5.12(ii)). Then, we conclude that f~*(F) €
B(2)C(Z*) holds (cf. Definition 5.15).

(Proof of (1b)) Let B € f(2y0(Z?). We claim that f~'(B) € B)O(Z*). The proof is
analogous to the proof of (la) above using Definitions 5.15, 5.12(i), Remark 5.13(i) and
Lemma 5.22. And so the proof is omitted.

(Proof of (1c)) Let Fy € p.B2)C(Z?) (cf. Definition 5.15, Remark 5.13(ii)(ii-2)). Then,
Fy C 72, |F1| = 2 and there exists a point & € (Z*) z2 such that Fy € p.f»)C(U ( )). Then,

we have the following: F; € {{1,yz)} {yz 7ym-H)} {yg(gl),yz )} {ya(v2>7y 4)} {y
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Pa(vi)},{pgciﬂ 7yT)}|Z € {1,2,3,4}}, where p = pgcl), yg([r)) = yél). Using Lemma 5.22,
we note that f~!(z) € (U(/~! ()2, f~ (U(pé“)) = U(fH () and (U (") =
UGF (). Put z := f~'(z). Then, f~ ) = p&*D and f~1(y?) = y*' D are well
defined in U(z) for some integers k(7),k'(i) € {1,2,3,4}, where ¢ € {1,2,3,4}. We show
that (ee) f~(Fy) € p.B2C(U(2)). Indeed, we show (ee) above for the following precise
cases.
Case 1 I} := {pz ,yz)} For the present case, we see that: f Y = {p:
Since pt) € UyY), by Lemma 5.22, it is shown that f~1(p{”) = p*D ¢ U(y 2’“’“”)7
and |k(i) — kK’ (i)] < 1 (cf. (x%) of the first part of the present (IV)) and so we have
the following: k'(i) = k(i) or k'(¢) = k(i) — 1 because of k'(i) < k(¢). Thus, we show
that f~1(F)) = {p: (k@) (k 1))} or f~YF) = {p(k(z)) () 1)} where ygo) = y£4) and so
U € pur@ﬁ(z)c( ( ))
Case 1’ F; {p(ZH),yI)} For the present case, we see that: f~! = {]oUC 1+1)) (k (m}
We claim that ST (FY) € p.B2)C(U(2)). The proof is analogous to the proof of Case 1 above
using Definition 5.12(ii), Remark 5.13(ii)(ii-2) and Lemma 5.22. And so the proof is omitted.
Case 2 F; = {z, yz)} For the present case, we see that: f~1(F)) = {z,yik(i))} €
purefC(U(z2)).
Case 3 F} = {y s Yo )} For the present case, we see that: f~!(F}) = {y(k 2 Y k'(3))}
where {k'(1),%"(3)} C {1,2,3,4}. Since U(y: ( (1))) N U( ' @y = ¢ and U (y" Oy ¢ U(z)
for each i € {1, 3}, we have the following: 0 < |k'(1) — k'(3)| < 2. And, if |k'(1) —k'(3)| =1
then U(ygk/(l))) N U(ygk/w))) # 0 and so |K'(1) — k'(3)| = 2. Thus, we see that f~1(F}) =
OO € ppo U ).
Case 3’ F| = {yf),yz )} For the present case, we see that: f~1(F}) = {y(]C @) (k/(4))} €
p-B2)C(U(z)), where {k'(2),k'(4)} C {1,2,3,4}. The proof is analogous to the proof of
Case 3 above and so the proof is omitted.
Case 4 I} = {yg(f), yg(f+1)}. For the present case, we see that:
FUE) = {yF Oy F DN here {k/(6), K/ (i+1)} € {1,2,3,4} and i € {1,2,3,4}. Since
U n Uy (lﬂ)) (P81 we have the following that: U(ygk/(i))) N U(yék/(iﬂ))) =
{» g’“’“ } (cf. Lemma 5.22) and |K'(i) — k’(i + 1) =1, ie, K@) —K@GE+1) =1 (i
E'(i) > k’(i + 1)) or K'(i +1) — k(i) = 1 (if ¥'(1) < K'(i + 1)). Thus, we prove that
SR = (O Gy L (F0) KO-y ey g 6 <z>+1>>} and
so f~ (Fl) € p-Be2) ( (2)) (cf. Remark 5.13(11)(11 2), where yt) =y and y( e

Thus, by all cases above, the property (ee) is proved. And, it is shown that, for each
set Fy € p.fB(2)C(Z?), there exists a point z € (Z?)r2 such that f~(F) € pﬂ(2>C(U(z)),
f7H(FY) € Z2 with |f7H(Fy)| = 2, ie., fTH(F1) € p.B2)C(Z*) (cf. Definition 5.15). There-
fore, the homeomorphism f : (Z?, k%) — (Z2, k?) is p.B(2)C(Z*)-irresolute.

(i) (resp. (ii)’) By Definition 5.21(i) (resp. (i)’) and (i)(1a) (1b) (resp. (i)(1b) (1c))
above, the present (ii) (resp. (ii)’) is proved. O

K0 k’(i)}.

Remark 5.24 The properties (1a), (1b) and (1c) in Theorem 5.23(i) are not hold, in gen-
eral. This can be shown in the following example. Let f : (Z2, k%) — (Z2, k?) be a bijection
defined by f((z1,z2) := (21 + 1,23) for each point (z1,72) € Z2. Then, f~1({(1,1)}) =
{(0,1)} & &2 for the set {(1,1)} € x? and so f is not a homeomorphsm. For the set V :=
{(17 1)7 (17 _1)} € 6(2)0(22)7 we have the following: f_l(V) = {(07 1)7 (07 _1)} ¢ ﬁ(Q)O(ZQ)
and so f is not f(2)O(Z?)-irresolute. And, for a set F := {(0,1), (0, 1)} € p.B(2)C(Z?), we
have the following: f~(F) = {(—1,1),(—=1,—1)} & p.B(2)C(Z?) and so f is not p.B2)C(Z?)-
irresolute. Moreover, for the above sets F and f~!(F), since F' € 5)C(Z?) and f~'(F) ¢
B(Q)C(Z2)7 the bijection f is not B(Q)C(ZQ)—irresolute.



SOME TOPOLOGICAL STRUCTURES AND RELATED
GROUPS ON DIGITAL PLANE

Theorem 5.25 Let (H,x% H) be a subspace of (Z2, k%) where |H| > 2.

(i) (resp. (i)') The collection Boych(H;k*|H) (resp. p.Bzych(H;k*|H)) forms a group
under the composition of mappings (cf. Definition 5.21(1) (resp. (1)).

(ii) (resp. (ii)’) The union of two collections: B2)ch(H; k*|H)Ucon-B2)ch(H; k2| H) (resp.
p-Be2)ch(H; k2| H)Ucon-p.Bych(H; k*|H)) forms a group under the composition of mappings
(cf. Definition 5.21(i),(ii) (resp. (i)’, (ii)").

(iii) (resp. (ii)") The group Biych(H;rk*|H) (resp. p.Biaych(H;k*|H)) is a non-empty
subgroup of B(2ych(H; k?|H) U con-Boych(H; k%[ H) (resp. p.B2)ch(H; £*|H)U -
con-p.Bzych(H; k% H)).

(iv) (resp. (iv)’") The group h(Z*;k*) is a subgroup of the group Boych(Z*; k?) (resp.
p-Bi2ych(Z?; k%)) and so h(Z?; K?) is a subgroup of the group B2 ch(Z?; k) U con-fa)ch -
(Z?; K2) (resp. p.[)’(g)ch(Zz; K?)U con—p.,3<2)ch(Z2; K?)).

Proof. (i) (resp. (i)’) A binary operation ng : Bych(H;rx* H) x Boych(H;x* H) —
Beaych(H; k2| H) (vesp. 0y : p-Baych(H; 62[H) X p.Boych(H; k2 [H) — p.f2)ch(H -

k2|H)) is well defined by ny(g1,92):=g2 o g1 (resp. 7y (g1,92):=g2 © g1). Indeed, by us-
ing Definitions 5.20(Note:1),5.21(i) (resp. (i)), it is shown that gz o g1 and (g2 o g1)™*
are both BoO(H)-irresolute and they are BoC(H)-irresolute (resp. g2 o g1 and (g2 o g1)~*
are both §(2)O(H)-irresolute and they are p.5(2)C(H)-irresolute). Thus, we prove that
nu (g1, 92) € Baych(H; k2|H) (resp. 1y (91,92) € p.Baych(H;x* H)) and the binary opera-
tion ny (resp. 1};) satisfies the axiom of group. Therefore, the pair (B(2)ch(H; k2 |H),np)
(resp. (p.Bz)ch(H; x*|H),n};)) forms a group under compositions of mappings.

(ii) (resp. (ii)") We first note on the following notation that: let G := B2)ch(H; k% H)U
con-Baych(H; k| H) (resp. pGy = p.ﬂ(g)ch(H;n2|H) U con-p.Bz)ch(H; *|H)) throughout
the present proof of (ii) (resp. (ii)’). A binary operation wy : Gy x Gy — Gy (resp.
Wy 2 pGu X pGr — pGm) is well defined by wy (f, f') := f' o f (vesp. Wy (f, f') := f o f).
Indeed, let (f, f') € Gu X Gy

Case 1 f € Boych(H;k?|H) and f' € con-Bych(H; x*|H) (resp. Case 1 f € p.B(2)ch(H; k2 |H)

and f' € con-p.Bych(H;k*H)). For the present case, it is claimed that wy(f, f) €
con-Boych(H; k2| H) C Gy (vesp. wiy(f, f) € con-p.Baych(H;x*|H)), because f’ o f and
(f' o f)~! are both (82)O(H), B2)C(H))-irresolute and they are (B(2)C(H), B2)O(H))-
irresolute (resp. f"o f and (f'o f)~! are both (82)O(H ), p.B2)C(H))-irresolute and they are
(p-B2)C(H), B2)O(H))-irresolute). And so, we have that wy (f, f') € con-B2)ch(H; x*|H) C
Gu (resp. wiy(f, f') € con-p.Baych -

(H;w*|H) C pGn).

