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ON FILTERS IN WEAK BCC-ALGEBRAS

DANIEL ABRAHAM ROMANO

Abstract. The concept of weak BCC algebra (shortly: BZ - algebra) is a

much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss

the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK+-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCI-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
[1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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we design some additional conditions that a BZ filter can satisfy and analyze their
interconnections.

2. Preliminaries

Definition 2.1. A non-empty set A with a binary operation ′ · ′ and a distin-
guished element 0 is called a BZ-algebra (or a weak BCC-algebra) if the following
axioms:

(BZ-1) (∀x, y, z ∈ A)(((x · z) · (y · z)) · (x · y) = 0),
(BZ-2) (∀x ∈ A)(x · 0 = x),
(BZ-3) (∀x, y ∈ A)((x · y = 0 ∧ y · z = 0) =⇒ x = y).

are satisfied.

Similarly as in BCI-algebras in any BZ-algebra A we can introduce a natural
partial order ′ � ′ putting

(∀x, y ∈ A)(x � y ⇐⇒ x · y = 0).

It is not difficult to see that in BZ-algebras the following hold
(i) (∀x ∈ A)(x · x = 0),
(ii) (∀x, y, z ∈ A)(x � y =⇒ (x · z � y · z ∧ z · y � z · x)).

Definition 2.2. ([1], Definition 2.3) Determine φ : A −→ A by

(∀x ∈ A)(φ(x) = 0 · x).

The following lemma is true.

Lemma 2.1 ([1], Lemma 2.2). In any BZ-algebra we have
(a) (∀x, y ∈ A)(φ(x · y) � y · x),
(b) (∀x ∈ A)(φ2(x) � x),
(c) (∀x, y ∈ A)(φ(x) · (y · x) = φ(y)),
(d) (∀x, y ∈ A)(φ(x · y) · φ(x) = φ2(y)),
(e) (∀x ∈ A)(φ3(x) = φ(x)),
(f) (∀x, y ∈ A)(φ2(x · y) = φ2(x) · φ2(y)),
(g) (∀x, y ∈ A)(x � y =⇒ φ(x) = φ(y)),
(h) (∀x, y ∈ A)(φ2(x · y) = φ(y · x)),
(i) (∀x, y, z ∈ A)(((x · y) · z) · φ(x) � x · ((y · z) · φ(z))).

3. Some types of ideals in wBCC-algebras

Definition 3.1. ([1]) A non-empty subset J of a BZ-algebra A is a BZ-ideal
if

(1) 0 ∈ J
(2) (∀x, y, z ∈ A)(((x · y) · z ∈ J ∧ y ∈ J) =⇒ x · z ∈ J).

In the following statement is given a fundamental property of BZ-ideal

Theorem 3.1. Let J be a BZ-ideal of a BZ-algebra A. Then
(3) (∀x, y ∈ A)((x · y ∈ J ∧ y ∈ J) =⇒ x ∈ J)
(4) (∀x, y ∈ A)((φ(y) ∈ J ∧ x ∈ J) =⇒ x · y ∈ J).
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Proof. If put z = 0 in (2) we get (3).
If we put y = x and z = y in (2) have

(∀x, y ∈ A)(((x · x) · y = 0 · y = φ(y) ∈ J) ∧ y ∈ J) =⇒ x · y ∈ J).

So, the statement (4) is proven. �
Corollary 3.1. Let J be a BZ-ideal in a BZ-algebra A. Then
(5) (∀x, y ∈ A)((x � y ∧ y ∈ J) =⇒ x ∈ J).

In what follows, we remind the reader on some types of BZ-ideals

Definition 3.2. ([1], Definition 3.4; [8], Definition 68) An ideal BZ-ideal J of
BZ-algebra A is called

- closed if φ(J) ⊆ J ;
- (∗)-BZ-ideal if (∀x, y ∈ A)((x ∈ J ∧ y ∈ A\J) =⇒ x · y ∈ J);
- anti-grouped if (∀x ∈ A)(φ2(x) ∈ J =⇒ x ∈ J);
- strong if (∀xy ∈ A)((x ∈ J ∧ y ∈ A\J) =⇒ x · y ∈ A\J);
- regular if (∀x, y ∈ A)((x · y ∈ J ∧ x ∈ J) =⇒ y ∈ J);
- associative if (∀x, y ∈ A)(x · φ(y) ∈ J =⇒ y · x ∈ J);
- T-ideal if (∀x, y, z ∈ A)((x · (y · z) ∈ J ∧ y ∈ J) =⇒ x · z ∈ J).

For any ideal J of a BZ-algebra A we can define a binary relation ′ ≺ ′ on A
putting:

(∀x, y ∈ A)(x ≺ y ⇐⇒ x · y ∈ J).

Such defined relation is a quasi-order relation on A left-compatible and right anti-
compatible with the internal operation in A. Then the relation ′ ∼ ′ defined in A
by ∼=≺ ∩ ≺−1 is a congruence on A. This can be proven in an analogous way
as it was done in the article [7]. The set A/ ∼= {[x]∼ : x ∈ A} is a BZ-algebra
with respect to the internal operation [x]∼ ◦ [y]∼ = [x · y]∼ (for any x, y ∈ A) ([1]).
In this algebra the relation ′ ≼ ′ defined by [x]∼ ≼ [y]∼ ⇐⇒ x ≺ y is an order
relation on A/ ∼.

4. The concept of BZ-filters in wBCC-algebras

First, we introduce the concept of BZ filters in a BZ-algebra by the following
definition looking at the way we made it into the article [7].

Definition 4.1. A subset F of a BZ-algebra A is a BZ-filter of A if
(6) ¬(0 ∈ F ),
(7) (∀x, y, z ∈ A)((¬((x · y) · z ∈ F ) ∧ x · z ∈ F ) =⇒ y ∈ F ).

The BZ-filter defined on this way has the following properties.

Theorem 4.1. Let A be BZ-algebra and F a BZ-filter of A. Then
(8) (∀x, y ∈ A)((¬(x · y ∈ F ) ∧ x ∈ F ) =⇒ y ∈ F ),
(9) (∀x, y ∈ A)((x · y ∈ F ∧ ¬(φ(y) ∈ F )) =⇒ x ∈ F ).

Proof. Putting z = 0 in (7) we obtain (8).
If we put y = x and z = y in (7), we have

(¬((x · x) · y = 0 · y = φ(y) ∈ F ) ∧ x · y ∈ F ) =⇒ x ∈ F.
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we design some additional conditions that a BZ filter can satisfy and analyze their
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Therefore, (9) is proved. �
Corollary 4.1. Let F be a BZ-filter of a BZ-algebra A. Then
(10) (∀x, y ∈ F )((x � y ∧ x ∈ F ) =⇒ y ∈ F )

Proof. Let x, y ∈ A be arbitrary elements such that x � y and x ∈ F . Thus
¬(x · y = 0 ∈ F ) and x ∈ F . Then by (8) we have y ∈ F . �

Theorem 4.2. If F is a BZ-filter of BZ-algebra A, then the set J = A\F is a
BZ-ideal. Opposite, if J is a BZ-ideal of BZ-algebra A, then the set F = A\J is a
BZ-filter of A.

Proof. It is clear that 0 ∈ J . Let x, y, z ∈ A be arbitrary elements such that
(x · y) · z ∈ J and y ∈ J . Then we have ¬((x · y) · z ∈ F ) and ¬(y ∈ F ). If we
suppose that x · z ∈ F by (7) we will have y ∈ F . So, must to be ¬(x · z ∈ F ).

Opposite, let J be a BZ-ideal of A. It is that ¬(0 ∈ A\J). Let x, y, z ∈ A be
arbitrary elements such that ¬((x · y) · z ∈ A\J) and x · z ∈ A\J . Then y ∈ A\J .
Indeed. If it were y ∈ J then x · z ∈ J follows from (x · y) · z ∈ J and the y ∈ J
which is in a contradiction with the assumption x · z ∈ A\J . �

Theorem 4.3. The family FA of all BZ-filters in BZ-algebra A forms a com-
pletely lattice.

Proof. Let {Fi∈I} be a family of BZ-filters in BZ-algebra A. It is clear that
¬(0 ∈

∩
i∈I Fi) and ¬(0 ∈

∪
i∈I Fi).

(a) Let x, y, z ∈ A arbitrary elements such that ¬((x · y) · z ∈
∪

i∈I Fi) and
x · z ∈

∪
i∈I Fi. Thus ¬((x · y) · z ∈ Fi) for all i ∈ I and there exists an index j ∈ I

such that x · z ∈ Fj . Then y ∈ Fj ⊆
∪

i∈I Fi.
(b) Let X be the family of all BCC-filters which contained in the intersection∩

i∈I Fi. The union
∪

X is the minimal BCC-filter contained in the intersection∩
i∈I Fi.
(c) So, if we choose ⊓i∈IFi =

∪
X and ⊔i∈IFi =

∪
i∈I Fi, then (F,⊓,⊔) is a

completely lattice. �

5. Some types of BZ-filters

In the theory of algebras, important role play ideals. Filters in these algebras
can also be important since they are highly related to the ideals. Our intent in this
section is to determine the various types of filters in the BZ-algebras and establish
the relationships between them.

In what follows, we analyze the conditions that a BZ-filter could satisfy. Marks
for these conditions we borrowed from the corresponding ideals in BZ-algebras since
we have been given them by modification of the logical atoms in the formulas that
are determined these ideals.

(T) (∀x, y, z ∈ A)((¬(x · (y · z) ∈ F ) ∧ x · z ∈ F ) =⇒ y ∈ F ).
(∗) (∀x, y ∈ A)((x · y ∈ F ∧ y ∈ F ) =⇒ x ∈ F ;
(R) (∀x, y ∈ A)((¬(x ∈ F ) ∧ y ∈ F ) =⇒ xy ∈ F );
(S) (∀x, y ∈ A)((¬(x · y ∈ F ) ∧ y ∈ F ) =⇒ x ∈ F );
(A) (∀x, y ∈ A)(x · y ∈ F =⇒ y · φ(x) ∈ F );
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(C) (∀x ∈ A)(φ(x) ∈ F =⇒ x ∈ F );
(AG) (∀x ∈ A)(x ∈ F =⇒ φ2(x) ∈ F ).

Our first proposition refers to BZ-filter which satisfies condition (T).

Proposition 5.1. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (T). Then

(T1) (∀x, y ∈ A)(x · φ(y) ∈ F ∨ ¬(x · y ∈ F )).

Proof. If we put y = 0 and z = y in formula (T), we get the following

(∀x, y ∈ A)((¬(x · φ(y) ∈ F ) ∧ x · y ∈ F ) =⇒ 0 ∈ F )

which is a contradiction. So, we have

(∀x, y ∈ A)¬(¬(x · φ(y) ∈ F ) ∧ x · y ∈ F ).

Therefore, for any BZ-filter F satisfying condition (T) have to be

(∀x, y ∈ A)(x · φ(y) ∈ F ∨ ¬(x · y ∈ F ))

�

Corollary 5.1. Let F be a BZ-filter in a BZ-algebra A satisfying the condition
(T). Then

(T2) (∀y ∈ A)(φ2(y) ∈ F ∨ ¬(φ(y) ∈ F )).

Proof. Putting x = 0 in (T1) we get (T2). �

Our second proposition relates to a BZ-filter that satisfies the condition (∗)

Proposition 5.2. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (∗). Then

(∗1) (∀y ∈ A)(¬(φ(y) ∈ F ) ∨ ¬(y ∈ F )).

Proof. If we put x = 0 in formula (∗) we get the following

(∀y ∈ A)((0 · y ∈ F ∧ y ∈ F ) =⇒ 0 ∈ F )

which is a contradiction. So, we have

(∀y ∈ A)¬(φ(y) ∈ F ∧ y ∈ F ).

Therefore, for any BZ-filter F satisfying the condition (∗), the condition (∗1) is
valid also. �

Proposition 5.3. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (R). Then

(R1) (∀y ∈ A)(y ∈ F =⇒ φ(y) ∈ F ).

Proof. If we put x = 0 in the formula (R) we have (¬(0 ∈ F ) ∧ y ∈ F ) =⇒
φ(y) ∈ F . Since the condition ¬(0 ∈ F ) is valid by (6), for any y ∈ A we have
y ∈ F =⇒ φ(y) ∈ F . So, for any BZ-filter in BZ-algebra A satisfying the condition
(R), the formula (R1) is valid. �

Our third proposition refers to the BZ-filter that satisfies the condition (S).
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much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss

the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK+-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCI-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
[1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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Therefore, (9) is proved. �
Corollary 4.1. Let F be a BZ-filter of a BZ-algebra A. Then
(10) (∀x, y ∈ F )((x � y ∧ x ∈ F ) =⇒ y ∈ F )

Proof. Let x, y ∈ A be arbitrary elements such that x � y and x ∈ F . Thus
¬(x · y = 0 ∈ F ) and x ∈ F . Then by (8) we have y ∈ F . �

Theorem 4.2. If F is a BZ-filter of BZ-algebra A, then the set J = A\F is a
BZ-ideal. Opposite, if J is a BZ-ideal of BZ-algebra A, then the set F = A\J is a
BZ-filter of A.

Proof. It is clear that 0 ∈ J . Let x, y, z ∈ A be arbitrary elements such that
(x · y) · z ∈ J and y ∈ J . Then we have ¬((x · y) · z ∈ F ) and ¬(y ∈ F ). If we
suppose that x · z ∈ F by (7) we will have y ∈ F . So, must to be ¬(x · z ∈ F ).

Opposite, let J be a BZ-ideal of A. It is that ¬(0 ∈ A\J). Let x, y, z ∈ A be
arbitrary elements such that ¬((x · y) · z ∈ A\J) and x · z ∈ A\J . Then y ∈ A\J .
Indeed. If it were y ∈ J then x · z ∈ J follows from (x · y) · z ∈ J and the y ∈ J
which is in a contradiction with the assumption x · z ∈ A\J . �

Theorem 4.3. The family FA of all BZ-filters in BZ-algebra A forms a com-
pletely lattice.

Proof. Let {Fi∈I} be a family of BZ-filters in BZ-algebra A. It is clear that
¬(0 ∈

∩
i∈I Fi) and ¬(0 ∈

∪
i∈I Fi).

(a) Let x, y, z ∈ A arbitrary elements such that ¬((x · y) · z ∈
∪

i∈I Fi) and
x · z ∈

∪
i∈I Fi. Thus ¬((x · y) · z ∈ Fi) for all i ∈ I and there exists an index j ∈ I

such that x · z ∈ Fj . Then y ∈ Fj ⊆
∪

i∈I Fi.
(b) Let X be the family of all BCC-filters which contained in the intersection∩

i∈I Fi. The union
∪

X is the minimal BCC-filter contained in the intersection∩
i∈I Fi.
(c) So, if we choose ⊓i∈IFi =

∪
X and ⊔i∈IFi =

∪
i∈I Fi, then (F,⊓,⊔) is a

completely lattice. �

5. Some types of BZ-filters

In the theory of algebras, important role play ideals. Filters in these algebras
can also be important since they are highly related to the ideals. Our intent in this
section is to determine the various types of filters in the BZ-algebras and establish
the relationships between them.

In what follows, we analyze the conditions that a BZ-filter could satisfy. Marks
for these conditions we borrowed from the corresponding ideals in BZ-algebras since
we have been given them by modification of the logical atoms in the formulas that
are determined these ideals.

(T) (∀x, y, z ∈ A)((¬(x · (y · z) ∈ F ) ∧ x · z ∈ F ) =⇒ y ∈ F ).
(∗) (∀x, y ∈ A)((x · y ∈ F ∧ y ∈ F ) =⇒ x ∈ F ;
(R) (∀x, y ∈ A)((¬(x ∈ F ) ∧ y ∈ F ) =⇒ xy ∈ F );
(S) (∀x, y ∈ A)((¬(x · y ∈ F ) ∧ y ∈ F ) =⇒ x ∈ F );
(A) (∀x, y ∈ A)(x · y ∈ F =⇒ y · φ(x) ∈ F );

ON FILTERS IN WEAK BCC-ALGEBRAS 5

(C) (∀x ∈ A)(φ(x) ∈ F =⇒ x ∈ F );
(AG) (∀x ∈ A)(x ∈ F =⇒ φ2(x) ∈ F ).

Our first proposition refers to BZ-filter which satisfies condition (T).

Proposition 5.1. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (T). Then

(T1) (∀x, y ∈ A)(x · φ(y) ∈ F ∨ ¬(x · y ∈ F )).

Proof. If we put y = 0 and z = y in formula (T), we get the following

(∀x, y ∈ A)((¬(x · φ(y) ∈ F ) ∧ x · y ∈ F ) =⇒ 0 ∈ F )

which is a contradiction. So, we have

(∀x, y ∈ A)¬(¬(x · φ(y) ∈ F ) ∧ x · y ∈ F ).

Therefore, for any BZ-filter F satisfying condition (T) have to be

(∀x, y ∈ A)(x · φ(y) ∈ F ∨ ¬(x · y ∈ F ))

�

Corollary 5.1. Let F be a BZ-filter in a BZ-algebra A satisfying the condition
(T). Then

(T2) (∀y ∈ A)(φ2(y) ∈ F ∨ ¬(φ(y) ∈ F )).

Proof. Putting x = 0 in (T1) we get (T2). �

Our second proposition relates to a BZ-filter that satisfies the condition (∗)

Proposition 5.2. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (∗). Then

(∗1) (∀y ∈ A)(¬(φ(y) ∈ F ) ∨ ¬(y ∈ F )).

Proof. If we put x = 0 in formula (∗) we get the following

(∀y ∈ A)((0 · y ∈ F ∧ y ∈ F ) =⇒ 0 ∈ F )

which is a contradiction. So, we have

(∀y ∈ A)¬(φ(y) ∈ F ∧ y ∈ F ).

Therefore, for any BZ-filter F satisfying the condition (∗), the condition (∗1) is
valid also. �

Proposition 5.3. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (R). Then

(R1) (∀y ∈ A)(y ∈ F =⇒ φ(y) ∈ F ).

Proof. If we put x = 0 in the formula (R) we have (¬(0 ∈ F ) ∧ y ∈ F ) =⇒
φ(y) ∈ F . Since the condition ¬(0 ∈ F ) is valid by (6), for any y ∈ A we have
y ∈ F =⇒ φ(y) ∈ F . So, for any BZ-filter in BZ-algebra A satisfying the condition
(R), the formula (R1) is valid. �

Our third proposition refers to the BZ-filter that satisfies the condition (S).
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Proposition 5.4. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (S). Then

(S1) (∀y ∈ A)(φ(y) ∈ F ∨ ¬(y ∈ F )).

Proof. Putting x = 0 in (S) we get the following

(∀y ∈ A)((¬(φ(y) ∈ F ) ∧ y ∈ F ) =⇒ 0 ∈ F ).

We got a contradiction. This contradiction negates the hypothesis in the previous
implication. So, have to be ¬(¬(φ(y) ∈ F ) ∧ y ∈ F ). Therefore, the following
φ(y) ∈ F ∨ ¬(y ∈ F ) is proven for any y ∈ A. �

Our next assertion refers to the BZ filter in the BZ algebra that satisfies con-
dition (A).

Proposition 5.5. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (A). Then

(A1) (∀x ∈ A)(x ∈ F =⇒ φ2(x) ∈ F ), and
(A2) (∀y ∈ A)(φ(y) ∈ F =⇒ y ∈ F ).

Proof. Putting y = 0 in (A) we get (A1). If put x = 0 in (A) we will get
(A2). �

With (mark) we mark any of the conditions mentioned above. We will write
F ∈ (mark) if we want to say that the BZ-filter F satisfies the condition (mark).
The obtained results in the preceding propositions allow us to make a summary of
the interdependence of the conditions that we intend BZ-filters satisfies.

Corollary 5.2. For any BZ-filter F of BZ-algebra A the following holds

F ∈ (A) =⇒ F ∈ (C) ∩ (AG).

Before we expose the first theorem about the BZ-filters in the BZ-algebra, we
recall the readers to the term ’consistent subset’: For a subset X of a algebra A we
say that it is a consistent subset in A if and only if the following is valid

(∀x, y ∈ A)(x · y ∈ X =⇒ (x ∈ X ∨ y ∈ X)).

Theorem 5.1. A BZ-filter F of BZ-algebra A satisfies the condition (C) if and
only if F is a consistent subset of A.

Proof. Assume that a BZ-filter F is a consistent subset in A. Let x ∈ A be
an arbitrary element such that φ(x) ∈ F . Thus from 0 · x ∈ F follows 0 ∈ F or
x ∈ F . Since the first option is impossible by (6), we have x ∈ F . So, F ∈ (C).

Conversely, Let F ∈ (C) be holds for a BZ-filter F of a BZ-algebra A and let
x, y ∈ A be arbitrary elements such that x · y ∈ F . We have two options:

(i) Suppose x · y ∈ F and ¬(y ∈ F ). Thus ¬(φ(y) ∈ F ). Then x ∈ F by (9).
(ii) Let x · y ∈ F and ¬(x ∈ F ) is valid. If we suppose ¬(y ∈ F ), thus

¬(φ(y) ∈ F ) is valid. Then from x · y ∈ F and ¬(φ(y) ∈ F ) would get x ∈ F
according to (9). We got a contradiction. Therefore, it must be y ∈ F .

Finally, the filter F is a consistent subset of A. �
Theorem 5.2. For a BZ-filter F of BZ-algebra A the following holds
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F ∈ (C) ∩ (∗) if and only if (∀x ∈ A)¬(φ(x) ∈ F ).

Proof. Suppose (∀x ∈ A)¬(φ(x) ∈ F ) holds. Let x, y ∈ A be arbitrary
elements such that x · y ∈ F and y ∈ F . Then ¬(φ(y) ∈ F ) by hypothesis. Thus
from x · y ∈ F and ¬(φ(y) ∈ F )follows x ∈ F by (9). So, F ∈ (∗).

Further, suppose φ(x) ∈ F and ¬(x ∈ F ). Thus x ∈ A\F and ¬(φ(x) ∈ F ).
We got a contradiction. So, have to be x ∈ F . So, F ∈ (C).

Opposite, suppose (C) and (∗) hold. Let x ∈ A be an arbitrary element. If
we suppose φ(x) ∈ F , thus x ∈ F by the condition (C). On the other side, from
0 · x ∈ F and x ∈ F follows 0 ∈ F . We got a contradiction. So, have to be
¬(φ(x) ∈ F ). Therefore, for a BZ-filter F satisfies conditions (C) and (∗) the
following (∀x ∈ A)¬(φ(x) ∈ F ) holds. �

Theorem 5.3. For a BZ-filter F of a BZ-algebra A the following are equivalent:
(i) F ∈ (AG);
(ii) (∀x, y ∈ A)((y ∈ F ∧ x � y) =⇒ x ∈ F );
(iii) (∀x, y, z ∈ A)((x ∈ F ∧ ¬(y ∈ F )) =⇒ (x · z) · (y · z) ∈ F );
(iv) (∀x, z ∈ A)(x ∈ F =⇒ (x · z) · φ(z) ∈ F ).