Case 2 f € con-Bych(H;k*|H) and f' € Boych(H;k?*|H) (resp. Case 2' f € con-
p-Bych(H;k2|H) and f' € p.Baych(H;k*|H)). For the present case, by similar argu-
ment of that of Case 1 (resp. Case 1’) above, it is shown that wg(f, f') = f' o f € con-
Beaych(H; k*|H) C Gy (vesp. wiy(f, ') = f' o f € con-p.Bzych(H; x*|H) C pGrr).

Case 3 f € con-foych(H;k?|H) and f' € con-Boych(H;x* H) (resp. Case 3’ f € con-
p-Baych(H; k?|H) and f' € con-p.B2)ch(H; k?|H)). For the present case, it is shown that
wy(f, f') € Brych(H;k*|H) C Gy (vesp. wiy(f, f') € p-Baych(H; x*|H) C pGr), because
f'ofand (f o f)~" are both B2)O(H)-irresolute and they are (2 C(H )-irresolute (resp.
f'o fand (f' o f)~! are both f(2)O(H)-irresolute and they are p.S3(2)C/(H )-irresolute).
Case 4 f € Bo)ch(H; k*|H) and f' € Boych(H; k*|H) (resp. Case 4 f € p.Bz)ch(H; k* H)
and f € p.B)ch(H; k% H)). For the present case, by definitions, it is shown that wy (f, f) €
Beaych(H; k*|H) C Gy (vesp. wi(f, f') € p.Bych(H;k*|H) C pGr), because f' o f and
(f"o f)~! are both B2 O(H )-irresolute and they are f(2)C(H)-irresolute (resp. f’o f and
(f" o f)~! are both f(2)O(H )-irresolute and they are p.B(s)C(H)-iresolute).  Finally, the
binary operation wy : Gy X Gy — Gu (resp. why : pGy X pGu — pGu) satisfies the axiom
of group (cf. the proof of (i)) the identity function on H,1y € B(oych(H;k*|H) C Gy (resp.
1y € p.Baych(H; k2| H) C pGr); and so the pair (Gy,wg) (resp. (pGr, wh;) forms a group
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under compositions of mappings. (iii) We recall that Gy = B2)ch(H; k% H) U con-
Beaych(H; k*|H) (cf. Proof of (ii) above). Since 1y € Boych(H;k*H), we have the fol-
lowing: (-1) Bych(H;x*/H) is a nonempty subset of the group (Gu,wp), where wy :
Gu x Gy — Gp is the binary operation (cf. (i) above). Let f,g € B2)ch(H;x?|H). Then,
we see that (-2) wu(f,g7") = g~ ' o f € Baych(H;k?*|H). Therefore, by (-1) and (-2), it
is shown that B)ch(H;x*|H) is a subgroup of Gy (cf. (ii) above).  (iii)’ We recall that
PG = p-Baych(H; £2|H) U con-p.Ba)ch(H; k2|H) (cf. Proof of (i)’ above). We see that
1y € p.Bych(H;k* H). Indeed, for a set B € B9yO(H) and Fy € p.fyC(H), we have
the fOHOWngZ IH(B) = (IH)il(B) =B € ﬁ(g)O(H) and lH(Fl) = (lH)il(Fl) =F €
p-B2yC(H); and so 1y and (1)~! are both B2)O(H)-irresolute and they are p.B()C/(H)-
irresolute. Thus, by Defintion 5.21(i)’, it is obtained that 1y € p.B)ch(H; k2|H). Then,
we have the following: (-1)'p.B(2)ch(H; x*|H) is a nonempty subset of the group (pGu,wl;),
where wl; : pGy X pGy — pGu is the binary operation (cf. Proof of (ii)’ above). Next,
we claim (-2) below. Let f,g € p.Bych(H;k*|H). Then, since f,f~! g and g~! are all
B(2)O(H)-irresolute and they are p.B(s)C(H)-irresolute, g~* o f and (971 o f)™' = f1oy
are both B(2)O(H)-irresolute and they are p.f(2)C(H)-irresolute bijections. Thus, we prove
that: (-2)'wy(f,g7") =g~ o f € p.Bzych(H;x*|H) (cf. Definition 5.21(i)’). Therefore, by
(-1)" and (-2)" above, it is obtained that p.B)ch(H;k* H) is a subgroup of pGy (cf. (i)’
above). (iv) (resp. (iv)’) We see that the identity function 1z2 : (Z2, k?) — (Z?,k?) is
a homeomorphism and so 1z: € h(Z? k%) # 0. By (i) (resp. (i)’) above and its proof,
it is known that B(g)ch(szz) (resp. p.ﬁ(g)ch(Zz;Ff) ) forms a group with the binary
operation 7zz (resp. n7,,) defined by nz2(a,b) = boa (resp. ny.(a,b) = boa) for every
a,b € Ba)ch(Z?; k?) (resp. p.B(2)ch(Z?;k?)). And, using Theorem 5.23(ii) (resp. (ii)’), we
recall that h(Z?; k?) C Baych(Z*; k) (vesp. h(Z?; k?) C p.B2)ch(Z?; K*)). Then, we have the
following: nz2(f,g~')=g tof (resp. ). (f, g~ )=g 'of) € h(Z?*; K?) for any f, g € h(Z?*; K?).
Therefore, it is proved that h(Z?; k?) is a subgroup of B)ch(Z*; k?) (resp. p.B2)ch(Z*; K?)
). And so, using (iii) (resp. (iii)’) above, it is obtained that h(Z2; x2) is also a subgroup of
Gyz (resp. pGzz) (cf. the proof of (ii) or (iii) (resp. (ii)’ or (iii)’) for the notation). O

Notation 5.26 The present notations are applied to Example 5.27 below. Let H :=
U((0,0)). And U((0,0)) is denoted abbreviately by U (i.e., U := U((0,0))). We define
the following functions and two families of functions, (-1) pgs : (U;k%|U) — (U;k2|U) is
defined by p45((0,0)) := (0,0), pas(»®) := y@, pss(y®) := p+D) for each i € {1,2,3,4}
with p(® := p(1) (cf. (%) of line 5 from the top of the present subsection (IV), or (I11-2) of
the subsection (IIT)), (-2) poxgo := 1y (the identity function on U) and prx90 := p(k—1)x90©
(pas © pys) for each k € {1,2,3}, (-3)p1x45 := P45, Pmx45 = P90 © P(m—2)x45 (for m =3,5,7)
?nd (‘i)} Ras = {pmxas, (Pmxas) " 'm € {1,3,5,7}}, Roo = {1u, prxo0, (Prxo0) 'k €
1,2,3}).

Example 5.27 Let H := U((0,0)) and U := U((0,0)). We have the following examples.

(i) {pas, (pas) ™'} C con-p.B(2ych(U; k2|U) (cf. Corollary 5.11(ii)).

(i) (1) {poo, (po0) ™"} € Beaych(U; &2|U),(2) {poo; (peo) ™'} C p-Baych(U; k2|U).
In general, we have that:

(i)’ Rus € con-p.B(2)ch(U; k2|U) (cf. Corollary 5.11(ii)).

(i) (1)" Roo € Baych(U; x2|U),

(2)" Roo C p-Bi2)ch(U; k2|U) (cf. Notation 5.26). Hence we have the following:

(iii) (1) Ra5 URgo C Baych(U; w%|U) U con-p.Baych(U; k*|U),

(2) Ras URgo C p-B2)ch(U; k2|U) Ucon-p.Baych(U; k*|U).  The proofs are omitted on
the present paper (cf. the detailed proofs are shown by the following pre-print; The detailed
Example 5.27 [34]).

Acknowledgements. The authors would like express their gratitude to the referee and
the editor.
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ABSTRACT. In the theory of real hypersurfaces in a nonflat complex space form,
the behavior of the structure tensor ¢ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ¢.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ¢ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form Mn(c) (namely, a complex projective space CP"(c)
of constant holomorphic sectional curvature ¢ > 0 or a complex hyperbolic space CH™(c)
of constant holomorphic sectional curvature ¢ < 0), real hypersurfaces admit the almost
contact metric structure (¢, &, n, g) induced from the ambient space. The structure tensor ¢
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M, (c). In this paper, we focus on the parallelism of the structure tensor ¢
of real hypersurfaces in Mn(c) It is known that there exists no real hypersurface in ]\Zz(c)
whose the structure tensor ¢ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

(1.1) Vep =0 (& parallelism),
(1.2) Vxp=0 for VX € T°M (T°M-parallelism),
(1.3) (Vxd)Y — (Vy¢)X =0 for VX, Y € TM (the Codazzi tensor),

where TM is the tangent bundle of M 2"~ and T°M is the holomorphic distribution, that is,
T°M ={X € TM : X 1 £}. These conditions are simple generalizations of the parallelism
of the structure tensor ¢. In particular, Conditions (1.1) and (1.2) give characterizations of
Hopf hypersurfaces and ruled real hypersurfaces in Mn(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):
(1.4) dive = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by a/(2n — 1),
where a = g(A¢&, £) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M, (c):
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(1) The class of minimal Hopf hypersurfaces in Mn(c);

(2) The class of real hypersurfaces in CH™(c) which satisfies the following the condition:
— 1 5 C
Ric = Z(Trace A)° + i(n —1),

where Ric is the maximal Ricci curvature of real hypersurfaces in CH"(c). The latter class

was investigated by B. Y. Chen (see [2]). He showed that every real hypersurface in CH™(c)

satisfies the following inequality:
Ric £ —(Trace A)? + g(n -1).

Moreover he also investigated the equality case of the above inequality.

In the latter of this paper, we characterize the above classes of real hypersurfaces by
using the modification of Condition (1.4).

2 Preliminaries Let M?"~! be a real hypersurface with a unit local vector field N of a
complex n-dimensional nonflat complex space form M,. The Riemannian connections V of
M, (c) and V of M?*"~1 are related by

VxY =VxY +g(AX, V)N and VxN = —AX

for vector fields X and Y tangent to M 2n=1 where g denotes the induced metric from the
standard Riemannian metric of M, (c) and A is the shape operator of M?"~! in M,,(c). The
former is called Gauss’s formula, and the latter is called Weingarten’s formula. Eigenvalues
and eigenvectors of the shape operator A are called principal curvatures and principal vectors
of M?"~1in M, (c), respectively.

It is known that M2"~1 admits an almost contact metric structure (¢,&,n,g) induced
from the Kahler structure J of Mn(c). The characteristic vector field & of M?"~! is defined
as £ = —JN and this structure satisfies

(2.1) ¢* =—I+n®E& n(X)=g(X,8), n(&) =1, ¢¢ =0, n(¢X) =0,
9(@¢X,Y) = —g(X,¢Y) and g(¢X, ¢Y)=g(X,Y)—n(X)nY),

where I denotes the identity map of the tangent bundle TM of M?2?"~!. We call ¢ and 7
the structure tensor and the contact form of M?"~!, respectively.

__ The following equation is a fundamental tool in the theory of real hypersurfaces in
M, (c):

(2.2) (Vxd)Y =n(Y)AX — g(AX, V)¢,

We usually call M?"~! a Hopf hypersurface if the characteristic vector ¢ is a principal
curvature vector at each point of M?"~!. It is known that every tube of sufficiently small
constant radius around each Kéhler submanifold of M,,(c) is a Hopf hypersurface. This fact
tells us that the notion of Hopf hypersurface is natural in the theory of real hypersurfaces
in My(c) (see [5]).

The following lemma clarifies a fundamental property which is a useful tool in the theory
of Hopf hypersurfaces in M,,(c).

Lemma 1 ([5]). For a Hopf hypersurface M>"~1 with the principal curvature o correspond-
ing to the characteristic vector field & in My(c), we have the following:
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(1) « is locally constant on M>"~1;

(2) If X is a tangent vector of M**~! perpendicular to & with AX = \X, then (2\ —
a)AdX = (aX + (¢/2))pX.

In CP"(c) (n = 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following;:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < w/+/c;

(Az) A tube of radius r around a totally geodesic CP!(c) (1 £ ¢ < n —2), where 0 < r <
T/Ve;
(B) A tube of radius 7 around a complex hyper quadric CQ™ !, where 0 < r < 7/(2/c );

(C) A tube of radius r around a CP*(c) x CP"~1/2(¢), where 0 < r < 7/(2y/c ) and
n(2 5) is odd;

(D) A tube of radius r around a complex Grassmann CGy 5, where 0 < 7 < 7/(24/c ) and
n=29;

(E) A tube of radius  around a Hermitian symmetric space SO(10)/U(5), where 0 < r <
7/(24/c ) and n = 15.

These real hypersurfaces are said to be of types (A1), (Ag), (B), (C), (D) and (E). The
principal curvatures of these real hypersurfaces in CP"(c) are given as follows (cf. [5]):

(A1) (A2) (B) (©), (D), (E)
A1 g cot (%r) § cot (%r) % cot (%7 — %) § cot (%r — %)
Ao — —gtan (%r) guot (%r—&-%) @cot (@r—&-%)
A3 — — — @ cot (%r)
A4 — — — 7§ tan (%r)
a | /e cot(y/er) Ve cot(y/cr) Ve cot(y/er) Veceot(yer)

The multiplicities of these principal curvatures are given as follows (cf. [5]):

| [ A) [ (M) [ B) [ (©) [D)]E |
mAa) | 2n—2 | 2n—20—-2 | n—1 2 4 6
m(Az) — 20 n—1 2 4 6
m(As) — — — |n—=3| 4 8
m(Ayg) — — — |n—=3| 4 8
m() | 1 1 1 1 1] 1

In CH™(c) (n 2 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following:

(Ap) A horosphere in CH™(c);
(A10

s

(A1

A geodesic sphere G(r) of radius r, where 0 < r < o0;

A tube of radius r around a totally geodesic CH"~1(c), where 0 < r < oo;

)
)
)
)

(A2) A tube of radius r around a totally geodesic CH*(c)(1 < £ < n—2), where 0 < r < o0;
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(B) A tube of radius r around a totally real totally geodesic RH™(c/4), where 0 < r < oo.

These real hypersurfaces are said to be of types (Ag), (A1), (A1,1), (A2) and (B). Summing
up, real hypersurfaces of types (A1) and (A1), we call them real hypersurfaces of type
(A1). The principal curvatures of these real hypersurfaces in CH™(c) are given as follows

(ctf. [5]):
L] o [ ww [ own [ m
A1 2‘6‘ @ coth(@r) @ tanh( mr) Vel coth( \/Wr) @ coth( \/Wr)

2 2

tanh( lel r) Vel tanh(@r)

A2 o o o 2 2 2
o | Vid | Vel coth(v/le[r) | /Iel coth(y/[elr) | /fel coth(y/Ielr) | /el tanh(y/Je[r)

Finally, we define ruled real hypersurfaces in a nonflat complex space form ZT/[/,,(C) A

real hypersurface M?"~! in Mn(c) is called a ruled real hypersurface if the holomorphic
distribution T9M = {X € TM : X 1 £} is integrable and each of its leaves (the maximal

integrable manifolds) is a totally geodesic submanifold M,,_1(c) in ]\Ajn(c). The following
lemma is known as the characterization of ruled real hypersurfaces from the viewpoint of
the shape operator A (cf. [5]).

Lemma 2 ([5]). Let M?"~! be a real hypersurface M?"~1 in a nonflat complex space form
M, (c) (n 2 2). Then the following three conditions are mutually equivalent:

1. M?=1 s a ruled real hypersurface;

2. The shape operator A of M?"~1 satisfies the following equalities on the open dense
subset My = {x € M?"~1|B(x) # 0} with a unit vector field U orthogonal to & :

AE = af + U, AU = B¢, AX =0

for an arbitrary tangent vector X orthogonal to & and U, where o, 8 are differentiable
functions on My by a = g(AE, &) and B = || A& — a€||;

3. The shape operator A of M?"~! satisfies g(AX,Y) = 0 for arbitrary tangent vectors
X, Y e TM.

3 The parallelism of the structure tensor ¢ and its generalizations In the theory
of real hypersurfaces in a nonflat complex space form M, (c), it is well-known that there

exists no real hypersurface whose structure tensor ¢ is parallel in Mn(c) (see [4]). This

implies that there exists no cosymplectic real hypersurfaces in M, (c) from the viewpoint
of almost contact metric geometry (for detail, see [1]). In this section, we consider simple
generalizations of the above fact.

Proposition 1. Let M2~ be a real hypersurfaces in a nonflat complex space form Mn(c)
(n 2 2). Then the following statements (1),(2) and (3) hold:

(1) M?"=1 satisfies the condition Vep = 0 if and only if M~ is locally congruent to a
Hopf hypersurfaces in M, (c);

(2) M?*"=1 satisfies the condition Vxé = 0 for any X € TOM if and only if M?"~1 is
locally congruent to a ruled real hypersurface in My /(c);
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(3) There does mot exist a real hypersurface M?"~1 in Mn(c) satisfying the condition
(Vx9)Y = (Vy¢)X for any vectors X and Y on M1

Proof. (1) Suppose that M?"~! has condition V¢¢ = 0. By (2.2), we have
(3.1) (Ved) X = n(X)AE — g(AE, X)§ = 0.

for any vector X € TM. Putting X = ¢ in (3.1), then we get AE = g(A¢, €)E. Hence M27—1
is a Hopf hypersurface in ]\7"(0) Obviously, the converse holds.

(2) Suppose that M?"~1 has the condition (Vx¢)Y = 0 for any vector X € T°M and
Y € TM. By (2.2), we get g(AX,Y) = 0 for any vectors X,Y € T'M. From Lemma 2,

M?"=1 ig a ruled real hypersurface in M,(c).
(3) Suppose that M?2"~! satisfies the condition (Vx¢)Y = (Vy$)X for any vectors
X,Y € TM. By (2.2), we have

(3.2) n(Y)AX = n(X)AY

for any vectors X,Y € TM. -

Now we suppose that M?"~1 is a non-Hopf hypersurface in M, (¢). Then the shape
operator A forms A¢ = a&+ BU, where the function § # 0 and a unit vector U is orthogonal
to the characteristic vector field &. We put X L £ and Y = ¢ in (3.2). Then we have AX =0
for any vector X € T°M. Hence we can see

0 =g(AU,§) = g(U, AE) = B,

which is a contradiction. .