Proof. (i) =⇒ (ii). Ly ∈ F and x � y. Thus x · y = 0. Suppose y · x ∈ F .
Then φ2(y · x) ∈ F because F ∈ (AG). From this follows 0 = φ(0) = φ(x · y) =
φ2(y · x) ∈ F by (h). We got a contradiction. So, ¬(y · x ∈ F ). Now, from
¬(y · x ∈ F ) and y ∈ F follows x ∈ F by (8).

(ii) =⇒ (iii). Suppose (ii) holds. Let x, y ∈ A be arbitrary elements such that
x ∈ F and ¬(y ∈ F ). Thus x · y ∈ F . Indeed. If there were ¬(x · y ∈ F ) then
from ¬(x · y ∈ F ) and x ∈ F would follow y ∈ F by (8). It would have been
contradictory. Therefore, it must be x · y ∈ F . Since (x · z) · (y · z) � x · y by (BZ-1)
and x · y ∈ F we have (x · z) · (y · z) ∈ F , by (ii).

(iii) =⇒ (iv). Putting y = 0 we get (iv).
(iv) =⇒ (i). Putting z = x we get (i). �

Theorem 5.4. A BZ-filter F of a BZ-algebra A satisfies condition (C) and
(AG) if and only if for every x ∈ A both x and φ(x) belong or not belong to F .

Proof. Suppose F ∈ (C) ∩ (AG). Let x ∈ A be an arbitrary element such
that x ∈ F . Thus φ2(x) ∈ F by (AG). Then φ(x) ∈ F by (C). On the other hand,
if φ(x) ∈ F then x ∈ F according to (c). Therefore, both x φ(x) belong or not
belong to F .

Conversely, let a BZ-filter F has the property that both x and φ(x) belong or
not belong to F for any x ∈ A. Suppose x ∈ F and φ(x) ∈ F . Thus φ2(x) ∈ F
again. So, F obviously satisfy the condition (C) and the condition (AG). Analo-
gously, the second option can be demonstrated. �

Theorem 5.5. For any BZ-filter F of a BZ-algebra A the following holds

F ∈ (S) ⇐⇒ F ∈ (C) ∩ (AG).

Proof. Suppose F ∈ (S).
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the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
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BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK+-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCI-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
[1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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Proposition 5.4. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (S). Then

(S1) (∀y ∈ A)(φ(y) ∈ F ∨ ¬(y ∈ F )).

Proof. Putting x = 0 in (S) we get the following

(∀y ∈ A)((¬(φ(y) ∈ F ) ∧ y ∈ F ) =⇒ 0 ∈ F ).

We got a contradiction. This contradiction negates the hypothesis in the previous
implication. So, have to be ¬(¬(φ(y) ∈ F ) ∧ y ∈ F ). Therefore, the following
φ(y) ∈ F ∨ ¬(y ∈ F ) is proven for any y ∈ A. �

Our next assertion refers to the BZ filter in the BZ algebra that satisfies con-
dition (A).

Proposition 5.5. Let F be a BZ-filter in a BZ-algebra A satisfying the con-
dition (A). Then

(A1) (∀x ∈ A)(x ∈ F =⇒ φ2(x) ∈ F ), and
(A2) (∀y ∈ A)(φ(y) ∈ F =⇒ y ∈ F ).

Proof. Putting y = 0 in (A) we get (A1). If put x = 0 in (A) we will get
(A2). �

With (mark) we mark any of the conditions mentioned above. We will write
F ∈ (mark) if we want to say that the BZ-filter F satisfies the condition (mark).
The obtained results in the preceding propositions allow us to make a summary of
the interdependence of the conditions that we intend BZ-filters satisfies.

Corollary 5.2. For any BZ-filter F of BZ-algebra A the following holds

F ∈ (A) =⇒ F ∈ (C) ∩ (AG).

Before we expose the first theorem about the BZ-filters in the BZ-algebra, we
recall the readers to the term ’consistent subset’: For a subset X of a algebra A we
say that it is a consistent subset in A if and only if the following is valid

(∀x, y ∈ A)(x · y ∈ X =⇒ (x ∈ X ∨ y ∈ X)).

Theorem 5.1. A BZ-filter F of BZ-algebra A satisfies the condition (C) if and
only if F is a consistent subset of A.

Proof. Assume that a BZ-filter F is a consistent subset in A. Let x ∈ A be
an arbitrary element such that φ(x) ∈ F . Thus from 0 · x ∈ F follows 0 ∈ F or
x ∈ F . Since the first option is impossible by (6), we have x ∈ F . So, F ∈ (C).

Conversely, Let F ∈ (C) be holds for a BZ-filter F of a BZ-algebra A and let
x, y ∈ A be arbitrary elements such that x · y ∈ F . We have two options:

(i) Suppose x · y ∈ F and ¬(y ∈ F ). Thus ¬(φ(y) ∈ F ). Then x ∈ F by (9).
(ii) Let x · y ∈ F and ¬(x ∈ F ) is valid. If we suppose ¬(y ∈ F ), thus

¬(φ(y) ∈ F ) is valid. Then from x · y ∈ F and ¬(φ(y) ∈ F ) would get x ∈ F
according to (9). We got a contradiction. Therefore, it must be y ∈ F .

Finally, the filter F is a consistent subset of A. �
Theorem 5.2. For a BZ-filter F of BZ-algebra A the following holds
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F ∈ (C) ∩ (∗) if and only if (∀x ∈ A)¬(φ(x) ∈ F ).

Proof. Suppose (∀x ∈ A)¬(φ(x) ∈ F ) holds. Let x, y ∈ A be arbitrary
elements such that x · y ∈ F and y ∈ F . Then ¬(φ(y) ∈ F ) by hypothesis. Thus
from x · y ∈ F and ¬(φ(y) ∈ F )follows x ∈ F by (9). So, F ∈ (∗).

Further, suppose φ(x) ∈ F and ¬(x ∈ F ). Thus x ∈ A\F and ¬(φ(x) ∈ F ).
We got a contradiction. So, have to be x ∈ F . So, F ∈ (C).

Opposite, suppose (C) and (∗) hold. Let x ∈ A be an arbitrary element. If
we suppose φ(x) ∈ F , thus x ∈ F by the condition (C). On the other side, from
0 · x ∈ F and x ∈ F follows 0 ∈ F . We got a contradiction. So, have to be
¬(φ(x) ∈ F ). Therefore, for a BZ-filter F satisfies conditions (C) and (∗) the
following (∀x ∈ A)¬(φ(x) ∈ F ) holds. �

Theorem 5.3. For a BZ-filter F of a BZ-algebra A the following are equivalent:
(i) F ∈ (AG);
(ii) (∀x, y ∈ A)((y ∈ F ∧ x � y) =⇒ x ∈ F );
(iii) (∀x, y, z ∈ A)((x ∈ F ∧ ¬(y ∈ F )) =⇒ (x · z) · (y · z) ∈ F );
(iv) (∀x, z ∈ A)(x ∈ F =⇒ (x · z) · φ(z) ∈ F ).

Proof. (i) =⇒ (ii). Ly ∈ F and x � y. Thus x · y = 0. Suppose y · x ∈ F .
Then φ2(y · x) ∈ F because F ∈ (AG). From this follows 0 = φ(0) = φ(x · y) =
φ2(y · x) ∈ F by (h). We got a contradiction. So, ¬(y · x ∈ F ). Now, from
¬(y · x ∈ F ) and y ∈ F follows x ∈ F by (8).

(ii) =⇒ (iii). Suppose (ii) holds. Let x, y ∈ A be arbitrary elements such that
x ∈ F and ¬(y ∈ F ). Thus x · y ∈ F . Indeed. If there were ¬(x · y ∈ F ) then
from ¬(x · y ∈ F ) and x ∈ F would follow y ∈ F by (8). It would have been
contradictory. Therefore, it must be x · y ∈ F . Since (x · z) · (y · z) � x · y by (BZ-1)
and x · y ∈ F we have (x · z) · (y · z) ∈ F , by (ii).

(iii) =⇒ (iv). Putting y = 0 we get (iv).
(iv) =⇒ (i). Putting z = x we get (i). �

Theorem 5.4. A BZ-filter F of a BZ-algebra A satisfies condition (C) and
(AG) if and only if for every x ∈ A both x and φ(x) belong or not belong to F .

Proof. Suppose F ∈ (C) ∩ (AG). Let x ∈ A be an arbitrary element such
that x ∈ F . Thus φ2(x) ∈ F by (AG). Then φ(x) ∈ F by (C). On the other hand,
if φ(x) ∈ F then x ∈ F according to (c). Therefore, both x φ(x) belong or not
belong to F .

Conversely, let a BZ-filter F has the property that both x and φ(x) belong or
not belong to F for any x ∈ A. Suppose x ∈ F and φ(x) ∈ F . Thus φ2(x) ∈ F
again. So, F obviously satisfy the condition (C) and the condition (AG). Analo-
gously, the second option can be demonstrated. �

Theorem 5.5. For any BZ-filter F of a BZ-algebra A the following holds

F ∈ (S) ⇐⇒ F ∈ (C) ∩ (AG).

Proof. Suppose F ∈ (S).
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Let x ∈ A be arbitrary element such that x ∈ F . Since φ2(x) � x by (b), from
¬(φ2(x) · x = 0 ∈ F ) and x ∈ F follows φ2(x) ∈ F by (S). So, F ∈ (AC).

Let x ∈ A be arbitrary element such that φ(x) ∈ F . Suppose ¬(φ2(x) ∈ F ).
Thus 0 ∈ F by the condition (S). So, it have to be φ2(x) ∈ F . Since φ2(x) � x, it
follows x ∈ F by Corollary 4.1. Therefore, F ∈ (C).

Suppose F ∈ (C) and F ∈ (AG). Let x, y ∈ A be arbitrary elements such that
¬(x ·y ∈ F ) and y ∈ F . Suppose that ¬(x ∈ F ). Thus φ2(y) ∈ F by (AG). Further
on, then by (d) φ2(y) = φ(x · y) · φ(x) ∈ F and φ(x · y) ∈ F or φ(x) ∈ F by
Theorem 5.1 and x · y ∈ F or x ∈ F . Since both cases are in contradictions with
hypothesis, then it must be x ∈ F . Finally, F ∈ (S). �

Theorem 5.6. For any BZ-filter F of a BZ-algebra A the following holds

F ∈ (R) ⇐⇒ F ∈ (C) ∩ (AG).

Proof. Suppose F ∈ (R).
Let x ∈ A is an arbitrary element such that x ∈ F and ¬(φ2(x) ∈ F ). Thus

φ2(x) · x ∈ F by (R). On the other hand, according to (b), we have φ2(x) · x = 0
and ¬(φ2(x) · x ∈ F ) We got a contradiction. So, it must be φ2(x) ∈ F . This
means F ∈ (AG).

Suppose φ(x) ∈ F . But, from ¬(0 ∈ F ) and φ(x) ∈ F follows φ2(x) = 0·φ(x) ∈
F by (R) Further, from φ2(x) � x and φ2(x) ∈ F follows x ∈ F by Corollary 4.1.
So, F ∈ (C).

Opposite, suppose F ∈ (C) ∩ (AG) holds. Let x, y ∈ A be arbitrary elements
such that ¬(x ∈ F ) and y ∈ F . Thus ¬(φ(c) ∈ F ) by (C) and ¬(φ2(x) ∈ F ) by (C)
again. Besides we have φ2(y) ∈ F from y ∈ F by (AG). On the other hand we have
φ2(y) = φ(x · y) ·φ(x) ∈ F by (d). Now, from φ(x · y) ·φ(x) ∈ F and ¬(φ2(x) ∈ F )
follows φ(x · y) ∈ F by (9). Finally, thus x · y ∈ F by (C). Therefore, F ∈ (R). �

Corollary 5.3. For any BZ-filter F of BZ-algebra A the following holds

F ∈ (S) ⇐⇒ F ∈ (R).

Theorem 5.7. For any BZ-filter of a BZ-algebra the following conditions are
equivalent:

(T) (∀x, y, z ∈ F )(¬(x · (y · z) ∈ F ) ∧ x · z ∈ F ) =⇒ y ∈ F ),
(Ta) (∀x, z ∈ A)(x · z ∈ F =⇒ x · φ(z) ∈ F ),
(Tb) (∀x, z ∈ A)(x · φ2(z) ∈ F =⇒ x · φ(z) ∈ F ),
(Tc) (∀x ∈ A)¬(φ(x) · x ∈ F ).

Proof. (T) =⇒ (Ta). Putting y = 0 in (T) we obtain (T1). Thus (Ta).

(Ta) =⇒ (T). Suppose (Ta). Let x, z ∈ A be arbitrary elements such that
¬(x · (y · z) ∈ F for some y ∈ A and x · z ∈ F . Thus x · φ(z) ∈ F . On the other
hand, if we put x = y and y = 0 in (BZ-1) we get (y · z) · (0 · z) � y · 0. Again, if we
put y = y ·z and z = φ(z) in (BZ-1) we get (x ·φ(z)) · ((y ·z)φ(z)) � x · (y ·z). Since
¬(x ·(y ·z) ∈ F ) we have ¬((x ·φ(z)) ·((y ·z)φ(z)) ∈ F ). Now, from the last formula
and x · φ(z) ∈ F we get (y · z) · φ(z) ∈ F by (8). Again, from (y · z) · φ(z) � y we
get y ∈ F by Corollary 4.1.

ON FILTERS IN WEAK BCC-ALGEBRAS 9

(Ta) =⇒ (Tb). Putting z = φ2(z) in (Ta) we obtain x · φ3(z) ∈ F and
x · φ(z) ∈ F by (e).

(Tb) =⇒ (Ta). Let x, z ∈ A be arbitrary elements such that x · z ∈ F . Since
φ2(z) � z by (b), we have x · z � x · φ2(z). Thus x · φ2(z) ∈ F by Corollary 4.1
and x · φ(z) ∈ F by (Tb).

(T) =⇒ (Tc). By Proposition 5.1 we have (T) =⇒ (T1). Putting x = φ(y) in
(T1) we obtain 0 = φ(y) · φ(y) ∈ F or ¬(φ(y) · y ∈ F ). Since, the first option is
impossible, we have ¬(φ(y) · y ∈ F ).

(Tc) =⇒ (Ta). Let (Tc) be holds. Let x, y, z ∈ A be arbitrary elements such
that x · z ∈ F . Suppose ¬(x · φ(z) ∈ F ). On the other hand, from (BZ-a) with
y = φ9z) we have (x · z) · (φ(z) · z) � x · φ(z). Since ¬(x · φ(z) ∈ F ), then
¬((x · z) · (φ(z) · z) ∈ F by Corollary 4.1. Now, from ¬((x · z) · (φ(z) · z) ∈ F and
x · z ∈ F follows φ(z) · z ∈ F by (8). We got a contradiction. Therefore, it have to
be x · φ(z) ∈ F . So, we are proven (Ta). �

6. Final Observation

In this text, we try to develop the theory of filters in the BZ algebras. First,
we introduce the concept of the BZ filters in the BZ algebra (Definition 4.1). In
addition, we analyze some of the additional conditions that we assume that BZ-
filters can satisfy them. In addition, we analyze some interrelations between these
additional conditions (Theorems 5.1 - 5.7). The author is convinced that this
analysis enriches our knowledge of BZ-algebras.

By the fluctuation of logic atoms in the formulas that determine the particular
types of ideals in these algebra it can be obtained some other types of filters in the
weak BCC-algebras. Some of these additional conditions that can be imposed on
BZ-filters in BZ-algebra are shown below

(O) (∀x, y ∈ A)((¬(x · y ∈ F ) ∧ y ∈ F ) =⇒ ¬(x ∈ F )),

(I) (∀x, y, z ∈ A)(¬((x · y) · z ∈ F ) ∧ x · z ∈ F ) =⇒ y · z ∈ F )

(As) (∀x, y, z ∈ A)((¬((x · y) · z ∈ F ) ∧ x ∈ F ) =⇒ y · z ∈ F ).

It is immediately apparent that if we put z = 0 in (I) and (As) we get (8) in both
cases.

Acknowledgement. The author is grateful to W. A. Dudek for his support
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ON FILTERS IN WEAK BCC-ALGEBRAS

DANIEL ABRAHAM ROMANO

Abstract. The concept of weak BCC algebra (shortly: BZ - algebra) is a

much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss

the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK+-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCI-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
[1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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Let x ∈ A be arbitrary element such that x ∈ F . Since φ2(x) � x by (b), from
¬(φ2(x) · x = 0 ∈ F ) and x ∈ F follows φ2(x) ∈ F by (S). So, F ∈ (AC).

Let x ∈ A be arbitrary element such that φ(x) ∈ F . Suppose ¬(φ2(x) ∈ F ).
Thus 0 ∈ F by the condition (S). So, it have to be φ2(x) ∈ F . Since φ2(x) � x, it
follows x ∈ F by Corollary 4.1. Therefore, F ∈ (C).

Suppose F ∈ (C) and F ∈ (AG). Let x, y ∈ A be arbitrary elements such that
¬(x ·y ∈ F ) and y ∈ F . Suppose that ¬(x ∈ F ). Thus φ2(y) ∈ F by (AG). Further
on, then by (d) φ2(y) = φ(x · y) · φ(x) ∈ F and φ(x · y) ∈ F or φ(x) ∈ F by
Theorem 5.1 and x · y ∈ F or x ∈ F . Since both cases are in contradictions with
hypothesis, then it must be x ∈ F . Finally, F ∈ (S). �

Theorem 5.6. For any BZ-filter F of a BZ-algebra A the following holds

F ∈ (R) ⇐⇒ F ∈ (C) ∩ (AG).

Proof. Suppose F ∈ (R).
Let x ∈ A is an arbitrary element such that x ∈ F and ¬(φ2(x) ∈ F ). Thus

φ2(x) · x ∈ F by (R). On the other hand, according to (b), we have φ2(x) · x = 0
and ¬(φ2(x) · x ∈ F ) We got a contradiction. So, it must be φ2(x) ∈ F . This
means F ∈ (AG).

Suppose φ(x) ∈ F . But, from ¬(0 ∈ F ) and φ(x) ∈ F follows φ2(x) = 0·φ(x) ∈
F by (R) Further, from φ2(x) � x and φ2(x) ∈ F follows x ∈ F by Corollary 4.1.
So, F ∈ (C).

Opposite, suppose F ∈ (C) ∩ (AG) holds. Let x, y ∈ A be arbitrary elements
such that ¬(x ∈ F ) and y ∈ F . Thus ¬(φ(c) ∈ F ) by (C) and ¬(φ2(x) ∈ F ) by (C)
again. Besides we have φ2(y) ∈ F from y ∈ F by (AG). On the other hand we have
φ2(y) = φ(x · y) ·φ(x) ∈ F by (d). Now, from φ(x · y) ·φ(x) ∈ F and ¬(φ2(x) ∈ F )
follows φ(x · y) ∈ F by (9). Finally, thus x · y ∈ F by (C). Therefore, F ∈ (R). �

Corollary 5.3. For any BZ-filter F of BZ-algebra A the following holds

F ∈ (S) ⇐⇒ F ∈ (R).

Theorem 5.7. For any BZ-filter of a BZ-algebra the following conditions are
equivalent:

(T) (∀x, y, z ∈ F )(¬(x · (y · z) ∈ F ) ∧ x · z ∈ F ) =⇒ y ∈ F ),
(Ta) (∀x, z ∈ A)(x · z ∈ F =⇒ x · φ(z) ∈ F ),
(Tb) (∀x, z ∈ A)(x · φ2(z) ∈ F =⇒ x · φ(z) ∈ F ),
(Tc) (∀x ∈ A)¬(φ(x) · x ∈ F ).

Proof. (T) =⇒ (Ta). Putting y = 0 in (T) we obtain (T1). Thus (Ta).

(Ta) =⇒ (T). Suppose (Ta). Let x, z ∈ A be arbitrary elements such that
¬(x · (y · z) ∈ F for some y ∈ A and x · z ∈ F . Thus x · φ(z) ∈ F . On the other
hand, if we put x = y and y = 0 in (BZ-1) we get (y · z) · (0 · z) � y · 0. Again, if we
put y = y ·z and z = φ(z) in (BZ-1) we get (x ·φ(z)) · ((y ·z)φ(z)) � x · (y ·z). Since
¬(x ·(y ·z) ∈ F ) we have ¬((x ·φ(z)) ·((y ·z)φ(z)) ∈ F ). Now, from the last formula
and x · φ(z) ∈ F we get (y · z) · φ(z) ∈ F by (8). Again, from (y · z) · φ(z) � y we
get y ∈ F by Corollary 4.1.
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(Ta) =⇒ (Tb). Putting z = φ2(z) in (Ta) we obtain x · φ3(z) ∈ F and
x · φ(z) ∈ F by (e).

(Tb) =⇒ (Ta). Let x, z ∈ A be arbitrary elements such that x · z ∈ F . Since
φ2(z) � z by (b), we have x · z � x · φ2(z). Thus x · φ2(z) ∈ F by Corollary 4.1
and x · φ(z) ∈ F by (Tb).

(T) =⇒ (Tc). By Proposition 5.1 we have (T) =⇒ (T1). Putting x = φ(y) in
(T1) we obtain 0 = φ(y) · φ(y) ∈ F or ¬(φ(y) · y ∈ F ). Since, the first option is
impossible, we have ¬(φ(y) · y ∈ F ).

(Tc) =⇒ (Ta). Let (Tc) be holds. Let x, y, z ∈ A be arbitrary elements such
that x · z ∈ F . Suppose ¬(x · φ(z) ∈ F ). On the other hand, from (BZ-a) with
y = φ9z) we have (x · z) · (φ(z) · z) � x · φ(z). Since ¬(x · φ(z) ∈ F ), then
¬((x · z) · (φ(z) · z) ∈ F by Corollary 4.1. Now, from ¬((x · z) · (φ(z) · z) ∈ F and
x · z ∈ F follows φ(z) · z ∈ F by (8). We got a contradiction. Therefore, it have to
be x · φ(z) ∈ F . So, we are proven (Ta). �

6. Final Observation

In this text, we try to develop the theory of filters in the BZ algebras. First,
we introduce the concept of the BZ filters in the BZ algebra (Definition 4.1). In
addition, we analyze some of the additional conditions that we assume that BZ-
filters can satisfy them. In addition, we analyze some interrelations between these
additional conditions (Theorems 5.1 - 5.7). The author is convinced that this
analysis enriches our knowledge of BZ-algebras.