Next we suppose that M 2"~ ! is a Hopf hypersurface (with A¢ = af) in M, (c). We take
a unit tangent vector field V(L &) such that AV = AV. By using the equation (3.2), we
have n(Y)AV = 0. Putting Y = ¢ in this equation, we can see that AV = AV = 0. This
implies that

(3.3) A=0.

Setting X = ¢V and Y = £ in (3.2), we get ApV = 0. From this equation, (3.3) and Lemma
1, we obtain

0= 02X —a)AdV = (aX+ (¢/2))pV = (¢/2)pV # 0,
which is a contradiction. O

Remark 1. J. T. Cho studied the condition of transversally Killing of ¢ namely, (Vx¢)Y +
(Vy @)X =0 for any X,Y € T°M (for details, see |3]). This condition give the characteri-

zation of ruled real hypersurfaces in My/(c).

4 Statements of results Motivated by (3) of the above proposition, we investigate the
divergence of the structure tensor ¢. If the structure tensor ¢ is a Codazzi tensor, then we
have
2n—1 2n—1
div)X = Y g((Ve,p)X,e) = Y g((Vxd)ei e:)
i=1 i=1
= Trace (Vx¢) = Vx(Trace ¢)

for any tangent vector field X € TM. Note that Trace ¢ = 0, we obtain the condition
div ¢ = 0. Namely, this condition is a generalization of the condition (1.3).
Next we investigate real hypersurfaces in M, (c) satisfying div ¢ = 0.
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Theorem 1. Let M?"~! be a real hypersurface in a nonflat complex space form ]\A]n(c) (n2
2). Then M?"~1 satisfies the condition divé = 0 if and only if M2"~! is locally congruent to
a Hopf hypersurface with constant mean curvature given by a/(2n— 1), where a = g(AE, €).
If M?™~1 has constant principal curvatures then M?"~1 is locally congruent to one of the
following:

(i) A tube of radius r around a totally geodesic CP%(c) (1 £ £ < n —2) in CP"(c), where
0<r<m/yec and cot(y/er/2) =\/L/(n—C—1);

(ii) A tube of radius r around a CP'(c) x CP"~V/2(¢c) in CP"(c), where 0 < r <
7/(2/c ),n(Z 5) is odd and cot(y/cr/2) = (Vn—1 +v2)/v/n—3;

(i) A tube of radius v around a complex Grassmann CGq 5 in CP"(c), where 0 < r <

7/(2v/c ),n =19 and cot(y/er/2) =1 +/2;
(iv) A tube of radius r around a Hermitian symmetric space SO(10)/U(5) in CP™(c),
where 0 < r < w/(2y/c ),n = 15 and cot(v/cr/2) = /5 +/21/V/2.
Proof. Suppose M?"~1 satisfies div ¢ = 0. Then we have

(@) (@)X = 3 g((Ver6)X,0)
2n—1
= > g(X)Ae; — g(Ae;, X)&, e;)  (from (2.2))
=1
=n(X)(Trace A) —n(AX) =0

for any vector X € TM. Hence g(A¢, X) = 0 for any vector X € T°M. This implies that

M?"~! is a Hopf hypersurface in M, (c). Putting X = ¢ in (4.1), then we have
(4.2) Trace A = .

This, together with Lemma 1, yields Trace A = a = constant.

Conversely, we suppose that M2"~1 is a Hopf hypersurface with Trace A = g(4¢, &) = a.
Then we can easily check that M2"~1 satisfies div ¢ = 0 (see the relation (4.1)).

Next we suppose that M?"~! has constant principal curvatures. Namely, M?"~! is a
Hopf hypersurface with constant principal curvatures. Hence we shall check that M/27—1
satisfies the condition (4.2) one by one. Obviously real hypersurfaces of type (A;) in CP"(¢),
types (A) and (B) in CH"(c) do not fulfill the condition (4.2) (see the tables of Section 2).

Let M?"~! be a real hypersurface of type (Ay) in CP"(c). We put x = cot(v/cr/2),

0 <r<m/yc. From (4.2), we have (2n — 20 — 2)x — 2¢(1/z) = 0. This implies

4
2 _
LTt

/ /
T=4\—
n—F~-—1

Hence we have the case (i) of our theorem.
Let M?"~! be a real hypersurface of type (B) in CP"(c). We put x = cot(/cr/2),
0 <r <m/(2y/c). From (4.2), we have

142 1-—=x

Since z > 0, we obtain

l—2 1+=x
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This means z = 0. However, since > 1, M2"~! does not satisfy (4.2).
Let M?"~! be a real hypersurface of type (C) in CP"(c). We put x = cot(~/cr/2),
0 <r < m/(2/c). From (4.2), we have

2(1+2) 2(1-a)

0.
1—=x 1+

+(n73)x7(n73)£:

This implies that (n — 3)z* — 2(n + 1)z? 4+ n — 3 = 0. Hence we obtain

5 n+1x£2y2n -2
¢ = .
n—3

Since x > 1, we have
Vn—1++2
=
vn—3
Hence we have the case (ii) of our theorem. Similarly, we also obtain the cases (iii) and (iv)
of our theorem. O

Next we consider the case of 3-dimensional real hypersurfaces in Mg(c).

Theorem 2. There does not exist a real hypersurface M> in Mg(c) satisfying the condition
div ¢ = 0 in Ma(c).

Proof. We suppose that M? satisfies the condition divg = 0. By Theorem 1, M 3 is locally
congruent to a Hopf hypersurface (with A¢ = a€) in My(c) and M? fulfills Trace A = a.
We take a unit tangent vector field V(L £) such that AV = AV. When (2)\ — a)(p) # 0 at
some point p € M??~! there exists a neighborhood U of p such that 2\ — a # 0 on . By
using Lemma 1, we have
al+ (c/2)
2\ —«
This equation implies that A is locally constant.
Next we consider the case 2\ —« = 0 at ¢ € M?>. Then there exists a neighborhood
V of the point ¢ such that 2\ — o = 0 on V. Indeed, we suppose that there exists no
neighborhood V of ¢ such that 2\ — o= 0 on V. Then there exists a sequence {q,} on M3
such that

A+ =0.

lim g, =q and (2\ —a)(gn) # 0 for each n.

n—o0

The above discussion in the case (2A—«)(p) # 0 implies that the continuous function 2A—q is
constant on some small neighborhood V,, of ¢, for each n. Then we have (2A — «)(q) # 0,
which is a contradiction. Hence there exists a neighborhood V of the point ¢ such that
2\ —a = 0 on V. Thus the function ) is locally constant. Therefore M? is locally congruent
to a Hopf hypersurface with constant principal curvatures. We know that M 3 is one of the
real hypersurfaces of types (A1), (Az) or (B) in My(c). However these real hypersurfaces
do not satisfy the condition Trace A = « (see the table in Section 2). Therefore we obtain
the non-existence of real hypersurfaces M?3 satisfying the condition div ¢ = 0. O

5 Applications of the discussion in Theorem 1 As a immediate consequence of
Theorem 1, if both of the divergence of the structure tensor ¢ and the principal curvature
a corresponding to the principal vector ¢ vanish identically, then M 2n=1 js a minimal
Hopf hypersurface in M,,(c). However the converse does not hold. Indeed, a minimal real
hypersurface of type (A1) in CP"(c) does not satisfy two conditions div¢ = 0 and «a = 0.
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In this section, we first characterize the class of minimal Hopf hypersurfaces in Mn(c) by
the modification of the condition (1.4). This is an application of the discussion in Theorem
1.

Proposition 2. Let M2"~! be a real hypersurface in My(c) (n = 2). Then M?"~1 is
locally congruent to a minimal Hopf hypersurface in My, (c) if and only if M?"~1 satisfies
the condition

(5.1) (div ¢) X = —an(X)
for any vector X € TM.

Proof. Suppose that M?2"~! satisfies the condition (5.1). By the calculation (4.1), we have
(5.2) n(X)(Trace A) — n(AX) = —an(X)

for any X € TM. This means that g(A¢, X) = 0 for any X € T°M. Hence M?"~ 1! is a
Hopf hypersurface in M, (c). Putting X = ¢ in (5.2) we get Trace A = 0. So we can see

that M?"~! is a minimal Hopf hypersurface in M, (c). Clearly, the converse holds by the
calculation (4.1). O

Remark 2. By a direct calculation, real hypersurfaces of types (A1), (Az), (B), (C), (D)
and (E) in CP™(c) whose radius r satisfies the following table are known as minimal Hopf
hypersurfaces with constant principal curvatures in Mpy(c).

| ] e ool ®
cot \/QET \/271171 \ (2£L2f;_£121) Vn+vn—1 \/ﬁnt\f V5 @

B. Y. Chen studied the maximal Ricci curvature of real hypersurfaces M>"~! in CH"(c)
(see [2]). Now we denote by Ric the maximal Ricci curvature function on M?"~!, namely

Ric(p) = Max{S(X,X) : X € [,M* "\, |X] =1}, pe M>,
where S is the Ricci tensor of M2"~1. In [2], he showed that every real hypersurface in
CH™"(c) satisfies the following inequality:
= _ 1 9  C
(5.3) Ric < Z(Trace A)° + §(n —1).

In particular, we can characterize real hypersurfaces which satisfy the equality case of (5.3).