By the fluctuation of logic atoms in the formulas that determine the particular
types of ideals in these algebra it can be obtained some other types of filters in the
weak BCC-algebras. Some of these additional conditions that can be imposed on
BZ-filters in BZ-algebra are shown below

(O) (∀x, y ∈ A)((¬(x · y ∈ F ) ∧ y ∈ F ) =⇒ ¬(x ∈ F )),

(I) (∀x, y, z ∈ A)(¬((x · y) · z ∈ F ) ∧ x · z ∈ F ) =⇒ y · z ∈ F )

(As) (∀x, y, z ∈ A)((¬((x · y) · z ∈ F ) ∧ x ∈ F ) =⇒ y · z ∈ F ).

It is immediately apparent that if we put z = 0 in (I) and (As) we get (8) in both
cases.
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Abstract. The concept of weak BCC algebra (shortly: BZ - algebra) is a

much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss

the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK+-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCI-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
[1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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1 Introduction We consider the parabolic equation

(1)




ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and the associated elliptic equation

(2)

{
∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

(3)




ut = ∆u+ λ
(

eu∫
Ω
eu dx

− 1
|Ω|

)
x ∈ Ω, t ∈ (0, Tu0

),
∂u
∂ν (x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and

(4)

{
∆v + λ

(
ev∫

Ω
ev dx

− 1
|Ω|

)
= 0 x ∈ Ω,

∂v
∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for

2020 Mathematics Subject Classification. Primary:35K58, 35J61; Secondary:35B32, 35B45, 35B44,
37L25.

Key words and phrases. Exponential nonlinearity, Stationary solution, Morse index, Blow-up, Global
solution.
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Abstract. We consider the parabolic equation with exponential nonlinearity and the
corresponding elliptic equation. First, we study the set of stationary solution and its
spectral property. Next we show that the solution of parabolic equation blows up in
finite time for the initial value satisfying a positive integrand condition by the Kaplan
method. Finally we find a global solution for the negative initial value by upper-lower
solution method and for the two dimensional domain by the Trudinger-Moser
inequality, respectively. By the global boundedness and the existence of Lyapunov
function, we treat its dynamical properties of the omega limit set.
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ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and the associated elliptic equation

(2)

{
∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by
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respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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2 T. MIYASITA

the nonlocal problem.
Nowadays, it seems that there are not enough studies for (1) and (2) except [1]. The aim
of this paper is to study (1) and (2), respectively. The solution set of (2) has already been
investigated in [1]. To introduce the known results obtained in [1] and state our theorems,
we denote the m-th eigenvalue and eigenfunction of −∆ in Ω with the Dirichlet boundary
condition by µm and ϕm normalized as ‖ϕm‖2 = 1 for m ∈ N, respectively, where ‖ · ‖p is

the standard Lp norm in Ω with p ∈ [1,∞]. For the sake of convenience, we set µ0 = 0. We
define the solution set C by

C ≡
{
(λ, v) ∈ R+ ×

(
C2(Ω) ∩ C0(Ω)

) ∣∣ v = v(x) solves (2) for λ > 0
}
,

where R+ = {x | x > 0} and

C0(Ω) ≡
{
v ∈ C(Ω)

∣∣ v(x) = 0 on x ∈ ∂Ω
}

endowed with the L∞ norm. In [1], they derived the necessary condition for the existence
of positive classical solution of (2). Together with their results, we have the following
proposition:

Proposition 1 (Cf. Proposition 1.2 in [1]) Let Ω ⊂ Rn be a star-shaped domain with
respect to the origin with C2- boundary ∂Ω for n ∈ N. There exists λ0 which depends only
on Ω satisfying λ0 ≥ 0 for n = 1, 2 and λ0 > 0 for n ≥ 3. Then we have following:
(i) if (λ, v) ∈ C satisfies v > 0 in Ω, then λ ∈ (λ0, µ

1),
(ii) if (λ, v) ∈ C satisfies v < 0 in Ω, then λ > µ1,
(iii) if n ≥ 3 and λ ∈ (0, λ0), then (λ, v) ∈ C satisfies v = 0 in Ω.

If (λ, v) ∈ C is a classical solution, the Morse index i = i(λ, v) is defined by the number
of negative eigenvalues ν of

(5)




∆ψ + λevψ = −νψ x ∈ Ω,
ψ(x) = 0 x ∈ ∂Ω,
‖ψ‖2 = 1.

First of all, we introduce results of the stationary solution. It is clear that (2) has a
trivial solution (λ, v) = (λ, 0) for any λ > 0. The second proposition is concerned with
the bifurcation from the trivial solution and Morse index around the bifurcation point.
The result for (2) is a little bit similar to that for (4). The difference is the value of
the Morse index on the branch of the nontrivial solution set. We prove the existence of
nontrivial solution by the bifurcation theory [2]. We compute Morse index by the exchange
of eigenvalues [11, 12, 13].

Proposition 2 Let Ω = (0, 1). Then we have µm = (mπ)
2
and i(λ, 0) = m − 1 for

λ ∈ (µm−1, µm] with m ∈ N. Two continua S±
m ⊂ C of nontrivial solution bifurcate at

(λ, v) = (µm, 0). Furthermore

i(λ, v) =




2k − 2 for (λ, v) ∈ S−
m and m = 2k − 1,

2k − 1 for (λ, v) ∈ S+
m and m = 2k − 1,

2k − 1 for (λ, v) ∈ S±
m and m = 2k

holds for sufficiently close to the bifurcation point (µm, 0), where k ∈ N.

Gelfand-type equation 3

In [1], they studied the bifurcation diagram and computed the bound for Morse index
globally, not locally around a bifurcation point. If Ω is a unit ball and the solution is positive
and radially symmetric, they establish the existence of singular solution, multiple existence
of the regular solution and bound for its Morse index. Their results are similar to those of
the well-known Gelfand problem

∆v + λev = 0.

As mentioned in [6, 15], they also derived the bending result of the solution set for n ∈ [3, 9].
Next, we consider the case where the solution blows up in finite time. Thanks to the
convexity of ev − 1, we can apply the Kaplan method [8] to obtain following two blow-up
conditions of u0.

Proposition 3 Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω for n ∈ N. For
u0 ∈ C0(Ω), the solution of (1) blows up in finite time on the condition that
(i)

∫
Ω
u0(x)ϕ

1(x) dx > 2
∥∥ϕ1

∥∥
1

(
µ1 − λ

)
/λ holds for 0 < λ < µ1,

(ii)
∫
Ω
u0(x)ϕ

1(x) dx > 0 holds for λ ≥ µ1.

The first global existence result is concerned with the nonpositive solution. For the
nonpositive initial value, we establish the global solution by constructing a lower-upper
solution pair.

Theorem 1 Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω for n ∈ N. For
u0 ∈ C0(Ω) with u0(x) ≤ 0 for any x ∈ Ω, we have Tu0 = +∞ and

u ∈ C
(
[0,+∞);C0(Ω)

)
∩ C1

(
(0,+∞);C0(Ω)

)

satisfying u ≤ 0 in Ω× [0,+∞). If λ < µ1, then

‖u(·, t)‖H1
0
→ 0

as t → +∞, where ‖w‖H1
0
= ‖∇w‖2 for w ∈ H1

0 (Ω).

We introduce the main theorems on the global existence for Ω ⊂ R2 and Ω = (0, 1),
respectively. For small parameter and initial value, we construct the global solution by the
Lyapunov function

(6) Lλ(u) ≡
1

2

∫

Ω

|∇u|2 dx− λ

∫

Ω

(eu − u) dx,

Sobolev and Trudinger-Moser inequalities.

Theorem 2 Let Ω ⊂ R2 be a bounded domain with smooth boundary ∂Ω. For any λ > 0
and u0 ∈ H1

0 (Ω) satisfying

(7)

(
C2

TM +
2 |Ω|
µ1

)
λ2 + ‖u0‖2H1

0
< 4π (log 4π − 1) ,

we have Tu0
= +∞ and

u ∈ C
(
[0,+∞);H1

0 (Ω)
)
∩ C1

(
(0,+∞);L2(Ω)

)
,

where CTM > 0 is a constant which depends only on Ω coming from the Trudinger-Moser
inequality. Moreover, there is some λ1 > 0 such that for any λ < λ1, we have

‖u(·, t)‖H1
0
→ 0

as t → +∞.

12
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


ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
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and the associated elliptic equation
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where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by
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(
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)
= 0 x ∈ Ω,
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∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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4 T. MIYASITA

Theorem 3 Let Ω = (0, 1). If we replace (7) by

2

(
e2eC

2
S +

1

π2

)
λ2 + ‖u0‖2H1

0
< e log 2,

then the conclusion of Theorem 2 is still true, where CS > 0 is an embedding constant which
depends only on Ω coming from H1

0 (Ω) ⊂ C(Ω).

In the last result, we derive the dynamical properties. The Lyapunov function (6) plays
an important role in arguing the convergence problem.

Proposition 4 (Cf. Theorem 2.1 in [4]) Under the same hypotheses as Theorems 2 or
3, ω(u0) is invariant, non-empty, compact and connected in H1

0 (Ω). Moreover ω(u0) is a
single point in H1

0 (Ω).

This paper is composed of 5 sections. In Section 2, we show Propositions 1 and 2. We
obtain the stationary solution by a bifurcation theory and compute the Morse index. In
Section 3, we obtain some differential inequalities by the energy method and solve them
to show Proposition 3. In Section 4, we decompose a solution of (1) into that of the heat
equation with the non-zero initial value and the nonlinear heat equation with the zero
initial value. Then we construct a lower and upper solution, which leads us to the proof of
Theorem 1. In Section 5, we use the Lyapunov function and Trudinger-Moser inequality.
Then we derive the H1 estimate, which gives us the proof of Theorems 2 and 3. Finally,
we derive the compactness of the orbit, which prove that the global solution converges to a
stationary solution. By the existence of the Lyaounov function, we can prove Proposition
4.

2 Stationary solution First, we consider the condition on a parameter when a positive,
negative or trivial solution exists. We use the Kaplan method [8] and Pohožaev identity
[16]. If Ω is a ball, similar results to those in Proposition 1 are obtained in [1]. Next,
we apply a bifurcation theory in [2], obtain a curve of solution (λ, v) and parametrize the
solution (λ, v) = (λ(s), v(·, s)) and the eigenpair (ν, ψ) = (ν(s), ψ(·, s)), respectively. To
compute the Morse index, we consider the signs of ν′(s) and ν′′(s) at bifurcation points in
the same way as [11, 12, 13]. Owing to the boundary condition, the proof for (2) is more
complicated than that for (4) as proven in [12]. However, for completeness we prove it.

We prepare the Pohožaev identity in [16].

Lemma 1 Let Ω ⊂ Rn be a bounded domain with C2-boundary ∂Ω for n ∈ N. Let f(v) ∈
C(R). Suppose that v ∈ C2(Ω) ∩ C(Ω) satisfies

{
∆v + f(v) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω.

Then the identity

1

2

∫

∂Ω

(x · ν)
(
∂v

∂ν

)2

dω +
n− 2

2

∫

Ω

f(v)v dx = n

∫

Ω

F (v) dx

holds, where dω is the area element of ∂Ω with standard metric, ν is the outer unit normal
vector at x and

F (v) =

∫ v

0

f(p) dp.

Gelfand-type equation 5

Proof of Proposition 1 By µ and ϕ, we denote the first eigenvalue µ1 and corresponding
eigenfunction ϕ1 of −∆ in a star-shaped Ω with the Dirichlet boundary condition. Then
we have ϕ > 0 in Ω. First of all, we obtain relations between µ and λ stated in (i) and (ii)
of the proposition. Multiplying (2) by ϕ > 0 and integrating it over Ω, we have

−µ

∫

Ω

ϕv dx+ λ

∫

Ω

ϕ (ev − 1) dx = 0

and then

(λ− µ)

∫

Ω

ϕv dx < 0

for v �≡ 0 by expx − 1 ≥ x for x ∈ R . If a solution v > 0 in Ω, then we have λ < µ. For
v < 0, we have λ > µ. Next we obtain a lower bound λ0 given in (i) and (ii). In the case
of n = 1, 2, since ∫

Ω

|∇v|2 dx = λ

∫

Ω

(ev − 1) v dx

holds, we conclude that λ0 ≥ 0 for v �≡ 0 by (expx− 1)x ≥ 0 for all x ∈ R. Thus we
concentrate on the case of n ≥ 3. Applying Lemma 1 to f(v) = λ (ev − 1) and F (v) =
λ (ev − v − 1) and noting that Ω is star-shaped, we find

n− 2

2
λ

∫

Ω

(ev − 1) v dx ≤ nλ

∫

Ω

(ev − v − 1) dx

and then

n− 2

4

∫

Ω

|∇v|2 dx =

(
n− 2

2
− n− 2

4

)
λ

∫

Ω

(ev − 1) v dx

≤ nλ

∫

Ω

(ev − v − 1) dx− n− 2

4
λ

∫

Ω

(ev − 1) v dx.

Putting

g(x) = n (ex − x− 1)− n− 2

4
(ex − 1)x = nex − 3n+ 2

4
x− n− n− 2

4
exx,

we have g(1) > 0,

g′(x) =
3n+ 2

4
ex − 3n+ 2

4
− n− 2

4
exx

and limx→+∞ g(x) = limx→+∞ g′(x) = −∞. Hence there exists ξ > 0 which depends only
on n such that g(x) ≤ 0 for x ≥ ξ. Since for ε, κ ∈ [0, 1],

g(x) ≤ n (ex − x− 1)

≤ n

∫ 1

0

d

dε
(eεx − εx) dε

= nx

∫ 1

0

(eεx − 1) dε

= nx

∫ 1

0

∫ 1

0

d

dκ
(eκεx) dκ dε

= nεx2

∫ 1

0

∫ 1

0

eκεx dκ dε

≤ nx2

∫ 1

0

∫ 1

0

eκεx dκ dε

≤
{

nx2ex for x ≥ 0,
nx2 for x ≤ 0
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denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

(3)




ut = ∆u+ λ
(

eu∫
Ω
eu dx

− 1
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x ∈ Ω, t ∈ (0, Tu0
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∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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holds for all x ∈ R, we have

n− 2

4

∫

Ω

|∇v|2 dx

≤ λ

∫

Ω∩{v≤0}
g(v) dx+ λ

∫

Ω∩{0≤v≤ξ}
g(v) dx+ λ

∫

Ω∩{v≥ξ}
g(v) dx

≤ λn

∫

Ω∩{v≤0}
v2 dx+ λn

∫

Ω∩{0≤v≤ξ}
v2ev dx

≤ λn
(
eξ + 1

) ∫

Ω

v2 dx

≤ λn

µ1

(
eξ + 1

) ∫

Ω

|∇v|2 dx

thanks to the Poincaré inequality

(8) ‖v‖2 ≤ 1√
µ1

‖∇v‖2

for all v ∈ H1
0 (Ω), which implies that

λ0 ≡ µ1 (n− 2)

4n (eξ + 1)
< µ1 and 0 < λ0 ≤ λ

for a nontrivial solution v. Finally we show the last claim (iii). Suppose that v(x) is a
nontrivial solution of (2). Then for 0 < λ < λ0, we have

λ0

∫

Ω

|∇v|2 dx ≤ λ

∫

Ω

|∇v|2 dx < λ0

∫

Ω

|∇v|2 dx,

which implies that v ≡ 0. �

Proof of Proposition 2 An easy calculation yields

(µm, ϕm) =
(
(mπ)

2
,
√
2 sinmπx

)

for m ∈ N. At (λ, v) = (λ, 0), (5) has the k-th eigenvalue νk = µk−λ and the corresponding
eigenfunction ψk = ϕk for k ∈ N. Hence, we have a simple eigenvalue νm = 0 at (λ, v) =
(µm, 0) and i(λ, v) = m − 1 for (λ, v) = (λ, 0) with µm−1 < λ ≤ µm with m ∈ N. The
first part of proposition is proved. We will show that the nontrivial solutions bifurcate from
(λ, v) = (µm, 0). We define X = C2(Ω)∩C0(Ω), Y = C(Ω) and a mapping F : R+×X → Y
by

F (λ, v) = ∆v +
(
λ+ µm

)(
ev − 1

)

for m ∈ N. Then F (λ, 0) = 0 and the Fréchet derivative is given as

Fv(λ, v)[w] = ∆w +
(
λ+ µm

)
evw

for w ∈ X . Since
Fv(0, 0)[w] = ∆w + µmw,

the kernel of Fv(0, 0) is spanned by w0 = ϕm. We have

Fλv(λ, v)[Λ, w] = Λevw,

Gelfand-type equation 7

which implies that Fλv(0, 0)[Λ, w0] does not belong to the range of Fv(0, 0). Hence applying
Theorem 1.7 in [2] to this setting, we obtain two continua S±

m of solutions (λ, v) of (2)
bifurcating from (λ, v) = (µm, 0) satisfying

S+
m =

{(
λ(s), v(·, s)

) ∣∣ lim
s→+0

(
λ(s), v(·, s)

)
=

(
µm, 0

)
and s ∈ (0, α)

}

and
S−
m =

{(
λ(s), v(·, s)

) ∣∣ lim
s→−0

(
λ(s), v(·, s)

)
=

(
µm, 0

)
and s ∈ (−α, 0)

}

in R+ ×X with some α > 0. Moreover the mapping

s ∈ (−α, α) �→
(
λ(s), v(·, s)

)
∈ R+ ×X

belongs to C2(−α, α) and v(·, s) is expressed as

v(·, s) = sϕm(·) + sρ(·, s)

for a function ρ(·, s) : (−α, α) → Z with C2 dependence in s and ρ(·, 0) = 0, where Z is a
complement of the kernel of Fv(0, 0). We set

Cm = S−
m ∪

{
(µm, 0)

}
∪ S+

m.

The bifurcation result is established. Finally, we will compute the Morse index. At(
λ(s), v(·, s)

)
∈ Cm, it follows from a perturbation theory in [9] that the k-th eigenpair(

νkm, ψk
m

)
=

(
νkm(s), ψk

m(·, s)
)
is C2 dependence in s. A simple computation yields

νkm(0) =
(
k2 −m2

)
π2 and ψk

m(x, 0) = ϕk(x) =
√
2 sin kπx

for
(
λ, v

)
=

(
µm, 0

)
∈ Cm. Under these notations, we have

v̇(x, 0) = ϕm(x) = ψm
m(x, 0) =

√
2 sinmπx,

where v̇ stands for (d/ds)v(·, s) and v̇(·, 0) = (d/ds)v(·, s)|s=0. Now we have the following
lemmas:

Lemma 2 For k ∈ N, we have the following:

Ik,1 ≡
∫ 1

0

ψk
m(x, 0) dx =

√
2

kπ

{
1− (−1)k

}
,

Ik,2 ≡
∫ 1

0

{
ψk
m(x, 0)

}2
dx = 1,

Ik,3 ≡
∫ 1

0

{
ψk
m(x, 0)

}3
dx =

4
√
2

3kπ

{
1− (−1)k

}
,

Ik,4 ≡
∫ 1

0

{
ψk
m(x, 0)

}4
dx =

3

2
.

Lemma 3 If m is even and ν̇mm(0) = λ̇(0) = 0, then we have

Jm ≡
∫ 1

0

{ψm
m(x, 0)}2 ψ̇m

m(x, 0) dx = −5

6
.
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1 Introduction We consider the parabolic equation

(1)





ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and the associated elliptic equation

(2)

{
∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

(3)




ut = ∆u+ λ
(

eu∫
Ω
eu dx

− 1
|Ω|

)
x ∈ Ω, t ∈ (0, Tu0

),
∂u
∂ν (x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and

(4)

{
∆v + λ

(
ev∫

Ω
ev dx

− 1
|Ω|

)
= 0 x ∈ Ω,

∂v
∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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Proof Differentiating (5) with respect to s and putting s = 0 and k = m, then we have

∆ψ̇m
m(x, 0) + µmψ̇m

m(x, 0) = −µm {ψm
m(x, 0)}2

because of νmm(0) = ν̇mm(0) = λ̇(0) = 0 and

∆ψ̇m
m(x, 0) + (mπ)

2
ψ̇m
m(x, 0) = (mπ)

2
(cos 2mπx− 1) .

Solving this ordinary differential equation with ψ̇m
m(0, 0) = ψ̇m

m(1, 0) = 0 under the restric-
tion

d

ds

∫ 1

0

{ψm
m(x, s)}2 dx = 2

∫ 1

0

ψm
m(x, s)ψ̇m

m(x, s) dx = 0

at s = 0 and noting that m is even, we obtain

ψ̇m
m(x, 0) =

4

3
cosmπx− 1− 1

3
cos 2mπx =

4

3
cosmπx− 4

3
+

1

3
{ψm

m(x, 0)}2 ,

which yields the conclusion along with Im,2 and Im,4 in Lemma 2. �

We return back to the proof of Proposition 2. Differentiating (2) twice and (5) once
with respect to s, we have

∆v̈ + λ̈(ev − 1) + 2λ̇ev v̇ + λev v̇2 + λev v̈ = 0

and
∆ψ̇ + λ̇evψ + λev v̇ψ + λevψ̇ = −ν̇ψ − νψ̇.

Putting s = 0 and k = m, multiplying by ψm
m(x, 0) and integrating them over (0, 1), we

have

2λ̇(0)

∫ 1

0

{ψm
m(x, 0)}2 dx+ µm

∫ 1

0

{ψm
m(x, 0)}3 dx = 0

and (
λ̇(0) + ν̇mm(0)

)∫ 1

0

{ψm
m(x, 0)}2 dx+ µm

∫ 1

0

{ψm
m(x, 0)}3 dx = 0.

Hence, Im,2 and Im,3 in Lemma 2 yield

λ̇(0) = ν̇mm(0) = −2
√
2

3
mπ {1− (−1)m} =

{
0 for even m,

− 4
√
2

3 mπ for odd m.

Henceforth, we assume that m is even. Differentiating (2) three times and (5) twice with
respect to s, putting s = 0 and k = m, multiplying by ψm

m(x, 0), integrating them over (0, 1)

and eliminating
∫ 1

0
{ψm

m(x, 0)}2 v̈(x, 0) dx, we have

2(mπ)2Im,4 + 6(mπ)2Jm = −3ν̈mm(0)Im,2

and hence

ν̈mm(0) =
2(mπ)2

3
> 0

by Lemmas 2 and 3. We conclude that

{
νmm(0) = 0 and ν̇mm(0) < 0 for odd m,
νmm(0) = ν̇mm(0) = 0 and ν̈mm(0) > 0 for even m.

Gelfand-type equation 9

In the case of m = 2k − 1, we have





νmm(s) > 0 for sufficiently small s < 0,
νmm(0) = 0,
νmm(s) < 0 for sufficiently small s > 0

and i (λ(0), 0) = i
(
µ2k−1, 0

)
= 2k − 2. Hence we have

i(λ(s), v(·, s)) =
{

2k − 2 for sufficiently small s < 0,
2k − 1 for sufficiently small s > 0.

In the case of m = 2k, we have νmm(s) > 0 for sufficiently small |s| > 0, νmm(0) = 0 and
i (λ(0), 0) = i

(
µ2k, 0

)
= 2k − 1. Hence we have

i(λ(s), v(·, s)) = 2k − 1

for sufficiently small |s| > 0, which completes the proof. �

Remark 1 Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω for n ≥ 2. If we
assume that the eigenvalue µm is simple for all m ∈ N, the conclusion of bifurcation in
Proposition 2 is still true. However, the relation of Morse index is open. The bifurcation
problems where the zero eigenvalue is double are also considered for the equations other than
(2). In [3], the authors obtain four bifurcation curves and compute their Morse indices in a
square in Theorem 1.1. For a disk with Neumann boundary condition, in [10], the author
gives a sufficient condition for a branch of non-trivial solution not to have a secondary
bifurcation point in Theorem B and applies these results including the simple eigenvalue
case in Theorem C.

3 Blow-up Let u0 ∈ C0(Ω). We transform (1) into the integral equation

u(t) = e−Atu0 + λ

∫ t

0

e−A(t−s)
(
eu(s) − 1

)
ds

and establish a time-local solution

u ∈ C
(
[0, Tu0

);C0(Ω)
)
∩ C1

(
(0, Tu0

);C0(Ω)
)

by an abstract theory of evolution equation. Here, we extend A ≡ −∆ to be a self-adjoint
positive operator in C0(Ω) with the domain

D(A) =
{
u ∈ C0(Ω), Au ∈ C0(Ω)

}

and write the semi-group generated by A as e−At. In order to prove the proposition by
Kaplan’s method [8], we integrate the solution multiplied by the first eigenfunction ϕ1 of
A and differentiate it with respect to t. Then we get the differential inequalities and solve
them.

Proof of Proposition 3 We set

k =
∥∥ϕ1

∥∥
1

and a(t) =

∫

Ω

u(x, t)ϕ1(x) dx

18
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and the associated elliptic equation
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∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by
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respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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for all t ∈ (0, Tu0). We have

a′ = −µ1a+ λ

∫

Ω

(
eu − 1

)
ϕ1(x) dx >

(
λ− µ1

)
a

by expx− 1 ≥ x for x ∈ R and integrate this inequality to obtain

a > e(λ−µ1)ta(0) = e(λ−µ1)t
∫

Ω

u0(x)ϕ
1(x) dx > 0

for all t ∈ (0, Tu0
). Next the Jensen inequality [20] and positivity of a imply that

a′ = −µ1a + λ

∫

Ω

euϕ1 dx− λk

> −µ1a+ λk
(
exp

a

k
− 1

)

>
(
λ− µ1

)
a+

λ

2k
a2

by expx ≥ 1 + x+ x2/2 for x ≥ 0. Hence putting p(t) ≡ 1/a(t) for all t ∈ (0, Tu0
), we have

p′ +
(
λ− µ1

)
p < − λ

2k
.

Multiplying exp
(
λ− µ1

)
t, and integrating this differential inequality with respect to t, we

obtain

0 < p <

{
p0e

−(λ−µ1)t + λ
2k(λ−µ1)

(
e−(λ−µ1)t − 1

)
for λ �= µ1,

p0 − λ
2k t for λ = µ1,

where p0 = 1/a(0). Let

T ≡




−1
µ1−λ log

(
1− 2p0k(µ1−λ)

λ

)
for 0 < λ < µ1,

2k
λ p0 for λ = µ1,

1
λ−µ1 log

(
1 +

2p0k(λ−µ1)
λ

)
for λ > µ1.

Then since the assumption of (i) in Proposition 3 is equivalent to

1

p0
>

2k
(
µ1 − λ

)
λ

for 0 < λ < µ1, we have

0 < 1−
2p0k

(
µ1 − λ

)
λ

< 1.

Hence T is well-defined and we find 0 < T < +∞ such that p(t) → +0 as t → T . The same
is true of the case of λ ≥ µ1. Finally, we have

+∞ = lim
t→T

1

p(t)
= lim

t→T
a(t) = lim

t→T

∫

Ω

u(x, t)ϕ1(x) dx ≤ k lim
t→T

sup
x∈Ω

u(x, t),

which leads us to the proof of proposition. �
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4 Negative global solution We decompose (1) into the heat equation with u0 ≤ 0 and
the nonlinear equation with w0 ≡ 0. First, we begin with the fundamental lemmas.

Lemma 4 Let u0 ∈ C0(Ω) be u0(x) ≤ 0 for any x ∈ Ω. The function

w1(x, t) ≡ e−Atu0 ∈ C
(
[0,+∞);C0(Ω)

)
∩ C1

(
(0,+∞);C0(Ω)

)

solves 



wt = ∆w x ∈ Ω, t > 0,
w(x, t) = 0 x ∈ ∂Ω, t > 0,
w(x, 0) = u0(x) x ∈ Ω

and satisfies w1 ≤ 0 in Ω× [0,+∞).

Lemma 5 Let λ > 0. The function

w2(x, t) ≡
∫ t

0

e−A(t−s) (−λ) ds ∈ C
(
[0,+∞);C0(Ω)

)
∩ C1

(
(0,+∞);C0(Ω)

)

solves 


wt = ∆w − λ x ∈ Ω, t > 0,
w(x, t) = 0 x ∈ ∂Ω, t > 0,
w(x, 0) = 0 x ∈ Ω

and satisfies w2 ≤ 0 in Ω× [0,+∞).

We solve the nonlinear equation by constructing the lower-upper solution pair.

Proposition 5 Let w1 be a solution obtained in Lemma 4. For any λ > 0, there exists a
unique solution

w3 ∈ C
(
[0,+∞);C0(Ω)

)
∩ C1

(
(0,+∞);C0(Ω)

)

of 


wt = ∆w + λ (ew1+w − 1) x ∈ Ω, t > 0,
w(x, t) = 0 x ∈ ∂Ω, t > 0,
w(x, 0) = 0 x ∈ Ω

satisfying w3 ≤ 0 in Ω× [0,+∞).

Proof Since (0, w2) is an upper and lower solution pair, the statement follows from [18].

Proof of Theorem 1 Setting u = w1+w3, we have a unique solution in an element of the
desired space satisfying u ≤ 0 in Ω×R+. Note that u(·, t) ∈ C2(Ω)∩C0(Ω) ⊂ H2(Ω)∩H1

0 (Ω)
for all t ≥ 1. Applying the Poincaré inequality (8), we have

µ1

∫

Ω

|∇u|2 dx ≤
∫

Ω

(∆u)
2
dx

for u ∈ H2(Ω) ∩H1
0 (Ω) and finally

1

2

d

dt

∫

Ω

|∇u|2 dx = −
∫

Ω

(∆u)
2
dx+ λ

∫

Ω

eu |∇u|2 dx

≤ −
∫

Ω

(∆u)
2
dx+ λ

∫

Ω

|∇u|2 dx

≤ −
(
µ1 − λ

) ∫

Ω

|∇u|2 dx

for t ≥ 1, which yields

‖u(·, t)‖2H1
0
≤ e−2(µ1−λ)(t−1) ‖u(·, 1)‖2H1

0
→ 0(9)

as t → +∞. �
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1 Introduction We consider the parabolic equation

(1)





ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and the associated elliptic equation

(2)

{
∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

(3)




ut = ∆u+ λ
(

eu∫
Ω
eu dx

− 1
|Ω|

)
x ∈ Ω, t ∈ (0, Tu0

),
∂u
∂ν (x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and

(4)

{
∆v + λ

(
ev∫

Ω
ev dx

− 1
|Ω|

)
= 0 x ∈ Ω,

∂v
∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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Abstract. We consider the parabolic equation with exponential nonlinearity and the
corresponding elliptic equation. First, we study the set of stationary solution and its
spectral property. Next we show that the solution of parabolic equation blows up in
finite time for the initial value satisfying a positive integrand condition by the Kaplan
method. Finally we find a global solution for the negative initial value by upper-lower
solution method and for the two dimensional domain by the Trudinger-Moser
inequality, respectively. By the global boundedness and the existence of Lyapunov
function, we treat its dynamical properties of the omega limit set.
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5 Global solution In this section, we concentrate on Ω ⊂ R2 and apply the Trudinger-
Moser inequality to our problem. We establish the global solution for sufficiently small
parameter and initial value. To obtain the estimate in the H1

0 space, we extend B = −∆ to
be a self-adjoint positive operator in X = L2(Ω) with the domain D(B) = H2(Ω) ∩H1

0 (Ω)
and write the semi-group generated by B as e−Bt. For n = 1, we can also derive the similar
estimates. We start with the Trudinger-Moser inequality and an easy lemma.

Proposition 6 ([14, 19]) Let Ω ⊂ R2 be a bounded domain with smooth boundary ∂Ω.
Then there exists CTM > 0 which depends only on Ω such that

∫

Ω

eu dx ≤ CTM exp

(
1

16π

∫

Ω

|∇u|2 dx

)

holds for all u ∈ H1
0 (Ω).

Lemma 6 Let a, b, k > 0. We define

f(t) = aekt + b− t

for t ≥ 0. If

b+
1

k
log a < −1

k
(log k + 1)

holds, then there exist t1 ∈ (0, t0) and t2 ∈ (t0,+∞) such that f(t) ≥ 0 is equivalent to
0 ≤ t ≤ t1 or t ≥ t2, where t0, t1 and t2 satisfy t0 = (1/k) log (1/ak) and f ′(t0) = f(t1) =
f(t2) = 0.

Proof First, we have f(0) = a+ b > 0 and f ′(t) = akekt − 1. Note that

t0 =
1

k
log

1

ak
> b+

1

k
> 0

from the assumption. We find f ′(t0) = akekt0 − 1 = 0 and

f(t0) = aekt0 + b− t0 = b+
1

k
log a+

1

k
(log k + 1) < 0,

which completes the proof. �

Proof of Theorem 2 Note that eu ∈ L1(Ω) for u ∈ H1
0 (Ω) by Proposition 6. Hence the

Lyapunov function Lλ(u) defined in (6) is well-defined for u ∈ H1
0 (Ω). Since

d

dt
Lλ(u) = −‖ut(t)‖22 ≤ 0

holds, Lλ(u) is the Lyapunov function for (1) and we have

Lλ(u) = Lλ(u0)−
∫ t

0

‖ut(s)‖22 ds ≤ Lλ(u0),

which yields

1

2
‖∇u‖22 ≤ λ

∫

Ω

eu dx− λ

∫

Ω

u dx+
1

2
‖u0‖2H1

0
+ λ

∫

Ω

(u0 − eu0) dx.
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Since

λ

∫

Ω

eu dx = CTMλ× 1

CTM

∫

Ω

eu dx ≤ 1

2
C2

TMλ2 +
1

2C2
TM

(∫

Ω

eu dx

)2

holds by the Young inequality, we have

1

2
‖∇u‖22 <

1

2
C2

TMλ2 +
1

2C2
TM

(∫

Ω

eu dx

)2

+ λ
√

|Ω| ‖u‖2 +
1

2
‖u0‖2H1

0

≤ 1

2
C2

TMλ2 +
1

2
exp

(
1

8π
‖∇u‖22

)
+

λ
√

|Ω|√
µ1

‖∇u‖2 +
1

2
‖u0‖2H1

0

owing to exp x > x for x ∈ R, the Trudinger-Moser inequality (Proposition 6) and the
Poincaré inequality (8). Again the Young inequality yields

(10)
λ
√

|Ω|√
µ1

‖∇u‖2 =

√
2λ

√
|Ω|√

µ1
× 1√

2
‖∇u‖2 ≤ |Ω|

µ1
λ2 +

1

4
‖∇u‖22 ,

which implies that

1

2
‖∇u‖22 ≤ 1

2
C2

TMλ2 +
1

2
exp

(
1

8π
‖∇u‖22

)
+

|Ω|
µ1

λ2 +
1

4
‖∇u‖22 +

1

2
‖u0‖2H1

0

and that

‖u‖2H1
0
≤ 2 exp

(
1

8π
‖u‖2H1

0

)
+ 2

(
C2

TM +
2 |Ω|
µ1

)
λ2 + 2 ‖u0‖2H1

0
.

Hence for f(t) = aekt + b− t with

a = 2, b = 2

(
C2

TM +
2 |Ω|
µ1

)
λ2 + 2 ‖u0‖2H1

0
and k =

1

8π
,

then we have f(‖u‖2H1
0
) ≥ 0 for all t ≥ 0. Then the assumption

b+
1

k
log a < −1

k
(log k + 1)

in Lemma 6 is satisfied. In fact

2

(
C2

TM +
2 |Ω|
µ1

)
λ2 + 2 ‖u0‖2H1

0
+ 8π log 2 < 8π (log 8π − 1)

holds by (7). We can apply Lemma 6 to obtain ‖u‖2H1
0
≤ t1 or ‖u‖2H1

0
≥ t2. Now that we

have

‖u0‖2H1
0
< 4π (log 4π − 1) < 8π log 4π = t0

along with (7), we find

(11) ‖u‖2H1
0
≤ t1 < t0 = 8π log 4π

so long as the local solution exists. Hence we have a global solution in H1
0 (Ω). Next, we

define Xα as the domain of Bα for α ≥ 0 with graph norm ‖u‖Xα = ‖Bαu‖2 for u ∈ Xα.
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where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by
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respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for
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Then we derive the estimate in X1/2+ε = H1+2ε(Ω) for ε ∈ (0, 1/2) by the smoothing effect
of the heat equation. In fact, we have for t ≥ 1

‖u‖X1/2+ε

=
∥∥∥B 1

2+εu
∥∥∥
2

≤
∥∥∥Bεe−BtB

1
2u0

∥∥∥
2
+ λ

∫ t

0

∥∥∥B 1
2+εe−B(t−s)

(
eu(s) − 1

)∥∥∥
2
ds

≤ C1t
−εe−C2t ‖u0‖H1

0
+ λC3

∫ t

0

(t− s)
−( 1

2+ε)
e−C2(t−s) ‖eu − 1‖2 ds

≤ C1

√
t0 + λC3

∫ t

0

(t− s)
−( 1

2+ε)
e−C2(t−s)

(∥∥e2u∥∥ 1
2

1
+ ‖1‖2

)
ds

≤ C1

√
t0 + λC3

∫ t

0

(t− s)
−( 1

2+ε)
e−C2(t−s)

{
C

1
2

TM exp

(
1

8π
‖∇u‖22

)
+ |Ω|

1
2

}
ds

< C1

√
t0 +

λC3

C
1
2−ε
2

{√
CTM exp

(
t0
8π

)
+

√
|Ω|

}
Γ

(
1

2
− ε

)

by (11), where Γ(p) is a gamma function defined by

Γ (p) =

∫ +∞

0

e−xxp−1dx

for p > 0 and henceforth in this proof we will denote by Ci a positive constant which
depends only on Ω and ε, where i ∈ N. Since we have H1+2ε(Ω) ⊂ C(Ω) with the Sobolev
embedding constant C4 > 0, we find

‖u‖∞ ≤ C4 ‖u‖
X

1
2
+ε < C5

for t ≥ 1. Hence the estimate similar to (9) is given as

‖u(·, t)‖2H1
0
< e−2(µ1−λ expC5)(t−1) ‖u(·, 1)‖2H1

0
→ 0

for λ < λ1 ≡ µ1/ expC5 as t → +∞. �

Proof of Theorem 3 First, we note that µ1 = π2. In the same manner, Lyapunov
function yields

1

2
‖∇u‖22 ≤ λ

∫ 1

0

e|u| dx+ λ ‖1‖2 ‖u‖2 +
1

2
‖u0‖2H1

0

≤ λe
CS∥u∥

H1
0 +

λ

π
‖∇u‖2 +

1

2
‖u0‖2H1

0

≤ λe
CS∥u∥

H1
0 +

1

4
‖∇u‖22 +

λ2

π2
+

1

2
‖u0‖2H1

0

owing to H1(0, 1) ⊂ C([0, 1]) with the Sobolev embedding constant CS > 0, (8) and (10).
Since we have

CS ‖u‖H1
0
=

√
2eCS × 1√

2e
‖u‖H1

0
≤ eC2

S +
1

4e
‖u‖2H1

0
,
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we find
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1
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0

)
+

1

4
‖∇u‖22 +

λ2

π2
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1

2
‖u0‖2H1

0
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√
2λeeC

2
S × 1√

2
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1

4e
‖u‖2H1

0
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1

4
‖∇u‖22 +

λ2

π2
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S +

1

4
exp

(
1

2e
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4
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λ2

π2
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1

2
‖u0‖2H1
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again by the Young inequality and

exp

(
1

2e
‖u‖2H1

0

)
+ 4

(
e2eC

2
S +

1

π2

)
λ2 + 2 ‖u0‖2H1

0
− ‖u‖2H1

0
≥ 0,

which completes the proof by applying Lemma 6 for

a = 1, b = 4

(
e2eC

2
S +

1

π2

)
λ2 + 2 ‖u0‖2H1

0
and k =

1

2e
.

�

Proof of Proposition 4. Since the embedding X1/2+ε ⊂ H1
0 (Ω) is compact, the orbit

∪t≥1 {u(·, t)} is relatively compact in H1
0 (Ω). Hence the omega limit set ω(u0) is invariant,

non-empty, compact and connected in H1
0 (Ω) by Theorem 5.1.8 in [7]. Again by Corollary

7.2.2 in [7] and the existence of the Lyapunov function, we have ω(u0) ⊂ C. Moreover, thanks
to the regularity of nonlinear term (eu − 1) of (1), ω(u0) is a single point by Theorems 1.2
in [5] or 11.4.3 in [7].

�

Remark 2 In the proposition, we impose the same hypotheses as Theorems 2 or 3, which
is not needed. If the global soluiton exists, then the conclusion is true by Theorem 2.1 in
[4].
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.

SOME TOPOLOGICAL STRUCTURES AND RELATED
GROUPS ON DIGITAL PLANE
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1 Introduction We consider the parabolic equation

(1)





ut = ∆u+ λ (eu − 1) x ∈ Ω, t ∈ (0, Tu0),
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and the associated elliptic equation

(2)

{
∆v + λ (ev − 1) = 0 x ∈ Ω,
v(x) = 0 x ∈ ∂Ω,

where λ > 0, Ω is a bounded domain in Rn with smooth boundary ∂Ω for n ∈ N and Tu0

denotes the maximal existing time for the solution of (1) with u(x, 0) = u0(x). In the case
of n = 1, we suppose that Ω = (0, 1). The corresponding nonlocal parabolic and elliptic
problems with the Neumann boundary condition are given by

(3)




ut = ∆u+ λ
(

eu∫
Ω
eu dx

− 1
|Ω|

)
x ∈ Ω, t ∈ (0, Tu0

),
∂u
∂ν (x, t) = 0 x ∈ ∂Ω, t ∈ (0, Tu0),
u(x, 0) = u0(x) x ∈ Ω

and

(4)

{
∆v + λ

(
ev∫

Ω
ev dx

− 1
|Ω|

)
= 0 x ∈ Ω,

∂v
∂ν (x) = 0 x ∈ ∂Ω,

respectively, where |Ω| is the measure of Ω in Rn and ν(x) is the outer unit normal vector
at x ∈ ∂Ω. (3) and (4) for n = 1 are investigated in [12, 17]. We have already obtained
the results of the elliptic properties such as the structure of set of stationary solutions and
the monotonicity of the Morse index. In the parabolic problem, for any λ > 0 and u0 ∈ H
with an appropriate space H, (3) admits a unique global solution. However, by the lack of
comparison principle we do not know whether the Morse-Smale property holds or not for

2020 Mathematics Subject Classification. Primary:35K58, 35J61; Secondary:35B32, 35B45, 35B44,
37L25.

Key words and phrases. Exponential nonlinearity, Stationary solution, Morse index, Blow-up, Global
solution.
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Abstract. We consider the parabolic equation with exponential nonlinearity and the
corresponding elliptic equation. First, we study the set of stationary solution and its
spectral property. Next we show that the solution of parabolic equation blows up in
finite time for the initial value satisfying a positive integrand condition by the Kaplan
method. Finally we find a global solution for the negative initial value by upper-lower
solution method and for the two dimensional domain by the Trudinger-Moser
inequality, respectively. By the global boundedness and the existence of Lyapunov
function, we treat its dynamical properties of the omega limit set.
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[16] S. I. Pohožaev, On the eigenfunctions of the equation ∆u + λf(u) = 0. Dokl. Akad. Nauk
SSSR 165, 36-39 (1965)

[17] T. Ricciardi and G. Tarantello, On a periodic boundary value problem with exponential non-
linearities. Differential Integral Equations 11, 745-753 (1998)

[18] D. H. Sattinger, Monotone methods in nonlinear elliptic and parabolic boundary value problems.
Indiana Univ. Math. J. 21, 979-1000 (1971/72)

[19] N. S. Trudinger, On imbeddings into Orlicz spaces and some applications. J. Math. Mech. 17,
473-483 (1967)

[20] S. Zheng, Nonlinear parabolic equations and hyperbolic-parabolic coupled systems. Pitman
Monographs and Surveys in Pure and Applied Mathematics, 76, Longman Scientific & Technical,
Harlow; copublished in the United States with John Wiley & Sons, Inc., New York (1995)

Tosiya Miyasita
Division of Mathematical Science, Department of Science and Engineering, Faculty of
Science and Engineering, Yamato University, 2-5-1, Katayama-cho, Suita-shi, Osaka,
564-0082, Japan
e-mail: miyasita.t@yamato-u.ac.jp

Communicated by Atsushi YagiAtsushi Yagi

26



Scientiae Mathematicae Japonicae 1

Some topological structures and related
groups on digital plane ∗

ARAFA A. NASEF, H. MAKI and ABD EL FATTAH A. EL ATIK

Received Jul y 28, 2020；re vised
October 28,2020. January 15,2 021. May 2,2021. June 9,2021

Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.
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β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
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SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.

2 Arafa A.Nasef, H.Maki, Abd El Fattah A.El Atik

In the last Section 5, a characterization (cf. Corollary 5.8) of β-open sets of the dig-
ital plane (Z2, κ2) will be studied and we prove that (∗) con-βch(Z2;κ2) = ∅ (cf. Corol-
lary 5.11(ii)′) and so G(Z2;κ2) = βch(Z2;κ2) (cf. Corollary 5.11(iii)′). Therefore, we de-
fine and construct the new concept, say β(2)-open sets in a set H, where H ⊆ Z2 with
|H| ≥ 2 (cf. Definition 5.15). And, using such β(2)-open sets, we construct new groups,
say β(2)ch(H;κ2|H) ∪ con-β(2)ch(H;κ2|H) and p.β(2)ch(H;κ2|H) ∪ con-p.β(2)ch(H;κ2|H)
etc (cf. Definition 5.21, Theorem 5.25). As examples, it is obtained that some motions, say
ρ45 and (ρ45)

−1, are elements of con-p.β(2)ch(U ;κ2|U) and so con-p.β(2)ch(U ;κ2|U) �= ∅,
where U is the smallest open set containing the origin (0, 0) in (Z2, κ2) (cf. (∗) above and
Notation 5.26, Example 5.27; Definition 5.20, Definition 5.21).