Proposition 3. Let M?"~! be a real hypersurface in CH"(c) (n = 2). Then the following
three conditions are mutually equivalent:

(1) M?"1 satisfies the condition (div $)X = n(AX) for any tangent vector field X on
Manl;

(2) M?"=1 satisfies the condition Ric = (1/4)(Trace A)? + (¢/2)(n — 1);

(3) M?*=1L is locally congruent to a Hopf hypersurface with constant mean curvature is
given 2a/(2n — 1).

Proof. (2) < (3). See [2].
(1) & (3). We can prove it by using the same discussion of Theorem 1. O
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ABSTRACT. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y, Granger causality does
not clarify whether X causes Y, but focuses on whether X forecasts Y.

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting x2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic x? distribution is often
a poor approximation when sample size is small, an F-version of the Wald test is often used
instead. The test statistic is obtained by dividing the y2-statistic by its degrees of freedom,
and is considered from an F-distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p,q), ARMA(p, q), the Box and Pierce test
statistic is defined as nzzzl 72, where n is the sample size, 7 is the residual empirical
autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately x? distributed with degrees of freedom h — p — q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the x?(h — p — ¢) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to x2(h —p— q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite A under ARMA (p, ¢) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to

2010 Mathematics Subject Classification. Primary 37M10; Secondary 62M10.
Key words and phrases. Asymptotic Chi-square distribution, CHARN model, Constrained maximum
likelihood estimator, Nonlinear Granger causality, Portmanteau test.
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testing causality relationships between temperature and crime data, as well as air pollution
and human influenza data ([5]). Moreover, Akashi et al [1] proposed a new likelihood ratio
based Portmanteau test which is applicable in more general situations. They also showed
application examples for linear models.

Ideas for test of nonlinearity are also available. For example, Tsay [20] generalized
Keenan’s ([11]) Tukey nonadditivity-type test, improved its power, and proposed a test for
concurrent nonlinearity as a diagnostic tool to examine the linearity assumption of time
series models. Castle and Hendry [3] provided a Portmanteau test based on polynomial
and exponential functions. It focuses on the nonlinearity in the conditional mean. Chen et
al [6] proposed a hysteretic vector autoregressive (HVAR) model to test nonlinear Granger
causality between two target time series and using posterior odds ratios for multiple testing.

To investigate Granger causality for nonlinear time series models, we consider a more
flexible model, the conditional heteroscedastic autoregressive nonlinear (CHARN) model,
where both the conditional mean and the residual are functions of the past. The CHARN
model was introduced by [9] for financial data analysis. Because of its non-normality, non-
linearity and the blindingly general form, it has come into use in various fields of time series
(0], [19))-

We are interested in whether the Portmanteau test proposed by [1] can be used to
detect the Granger causality for the CHARN model. In this paper, we examine nonlinear
causality with this method. To show the feasibility and the performance of the method, we
provide an example with the calculation of the test statistic for a specified CHARN model
and conduct a simulation to confirm its capability for different sample sizes and different
parameter settings of the CHARN model. We also demonstrate that the Portmanteau test
can be used in practice if the the normality of the residuals of the CHARN model is satisfied.

The paper is organized as follows. Section 2 sets up the high dimensional stochastic
process of the CHARN model, provides assumptions for stationarity of the process and
requirements for the asymptotic optimal estimation theory of the parameters in the model,
and formulates the nonlinear Portmanteau test for the CHARN model. Section 3 discusses
the asymptotic distribution of the Portmanteau test and calculates the test statistic for a
given CHARN model. In Section 4, we investigate the performance of the test by simulation.
Finally, in Section 5, supposing that data follow CHARN models, we test whether the
infection number of COVID-19 in Tokyo Granger causes the infection numbers in two of
surrounding prefectures of Tokyo in Japan.

2 Assumptions and the Portmanteau Test Let
X1,1(t)

x| X @)
) X(t)_(XQ(t))_ Xo1(t)

XQ,mz (t)
be a (my + ms =)m-dimensional stochastic process generated by
(2) X(t)=Fg{X(t—-1),....X(t—p)} + Hg{X(t—-1),....,X(t —q)} U(?),

where F'g : R™” — R™ is a vector-valued measurable function, Hg : R™? — R™*™ is a
positive definite matrix-valued measurable function, and U (t) = (U1(t), U2(t))’ combining
an mq-vector U1 (t) and an ma-vector Us(t), is a sequence of m ii.d. random variables
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with E{U(t)} = 0, E|U(t)| < oo, and U (¢) is independent of {X(s), s < t}. Here,

0= (01,...,0,) € ©CR" is a vector of unknown parameters.
. _ i . J—
We write € = (T11,. .., T1m, 215+, T2m, -+ -, Tpl, - - s Tpm) as an (mp)-vector, and u =
(w1, u2) = (u1,U2, .., Umys Umy+1, - - - s Umz) an m-vector. From now on, without loss of

generality, we assume p = ¢ and make the following assumptions.
Assumption 1 ([13]) (A.1) U(t) has a probability density p(u) >0 on R™.
(A.2) There exist constants a;; > 0, bj; >0, 1 <i<p, 1 <j<m, such that as |x| — oo,

|Fo(@)| <> ailzij| + of|xl),

i=1 j=1

|Hg(x)] <> > bijlai| + o(|2)),

i=1 j=1
where |A| denotes the sum of the absolute values of all entries of A.

(A.3) Hg(x) is continuous and symmetric on R™P, and there erists a positive constant A
such that
Am{Hg(x)} > A for all x € R™P,

where Ay {(-)} is the minimum eigenvalue of (-).

(A.4)

i=1

p p
11;[;agxm {Zlaij + ElU(t)I Z b”} < 1.
Assumption 1 guarantees that {X;} is strictly stationary.
Assumption 2 ([18]) (B.1)
EgllFg(X(t—1),...., Xt~ p)|I* < o0,
E9||H9(X(t -1),..., X (¢ —p))||2 < oo, forallf € O,
where ||Al| indicates the Euclidian norm of a vector A or a matriz A.

(B.2) There exists ¢ > 0 such that

¢ <|[Hp'*(z)Hg(x)H ' (2)]| < o,
for all ,6' € ®, and for all € € R™P,

(B.3) Hg and Fg are continuously differentiable with respect to 6, and their derivatives
0jHg and 0;Fg (0; = 0/00;), j = 1,...,r, satisfy the condition that there exist
square-integrable functions A; and Bj such that ||0;Hgl|| < Aj, and ||0;Fg|| < B,
G=1,...,7), for all 6 € ©.

(B.4) Density p(-) satisfies

lim ||u|lp(u) =0 and /uu’p(u)du =1,,

[lu||—o0

where I, is the m x m identity matrizx.
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/
(B.5) The continuous derivative D,, = Dy(u) = ( dp(u), ..., -2 p(u)) exists on R™

duq Y AU,

and

[ 17D,y < .
[ 1l D, ptwyte < .

Assumption 2 is necessary in construction of the asymptotic optimal estimation theory for
6.

For given time series data in (1), to consider the Granger causality from X(t) to
X (t), we focus on the prediction of X1 (¢), t = 1,...,n. Similar to (2), assume that X (¢)
is observed from the following CHARN model

(3) Xi(t)=F g{X(t—1),....X(t—p)}+H, g{X(t—1),....X(t—q)} Ur(t),

where 6 is a vector of unknown parameters, F'; g : R™? — R™! is a vector-valued mea-
surable function, H E R™I — R™1X™ g a p;)sitive definite matrix-valued measurable
function, and the model satisfies Assumptions 1 and 2 for U (¢), F179 and Hlﬂ instead
of U(t), Fg and H g, respectively.

Suppose that the dynamic part of (3) can be expressed as

Fig=F 9,0, {X(t-1),... X(t-p)}
= Fl,el{Xl(t_ 1),...,X1(t—p)}+9:1+1X2(t— 1)+...+9:1+T1X2(t—p)

P
1 *
(4) + Z exp {fitr{Xl(t —0) X (t— g)’}} r1+ri+€X2(t —0),
=1

where F', g is the prediction of X (t) using information of both X (t — £) and X (t — £),
F, g, is the prediction of X (¢) with only information of X4 (t — ¢), for £ =1,...,p, and
the subscript of 0:1“,/ ¢ changes from (r1 + 71 + 1) to (r1 + 1] +p) = (11 +r2).

1

In the vector of the unknown parameters

/
0= (Vec(el)a 92>/ = (VQC(91)7VQC(0:1+1), e ,vec( . )7 e ,VeC(9:1+,«2)) )

r1+r/1
0, is an m; x 1 matrix in function F g, of X1(t —10); 07 41, 0r1+r;’ ...,and 07
are mj X meo matrices for terms containing Xo(t —¢), £ =1,...,p.

Then the prediction error of X1(t) by F', g becomes
Py = Eltr{(X1(t) - Fy g )(X1(t) = F, g,)'}]
and that by F g is
Py = E[tr{(X1(t) - F, g)(X1(t) - F, g)'}].

Letting V = P, — Py, we can introduce a nonlinear causality from {X(¢)} to {X1(¢)}
by V, ie., if V = 0, then we say that {X3(¢)} does not cause {X;(¢)} in our CHARN
setting (for short, Xo(t) - X1(t)). We can understand that X(t) - X 1(t) is grasped by
the testing problem:

(5) H:0,=0, vs. A:05+#0.
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Let X (1),...,X(n) be an observed stretch from (2), and let
£(64,02) = log{likelihood function based on X (1),...,X(n)}

= log [p{Hg (X (t) - Fg)}{det Hg} "] .