2 Contra-β-irresolute mappings and β-irresolute mappings. Let (X, τ), (Y, σ)
and (Z, η) be topological spaces.

Definition 2.1 A mapping f : (X, τ) → (Y, σ) is said to be
(i) β-continuous [1] if f−1(V ) is a β-closed set of (X, τ) for each closed set V of (Y, σ),
(ii) perfectly continuous [37] if f−1(V ) is clopen in (X, τ) for each open set V of (Y, σ),
(iii) contra-continuous [13] if f−1(V ) is closed in (X, τ) for each open set V of (Y, σ),
(iv) contra-β-continuous ([7], [18]) if f−1(V ) ∈ βC(X, τ) for each open set V of (Y, σ),
(v) strongly contra-β-continuous if f is a contra-β-continuous mapping such that the

inverse image of such nonempty open set of (Y, σ) has an interior point,
(vi) B-continuous [43] if f−1(V ) is a B-set of (X, τ) for each nonempty open set V of

(Y, σ), where the B-set is the intersection of an open set and a semi-closed set of (X, τ) (this
is defined by [43]),

(vii) B∗-continuous [12] (cf. (vi)) if f−1(V ) contains a nonempty B-set of (X, τ ) for each
nonempty open set V of (Y, σ),

(viii) strongly β-closed [17] if f(G) is β-closed in (Y, σ) for each β-closed set G of (X, τ).

Definition 2.2 A mapping f : (X, τ) → (Y, σ) is said to be
(i) irresolute [8, Definition 1.1] if f−1(U) ∈ SO(X, τ) for every set U ∈ SO(Y, σ),
(ii) β-irresolute [36] if f−1(U) ∈ βO(X, τ) for every set U ∈ βO(Y, σ),
(iii) contra-β-irresolute [5] if f−1(U) ∈ βC(X, τ) for every set U ∈ βO(Y, σ) (cf. Re-

mark 2.9(ii)),
(iv) perfectly contra-β-irresolute if f−1(V ) is β-clopen in (X, τ) for each set V ∈ βO(Y, σ),
(v) contra-irresolute [5] if f−1(U) ∈ SC(X, τ) for every set U ∈ SO(Y, σ),
(vi) perfectly contra-irresolute [5] if f−1(U) is semi-open and semi-closed in (X, τ ) for

each set U ∈ SO(Y, σ).

Theorem 2.3 A mapping f : (X, τ) → (Y, σ) is B∗-continuous if one of the following
conditions (1) and (2) is satisfied,

(1) f is a strongly contra-β-continuous mapping (cf. Definition 2.1(v)).
(2) f is an onto and B-continuous mapping (cf. Definition 2.1(vi)).

Proof. Let V be a nonempty open set of (Y, σ). Under the case of the assumption (1),
we have that f−1(V ) ∈ βC(X, τ) and Int(f−1(V )) �= ∅, and so ∅ �= Int(f−1(V )) = X ∩
Int(f−1(V )) ⊆ f−1(V ). Hence f−1(V ) contains a nonempty B-open set U , say U :=
X ∩ Int(f−1(V )). Indeed, X ∈ SC(X, τ), Int(f−1(V )) ∈ τ and U �= ∅. Thus, f is B∗-
continuous, under the assumption (1). Under the case of the assumption (2), we have
that ∅ �= f−1(V ) and f−1(V ) is a B-set. And so f−1(V ) contains a nonempty B-set f−1(V ).
Thus, f is B∗-continuous, under the assumption (2). �

Remark 2.4 The following diagram shows implications among several mappings defined
above, where p → q (resp. p � q) means that p implies q (resp. p and q are independent). The
implications are not reversible and the independence is explained (cf. Remark 2.5 below).
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contra-continuity

� �
contra-β-continuity �↔ B-continuity onto and B-continuity

↑ ↓
strongly contra-β-continuity −→ B∗-continuity

Remark 2.5 (i) Let (R, E) be the real line with the Euclidean topology E. The mappings
f, 1R : (R, E) → (R, E) of (i-1) below are seen in [14].
(i-1) Let f : (R, E) → (R, E) be a mapping defined by f(x) = [x], where [x] is the Gaussian
symbol. Then f is contra-β-continuous (cf. Definition 2.1(iv)). However, f is not contra-
continuous, because for an open interval (12 ,

3
2 ), f

−1(( 12 ,
3
2 )) = [1, 2) is not closed in (R, E).

(i-2) The identity mapping 1R : (R, E) → (R, E) is B-continuous (cf. Definition 2.1(vi)) but
not contra-β-continuous, since the inverse image of each singleton is not β-open. Moreover,
1R is not contra-continuous.

(ii) The mapping f : (X, τ) → (X, τ) is contra-β-continuous, but f is not B-continuous.
Let X = {a, b, c} and τ = {X, ∅, {a, b}}. Then we have βC(X, τ) = {∅, {a}, {b}, {c}, {b, c},-
{a, c}, X} and SC(X, τ) = {∅, {c}, X}. We define the mapping f : (X, τ) → (Y, σ) by
f(a) = a, f(b) = c and f(c) = b.

(iii) The converse of Theorem 2.3 under the assumption (1) is not reversible. Let X =
{a, b, c} and τ = {X, ∅, {a}, {b}, {a, b}}. Let f : (X, τ) → (X, τ) be a mapping defined by
f(a) = b, f(b) = c and f(c) = a. Then since βC(X, τ) = SC(X, τ) = P (X)\{{a, b}}, we
show f is B-continuous and onto. By Theorem 2.3 under the assumption (2), it is obtained
that f is B∗-continuous. This mapping f is contra-β-continuous, but Int(f−1({a})) =
Int({c}) = φ hold. And so f is not strongly contra-β-continuous.

(iv) The converse of Theorem 2.3 under the assumption (2) is not reversible. The map-
ping f : (X, τ) → (X, τ) defined in (ii) above is not B-continuous (cf. (ii)). But f is
B∗-continuous, because {c} and X are the nonempty B-sets.

(v) The contra-β-continuous mapping f : (X, τ) → (X, τ) of (ii) above is not strongly
contra-β-continuous (cf. Definition 2.1(v), because Int(f−1({a, b})) = ∅.

Remark 2.6 (i) Let X = Y = {a, b} and τ = {X, ∅, {a}} and σ = {Y, ∅, {b}}. Then
the identity mapping 1X : (X, τ) → (Y, σ) is a contra-β-continuous mapping but not β-
continuous.

(ii) The identity mapping 1R : (R, E) → (R, E) of Remark 2.5(i)(i-2) is β-continuous but
not contra-β-continuous.

Remark 2.7 The following properties are well known.

(i) If f : (X, τ) → (Y, σ) is contra-β-irresolute and g : (Y, σ) → (Z, η) is β-continuous,
then the composition g ◦ f : (X, τ) → (Z, η) is contra-β-continuous (cf. [7, Theorem 2.18]).

(ii) ([4, Theorem 2.3(iv)]) Every homeomorphism is β-irresolute.

Remark 2.8 (i) By the following examples (i-1) and (i-2), it is shown that the contra-
β-irresoluteness and β-irresoluteness are independent. Let X = {a, b, c} and τ = {X, ∅, -
{a}, {a, b}}. Then

(i-1) The identity mapping on (X, τ) above is β-irresolute but not contra-β-irresolute.

(i-2) Let f : (X, τ) → (X, τ) be a mapping defined by: f(a) = b = f(b), f(c) = a. Then
f is contra-β-irresolute but not β-irresolute.

(ii) In general, for any topological space (X, τ), the identity mapping 1X : (X, τ) → (X, τ)
is contra-β-irresolute if and only if βO(X, τ) = βC(X, τ) holds. And, 1X on any topological
space (X, τ) is β-irresolute.
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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Remark 2.9 (i) Every contra-β-irresolute mapping is contra-β-continuous, but it is shown
that its converse is not true, by the following example. Let X = {a, b, c} and τ = {X, ∅, -
{a}, {b}, {a, b}}. Let f : (X, τ) → (X, τ) be a mapping defined by f(a) = c, f(b) = a ,
f(c) = b. One can deduce that f is contra-β-continuous, but it is not contra-β-irresolute.

(ii) For a mapping f : (X, τ) → (Y, σ), f is contra-β-irresolute if and only if the inverse
image f−1(F ) of each β-closed set F of (Y, σ) is β-open in (X, τ).

(iii) For a mapping f : (X, τ) → (Y, σ), f is β-irresolute if and only if the inverse image
f−1(F ) of each β-closed set F of (Y, σ) is β-closed in (X, τ).

Remark 2.10 (i) The following diagram of implications is well known.
Contra-irresolute ← Perfectly contra-irresolute → Irresolute.

We have also the following diagram of implications.
Contra-β-irresolute ← Perfectly contra-β-irresolute → β-irresolute;

and they are not reversible (cf. Remark 2.8(i) above and Remark 2.11 below).
(ii) In the implications above, the irresoluteness (resp. contra-irresoluteness, perfectly

contra-irresoluteness) and the β-irresoluteness (resp. contra-β-irresoluteness, perfectly contra-
β-irresoluteness) are independent (cf. (a), (b), (c) below).

Let X = {a, b, c}. We consider the topologies on X: τ = {X, ∅, {a}, {b}, {a, b}},
τ1 = {X, ∅, {a}, {a, b}}, τ2 = {X, ∅, {c}, {a, b}} and τ3 = {X, ∅}. We have the following:
SO(X, τ) = βO(X, τ) = P (X) \ {{c}}, SO(X, τ1) = βO(X, τ1) = {∅, {a}, {a, b}, {a, c}, X},
SO(X, τ2) = τ2, βO(X, τ2) = P (X), SO(X, τ3) = {∅, X}, βO(X, τ3) = P (X).

(a)(a-1) Define a mapping f : (X, τ) → (X, τ2) as follows: f(a) = a, f(b) = c and
f(c) = b. Then f is irresolute; f is not β-irresolute.

(a-2) Let f : (X, τ3) → (X, τ) be the identity mapping. Then f is β-irresolute; f is not
irresolute.

(b)(b-1) Let f : (X, τ2) → (X, τ1) be the identity mapping. Then f is contra-β-irresolute,
f is not contra-irresolute.

(b-2) Define a mapping f : (X, τ1) → (X, τ2) as follows: f(a) = a, f(b) = a , f(c) = b.
Then f is contra-irresolute, f is not contra-β-irresolute.

(c)(c-1) Let f : (X, τ3) → (X, τ2) be the identity mapping. Then f is perfectly contra
β-irresolute, f is not perfectly contra-irresolute.

(c-2) Define a mapping f : (X, τ) → (X, τ2) as follows: f(a) = c, f(b) = a , f(c) = b.
Then f is perfectly contra-irresolute, f is not perfectly contra-β-irresolute.

Remark 2.11 We have a decomposition of perfectly contra-β-irresolute mappings. The
following conditions (1) and (2) are equivalent: (1) f : (X, τ) → (Y, σ) is perfectly contra-
β-irresolute; (2) f : (X, τ) → (Y, σ) is contra-β-irresolute and β-irresolute.

3 Groups G(X,X \H; τ) and G0(X,X \H; τ). Main purposes of the present Section 3
are to prove Theorems 3.5 and Theorem 3.6 (cf. Notation 3.3).

Definition 3.1 Let (X, τ) and (Y, σ) be topological spaces.
(i) A mapping f : (X, τ) → (Y, σ) is said to be
(i-1) a βc-homeomorphism ([4, Definition 3.1(ii)]) if f is a β-irresolute bijection and f−1

is β-irresolute,
(i-2) a contra-βc-homeomorphism if f is a contra-β-irresolute ([6], [4, Definition 4.1])

bijection and f−1 is contra-β-irresolute (cf. Definition 2.2(iii)).
(ii) (ii-1) βch(X; τ) := {f | f : (X, τ) → (X; τ) is a βc-homeomorphism} ([4, notation (3)

after Definiton 3.1],
(ii-2) con-βch(X; τ):={f | f : (X, τ) → (X, τ) is a contra-βc-homeomorphism} ([4, Defi-

nition 4.3(1)]).
(iii) h(X; τ) := {f | f : (X, τ) → (X, τ) is a homeomorphism} (e.g., [4, notation (3) after

Definiton 3.1]).
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(iv) ([40, Definition 2.1]) Let H be a nonempty subset of X.
(iv-1) βch(X,X \H; τ) := {a| a ∈ βch(X; τ) and a(X \H) = X \H}.
(iv-1)′ con-βch(X,X \ H; τ) := {a| a ∈ con-βch(X; τ) and a(X \ H) = X \ H} (cf.

(ii)(ii-2)).
(iv-2) βch0(X,X \ H; τ):={a| a ∈ βch(X,X \ H; τ) and a(x) = x for every point x ∈

X \H}.
(iv-2)′ con-βch0(X,X \ H; τ) := {a| a ∈ con-βch(X,X \ H; τ) and a(x) = x for every

point x ∈ X \H}, where H �= X (cf. (ii)(ii-2) above).

Remark 3.2 (i) In 2010, N. Arora et al. [4, Theorem 4.4(i)] proved that βch(X; τ) ∪ con-
βch(X; τ) forms a group under the composition of mappings.

(ii) In 2019, Sanjay Tahiliani [40, Theorem 2.2] proved that βch(X,X \ H; τ) and
βch0(X,X \ H; τ) form groups under the composition of mappings, where H is a subset
of X, and Sanjay Tahiliani proved important propertes [40, Theorem 2.7].

Notation 3.3 Let (X, τ) be a topological space and H ⊆ X with H �= ∅.
(i) G(X; τ) := βch(X; τ) ∪ con-βch(X; τ).
(ii) G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ).
(ii)′ G0(X,X \H; τ) := con-βch0(X,X \H; τ) ∪ βch0(X,X \H; τ).

Remark 3.4 Let us consider especially the case where that H = X in Notation 3.3(ii)
above. Then, we have that G(X,X \X; τ) = G(X; τ) holds. (cf. Definition 3.1(ii),(iv)).

Theorem 3.5 Let H be a nonempty subset of (X, τ) and G(X,X \H; τ), G0(X,X \H; τ)
and G(X; τ) be the families defined in Notation 3.3 above, respectively. Then,

(i) G(X,X \H; τ) forms a group under the composition of mappings.
(i)′G0(X,X \H; τ) forms a subgroup of G(X,X \H; τ), where H �= X.
(ii) The group βch0(X,X \H; τ) forms a subgroup of G0(X,X \H; τ), where H �= X.
(iii) The groups G(X,X \ H; τ) and G0(X,X \ H; τ) (where H �= X) are subgroups of

G(X; τ) (cf. Notation 3.3, [4, Theorem 4.4(i)]).

Proof. Throghout the present proofs of (i),(i)′ and (ii), let us denote: G := G(X,X \H; τ)
and G0 := G0(X,X \ H; τ). (i) A binary operation w : G × G → G is well defined by
w(a, b) := b ◦ a, where b ◦ a is the composite function of the functions a and b. Indeed, it is
shown by the following four cases.
Case 1 (resp. Case 1′) a (resp. b) ∈ βch(X,X \H; τ) and b (resp. a) ∈ con-βch(X,X \
H; τ). For the present case, b ◦ a : (X, τ) → (X, τ) is a contra-β-irresolute bijection such
that (b◦a)−1 is also contra-β-irresolute and (b◦a)(X \H) = X \H (cf. [4, Lemma 4.2(i-2)]).
And so, w(a, b) ∈ con-βch(X,X \H) ⊆ G.
Case 2 (resp. Case 3) a, b ∈ con-βch(X,X\H; τ) (resp. βch(X,X\H; τ)). For the present
case, b ◦ a : (X, τ) → (X, τ) is a β-irresolute bijection such that (b ◦ a)−1 is also β-irresolute
and (b ◦ a)(X \H)=X \H (cf. [4, Lemma 4.2(i-1)]). And so, w(a, b) ∈ βch(X,X \H) ⊆ G.

Thus, the binary operation w : G × G → G is well defined. For all elements a, b, c ∈
G, w(w(a, b), c) = w(a,w(b, c)) holds. The identity element e ∈ G is well defined by the
identity mapping 1X : (X, τ) → (X, τ), i.e., e := 1X ∈ G; and so w(e, a) = a = w(a, e) hold
for all element a ∈ G. The inverse element of an element a ∈ G is well defined by the inverse
mapping a−1 of a : (X, τ) → (X, τ) and so w(a, a−1) = e = w(a−1, a) hold for all element
a ∈ G. And hence (G, w) forms a group under the composition of mappings, i.e., G is a
group. (i)′ Since 1X ∈ βch0(X,H; τ), we have the following: G0 �= ∅. For any element
a, b ∈ G0 and the binary operation w : G × G → G, it is seen that w(a, b−1) = b−1 ◦ a ∈ G
and (b−1 ◦ a)(x) = b−1(x) = x for every point x ∈ X \H; and so w(a, b−1) ∈ G0. (ii) By
(i)′, the subgroup G0 has the binary operation w|G0. Let a, b ∈ βch0(X,X \ H; τ). Then,
1X ∈ βch0(X,X \H; τ) �= ∅ and (w|G0)(a, b

−1) = b−1 ◦ a ∈ βch0(X,X \H; τ) ⊆ G0; and so
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(iv) ([40, Definition 2.1]) Let H be a nonempty subset of X.
(iv-1) βch(X,X \H; τ) := {a| a ∈ βch(X; τ) and a(X \H) = X \H}.
(iv-1)′ con-βch(X,X \ H; τ) := {a| a ∈ con-βch(X; τ) and a(X \ H) = X \ H} (cf.

(ii)(ii-2)).
(iv-2) βch0(X,X \ H; τ):={a| a ∈ βch(X,X \ H; τ) and a(x) = x for every point x ∈

X \H}.
(iv-2)′ con-βch0(X,X \ H; τ) := {a| a ∈ con-βch(X,X \ H; τ) and a(x) = x for every

point x ∈ X \H}, where H �= X (cf. (ii)(ii-2) above).

Remark 3.2 (i) In 2010, N. Arora et al. [4, Theorem 4.4(i)] proved that βch(X; τ) ∪ con-
βch(X; τ) forms a group under the composition of mappings.

(ii) In 2019, Sanjay Tahiliani [40, Theorem 2.2] proved that βch(X,X \ H; τ) and
βch0(X,X \ H; τ) form groups under the composition of mappings, where H is a subset
of X, and Sanjay Tahiliani proved important propertes [40, Theorem 2.7].

Notation 3.3 Let (X, τ) be a topological space and H ⊆ X with H �= ∅.
(i) G(X; τ) := βch(X; τ) ∪ con-βch(X; τ).
(ii) G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ).
(ii)′ G0(X,X \H; τ) := con-βch0(X,X \H; τ) ∪ βch0(X,X \H; τ).

Remark 3.4 Let us consider especially the case where that H = X in Notation 3.3(ii)
above. Then, we have that G(X,X \X; τ) = G(X; τ) holds. (cf. Definition 3.1(ii),(iv)).

Theorem 3.5 Let H be a nonempty subset of (X, τ) and G(X,X \H; τ), G0(X,X \H; τ)
and G(X; τ) be the families defined in Notation 3.3 above, respectively. Then,

(i) G(X,X \H; τ) forms a group under the composition of mappings.
(i)′G0(X,X \H; τ) forms a subgroup of G(X,X \H; τ), where H �= X.
(ii) The group βch0(X,X \H; τ) forms a subgroup of G0(X,X \H; τ), where H �= X.
(iii) The groups G(X,X \ H; τ) and G0(X,X \ H; τ) (where H �= X) are subgroups of

G(X; τ) (cf. Notation 3.3, [4, Theorem 4.4(i)]).

Proof. Throghout the present proofs of (i),(i)′ and (ii), let us denote: G := G(X,X \H; τ)
and G0 := G0(X,X \ H; τ). (i) A binary operation w : G × G → G is well defined by
w(a, b) := b ◦ a, where b ◦ a is the composite function of the functions a and b. Indeed, it is
shown by the following four cases.
Case 1 (resp. Case 1′) a (resp. b) ∈ βch(X,X \H; τ) and b (resp. a) ∈ con-βch(X,X \
H; τ). For the present case, b ◦ a : (X, τ) → (X, τ) is a contra-β-irresolute bijection such
that (b◦a)−1 is also contra-β-irresolute and (b◦a)(X \H) = X \H (cf. [4, Lemma 4.2(i-2)]).
And so, w(a, b) ∈ con-βch(X,X \H) ⊆ G.
Case 2 (resp. Case 3) a, b ∈ con-βch(X,X\H; τ) (resp. βch(X,X\H; τ)). For the present
case, b ◦ a : (X, τ) → (X, τ) is a β-irresolute bijection such that (b ◦ a)−1 is also β-irresolute
and (b ◦ a)(X \H)=X \H (cf. [4, Lemma 4.2(i-1)]). And so, w(a, b) ∈ βch(X,X \H) ⊆ G.

Thus, the binary operation w : G × G → G is well defined. For all elements a, b, c ∈
G, w(w(a, b), c) = w(a,w(b, c)) holds. The identity element e ∈ G is well defined by the
identity mapping 1X : (X, τ) → (X, τ), i.e., e := 1X ∈ G; and so w(e, a) = a = w(a, e) hold
for all element a ∈ G. The inverse element of an element a ∈ G is well defined by the inverse
mapping a−1 of a : (X, τ) → (X, τ) and so w(a, a−1) = e = w(a−1, a) hold for all element
a ∈ G. And hence (G, w) forms a group under the composition of mappings, i.e., G is a
group. (i)′ Since 1X ∈ βch0(X,H; τ), we have the following: G0 �= ∅. For any element
a, b ∈ G0 and the binary operation w : G × G → G, it is seen that w(a, b−1) = b−1 ◦ a ∈ G
and (b−1 ◦ a)(x) = b−1(x) = x for every point x ∈ X \H; and so w(a, b−1) ∈ G0. (ii) By
(i)′, the subgroup G0 has the binary operation w|G0. Let a, b ∈ βch0(X,X \ H; τ). Then,
1X ∈ βch0(X,X \H; τ) �= ∅ and (w|G0)(a, b

−1) = b−1 ◦ a ∈ βch0(X,X \H; τ) ⊆ G0; and so
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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βch0(X,X \H; τ) is a subgroup of G0. (iii) The group G(X; τ) (cf. Notation 3.3(i)) forms
a group under the compositon of mappings ([4, Theorem 4.4(i)]). And, G forms a group by
the composition of mappings (cf. (i)) such that G ⊆ G(X; τ) (cf. Notation 3.3). Thus, G is
a subgroup of G(X, τ). And using (i)′, G0 is a subgroup of G(X, τ). �

Theorem 3.6 (i) If f : (X, τ) → (Y, σ) is a contra-βc-homeomorphism (cf. Definition 3.1(i)(i-
2)), then f induces also an isomorphism f∗ : G(X,X \H; τ) → G(Y, Y \ f(H);σ), where f∗
is defined by f∗(a) := f ◦ a ◦ f−1.

(ii) If f : (X, τ) → (Y, σ) is a βc-homeomorphism (cf. Definition 3.1(i)), then f induces
an isomorphism f∗ : G(X,X \H; τ) → G(Y, Y \ f(H);σ), where f∗ is defined in (i) above.

(iii) Suppose one of the following properties (a), (b) below on mappings f : (X, τ) → (Y, σ)
and g : (Y, σ) → (Z, η): (a) f and g are contra-βc-homeomorphisms, (b) f and g are βc-
homeomorphisms.
Then, (g ◦ f)∗ = g∗ ◦ f∗ : G(X,X \ H; τ) → G(Z,Z \ g(f(H); η)) holds and (1X)∗ = 1 :
G(X,X \H; τ) → G(X,X \H; τ) is the identity isomorphism, where 1X : (X, τ) → (X, τ)
on the identity and 1 is the identity on G(X,X \H).

Proof. (i) Under the assumption that f is a contra-βc-homeomorphism, it is proved that
f∗ is an isomorphism between the groups. Indeed, we have the following properties: (1)
mapping f∗ : G(X,X \H; τ) → G(Y, Y \f(H);σ) is well defined; (2) f∗ is a homomorphism;
(3) f∗ is a bijection. Proof of (1) Let a ∈ G(X,X \ H; τ). We first have the following:
f∗(a)(Y \ f(H)) = Y \ f(H) holds. And, we consider the following two cases.
Case 1 a ∈ βch(X,X \ H; τ) (resp. Case 2 a ∈ con-βch(X,X \ H; τ)). Let B ∈
βO(Y, σ). Then, for the Case 1 (resp. Case 2), we have the following: (f∗(a))

−1(B) =
f(a−1(f−1(B))) ∈ βO(Y ;σ) (resp. βC(Y, σ)) and so f∗(a) : (Y, σ) → (Y, σ) is β-irresolute
(resp. contra-β-irresolute) bijection. Moreover, we have the following: f∗(a)(B) ∈ βO(Y, σ)
(resp. βC(Y, σ)). Then, (f∗(a))

−1 : (Y, σ) → (Y, σ) is β-irresolute (resp. contra-β-irresolute).
Thus, for the Case 1 (resp. Case 2), we prove that f∗(a) : (Y, σ) → (Y, σ) is a βc-
homeomorhism (resp. contra-βc-homeomorphism) such that f∗(a)(Y \ f(H)) = Y \ f(H).
Namely, using Notation 3.3, we have that f∗(a) ∈ G(Y, Y \ f(H);σ).
Proof of (2) Let a and b be elements of G(X,X \ H; τ). Then, we have the following:
f∗(wX(a, b)) = (f ◦ b ◦ f−1) ◦ (f ◦ a ◦ f−1) = wY (f∗(a), f∗(b)).
Proof of (3) Let a, b ∈ G(X,X \H; τ) such that f∗(a) = f∗(b). Then, f ◦a◦f−1 = f ◦b◦f−1

and so a = b. Let d ∈ G(Y, Y \ f(H);σ). Then, it is proved that f−1 ◦d◦ f ∈ G(X,X \H; τ)
and f∗(f

−1 ◦ d ◦ f) = d. (ii) Under the assumption that f is a βc-homeomorphism, it is
proved similarly that of (i) that f∗ is isomorphism between the groups. (iii) By definitions
and (i) (resp. (ii)), the present properties are shown. �

Corollary 3.7 (i) (resp. (ii)) If f : (X, τ) → (Y, σ) is a contra-βc-homeomorphism (resp.
βc-homeomorphism), then f induces an isomorphism f∗ : G(X; τ) → G(Y ;σ), where f∗ is
defined by f∗(a) := f ◦ a ◦ f−1 for any a ∈ G(X; τ).

(iii) Suppose one of the following properties (a), (b) below on mappings f : (X, τ) → (Y, σ)
and g : (Y, σ) → (Z, η), (a) f and g are contra-βc-homeomorphisms, (b) f and g are βc-
homeomorphisms.
Then, we have the following properties (1), (2) and (3) on f∗, g∗.
(1) (g ◦f)∗ = g∗ ◦f∗ : G(X; τ) → G(Z; η). (2) (1X)∗ = 1 : G(X; τ) → G(X; τ) is the identity
isomorphism, where 1X : (X, τ) → (X, τ) is the identity.
(3) (3-1) f∗(con-βch(X; τ)) = con-βch(Y ;σ) holds. (3-2) f∗(βch(X; τ))=βch(Y ;σ) holds.
(3-3) f∗(h(X; τ)) ⊆ βc-h(Y ;σ) holds (cf. Definition 3.1(iii)).

(iv) (cf. [4, Theorem 4.5(i)]) Especially, if f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) are
homeomorphisms, then the induced mappings f∗ : G(X; τ) → G(Y ;σ) and g∗ : G(Y ;σ) →
G(Z; η) are isomorphisms (cf. (i)). Moreover, they have the same property of (1), (2) and
(3)(3-1)(3-2) in (iii). We note that, in (3)(3-3), f∗(h(X; τ)) = h(Y ;σ) holds.
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Proof. (i), (ii), (iii)(1)(2) are obtained respectively, by setting that H = X in Theorem 3.6
above (cf. Remark 3.4). (iii)(3) Proof of (3-1) (resp. (3-2)) By setting the case where
H = X in the proof of Theorem 3.6(i) (resp. (ii)), it is obtained that f∗(con-βch(X; τ)) ⊆
con-βch(Y ;σ) (resp. f∗(βch(X; τ)) ⊆ βch(Y ;σ) ) holds, under the assumption (a) (resp.
(b)) on f . Conversely, for each element d ∈ con-βch(Y, σ) (resp. βch(Y ;σ)), we take a
mapping f−1 ◦ d ◦ f : (X, τ) → (X, τ). Then, it is shown that f−1 ◦ d ◦ f ∈ con-βch(X; τ)
(resp. βch(X; τ)) and f∗(f

−1 ◦ d ◦ f) = d and so d ∈ f∗(con-βch(X; τ)) (resp. βch(X; τ)).
Proof of (3-3) By [4, Theorems 3.2(iii), 3.3(vi)], it is well known that h(X; τ) ⊆ βch(X, τ);
and so f∗(h(X; τ)) ⊆ f∗(βch(X; τ)) = βch(Y ;σ) (cf. (3)(3-1) above).

(iv) Since any homeomorphism is a βc-homeomorhism ([4, Theorems 3.2(iii), 3.3(vi)]),
then by (ii) it is shown that f∗ and g∗ are isomorphisms. By (1),(2) of (iii), the same
properties (1), (2) and (3)(3-1)(3-2) are obtained;the present property (3-3) is well known.
�

Corollary 3.8 (cf. Notation 3.3, Corollary 3.7(i)(ii) ) (i) If G(X; τ) � G(Y ;σ), then
(i-1) there does not exist any contra-βc-homeomorphism between two topological spaces

(X, τ) and (Y, σ), and (i-2) there is not any βc-homeomorphism between (X, τ) and (Y, σ),
and hence (i-3) (X, τ) � (Y, σ) (i.e., (X, τ) is not homeomorphic to (Y, σ)).

(ii) If βch(X; τ) � βch(Y ;σ), then there does not exist any βc-homeomorphism between
(X, τ) and (Y, σ). �

Example 3.9 Let (X, τ), (Y, σ), (Y (1), σ1) and (Y (2), σ2) be four topological spaces, where
X = Y = Y (1) = Y (2) := {a, b, c}, τ := {∅, {a}, {b, c}, X} , σ := {∅, {a}, {b}, {a, b}, Y },
σ1 := {∅, {a}, {b}, {a, b}, {a, c}, Y (1)} and σ2 := {∅, {a}, Y (2)}. And, let hx : X → X be
a bijection such that hx(x) = x and hx �= 1X for a given point x ∈ X. Then we have the
following properties.

(i) G(X; τ) � G(Y ;σ) (cf. Corollary 3.8(i) above). Indeed, it is shown that βO(X, τ) =
P (X) = βC(X, τ) hold and so βch(X; τ) = con-βch(X; τ) ∼= S3(=the symmetric group of
degree 3) and hence G(X; τ) ∼= S3. And, it is shown that βO(Y, σ) = P (Y ) \ {{c}} and
βC(Y, σ) = P (Y ) \ {{a, b}} hold; and so con-βch(Y ;σ) = ∅ and G(Y ;σ) = βch(Y ;σ) =
{1Y , hc}.

(ii) G(X; τ) � G(Y (1);σ1). Indeed, it is shown that βO(Y (1), σ1) = σ1 and βch(Y (1);σ1)
={1Y (1)} and con-βch(Y (1);σ1) = {hb}; and so G(Y (1);σ1) = {1Y (1), hb} � S3 (cf. (i)
above).

(iii) G(Y (1);σ1) ∼= G(Y (2);σ2) and βch(Y (1);σ1) � βch(Y (2);σ2). Indeed, it is shown
that βO(Y (2), σ2) = {∅, {a}, {a, b}, {a, c}, Y (2)} and βch(Y (2);σ2) = {1Y (2), ha}, con-
βch(Y (2);σ2) = ∅.

4 Groups G(X,X \ H; τ)/Ker((rH)∗)), G0(X,X \ H; τ)/Ker((rH)∗) and G(H; τ |H).
The purpose of the present section is to prove Theorem 4.7. We first recall the concept of
α-open sets et al. due to [35], i.e., (∗) a subset H of a topological space (X, τ) is said to be
α-open in (X, τ) if H ⊆ Int(Cl(Int(H))) holds in (X, τ) and the compliment of an α-open
set is called α-closed. The family of all α-open sets (resp. α-closed sets) of (X, τ) is denoted
by αO(X, τ) (resp. αC(X, τ)).
And we recall some importante properties on β-open sets as follows.

Theorem 4.1 (i)([1], e.g., [32, Lemma 3.3(b)],[19, Lemma 4.1(2)]) Let A ⊆ H ⊆ X. If
A ∈ βO(H, τ |H) and H ∈ βO(X, τ), then A ∈ βO(X, τ).

(ii)([1, Lemma 2.5 and its Proof], e.g. [32, Lemma 3.2(b)], [19, Lemma 4.1(1)]) Let
H ⊆ X and A1 ⊆ X. If H ∈ αO(X, τ) and A1 ∈ βO(X, τ), then A1 ∩H ∈ βO(H, τ |H).

(ii)′ (cf. (ii),(i) above, [2, Corollary 2.14(a)]) Let H ⊆ X and A1 ⊆ X. If H ∈ αO(X, τ)
and A1 ∈ βO(X, τ), then A1 ∩H ∈ βO(X, τ).

(iii)([1, Remark 1.1]) Arbitrary union of β-open sets of (X, τ) is β-open in (X, τ).
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Proof. (i), (ii), (iii)(1)(2) are obtained respectively, by setting that H = X in Theorem 3.6
above (cf. Remark 3.4). (iii)(3) Proof of (3-1) (resp. (3-2)) By setting the case where
H = X in the proof of Theorem 3.6(i) (resp. (ii)), it is obtained that f∗(con-βch(X; τ)) ⊆
con-βch(Y ;σ) (resp. f∗(βch(X; τ)) ⊆ βch(Y ;σ) ) holds, under the assumption (a) (resp.
(b)) on f . Conversely, for each element d ∈ con-βch(Y, σ) (resp. βch(Y ;σ)), we take a
mapping f−1 ◦ d ◦ f : (X, τ) → (X, τ). Then, it is shown that f−1 ◦ d ◦ f ∈ con-βch(X; τ)
(resp. βch(X; τ)) and f∗(f

−1 ◦ d ◦ f) = d and so d ∈ f∗(con-βch(X; τ)) (resp. βch(X; τ)).
Proof of (3-3) By [4, Theorems 3.2(iii), 3.3(vi)], it is well known that h(X; τ) ⊆ βch(X, τ);
and so f∗(h(X; τ)) ⊆ f∗(βch(X; τ)) = βch(Y ;σ) (cf. (3)(3-1) above).

(iv) Since any homeomorphism is a βc-homeomorhism ([4, Theorems 3.2(iii), 3.3(vi)]),
then by (ii) it is shown that f∗ and g∗ are isomorphisms. By (1),(2) of (iii), the same
properties (1), (2) and (3)(3-1)(3-2) are obtained;the present property (3-3) is well known.
�

Corollary 3.8 (cf. Notation 3.3, Corollary 3.7(i)(ii) ) (i) If G(X; τ) � G(Y ;σ), then
(i-1) there does not exist any contra-βc-homeomorphism between two topological spaces

(X, τ) and (Y, σ), and (i-2) there is not any βc-homeomorphism between (X, τ) and (Y, σ),
and hence (i-3) (X, τ) � (Y, σ) (i.e., (X, τ) is not homeomorphic to (Y, σ)).

(ii) If βch(X; τ) � βch(Y ;σ), then there does not exist any βc-homeomorphism between
(X, τ) and (Y, σ). �

Example 3.9 Let (X, τ), (Y, σ), (Y (1), σ1) and (Y (2), σ2) be four topological spaces, where
X = Y = Y (1) = Y (2) := {a, b, c}, τ := {∅, {a}, {b, c}, X} , σ := {∅, {a}, {b}, {a, b}, Y },
σ1 := {∅, {a}, {b}, {a, b}, {a, c}, Y (1)} and σ2 := {∅, {a}, Y (2)}. And, let hx : X → X be
a bijection such that hx(x) = x and hx �= 1X for a given point x ∈ X. Then we have the
following properties.

(i) G(X; τ) � G(Y ;σ) (cf. Corollary 3.8(i) above). Indeed, it is shown that βO(X, τ) =
P (X) = βC(X, τ) hold and so βch(X; τ) = con-βch(X; τ) ∼= S3(=the symmetric group of
degree 3) and hence G(X; τ) ∼= S3. And, it is shown that βO(Y, σ) = P (Y ) \ {{c}} and
βC(Y, σ) = P (Y ) \ {{a, b}} hold; and so con-βch(Y ;σ) = ∅ and G(Y ;σ) = βch(Y ;σ) =
{1Y , hc}.

(ii) G(X; τ) � G(Y (1);σ1). Indeed, it is shown that βO(Y (1), σ1) = σ1 and βch(Y (1);σ1)
={1Y (1)} and con-βch(Y (1);σ1) = {hb}; and so G(Y (1);σ1) = {1Y (1), hb} � S3 (cf. (i)
above).

(iii) G(Y (1);σ1) ∼= G(Y (2);σ2) and βch(Y (1);σ1) � βch(Y (2);σ2). Indeed, it is shown
that βO(Y (2), σ2) = {∅, {a}, {a, b}, {a, c}, Y (2)} and βch(Y (2);σ2) = {1Y (2), ha}, con-
βch(Y (2);σ2) = ∅.

4 Groups G(X,X \ H; τ)/Ker((rH)∗)), G0(X,X \ H; τ)/Ker((rH)∗) and G(H; τ |H).
The purpose of the present section is to prove Theorem 4.7. We first recall the concept of
α-open sets et al. due to [35], i.e., (∗) a subset H of a topological space (X, τ) is said to be
α-open in (X, τ) if H ⊆ Int(Cl(Int(H))) holds in (X, τ) and the compliment of an α-open
set is called α-closed. The family of all α-open sets (resp. α-closed sets) of (X, τ) is denoted
by αO(X, τ) (resp. αC(X, τ)).
And we recall some importante properties on β-open sets as follows.

Theorem 4.1 (i)([1], e.g., [32, Lemma 3.3(b)],[19, Lemma 4.1(2)]) Let A ⊆ H ⊆ X. If
A ∈ βO(H, τ |H) and H ∈ βO(X, τ), then A ∈ βO(X, τ).

(ii)([1, Lemma 2.5 and its Proof], e.g. [32, Lemma 3.2(b)], [19, Lemma 4.1(1)]) Let
H ⊆ X and A1 ⊆ X. If H ∈ αO(X, τ) and A1 ∈ βO(X, τ), then A1 ∩H ∈ βO(H, τ |H).

(ii)′ (cf. (ii),(i) above, [2, Corollary 2.14(a)]) Let H ⊆ X and A1 ⊆ X. If H ∈ αO(X, τ)
and A1 ∈ βO(X, τ), then A1 ∩H ∈ βO(X, τ).

(iii)([1, Remark 1.1]) Arbitrary union of β-open sets of (X, τ) is β-open in (X, τ).
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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(iv)([19, Lemma 4.3(2)]) If A ⊆ H ⊆ X and H ∈ αO(X, τ), then βCl(A) ∩ H =
βClH(A), where βClH(A) denotes the β-closure of A in the subspace (H, τ |H).

(iv-1) Let F ⊆ H ⊆ X. If H ∈ αO(X, τ) and F ∈ βC(X, τ), then F ∈ βC(H, τ |H) (i.e.,
βHCl(F ) = F holds).

(iv-2) Let F1 and H be subsets of X. If H ∈ αO(X, τ) and F1 ∈ βC(X, τ), then
F1 ∩H ∈ βC(H, τ |H) (i.e., βHCl(F1 ∩H) = F1 ∩H holds).

(iv-3) Let F ⊆ H ⊆ X. If H ∈ αO(X, τ) ∩ βC(X, τ) and F ∈ βC(H, τ |H), then
F ∈ βC(X, τ).

Proof. (iv-1) (resp. (iv-2)) By the assumptions and (iv), it is shown that βHCl(F ) = F
(resp. βHCl(F1 ∩H) = βCl(F1 ∩H)∩H ⊆ βCl(F1)∩H = F1 ∩H and so βHCl(F1 ∩H) =
F1 ∩H). Therefore, we have the following: F ∈ βC(H, τ |H) (resp. F1 ∩H ∈ βC(H, τ |H) ).
(iv-3) By the assumptions, (iv) and (iii), it is shown that F = βHCl(F ) = H ∩βCl(F ) and
so H ∩ βCl(F ) ∈ βC(X, τ). �
Remark 4.2 It follows from the following example that one of assumptions of Theo-
rem 4.1(ii) above (i.e., H ∈ αO(X, τ)) is not removed. Let X := {a, b, c} and τ :=
{∅, {a}, {b}, {a, b}, X}. Then, a subset H := {b, c} �∈ αO(X, τ) and H ∈ βO(X, τ). And,
for a set A1 := {a, c} ∈ βO(X, τ), A1 ∩ H = {c} �∈ βO(H, τ |H). Indeed, we have that
βO(X, τ) = P (X)\{{c}}, βO(H, τ |H) = {∅, {b}, H} and αO(X, τ) = τ hold and ClH(IntH -
(ClH(A1 ∩H))) = ClH(IntH({c})) = ∅ �⊇ A1 ∩H.

Remark 4.3 (i) Let H and K be subsets of X and Y , respectively. For a mapping f :
X → Y satisfying K = f(H), we define the map rH,K(f) : H → K by (rH,K(f))(x) := f(x)
for every x ∈ H. Then, we have the following: jK ◦ (rH,K(f)) = f |H : H → Y , where
jK : K → Y is the inclusion defined by jK(y) := (1Y |K)(y) = y for every y ∈ K and
f |H : H → Y is the restriction of f to H defined by (f |H)(x) := f(x) for every x ∈ H.
Especially, if X = Y = H = K, then rH,H(f) = f holds.

(ii) Especially, we suppose that X = Y,H = K ⊆ X and a(H) = H, b(H) = H for
mappings a, b : X → X. Then, rH,H(b ◦ a) = (rH,H(b)) ◦ (rH,H(a)) holds.
Moreover, if a : X → X is a bijection such that a(H) = H, then rH,H(a) : H → H is
bijective and rH,H(a−1) = (rH,H(a))−1.

Theorem 4.4 (cf. [40, Lemma 2.8]) (i) Let H ∈ αO(X, τ). If f : (X, τ) → (Y, σ) is contra-
β-irresolute (resp.β-irresolute ), then the restriction of f to H, say f |H : (H, τ |H) → (Y, σ),
is contra-β-irresolute (resp.β-irresolute ).

(ii) Let k : (X, τ) → (K,σ|K) be a mapping and jK : (K,σ|K) → (Y, σ) be the inclusion,
where K ⊆ Y . If K is α-open in (Y, σ), then the following properties (1), (2) are equivalent:

(1) k : (X, τ) → (K,σ|K) is contra-β-irresolute (resp. β-irresolute );
(2) jK ◦ k : (X, τ) → (Y, σ) is contra-β-irresolute (resp. β-irresolute).
(iii) Suppose that f : (X, τ) → (Y, σ) is contra-β-irresolute (resp. β-irresolute), H ∈

αO(X, τ) and f(H) ∈ αO(Y, σ). Then, rH,f(H)(f) : (H, τ |H) → (f(H), σ|f(H)) is contra-
β-irresolute (resp.β-irresolute).

Proof. (i) Let A ∈ βO(Y, σ) (resp. βC(Y, σ)). Then, we have the following: f−1(A) ∈
βC(X, τ). By Theorem 4.1(iv-2), it is shown that (f |H)−1(A) = f−1(A)∩H ∈ βC(H, τ |H)
and so f |H : (H, τ |H) → (Y, σ) is contra-β-irresolute (resp. β-irresolute).
(ii) (1)⇒(2) Let A1 ∈ βO(Y, σ). We have the followng: (∗1) j−1

K (A1) = K ∩ A1 ∈
βO(K,σ|K) (cf. Theorem 4.1(ii)). Then, using (∗1) above and assumption (1), we have
that (jK ◦ k)−1(A1) = k−1(j−1

K (A1)) ∈ βC(X, τ) (resp. βO(X, τ)). (2)⇒(1) Let B ∈
βO(K,σ|K). Then, we have that B ∈ βO(Y, σ) (cf. Theorem 4.1(i)). Then, using (2), we
show that k−1(B) = (jK ◦k)−1(B) ∈ βC(X, τ) (resp. βO(X, τ)). (iii) By assumption and
(i), it is obtained that f |H : (H, τ |H) → (Y, σ) is contra-β-irresolute (resp. β-irresolute).
Since f |H = jf(H) ◦ (rH,f(H)(f)) (cf. Remark 4.3(i)), by (ii) it is shown that the mapping
rH,f(H)(f) is contra-β-irresolute (resp. β-irresolute). �
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Theorem 4.5 (cf. [40, Definition 2.5, Theorem 2.7(i)]) Suppose that H ∈ αO(X, τ).
(i) If f ∈ con-βch(X,X\H; τ) (resp. βch(X,X\H; τ)), then rH,H(f) ∈ con-βch(H; τ |H)

(resp. βch(H; τ |H)).
(ii) The following mapping (rH)∗ : G(X,X \ H; τ) → G(H; τ |H) is well defined by

(rH)∗(f) := rH,H(f) for every f ∈ G(X,X \H; τ).
(iii) The following mapping (rH)∗,0 : G0(X,X \ H; τ) → G(H; τ |H) is well defined by

(rH)∗,0(f) := rH,H(f) for every f ∈ G0(X,X \H; τ).
(iv) (cf. [4, Theorem 4.4(i)]), Notation 3.3, Theorem 3.5(i),(i)′)

(iv-1) (rH)∗ : G(X,X \H; τ) → G(H; τ |H) is a homomorphism of group.
(iv-2) (rH)∗,0 : G0(X,X \H; τ) → G(H; τ |H) is a homomorphism of group.
(iv-3) (rH)∗|G0(X,X \H; τ) = (rH)∗,0.