In what follows we deal with the following marginal log-likelihood function:

(6) 01(01,02) = Zlog {m { (X1( ) — 170)} (det Hl,g)_l] ;

where p;(+) is the marginal pdf of U (t).
Define R - ~
6, = arg max/(1(61,0), 02 =arg max/{1(01,03).

For the problem of testing (5), we introduce the following test of Portmanteau type:

(7) PT = 2[01(6,,05) — £1(61,0)].
The Fisher information matrix for the general model is given by
0 0
0) =1l E 7] 7]
FO) = Jim LE | 5560) 100

_|F11 Fya
= [le F22j| , (say).
The following two lemmas follow from [1].
Lemma 1 Under H,
PT = NleFééin_;Fzé 1N g, + 0p(1),

where N g, is the Ro(= mimars)-dimensional standard normal random vector, and Fag.q =
Foy — Fo1 F1}' Fio.

Lemma 2 (i) Let Ry = myry. If Ry < Rg, Fay = I, and F21F1_11F12 1s idempotent
with rank 7, then

PT %, X?%r? under H.
(ii) If Fas # Ig, and F15 =0, then
pPT %, X%Q under H.

3 Asymptotic Distribution of Portmanteau Test In this section, we describe the
x2-asymptotics of the Portmanteau test PT for the simplest case of (1), where m; = mq = 1,
that is, X (t) = (X1(t), Xa2(t))'.

Let

Z(t) = <X2(t —1),..., Xo(t — p),exp <—%X1(t - 1)2> Xo(t—1),...,

exp (=Xt ) Kt —p>)',
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whose dimension is ro. Then we can write F', g of (4) as
Fog=F g 9, {X(t—1),....X(t—p)}
= F1,01{X1(t - 1)7 LR Xl(t - p)} + OIZZ(t)v
where 61 and 65 are r1 and ro-vectors, respectively.

If p1(-) is Gaussian, it is not difficult to show

Fio— tim —8[—2 @) =0
P S 0 06,00, | T

Then we have
Proposition 1 If p1(-) is a Gaussian probability density, under H,
d
PT — X%Tz)'
Example 1. In (4), let

Fig=0iX1(t— 1)+ fs0xp (%Xl(t - 1)2) 03 Xa(t— 1) + 0y exp (f%Xl(t - 1)2) Xa(t - 1)
=Y'(t-1)6,

where

(8)

Y(t—1):=(Yi(t—1),Ya(t —1),Ys(t — 1), Yg(t — 1))

= <X1(t —1), exp (—%Xl(t — 1)2) , Xo(t—1), exp (—%Xl(t — 1)2) Xo(t — 1)>/,

and 6 = (01, 602,05,04)". In (6), let H, g= VOl +eXq(t—1)2+0Xo(t—1)2 = /W (t—1),
where € and § are small positive values providing minor effects on the residual part of the
CHARN model. Assume that pi(-) is the pdf of N(0,1). We see that 6; = (61,62),
0> = (05,04)", 11 = 2, 7o = 2. Suppose that Z?zl |6;] < 1. Then we can find PT in the
following way.

Since

2
Xl(t)*Flg 1 1 (Xl(t)7F1’0>
: X = ex JE N VA
P\ Hy H g Jorx{0lreXi(t 12 1oXa0_ 17 0 2 (1, 0>2

1
T /2m % (01 eXa(t— 12 + 0Xa(l - 1)7}

[X1(t) - 01X1(t b 1) bt 02 exp{—%Xl(t — 1)2} bt 03X2(t — 1) — 94 exp{—%Xl (t b 1)2}X2(t b 1)]2
P 2% {0.1+eXy(t— 1)2 + 0Xa(t — 1)2} ’

and

) Xi(t)-F, g L
0g [P1
H1,0 H1,0

= _% log(2m x {0.1 4 eX;(t — 1)* + 6 Xo(t — 1)%})

(0~ X~ 1) — Gy exp{— 3 Xa(t — 1%} — 85Xt — 1) — By exp{~ 1 Xa (6 — 12} Xt — DJ?
2% {01+ eX1(f — 1)2 + 0Xa(t — 1)2) ’
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Equ. (6) becomes

(9)
(t) - F1 (7] 1
61 01,92 log D1 : X
Z [ { H, g H, g

-3 Zlog(27r x 0.1+ X (t—1)% + 6Xo(t — 1)°})

t=2

B z”: [(X1(t) — 01 X1 (t — 1) — Orexp{—3 X1 (t — 1)*} — 03 Xa(t — 1) — Oy exp{—2 X1 (t — 1)*} Xo(t — 1)]2.

v 2 x {0.1 + X (t — 1)2 + 0X(t — 1)2}

Under the null hypothesis H, the log-likelihood function becomes

61(01,0) = —% anlog(%r X {01 + EXl(t — 1)2 +6X2(t — 1)2})
n [Xl(t) - 91X1(t — 1) - 92 eXp{*%Xl(t — 1)2}]2
-2 2% {0.1+eXy(t —1)2 + 6Xo(t — 1)2}

t=2

Setting 9¢1/00; = 0, i € {1,2}, with notations Y1 (¢ — 1), Ya(t — 1) and W (t — 1), we see

that
(ELQ {(Vi(t—1), Yot = ))Ya(t = 1)} /W(t — 1)) (61)
Yoo {(Vi(t = 1), Ya(t = 1)Ya(t = 1)} /W (t—1)) \b2
_ (ZLQ {Mt-1),Ya(t = 1)Yi(t = 1)} /W(t — 1)) 0,
Yo ANt = 1), Yo (t = 1)Ya(t — 1)} /W (t = 1)
_ (ZZLQ {(Xa@®yat -1} /Wit - 1))
S {Xu(t)Ya(t = 1)} /W (t —1)

and obtain

9, — (E?:z {(Vi(t = 1), Yo(t = )Yy (t = 1)} /W(t — 1)) - (Z?zz {(Xa@Ya(t = 1)} /W(t - 1))
Yo ANt = 1), Ya(t = 1)Ya(t = 1)} /W(t = 1) Vi AXa@®Y2(t - 1)} /W(t-1))

Substitute @1 = (61, 05) into Equ. (9) and let Yy(t) := X, (t)—6; X1 (t—1)—6, exp{—1X:(t—

1)%}, t =2,3,..., we maximize

61(01,92 = **ZlOg 271' X {O 1 +€X1(t — 1) +(5X2(t — 1) })

- 91X1(t — 1) — Oy exp{—3 X1 (t — 1)*} — 03Xa(t — 1) — Oy exp{—3 X1 (t — 1)*} Xo(t — 1)]?
—Z 2% {01+ Xy (t—1)2+0Xo(t —1)2}

==3 Zlog(QTr x {0.1+eX1(t — 1) +6Xo(t — 1)%})

B z”: [Yo(t) — O3 Xa(t — 1) — g exp{— 1 X1 (t — 1)2} Xa(t — 1)]2
2x {0.14+eX;(t —1)2 +0Xa(t — 1)2}

t=2
Set 9¢1/00; =0, i € {3,4}, we have

(Zl;z {(Ya(t — 1), Ya(t — 1))Ya(t — 1)} /W (t — 1)]) (93) _ (21;2 [Yo(t)Ys(t —1)/W(t — 1)])
Dt {(Ya(t = 1), Ya(t — 1))Ya(t — 1)} /W (t — 1)] Dt [Yo(t)Ya(t — 1)’
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then 05 can be estimated as follows

= (b

02 = (94)

_ (Z?zg H(Ys(t —1),Ya(t —1))Ys(t - 1)} /W (t - 1)})_1 (ZL [Yo(t)Ya(t —1)/W(t—1
Yoo [({(Ya(t = 1), Ya(t — 1))Ya(t — 1)} /W (t — 1)] Yoo [Yo(t)Ya(t — 1)/ W (t —

By substituting the obtained estimates 6, and 6, into (7), we then can calculate the
Portmanteau test statistic PT. That is, with Yp(¢) = X1 (¢) — (Yi(t — 1), Ya(t — 1)) 64,

~ 12
n 2 o= {Yolt) — (Ya(t = 1), Ya(t = 1)) 85
PT =—-) log(2rW(t—1)) — =
; & z:: W(t—1)
+Zlog27rWt—1 ;Z (;_t)l

~ V2
f) = (Yalt — 1), Ya(t — 1)) B}

_ZWt—l tz: Wi(t—1)

4 Simulation Study To evaluate the availability of the Portmanteau test for Granger
causality, we carry out the following simulation. We generate data from the two dimensional
stochastic process below in which Xo(¢) is AR(1) and X;(¢) is a CHARN model:

X1 (t) Y/ (t—1)0+ /0.1 +eX (t —1)2+6X5(t — 12U, (t)
X(t) = ()@(t)) ( \/921X§(t —1) + Us(t) ) ’

where Y (¢t — 1) is defined in (8), 8 = (611,012, 613,614)’, and U;, i = 1,2 are i.i.d. N(0,1).
For eight models, the parameters are set as in the table below. We generate data for each
model with three different lengths, n = 50,300, 1000. For each model and each length, 3000
replications are made. We then test the non-linear causality Hy : 613 = 614 = 0, and
calculate the empirical rejection ratios for each situation. The last three columns in Table 1
present the empirical rejection ratios of non-causality Xs(¢) - X;(¢). Nominal significance
level is 0.05.