Proof. (i) In Theorem 4.4(iii), let consider the case where Y = X and τ = σ. Since f ∈ con-
βch(X,X \H; τ) (resp. βch(X,X \H; τ)), we have the following property that both f and
f−1 are contra-β-irresolute (resp. β-irresolute) bijections from (X, τ) onto itself such that
f(X \H) = X \H = f−1(X \H) ) (cf. Definition 3.1), and so f(H) = H = f−1(H), f(H)
and f−1(H) are α-open in (X, τ). Then, by Theorem 4.4(iii), it is shown that rH,H(f) and
(rH,H(f))−1 = rH,H(f−1) : (H, τ |H) → (H, τ |H) are contra-β-irresolure (resp. β-irresolute)
bijections (cf. Remark 4.3(ii)). Namely, we have the followng: rH,H(f) ∈ con-βch(H; τ |H)
(resp. βch(H; τ |H)). (ii) Let a ∈ G(X,X \ H). For the case where that a ∈ con-
βch(X,X \ H; τ) (resp. βch(X,X \ H; τ)), by using (i) it is shown that rH,H(a) ∈ con-
βch(H; τ |H) (resp. βch(H; τ |H)) and so rH,H(a) ∈ G(H; τ |H). Therefore, (rH)∗(a) :=
rH,H(a) ∈ G(H; τ |H) holds for any element a ∈ G(X,X \H; τ) and so (rH)∗ is well defined.

(iii) We recall that G0(X,X \H; τ) ⊆ G(X,X \H; τ). Then, by the definition of (rH)∗,0
and (ii), it is obtaned that (rH)∗,0(a) := rH,H(a) ∈ G(H; τ |H) for every a ∈ G0(X,X \H).

(iv) We denote G := G(X,X \ H; τ) and G0 := G0(X,X \ H; τ), throughout the
present proof of (iv). (iv-1) Let a, b ∈ G and w : G × G → G be the binary opera-
tion of the group G (cf. Proof of Theorem 3.5). Then, by definition, w(a, b) := b ◦ a for
a, b ∈ G and (rH)∗(w(a, b)) = rH,H(b ◦ a) = (rH,H(b)) ◦ (rH,H(a)) hold (cf. (ii) above, Re-
mark 4.3(ii)). Here, we recall that the group G(H; τ |H) := con-βch(H; τ |H) ∪ βch(H; τ |H)
has the binary operation wH : G(H; τ |H) × G(H; τ |H) → G(H; τ |H) defined by the com-
posite mapping: wH(f, g) := g ◦ f , where f, g ∈ G(H; τ |H) (cf. [4, Theorem 4.4(i)]). Thus,
we have the following: (rH)∗(w(a, b)) = (rH,H(b)) ◦ (rH,H(a)) = wH(rH,H(a), rH,H(b)) =
wH((rH)∗(a), (rH)∗)(b)) and hence (rH)∗ : G → G(H; τ |H) is a homomorphism of group.
(iv-2) Since G0 is a subgroup of G (cf. Theorem 3.5(i)′), by an argument similar to that of
(iv-1) it is shown that (rH)∗,0 : G0 → G(H; τ |H) is a homomorphism of group. (iv-3) For
an element a ∈ G0, we have the following: ((rH)∗|G0)(a) = (rH)∗(a) = rH,H(a), on the other
hand, (rH)∗,0(a) = rH,H(a) and hence (rH)∗|G0 = (rH)∗,0. �

Lemma 4.6 ([40, Lemma 2.6] for the case where β-irresoluteness ) Let (X, τ) and (Y, σ) be
topological spaces such that X = U1∪U2 with Uj �= ∅ (j ∈ {1, 2}). Let f1 : (U1, τ |U1) → (Y, σ)
and f2 : (U2, τ |U2) → (Y, σ) be the two contra-β-irresolute (resp. β-irresolute) mappings with
f1(x) = f2(x) for every point x ∈ U1 ∩ U2. If U1 and U2 are α-open sets of (X, τ), then
its combination f1∇f2 : (X, τ) → (Y, σ) is contra-β-irresolute (resp. β-irresolute), where
(f1∇f2)(z) = fj(z) for every z ∈ Uj (j ∈ {1, 2}).

Proof. By using Theorem 4.1(i)(iii) and above definitions, this lemma is proved. �

Theorem 4.7 (cf. [40, Theorem 2.7 (ii),(iii)]) (i) Suppose that H ∈ αO(X, τ). Then, we
have the following isomorphisms of groups (cf. Theorem 4.5(ii),(iii),(iv)).
(i-1) G(X,X \H; τ)/Ker((rH)∗) ∼= Im((rH)∗).
(i-2) G0(X,X \H; τ) ∼= Im((rH)∗,0), where Ker((rH)∗) := {a ∈ G(X,X \H; τ)|(rH)∗(a) =
1H} is a normal subgroup of G(X,X \H; τ), and Im((rH)∗):={(rH)∗(a)|a ∈ G(X,X \H; τ)}
and Im((rH)∗,0):= {(rH)∗,0(b)|b ∈ G0(X,X \H; τ)} are subgroups of G(H; τ |H).
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Theorem 4.5 (cf. [40, Definition 2.5, Theorem 2.7(i)]) Suppose that H ∈ αO(X, τ).
(i) If f ∈ con-βch(X,X\H; τ) (resp. βch(X,X\H; τ)), then rH,H(f) ∈ con-βch(H; τ |H)

(resp. βch(H; τ |H)).
(ii) The following mapping (rH)∗ : G(X,X \ H; τ) → G(H; τ |H) is well defined by

(rH)∗(f) := rH,H(f) for every f ∈ G(X,X \H; τ).
(iii) The following mapping (rH)∗,0 : G0(X,X \ H; τ) → G(H; τ |H) is well defined by

(rH)∗,0(f) := rH,H(f) for every f ∈ G0(X,X \H; τ).
(iv) (cf. [4, Theorem 4.4(i)]), Notation 3.3, Theorem 3.5(i),(i)′)

(iv-1) (rH)∗ : G(X,X \H; τ) → G(H; τ |H) is a homomorphism of group.
(iv-2) (rH)∗,0 : G0(X,X \H; τ) → G(H; τ |H) is a homomorphism of group.
(iv-3) (rH)∗|G0(X,X \H; τ) = (rH)∗,0.

Proof. (i) In Theorem 4.4(iii), let consider the case where Y = X and τ = σ. Since f ∈ con-
βch(X,X \H; τ) (resp. βch(X,X \H; τ)), we have the following property that both f and
f−1 are contra-β-irresolute (resp. β-irresolute) bijections from (X, τ) onto itself such that
f(X \H) = X \H = f−1(X \H) ) (cf. Definition 3.1), and so f(H) = H = f−1(H), f(H)
and f−1(H) are α-open in (X, τ). Then, by Theorem 4.4(iii), it is shown that rH,H(f) and
(rH,H(f))−1 = rH,H(f−1) : (H, τ |H) → (H, τ |H) are contra-β-irresolure (resp. β-irresolute)
bijections (cf. Remark 4.3(ii)). Namely, we have the followng: rH,H(f) ∈ con-βch(H; τ |H)
(resp. βch(H; τ |H)). (ii) Let a ∈ G(X,X \ H). For the case where that a ∈ con-
βch(X,X \ H; τ) (resp. βch(X,X \ H; τ)), by using (i) it is shown that rH,H(a) ∈ con-
βch(H; τ |H) (resp. βch(H; τ |H)) and so rH,H(a) ∈ G(H; τ |H). Therefore, (rH)∗(a) :=
rH,H(a) ∈ G(H; τ |H) holds for any element a ∈ G(X,X \H; τ) and so (rH)∗ is well defined.

(iii) We recall that G0(X,X \H; τ) ⊆ G(X,X \H; τ). Then, by the definition of (rH)∗,0
and (ii), it is obtaned that (rH)∗,0(a) := rH,H(a) ∈ G(H; τ |H) for every a ∈ G0(X,X \H).

(iv) We denote G := G(X,X \ H; τ) and G0 := G0(X,X \ H; τ), throughout the
present proof of (iv). (iv-1) Let a, b ∈ G and w : G × G → G be the binary opera-
tion of the group G (cf. Proof of Theorem 3.5). Then, by definition, w(a, b) := b ◦ a for
a, b ∈ G and (rH)∗(w(a, b)) = rH,H(b ◦ a) = (rH,H(b)) ◦ (rH,H(a)) hold (cf. (ii) above, Re-
mark 4.3(ii)). Here, we recall that the group G(H; τ |H) := con-βch(H; τ |H) ∪ βch(H; τ |H)
has the binary operation wH : G(H; τ |H) × G(H; τ |H) → G(H; τ |H) defined by the com-
posite mapping: wH(f, g) := g ◦ f , where f, g ∈ G(H; τ |H) (cf. [4, Theorem 4.4(i)]). Thus,
we have the following: (rH)∗(w(a, b)) = (rH,H(b)) ◦ (rH,H(a)) = wH(rH,H(a), rH,H(b)) =
wH((rH)∗(a), (rH)∗)(b)) and hence (rH)∗ : G → G(H; τ |H) is a homomorphism of group.
(iv-2) Since G0 is a subgroup of G (cf. Theorem 3.5(i)′), by an argument similar to that of
(iv-1) it is shown that (rH)∗,0 : G0 → G(H; τ |H) is a homomorphism of group. (iv-3) For
an element a ∈ G0, we have the following: ((rH)∗|G0)(a) = (rH)∗(a) = rH,H(a), on the other
hand, (rH)∗,0(a) = rH,H(a) and hence (rH)∗|G0 = (rH)∗,0. �

Lemma 4.6 ([40, Lemma 2.6] for the case where β-irresoluteness ) Let (X, τ) and (Y, σ) be
topological spaces such that X = U1∪U2 with Uj �= ∅ (j ∈ {1, 2}). Let f1 : (U1, τ |U1) → (Y, σ)
and f2 : (U2, τ |U2) → (Y, σ) be the two contra-β-irresolute (resp. β-irresolute) mappings with
f1(x) = f2(x) for every point x ∈ U1 ∩ U2. If U1 and U2 are α-open sets of (X, τ), then
its combination f1∇f2 : (X, τ) → (Y, σ) is contra-β-irresolute (resp. β-irresolute), where
(f1∇f2)(z) = fj(z) for every z ∈ Uj (j ∈ {1, 2}).

Proof. By using Theorem 4.1(i)(iii) and above definitions, this lemma is proved. �

Theorem 4.7 (cf. [40, Theorem 2.7 (ii),(iii)]) (i) Suppose that H ∈ αO(X, τ). Then, we
have the following isomorphisms of groups (cf. Theorem 4.5(ii),(iii),(iv)).
(i-1) G(X,X \H; τ)/Ker((rH)∗) ∼= Im((rH)∗).
(i-2) G0(X,X \H; τ) ∼= Im((rH)∗,0), where Ker((rH)∗) := {a ∈ G(X,X \H; τ)|(rH)∗(a) =
1H} is a normal subgroup of G(X,X \H; τ), and Im((rH)∗):={(rH)∗(a)|a ∈ G(X,X \H; τ)}
and Im((rH)∗,0):= {(rH)∗,0(b)|b ∈ G0(X,X \H; τ)} are subgroups of G(H; τ |H).
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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(ii) Suppose that H ∈ αO(X, τ) ∩ αC(X, τ) (cf. Lemma 4.6, the top of the present
Section 4). Then, under the assumption above, we have the following properties on the
homomorphisms (rH)∗ and (rH)∗,0 (cf. Theorem 4.5).
(ii-1) If con-βch(X,X \H; τ) �= ∅, then (rH)∗ : G(X,X \H; τ) → G(H; τ |H) is onto.
(ii-2) If con-βch0(X,X \H; τ) �= ∅, then (rH)∗,0 : G0(X,X \H; τ) → G(H; τ |H) is onto.

(iii) Suppose that H ∈ αO(X, τ)∩ αC(X, τ). Then, we have the following isomorphisms
of groups.
(iii-1) If con-βch(X,X \H; τ) �= ∅, then G(X,X \H; τ)/Ker((rH)∗) ∼= G(H; τ |H).
(iii-2) If con-βch0(X,X \H; τ) �= ∅, then G0(X,X \H; τ) ∼= G(H; τ |H).

Proof. (i) Since H ∈ αO(X, τ), the mappings (rH)∗ and (rH)∗,0 are the well defined
homomorphisms of groups (cf. Theorem 4.5, Remark 4.3(i)). Then, by using the first iso-
morphism theorem of group theory, it is obtained that there are group isomorphisms below,
under the α-openness of H in (X, τ): (i-1) G(X,X \H; τ)/Ker((rH)∗) ∼= Im((rH)∗) and
(i-2)1 G0(X,X \ H; τ)/Ker((rH)∗,0) ∼= Im((rH)∗,0). In (i-2)1 above, it is shown that
(i-2)2 Ker((rH)∗,0) = {1X}. Indeed, let u0 ∈ Ker((rH)∗,0) ⊆ G0(X,X \ H; τ). Then,
(rH)∗,0(u0) = 1H holds,where 1H is the identity element of G(H; τ |H), by definitions (cf.
Theorem 4.5(iii),(ii) and Remark 4.3(i)), it is shown that, for any point x ∈ H, 1H(x) =
((rH)∗,0(u0))(x) = (rH,H(u0))(x) = u0(x) and so u0(x) = x holds for any point x ∈ H.
Moreover, for any point x ∈ X \ H,u0(x) = x holds, because of u0 ∈ G0(X,X \ H; τ) (cf.
Notation 3.3(ii)′, Definition 3.1(iv)) and hence we prove (i-2)2Ker((rH)∗,0) = {1X}. Thus,
by using (i-2)1 and (i-2)2 above, the isomorphism (i-2) is proved.

(ii) (ii-1) Let h ∈ G(H; τ |H). We find a mapping, say h1 ∈ G(X,X \ H; τ) such
that (rH)∗(h1) = h. Indeed, we consider the following two cases (because of G(H; τ |H) :=
βch(H; τ |H) ∪ con-βch(H; τ |H)).
Case 1 h ∈ con-βch(H; τ |H). For the present case, we select an element g belonging to con-
βch(X,X \H; τ) �= ∅ by one of assumptions. By Theorem 4.4(i), it is obtained that g|(X \
H) : (X \H, τ |X \H) → (X, τ) is a contra-β-irresolute mapping such that (g|(X \H))(X \
H)=X \ H. Then, since jH ◦ h : (H, τ |H) → (X, τ) is a contra-β-irresolute mapping (cf.
Theorem 4.4(ii)), by Lemma 4.6, it is shown that the combination, say h1 := (jH◦h)∇(g|(X\
H)) : (X, τ) → (X, τ), is a contra-β-irresolute bijection. And, we have the followng:h1(X \
H) = X\H and h−1

1 = (jH ◦h−1)∇(g−1|g(X\H)). Using Theorem 4.4(ii) and (i) above, it is
shown that jH ◦h−1 : (H, τ |H) → (X, τ) and g−1|g(X \H) : (X \H, τ |(X \H)) → (X, τ) are
contra-β-irresolute mappings; and so the mapping h−1

1 is contra-β-irresolute (cf. Lemma 4.6).
Thus, we proved that h1 ∈ con-βch(X,X \ H; τ) and (rH)∗(h1)=rH,H(h1)=rH,H((jH ◦
h)∇(g|(X \H)))= rH,H(jH ◦ h) = h (cf. Theorem 4.5(ii), Remark 4.3(i)). Namely, for the
present case, there exists an element h1 ∈ con-βch(X,X \H; τ) ⊆ G(X,X \H; τ) such that
(rH)∗(h1)= h.
Case 2 h ∈ βch(H; τ |H). For the present case, using [40, Theorem 2.7 (i)(i-2)]. there is
an element h′

1 ∈ βr-h(X,X \H; τ) ⊆ G(X,X \H; τ) such that (rH)∗(h
′
1)= h, where h′

1 :=
(jH ◦ h)∇(1X |(X \H)) : (X, τ) → (X, τ). Therefore, using Case 1 and Case 2, we prove
that (rH)∗ is onto.

(ii-2) Let h ∈ G(H; τ |H). We consider the following two cases.
Case 1 h ∈ con-βch(H; τ |H). For the present case, we select an element g0 ∈ con-
βch0(X,X \ H; τ) �= ∅. By an argument similar to that in the proof of (ii)(ii-1) Case
1, it is proved that h2 := (jH ◦ h)∇(g0|(X \ H)) ∈ con-βch(X,X \ H) ⊆ G0(X,X \ H; τ)
and (rH)∗,0(h2) = h.
Case 2 h ∈ βch(H; τ |H). For the present case, using [40, Theorem 2.7 (i)(i-2)], there exists
an element h′

2 ∈ βch0(X,X \ H; τ) ⊆ G0(X,X \ H; τ) such that (rH)∗,0(h
′
2)= h, where

h′
2 := (jH ◦ h)∇(1X |(X \ H)). Therefore, (rH)∗,0 is onto. (iii) By (i) and (ii), the

isomorphisms (iii-1) and (iii-2) are obtained. �
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5 A characterization of β-open sets of the digital plane (Z2, κ2) and some new
groups on (Z2, κ2). In the present Section 5, we have the following four subsections (I),
(II), (III) and (IV).
(I) Introduction of some related notation. We recall the concept of the digital plane.

Definition 5.1 (E.D.Khalimsky, R.Koppermann,P.R.Meyer,T.Y.Kong, cf. [22, p.175,-
Definition 4], [20, p.905,p.908], [29, Section 2], [30, Example 4 in Section 2]).

(i) The digital line or the Khalimsky line (Z, κ) is the set Z of all integers, equipped with
the topology κ having {{2m− 1, 2m, 2m+ 1}|m ∈ Z} as a subbase (e.g., [27, Section 3 (I)],
[16], [38, Section 6 in p.6]).

(ii) The digital plane or the Khalimsky plane is the Cartessian product (=topological
product) of 2-copies of the digital line (Z, κ). This topological space is denoted by (Z2, κ2),
where Z2 := Z× Z and κ2 := κ× κ (e.g., [16], [9, Section 6], [39, Section 5], [11, Section 7],
[10], [33, Section 6], [27, Section 3(II) in p.322]).

(•) In (Z, κ), for each integer s, {2s} is closed and it is not open, and {2s+ 1} is open and
it is not closed. And so Cl({2s}) = {2s}, Cl({2s+ 1}) = {2s, 2s+ 1, 2s+ 2}, Int({2s}) = ∅
and Int({2s+ 1}) = {2s+ 1}.
(•) In (Z2, κ2), for each integers s and m, {(2s, 2m)} is closed and it is not open, and
{(2s + 1, 2m + 1)} is open and it is not closed, and {(2s + 1, 2m)} and {(2s, 2m + 1)} are
not open and they are not closed. And so we have the following properties:

· Cl({(2s, 2m)}) = {(2s, 2m)}, Cl({(2s+1, 2m+1)}) = {2s, 2s+1, 2s+2}×{2m, 2m+
1, 2m + 2}, Cl({(2s + 1, 2m)}={2s, 2s + 1, 2s + 2} × {2m}, Cl({(2s, 2m + 1)} = {2s} ×
{2m, 2m+ 1, 2m+ 2}, and

· Int({(2s, 2m)}) = ∅, Int({(2s+1, 2m+1)}) = {(2s+1, 2m+1)}, Int({(2s+1, 2m)}) =
Int({(2s, 2m+ 1)}) = ∅.

Definition 5.2 (cf. Notation 5.5 below) Let A be a subset of (Z2, κ2).
(i) Aκ2 := {x| x ∈ A and {x} ∈ κ2}, (ii) AF2 :={x| x ∈ A and {x} is closed in (Z2, κ2)},
(iii) Amix :={x| x ∈ A, x �∈ Aκ2 and x �∈ AF2}, and
(iv) for the set A = ∅, Aκ2 := ∅, AF2 := ∅, Amix := ∅.
(v) Note that, sometimes, the set Aκ2 (resp. AF2 , Amix) above is denoted by (A)κ2 (resp.

(A)F2 , (A)mix (cf. Notation 5.5).

Definition 5.3 (i) For an open set E and a point x ∈ E,E is said to be the smallest open
set containing x, if E ⊆ G holds for every open set G containng x (e.g., [31, Definition 2.5,
Remark 2.6 (ii)], [27, Section 3], [25, p.6 of Section 1]).

(ii) The smallest open set containing a point x in (Z2, κ2) is denoted by U(x) throughout
the present section (cf. Remark 5.4(iv) below).

Remark 5.4 The following properties are well known. Let A be a subset of (Z2, κ2) in (i),
(ii) and (iii).

(i) (Z2)κ2 = {(2s+ 1, 2m+ 1)| s, m ∈ Z}, Aκ2 = A ∩ (Z2)κ2 ,
(ii) (Z2)F2 = {(2s, 2m)| s, m ∈ Z}, AF2 = A ∩ (Z2)F2 ,
(iii) (Z2)mix = {(2s+1, 2m)| s, m ∈ Z}∪{(2s′, 2m′+1)| s′,m′ ∈ Z}, Amix = A∩(Z2)mix.
(iv) Moreover, we have the following properties:
(iv-1) if x ∈ (Z2)κ2 , then x := (2s + 1, 2m + 1) for some s,m ∈ Z and U((2s + 1, 2m +

1))={(2s+ 1, 2m+ 1)} (cf. (i) above and Definition 5.3(ii) for the notation U(•)),
(iv-2) if x ∈ (Z2)F2 , then x := (2s, 2m) for some s,m ∈ Z and U((2s, 2m))={2s −

1, 2s, 2s+ 1} × {2m− 1, 2m, 2m+ 1} (cf. (ii) above),
(iv-3) if x ∈ (Z2)mix, then x = (2s + 1, 2m) or x = (2s, 2m + 1) for some s,m ∈ Z and

U((2s+1, 2m)) = {2s+1}× {2m− 1, 2m, 2m+1}, U((2s, 2m+1)) = {2s− 1, 2s, 2s+1}×
{2m+ 1} (cf. (iii) above).
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5 A characterization of β-open sets of the digital plane (Z2, κ2) and some new
groups on (Z2, κ2). In the present Section 5, we have the following four subsections (I),
(II), (III) and (IV).
(I) Introduction of some related notation. We recall the concept of the digital plane.

Definition 5.1 (E.D.Khalimsky, R.Koppermann,P.R.Meyer,T.Y.Kong, cf. [22, p.175,-
Definition 4], [20, p.905,p.908], [29, Section 2], [30, Example 4 in Section 2]).