Table 1: Empirical rejection ratio of the null hypothesis of non-causality for eight models

Model ¢ 1) (7] 61 m=50 n=300 n=1000
i 0 0 (0.1,0,0,0) 0.2 0.035 0.049 0.048
ii 0.01 0 (0.1,0,0,0) 0.2 0.036 0.043 0.049
iii 0.01 0.01 (0.1,0,0,0) 0.2 0.036 0.045 0.055
iv 0.01 0.05 (0.1,0,0,0) 0.2 0.041 0.051 0.055
v 0.01 0 (0.1,0,0.1,0)’ 0.2 0.462 0.999 1.000
vi 0.01 0.01 (0.1,0,0.1,0) 0.2 0.362 0.995 1.000
vii 0.01 0.01 (0.1,0.1,0.1,0) 0.2 0.376 0.996 1.000
viii 0.01 0.01 (0.17 0.1,0.1, 0.1)' 0.2 0.916 1.000 1.000

From this result, we see that when the sample size is large or moderately large, the
Portmanteau test works well, although there is a need to improve the power when the
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sample size is small. When there is no Granger causality (Models i — iv), the empirical
rejection ratio is close to the significance level; when the Granger causality exists (Models
v — viii), the empirical rejection ratio is close to one.

5 Data Analysis We examine Granger causality between the numbers of infected people
with COVID-19 in Tokyo and its two neighboring prefectures. The data are taken from the
website of NHK https://www3.nhk.or. jp/news/special/coronavirus/data-widget/
#mokujil. We focus on the data of Kanagawa Prefecture, Yamanashi Prefecture and the
Tokyo metropolitan area, from January 16 to December 17, 2020. The three time series as
well as their cross-autocorrelation functions (CCFs) are plotted in Figure 1. A clear seven
day period can be seen from the original data and the CCFs.

Since the variance increases substantially when the number of infections grows and there
are clear trends in the sequences, we set the zero values in the data set as 0.5, take logarithm
for all the data and take the first difference to remove the trends. The detrended data and
their CCF's are given in Figure 2. We also plot the autocorrelation functions (ACFs) and
the partial autocorrelation functions (PACFs) for Kanagawa and Yamanashi Prefectures in
Figure 3.

For the detrended data, we test whether the number of infections in Tokyo causes the
numbers of infections in Kanagawa and Yamanashi in the Granger sense. We denote the
detrended time series of Kanagawa, Yamanashi and Tokyo in Figure 2 as {X;(¢)}, {X2(t)}
and {X3(t)}, respectively. According to the CCFs of Kanagawa and Tokyo in Figure 2
and the ACFs and PACFs of Kanagawa in Figure 3, we try time lags P = 7,14,...,20.
We also prepare the nine possible terms in Table 2 for model selection for p = 1,..., P.
The use of exp{—0.5(X;(t — p))?} and exp{—0.5(X;(t — p))*} X, (t), i,j € {1,2,3}, is due
to Assumption (B.1), and the exponential function can moderate sharp fluctuations in the
time series.

Table 2: Possible terms for model selection

Xi(t—p) Xo(t—p) X3(t —p)

exp{—0.5(X1(t - p))” exp{~0.5(Xa(t —p))”} exp{—0.5(Xs(t — p))”}

)7}
exp{—0.5(X1(t — )"} Xa(t) [ exp{-0.5(X1(t — p))*} Xs(t —p) | exp{-0.5(Xa(t —p))*} Xs(t — p)

The data analysis below is carried out in a two-step procedure. We first use AIC to select
models for X (t) and X5 (t), respectively; then for the models containing effects from X3(t),
we do the Portmanteau test to examine the Granger causality. Since the Portmanteau test
requires that the distribution of the residuals under Hy be normal, we also take this into
account in the model selection. That is, the selected model should minimize AIC, and if
there are several models having similar small values of AIC, we choose the model whose
residuals under Hj are closest to the normal distribution.

For Kanagawa Prefecture, the following model with P = 18 is selected.

P

67

P P
Xi(t) =) apXi(t—p) + Y Bpexn{—0.5(X1(t =)’} + D by exp{=0.5(X5(t — p))*} +e1(t),

p=1

(10)

where €1 (t) is assumed normal distributed N (0, 7).



XIAOLING Dou

Kanagawa Kanagawa & Tokyo
2 |
Q -
S
8
< |
S
s
S
8
o < |
§ =
8 w
g o i
< ¥ :
8 hg
s
S
« o
o
° 7 3
T T T T T T T T T T T T
0 50 100 150 200 250 300 350 -20 -10 0 10 20
Time Lag
Yamanashi Yamanashi & Tokyo
2 |
Q -
S
8
@ |
S
s
S
5
o < |
§ S
8 w
g o i
< ¥ :
8 g
s
S
« o
o
o . s 2
T T T T T T T T T T T T
4 50 100 150 200 250 300 350 -20 -10 0 10 20
Time Lag
Tokyo Kanagawa & Yamanashi
2 |
=3 -
S
8
@ |
S
s
S
8
o < |
§ =
8 w
8
;¥ s
8 hg
s
S
« o
o
° 3
T T T T T T T T T T T T
0 50 100 150 200 250 300 350 -20 -10 0 10 20
Time Lag

Figure 1: Left: Infection numbers of COVID-19 in Kanagawa, Yamanashi and Tokyo; Right:
CCFs of Kanagawa, Yamanashi and Tokyo.
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Figure 2: The detrended time series and their CCFs.
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Figure 3: The ACFs and PACFs of Kanagawa and Yamanashi Prefectures.
Testing the Granger causality for this model is equivalent to test
HQZ 91::913:0
In the calculation of PT, we first compute & = (&1,--- ,é&p)" and ,B = (Bl, e ,Bp)' under

Hy, then substitute them into model (10) and find 0 = (01,--- ,0p) by maximizing the
log-likelihood function.

The residuals from the model under the hypothesis have mean 0.012, standard deviation
0.546; the residuals obtained from the model under the alternative have mean 0.003, and
standard deviation 0.502. The two sequences of residuals are shown in the first row of
Figure 4. The ACFs and PACFs of the sequences of residuals in the second row of the
figure show that there is almost no correlation in the sequences. Corresponding Q-Q plots
of the standardized residuals are shown in the last row of Figure 4. We see that their
distributions are close to the standard normal distribution.

As the value of the test statistic, PT = 14.514, is smaller than the critical point
X3.05(18) = 28.869, we cannot reject the hypothesis Hy at an o = 0.05 significance level,
and cannot conclude that the number of infections in Kanagawa is Granger caused by the
number of infections in Tokyo.

For Yamanashi Prefecture, we try time lags P € {7,...,20} for the model selection.

From the possible terms given in Table 2 and their linear combinations, AIC selects the
simple AR(P) model

(11) Xo(t) = > 1pXa(t —p) + ea(t),

with P = 19. According to the ACFs and PACFs of Yamanashi in Figure 3, we see this
model is suitable, because the ACF tails off and the PACF cuts off after lag 19.
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Figure 4: The left and right panels are the sequences of residuals, their ACFs, PACF's, and
their Q-Q plots under Hy and H1, respectively.
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Figure 6: Q-Q plot of the standardized residuals of Yamanashi Prefecture.

The residuals of Yamanashi Prefecture obtained from model (11) have mean 0.022 and
standard deviation 0.619. The sequence of the residuals, their ACFs and PACFs are plotted
in Figure 5. This model does not contain any information of X3(¢) and we cannot perform
the Portmanteau test. However, since AIC can be used in Granger causality detection by
the selection of the orders of bivariate autoregressive models when the sample size is large
([15]), we can conclude that there is no Granger causality of Tokyo to Yamanashi Prefecture.

For a simultaneous test of the Granger causality from Tokyo to both of the prefectures
of Kanagawa and Yamanashi, a possible solution is to take X1 (¢) = (X1(¢), X2(t))" together
as Kanagawa and Yamanashi, and investigate the effect of Tokyo X3(t) to X1 (¢) using the
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Portmanteau test. In the multivariate case, we also need a precondition that the distribution
of the residuals under Hy should be a two-dimensional normal distribution. However, the
Q-Q plot of the standardized residuals of Xa(t) obtained from (11) in Figure 6 shows a
significant departure from the standard normal distribution. This means that the selected
models (10) and (11) are not able to make the precondition satisfied and the Portmanteau
test cannot be applied directly to this data set. Besides, in our models (10) and (11),
different time lags P are used: P = 18 for X;(t), and P = 19 for X5(¢). This results in
different lengths of residuals of the two time series and makes it difficult to construct a
two-dimensional normal distribution. Additionally, because of the different patterns of the
ACFs and PACFs for Kanagawa and Yamanashi Prefectures in Figure 3, it is unlikely to
obtain the same or similar models for X7 (¢) and Xo(¢) even if other model selection methods
are used. For these reasons, we decide to cease the simultaneous Granger causality test for
this data set.
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(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,
3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel : 070-7775-9662

(b’) taniguchi@waseda.jp

(c) Statistical Inference for Stochastic Processes

(a) Masao Kondo

(b) non-public

(b’) kondo@sci.kagoshima-u.ac.jp
(c) Time Series Analysis

(a) Ryusuke Hohzaki

(b) Tsukuba Gakuin University 3-1 Azuma Tsukuba City, Ibaragi Prefecture,Japan
(b”) hozaki@tsukuba-g.ac.jp

(c) Reviewable area: Operations Research, Search theory, Game theory

(a) Junzo Watada, PhD
(b) Dr. Junzo Watada, WCICME, 2-10-8-407 Kobai, Yahatanishi, Kitakyushu 806-0011 Japan
(c) +81-90-3464-4929
(d) Affiliation
# invited Research, IPS Research Center, Waseda University
# Professor Emeritus, Waseda University, Japan

http://www.wcicme.com/watada/

Mobile: +81-90-3464-4929

# Research Professor, Zhejiang Gongshang University, China
# Research Professor, Indian Instutute of Finance, Delhi, India

(a) Kensaku Kikuta
(b) School of Business Administration, University of Hyogo,
8-2-1 Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN
(b) kikuta@biz.u-hyogo.ac.jp
(c) Game Theory, Operations Research,

(a) Wuyi Yue

(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada-ku , Kobe 658-8501, JAPAN

(b’) yue@konan-u.ac.jp

(c¢) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov
Processes, Probabilistic Methods, Systems Engineering



(a) Hiroaki Sandoh

(b) Faculty of Policy Studies Kwansei Gakuin University 1, Gakuen-Uegahara, Sanda-shi, Hyogo 669-1330 Japan
(b’) sandoh@kwansei.ac.jp

(c) Operations Research and Management Science, Stochastic modeling

(a) Katsunori Ano

(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku
Saitama-city, 337-8570, Japan

(b) k-ano@shibaura-it.ac.jp

(¢) Optimal Stopping, Mathematical Finance, Applied Probability

(a) Koyu Uematsu

(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University
6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan

(b’) uematsu@oiu.jp

(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory

(a) Yoshiki Kinoshita

(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa
259-1293, Japan

(b’) yoshiki@kanagawa-u.ac.jp

(c) Software Science, Programming language semantics

(a)Tadashi Takahashi

(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto,
Higashinada, Kobe, Hyogo 658-8501, Japan

(b’) takahasi@konan-u.ac.jp

(c)Mathematics Education

(a) Yoko Watamori

(b) Department of Mathematics, Graduate School of Science, Osaka Metropolitan University, Sakai, Osaka 599-8531,
Japan

(b") w318y@omu.ac.jp

(c) Directional statistics, Multivariate Analysis

(a) Koichi Osaki

(b) Department of Mathematical Sciences, School of Science, Kwansei Gakuin University,
1 Gakuen Uegahara, Sanda, 669-1330, Japan.

(b') osaki@kwansei.ac.jp

(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems
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uematsu@jams.jp



Submission to the SCMJ

In September 2012, the way of submission to Scientiae Mathematicae Japonicae
(SCMJ) was changed. Submissions should be sent electronically (in PDF file) to the

editorial office of International Society for Mathematical Sciences (ISMS).

(1) Preparation of files and Submission
a. Authors who would like to submit their papers to the SCMJ should make
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty)
Submissions should be in PDF file compiled from the source files. Send the
PDF file to slbmt@jams.jp .
b. Prepare a Submission Form and send it to the ISMS. The required items to
be contained in the form are:
1. Editor’s name whom the author chooses from the Editorial Board

(http://www.jams.or.jp/hp/submission f.html )and would like to take in

charge of the paper for refereeing.
2. Title of the paper.
3. Authors’ names.
4. Corresponding author’s name, e-mail address and postal address (affiliation).

5. Membership number in case the author is an ISMS member.
Japanese authors should write 3 and 4 both in English and in Japanese.

At http!//www.jams.or.jp/hp/submission fhtml, the author can find the

Submission Form. Fulfill the Form and sent it to the editorial office by pushing
the button “transmission”. Or, without using the Form, the author may send
an e-mail containing the items 1-5 to slbmt@jams.jp

(2) Registration of Papers
When the editorial office receives both a PDF file of a submitted paper and a
Submission Form, we register the paper. We inform the author of the
registration number and the received date. At the same time, we send the PDF
file to the editor whom the author chooses in the Submission Form and request
him/her to begin the process of refereeing. (Authors need not send their papers to

the editor they choose.)
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(3) Reviewing Process

a.

4) a.

b.

The editor who receives, from the editorial office, the PDF file and the request
of starting the reviewing process, he/she will find an appropriate referee for
the paper.

The referee sends a report to the editor. When revision of the paper is
necessary, the editor informs the author of the referee’s opinion.

Based on the referee report, the editor sends his/her decision (acceptance of

rejection) to the editorial office.

Managing Editor of the SCMdJ makes the final decision to the paper valuing the
editor’s decision, and informs it to the author.
When the paper is accepted, we ask the author to send us a source file and

a PDF file of the final manuscript.

c. The publication charges for the ISMS members are free if the membership dues

have been paid without delay. If the authors of the accepted papers are not the
ISMS members, they should become ISMS members and pay ¥6,000 (US$75,
Euro55) as the membership dues for a year, or should just pay the same

amount without becoming the members.

Items required in Submission Form

1. Editor’s name who the authors wish will take in charge of the paper
Title of the paper

Authors’ names

w

3’.  3.1n Japanese for Japanese authors

Corresponding author’s name and postal address (affiliation)
4. in Japanese for Japanese authors

ISMS membership number

S T

E-mail address
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Call for ISMS Members

Call for Academic and Institutional Members

Discounted subscription price: When organizations become the Academic and Institutional
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the
yearly price of US$225. At this price, they can add the subscription of the online version upon
their request.

Invitation of two associate members: We would like to invite two persons from the
organizations to the associate members with no membership fees. The two persons will enjoy
almost the same privileges as the individual members. Although the associate members
cannot have their own ID Name and Password to read the online version of SCMdJ, they can
read the online version of SCMJ at their organization.

To apply for the Academic and Institutional Member of the ISMS, please use the following
application form.

Application for Academic and Institutional Member of ISMS

Subscription of SCMdJ
[JPrint OPrint + Online

(US$225) (US$225)

Check one of the two.

University (Institution)

Department

Postal Address
where SCMdJ should be

sent

E-mail address

Name:

Person in charge Signature:

Payment
[OBank transfer OCredit Card (Visa, Master)
Check one of the two.

Name of Associate Membership

12



Call for Individual Members

We call for individual members. The privileges to them and the membership dues are shown
in “Join ISMS !” on the inside of the back cover.

Items required in Membership Application Form

Name

Birth date

Academic background

Affiliation

4’s address

Doctorate

Contact address

E-mail address

Special fields

0. Membership category (See Table 1 in “Join ISMS !”)

290000k W

Individual Membership Application Form

1. Name

2. Birth date

3.
Academic background

4. Affiliation

5. 4’s address

6. Doctorate

7. Contact address

8. E-mail address

9. Special fields

10.
Membership
category
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Contributions (Gift to the ISMS)

We deeply appreciate your generous contributions to support the activities of our
society.
The donation are used (1) to make medals for the new prizes (Kitagawa Prize,
Kunugi Prize, and ISMS Prize), (2) to support the IVMS at Osaka University
Nakanoshima Center, and (3) for a special fund designated by the contributors.

Your remittance to the following accounts of ours will be very much appreciated.

(1) Through a post office, remit to our giro account ( in Yen only ):

No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS )
or send International Postal Money Order (in US Dollar or in Yen) to our
address:

International Society for Mathematical Sciences

2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan

(2) A/C 94103518, ISMS
CITIBANK, Japan Ltd., Shinsaibashi Branch
Midosuji Diamond Building
2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan

Payment Instructions:
Payment can be made through a post office or a bank, or by credit card. Members may
choose the most convenient way of remittance. Please note that we do not accept payment by
bank drafts (checks). For more information, please refer to an invoice.

Methods of Overseas Payment:

Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4)
UNESCO Coupons.

Authors or members may choose the most convenient way of remittance as are shown below.
Please note that we do not accept payment by bank drafts (checks).
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send
International Postal Money Order to our postal address (2) Remittance through a
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO
Coupons.

Methods of Domestic Payment:

Make remittance to:
(1) Post Office Transfer Account - 00930-3-73982 or
(2) Account No0.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING
CORPORATION, Sakai, Osaka, Japan.
All of the correspondences concerning subscriptions, back numbers, individual and
institutional memberships, should be addressed to the Publications Department,
International Society for Mathematical Sciences.
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Join ISMS !

ISMS Publications: We published Mathematica Japonica (M.J.) in print,
which was first published in 1948 and has gained an international reputation in
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online
and in print. In January 2001, the two publications were unified and changed to
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and
published both online and in print. Ahead of this, the online version of SCMJ
was first published in September 2000. The whole number of SCMdJ exceeds 270,
which i1s the largest amount in the publications of mathematical sciences in
Japan. The features of SCMJ are:

1) About 80 eminent professors and researchers of not only Japan but also 20
foreign countries join the Editorial Board. The accepted papers are
published both online and in print. SCMJ is reviewed by Mathematical
Review and Zentralblatt from cover to cover.

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ
are introduced to the relevant research groups for the positive exchanges
between researchers.

3) ISMS Annual Meeting: Many researchers of ISMS members and
non-members gather and take time to make presentations and discussions
in their research groups every year.

The privileges to the individual ISMS Members:
(1) No publication charges
(2) Free access (including printing out) to the online version of SCMdJ
(3) Free copy of each printed issue

The privileges to the Institutional Members:
Two associate members can be registered, free of charge, from an institution.

Table 1: Membership Dues for 2019

Categories Domestic Overseas Develop.lng
countries
L-year Regular ¥8,000 US$80, Euro75 | USS50, Eurod7
member
l-year Students
¥4,000 US$50 , Euro47 US$30 , Euro28
member
. N Calculated
Life member . US$750 , Euro710 US$440, Euro416
as below
Honorary member Free Free Free

(Regarding submitted papers,we apply above presented new fee after April 15 in
2015 on registoration date.) * Regular member between 63 - 73 years old can apply
the category.

(73—age) x ¥3,000
Regular member over 73 years old can maintain the qualification and the privileges
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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