(i) The digital line or the Khalimsky line (Z, κ) is the set Z of all integers, equipped with
the topology κ having {{2m− 1, 2m, 2m+ 1}|m ∈ Z} as a subbase (e.g., [27, Section 3 (I)],
[16], [38, Section 6 in p.6]).

(ii) The digital plane or the Khalimsky plane is the Cartessian product (=topological
product) of 2-copies of the digital line (Z, κ). This topological space is denoted by (Z2, κ2),
where Z2 := Z× Z and κ2 := κ× κ (e.g., [16], [9, Section 6], [39, Section 5], [11, Section 7],
[10], [33, Section 6], [27, Section 3(II) in p.322]).

(•) In (Z, κ), for each integer s, {2s} is closed and it is not open, and {2s+ 1} is open and
it is not closed. And so Cl({2s}) = {2s}, Cl({2s+ 1}) = {2s, 2s+ 1, 2s+ 2}, Int({2s}) = ∅
and Int({2s+ 1}) = {2s+ 1}.
(•) In (Z2, κ2), for each integers s and m, {(2s, 2m)} is closed and it is not open, and
{(2s + 1, 2m + 1)} is open and it is not closed, and {(2s + 1, 2m)} and {(2s, 2m + 1)} are
not open and they are not closed. And so we have the following properties:

· Cl({(2s, 2m)}) = {(2s, 2m)}, Cl({(2s+1, 2m+1)}) = {2s, 2s+1, 2s+2}×{2m, 2m+
1, 2m + 2}, Cl({(2s + 1, 2m)}={2s, 2s + 1, 2s + 2} × {2m}, Cl({(2s, 2m + 1)} = {2s} ×
{2m, 2m+ 1, 2m+ 2}, and

· Int({(2s, 2m)}) = ∅, Int({(2s+1, 2m+1)}) = {(2s+1, 2m+1)}, Int({(2s+1, 2m)}) =
Int({(2s, 2m+ 1)}) = ∅.

Definition 5.2 (cf. Notation 5.5 below) Let A be a subset of (Z2, κ2).
(i) Aκ2 := {x| x ∈ A and {x} ∈ κ2}, (ii) AF2 :={x| x ∈ A and {x} is closed in (Z2, κ2)},
(iii) Amix :={x| x ∈ A, x �∈ Aκ2 and x �∈ AF2}, and
(iv) for the set A = ∅, Aκ2 := ∅, AF2 := ∅, Amix := ∅.
(v) Note that, sometimes, the set Aκ2 (resp. AF2 , Amix) above is denoted by (A)κ2 (resp.

(A)F2 , (A)mix (cf. Notation 5.5).

Definition 5.3 (i) For an open set E and a point x ∈ E,E is said to be the smallest open
set containing x, if E ⊆ G holds for every open set G containng x (e.g., [31, Definition 2.5,
Remark 2.6 (ii)], [27, Section 3], [25, p.6 of Section 1]).

(ii) The smallest open set containing a point x in (Z2, κ2) is denoted by U(x) throughout
the present section (cf. Remark 5.4(iv) below).

Remark 5.4 The following properties are well known. Let A be a subset of (Z2, κ2) in (i),
(ii) and (iii).

(i) (Z2)κ2 = {(2s+ 1, 2m+ 1)| s, m ∈ Z}, Aκ2 = A ∩ (Z2)κ2 ,
(ii) (Z2)F2 = {(2s, 2m)| s, m ∈ Z}, AF2 = A ∩ (Z2)F2 ,
(iii) (Z2)mix = {(2s+1, 2m)| s, m ∈ Z}∪{(2s′, 2m′+1)| s′,m′ ∈ Z}, Amix = A∩(Z2)mix.
(iv) Moreover, we have the following properties:
(iv-1) if x ∈ (Z2)κ2 , then x := (2s + 1, 2m + 1) for some s,m ∈ Z and U((2s + 1, 2m +

1))={(2s+ 1, 2m+ 1)} (cf. (i) above and Definition 5.3(ii) for the notation U(•)),
(iv-2) if x ∈ (Z2)F2 , then x := (2s, 2m) for some s,m ∈ Z and U((2s, 2m))={2s −

1, 2s, 2s+ 1} × {2m− 1, 2m, 2m+ 1} (cf. (ii) above),
(iv-3) if x ∈ (Z2)mix, then x = (2s + 1, 2m) or x = (2s, 2m + 1) for some s,m ∈ Z and

U((2s+1, 2m)) = {2s+1}× {2m− 1, 2m, 2m+1}, U((2s, 2m+1)) = {2s− 1, 2s, 2s+1}×
{2m+ 1} (cf. (iii) above).
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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(II) A characterization of β-open sets of (Z2, κ2). We prepare the following notation
which are used in Theorem 5.7 and Corollary 5.8 below. And, we note (X)κ2 :={y|y ∈ X
and {y} ∈ κ2} for a subset X of (Z2, κ2).

Notation 5.5 (cf. Definition 5.2) Let A be a nonempty subset of (Z2, κ2).
V (AF2) :=

∪
{{x} ∪ (A ∩ U(x))κ2 | x ∈ AF2 and (A ∩ U(x))κ2 �= ∅},

V (Amix) :=
∪
{{y} ∪ (A ∩ U(y))κ2 | y ∈ Amix and (A ∩ U(y))κ2 �= ∅}. And, for the

case where AF2 = ∅ (resp. Amix = ∅), we set that V (AF2) := ∅ (resp. V (Amix) := ∅).

Example 5.6 Let A := {x, px, y, y−, y′, z} ∪ {a} ⊂ Z2 and B := A \ {a}, where x :=
(0, 0), px := (1, 1), y := (2, 1), y− := (3, 1), y′ := (3, 0), z := (5, 1) and a := (−2, 0). Then,
we have the following properties: (1) the set A is not β-open and B is β-open,

(2) V (AF2) ∪ V (Amix) ∪Aκ2 = {px, y−, z, x, y, y′}=A \ {a} �= A,
(2)′ V (BF2) ∪ V (Bmix) ∪Bκ2={x, px} ∪ {px, y, y−, y′} ∪ {px, y−, z}=B.

Proof of (1)We see that Cl(Int(Cl(A))) = {0, 1, 2, 3, 4, 5, 6}×{0, 1, 2} �� (−2, 0) = a and so
Cl(Int(Cl(A))) �⊇ A holds. For the set B, we see that Cl(Int(Cl(B))) = {0, 1, 2, 3, 4, 5, 6}×
{0, 1, 2} ⊃ B. Proof of (2) Since AF2 = {a, x}, we see that (A ∩ U(a))κ2 = ∅ and (A ∩
U(x))κ2 �= ∅, V (AF2) = {x}∪(A∩U(x))κ2 = {x, px} hold. Since Amix = {y, y′}, we see that
V (Amix) = [{y}∪(A∩U(y))κ2 ]∪[{y′}∪(A∩U(y′))κ2 ] ={y, px, y−}∪{y′, y−}={y, px, y−, y′}.
Since Aκ2 = {px, y−, z}, we prove (2). Proof of (2)′ For this β-open set B, we are
able to see that: BF2 = {x}, Bmix = Amix, Bκ2 = Aκ2 and so we have the following:
V (BF2) ∪ V (Bmix) ∪Bκ2={x, px} ∪ {px, y, y−, y′} ∪ {px, y−, z}=B.

By investigating Example 5.6 above, we find one of the characterization of β-open sets of
(Z2, κ2) (cf. Theorem 5.7(i)(i-2),(ii) and Corollary 5.8 below).

Theorem 5.7 (i) (i-1) If B is a nonempty β-open subset of (Z2, κ2), then
(B ∩ U(x))κ2 �= ∅ holds for each point x ∈ BF2 ∪Bmix (cf. Remark 5.4(i)(ii)).

(i-2) If B is a β-open set of (Z2, κ2), then B is expressible as follows:
B = V (BF2) ∪ V (Bmix) ∪Bκ2 (cf. Notation 5.5, Remark 5.4(i)).

(ii) If a subset B is expressible as B = V (BF2) ∪ V (Bmix) ∪ Bκ2 , then B is β-open in
(Z2, κ2).

Proof. We note that, in general, for a point w ∈ Z2 and a subset B of (Z2, κ2),
(1) (B ∩ U(w))κ2=B ∩ (U(w))κ2 holds, where (U(w))κ2 :={z|z ∈ U(w) and {z} ∈ κ2}.
(i)(i-1) Let x ∈ BF2 ∪ Bmix. Then, since B ⊆ Cl(Int(Cl(B))), we have the following:

U(x) ∩ Int(Cl(B)) �= ∅ holds and so there exists a point z(x) such that z(x) ∈ U(x) ∩
Int(Cl(B)). Then (2) U(z(x)) ⊆ Cl(B) and ∅ �= (U(z(x)) ⊆ U(x) (cf. Definition 5.3(ii)).
Then, using (2), we see that ∅ �= (U(z(x)))κ2 ⊆ (U(x))κ2 and we can take an open singleton
{p(x)} such that p(x) ∈ U(z(x)) and so p(x) ∈ B. Thus, we have the following:p(x) ∈
B∩(U(x))κ2 , i.e., (B∩U(x))κ2 �= ∅ (cf. (1) above). (i-2) First we note that the sets V (BF2)
and V (Bmix) are well defined by (i-1) above, respectively, for a nonempty β-open set B. We
prove that: (3) V (BF2) ∪ V (BF2) ∪Bκ2 ⊆ B holds and (4) B ⊆ V (BF2) ∪ V (Bmix) ∪Bκ2

holds. Proof of (3) We see that V (BF2) ⊆
∪
{{x} ∪ Bκ2 |x ∈ BF2}=BF2 ∪ Bκ2 ⊆ B and

V (Bmix) ⊆
∪
{{y} ∪Bmix|y ∈ Bmix}=Bmix ⊆ B. And so we prove (3).

Proof of (4) Let z ∈ B. And we consider the following two cases.
Case 1 z ∈ BF2 ∪ Bmix. For the present case, by (i-1), it is shown that (B ∩ U(z))κ2 �= ∅
and z ∈ V (BF2) ∪ V (Bmix), and so (5) z ∈ V (BF2) ∪ V (Bmix) ∪Bκ2 .
Case 2 z ∈ Bκ2 . For the present case, it is seen clearly that (5) above holds. Thus, by
Case 1 and Case 2 above, (4) is proved. Therefore, by (3), (4) and Notation 5.5, it is proved
that B = V (BF2) ∪ V (Bmix) ∪Bκ2 holds if B is β-open in (Z2, κ2).

(ii) Let B �= ∅. By using the assumption of (ii), the definition of V (BF2) and V (Bmix)
(cf. Notation 5.5), it is shown that (B ∩ U(x))κ2 �= ∅ holds for each point x ∈ BF2 ∪ Bmix.
We show firstly that: (6) {x}∪(B∩U(x))κ2 is β-open for each point x ∈ BF2∪Bmix. Indeed,
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since (B∩U(x))κ2 �= ∅, there exists a point, say z(x), such that z(x) ∈ Bκ2∩(U(x))κ2 . Then,
it is shown that x ∈ Cl({z(x)}), because z(x) ∈ (U(x))κ2 ⊂ U(x) ⊆ W hold for every open
set W containing x. And we have the following: Cl(Int(Cl({z(x)}) ⊃ Cl(Int({z(x)})) =
Cl({z(x)}) � x, and so Cl(Int(Cl({x} ∪ (B ∩ U(x))κ2))) ⊇ Cl(Int(Cl({z(x)}))) ⊃ {x}.
Then, Cl(Int(Cl({x} ∪ (B ∩ U(x))κ2))) ⊇ {x} ∪ Cl(Int(Cl((B ∩ U(x))κ2))) ⊇ {x} ∪ (B ∩
U(x))κ2 , because (B ∩ U(x))κ2 ∈ βO(Z2, κ2). Thus we prove the property (6), i.e., {x} ∪
(B ∩ U(x))κ2 ∈ βO(Z2, κ2) for each point x ∈ BF2 ∪Bmix.
Therefore, since any union of β-open sets is β-open (cf. Theorem 4.1(iii)), by using (6),
Notation 5.5 and the assumption of (ii), it is proved that the set B is β-open in (Z2, κ2). �

Corollary 5.8 A subset B of (Z2, κ2) is β-open if and only if B is expressible as B =
V (BF2) ∪ V (Bmix) ∪Bκ2 . �

(III) A proof of con-βch(Z2;κ2) = ∅ (cf. Corollary 5.11(ii)′ below). We first pre-
pare the following notation: (III-1) U := {−1, 0, 1} × {−1, 0, 1} (i.e., U := U((0, 0)): the
smallest open set of (Z2;κ2) containing (0, 0)): (III-2) O := (0, 0), p(1) := (1,−1), p(2) :=
(−1,−1), p(3) := (−1, 1), p(4) := (1, 1) and y(1) := (0,−1), y(2) := (−1, 0), y(3) := (0, 1),-
y(4) := (1, 0), and so (III-3) (·) U = {O, p(1), p(2), p(3), p(4), y(1), y(2), y(3), y(4)} and (·)
Uκ2 = {p(1), p(2), p(3), p(4)}, (·) UF2 = {O}, (·) Umix = {y(1), y(2), y(3), y(4)} and so (·)
U = Uκ2 ∪Umix∪UF2 (disjoint union) and (·) the smallest open sets U(y(i)) of (Z2;κ2) con-
taining the point y(i)(1 ≤ i ≤ 4) is defined as follows: U(y(i)) = {p(i+1), y(i), p(i)}(1 ≤ i ≤ 4),
where p(5) = p(1) (cf. (∗∗) in the first part of the subsection (IV) below).

Proposition 5.9 Let U := U((0, 0)) (cf. (III-1) above) and f : (U, κ2|U) → (U, κ2|U) be a
mapping. If f is bijective, then

(i) f−1 is not contra-β-irresolute (cf. Definition 2.2) and

(ii) f−1 and f are not contra-βc-homeomorphisms (cf. Definition 3.1).

Proof. (i) We select three points, say p(1) ∈ Uκ2 , p(2) ∈ Uκ2 and y(1) ∈ Umix with the
smallest open set U(y(1)) = {p(1), y(1), p(2)} (cf. (III-2) above). For the point y(1) there
exists an only one point, say z(y(1)), such that z(y(1)) ∈ U and f(z(y(1))) = y(1). Then, (•)
we take a set B := U \ {z(y(1))}. Then, we claime that:
(1) the set B is β-open in (U, κ2|U) and
(2) f(B) is not β-closed in (U, κ2|U). Proof of (1) We consider the following two cases,
because of z(y(1)) ∈ U = Uκ2 ∪ (Umix ∪ UF2) (cf. (III)-1, (III)-2, (III)-3 above).
Case 1 z(y(1)) ∈ Uκ2 . For the present case, since {z(y(1))} is open in (Z2, κ2) and z(y(1)) ∈
U , we see that z(y(1)) = p(j0) for some j0 with 1 ≤ j0 ≤ 4. And, so we have the followng:
Cl(B) =

∪
{Cl({p(i)}|i �= j0 with 1 ≤ i ≤ 4} and Int(Cl(B)) ⊇

∪
{Int(Cl({p(i)}))|i �= j0

with 1 ≤ i ≤ 4}=
∪
{{p(i)}|i �= j0 with 1 ≤ i ≤ 4} and so Cl(Int(Cl(B))) ⊇

∪
{Cl({p(i)})|i �=

j0 with 1 ≤ i ≤ 4} = Cl(B) ⊃ B, i.e., for the present Case 1, B is β-open in (Z2, κ2).
Case 2 z(y(1)) ∈ Umix ∪ UF2 . For the present case, since B = U ∩ (Z2 \ {z(y(1))}), we
have the following: Cl(Int(Cl(B))) ⊇ Cl(Int(U ∩ Cl(Z2 \ {z(y(1))))=Cl(Int(U ∩ Z2)) =
Cl(Int(U)) = Cl(U) ⊃ B and so B ∈ βO(Z2, κ2). Thus, for each case, B ∈ βO(Z2, κ2)
and so, by using Theorem 4.1(ii), it is shown that B = B ∩ U is β-open in (U, κ2|U)
(note: U ∈ κ2 ⊂ αO(Z2, κ2)). Proof of (2) For the point z(y(1)) with y(1) = f(z(y(1))),
B := U \ {z(y(1)} and the bijection f : U → U , we see that f(B) = U \ {y(1)}, where U :=
U((0, 0)). Using Theorem 4.1(iv), we have the following: βClU (f(B)) = U ∩ βCl(f(B))=
U ∩ [f(B) ∪ Int(Cl(Int(f(B)))] = U ∩ [(U \ {y(1)}) ∪ U ] = U and so βClU (f(B)) = U �=
U \ {y(1)} = f(B). Thus, we prove (2). Therefore, by (1), (2) and definitions, it is proved
that f−1 : (U, κ2|U) → (U, κ2|U) is not contra-β-irresolute (cf. Definition 2.2(iii)). (ii)
By (i) above and Definition 3.1(i)(i-2), it is obtained that f−1 and f are not contra-βc-
homeomorphisms. �
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since (B∩U(x))κ2 �= ∅, there exists a point, say z(x), such that z(x) ∈ Bκ2∩(U(x))κ2 . Then,
it is shown that x ∈ Cl({z(x)}), because z(x) ∈ (U(x))κ2 ⊂ U(x) ⊆ W hold for every open
set W containing x. And we have the following: Cl(Int(Cl({z(x)}) ⊃ Cl(Int({z(x)})) =
Cl({z(x)}) � x, and so Cl(Int(Cl({x} ∪ (B ∩ U(x))κ2))) ⊇ Cl(Int(Cl({z(x)}))) ⊃ {x}.
Then, Cl(Int(Cl({x} ∪ (B ∩ U(x))κ2))) ⊇ {x} ∪ Cl(Int(Cl((B ∩ U(x))κ2))) ⊇ {x} ∪ (B ∩
U(x))κ2 , because (B ∩ U(x))κ2 ∈ βO(Z2, κ2). Thus we prove the property (6), i.e., {x} ∪
(B ∩ U(x))κ2 ∈ βO(Z2, κ2) for each point x ∈ BF2 ∪Bmix.
Therefore, since any union of β-open sets is β-open (cf. Theorem 4.1(iii)), by using (6),
Notation 5.5 and the assumption of (ii), it is proved that the set B is β-open in (Z2, κ2). �

Corollary 5.8 A subset B of (Z2, κ2) is β-open if and only if B is expressible as B =
V (BF2) ∪ V (Bmix) ∪Bκ2 . �

(III) A proof of con-βch(Z2;κ2) = ∅ (cf. Corollary 5.11(ii)′ below). We first pre-
pare the following notation: (III-1) U := {−1, 0, 1} × {−1, 0, 1} (i.e., U := U((0, 0)): the
smallest open set of (Z2;κ2) containing (0, 0)): (III-2) O := (0, 0), p(1) := (1,−1), p(2) :=
(−1,−1), p(3) := (−1, 1), p(4) := (1, 1) and y(1) := (0,−1), y(2) := (−1, 0), y(3) := (0, 1),-
y(4) := (1, 0), and so (III-3) (·) U = {O, p(1), p(2), p(3), p(4), y(1), y(2), y(3), y(4)} and (·)
Uκ2 = {p(1), p(2), p(3), p(4)}, (·) UF2 = {O}, (·) Umix = {y(1), y(2), y(3), y(4)} and so (·)
U = Uκ2 ∪Umix∪UF2 (disjoint union) and (·) the smallest open sets U(y(i)) of (Z2;κ2) con-
taining the point y(i)(1 ≤ i ≤ 4) is defined as follows: U(y(i)) = {p(i+1), y(i), p(i)}(1 ≤ i ≤ 4),
where p(5) = p(1) (cf. (∗∗) in the first part of the subsection (IV) below).

Proposition 5.9 Let U := U((0, 0)) (cf. (III-1) above) and f : (U, κ2|U) → (U, κ2|U) be a
mapping. If f is bijective, then

(i) f−1 is not contra-β-irresolute (cf. Definition 2.2) and

(ii) f−1 and f are not contra-βc-homeomorphisms (cf. Definition 3.1).

Proof. (i) We select three points, say p(1) ∈ Uκ2 , p(2) ∈ Uκ2 and y(1) ∈ Umix with the
smallest open set U(y(1)) = {p(1), y(1), p(2)} (cf. (III-2) above). For the point y(1) there
exists an only one point, say z(y(1)), such that z(y(1)) ∈ U and f(z(y(1))) = y(1). Then, (•)
we take a set B := U \ {z(y(1))}. Then, we claime that:
(1) the set B is β-open in (U, κ2|U) and
(2) f(B) is not β-closed in (U, κ2|U). Proof of (1) We consider the following two cases,
because of z(y(1)) ∈ U = Uκ2 ∪ (Umix ∪ UF2) (cf. (III)-1, (III)-2, (III)-3 above).
Case 1 z(y(1)) ∈ Uκ2 . For the present case, since {z(y(1))} is open in (Z2, κ2) and z(y(1)) ∈
U , we see that z(y(1)) = p(j0) for some j0 with 1 ≤ j0 ≤ 4. And, so we have the followng:
Cl(B) =

∪
{Cl({p(i)}|i �= j0 with 1 ≤ i ≤ 4} and Int(Cl(B)) ⊇

∪
{Int(Cl({p(i)}))|i �= j0

with 1 ≤ i ≤ 4}=
∪
{{p(i)}|i �= j0 with 1 ≤ i ≤ 4} and so Cl(Int(Cl(B))) ⊇

∪
{Cl({p(i)})|i �=

j0 with 1 ≤ i ≤ 4} = Cl(B) ⊃ B, i.e., for the present Case 1, B is β-open in (Z2, κ2).
Case 2 z(y(1)) ∈ Umix ∪ UF2 . For the present case, since B = U ∩ (Z2 \ {z(y(1))}), we
have the following: Cl(Int(Cl(B))) ⊇ Cl(Int(U ∩ Cl(Z2 \ {z(y(1))))=Cl(Int(U ∩ Z2)) =
Cl(Int(U)) = Cl(U) ⊃ B and so B ∈ βO(Z2, κ2). Thus, for each case, B ∈ βO(Z2, κ2)
and so, by using Theorem 4.1(ii), it is shown that B = B ∩ U is β-open in (U, κ2|U)
(note: U ∈ κ2 ⊂ αO(Z2, κ2)). Proof of (2) For the point z(y(1)) with y(1) = f(z(y(1))),
B := U \ {z(y(1)} and the bijection f : U → U , we see that f(B) = U \ {y(1)}, where U :=
U((0, 0)). Using Theorem 4.1(iv), we have the following: βClU (f(B)) = U ∩ βCl(f(B))=
U ∩ [f(B) ∪ Int(Cl(Int(f(B)))] = U ∩ [(U \ {y(1)}) ∪ U ] = U and so βClU (f(B)) = U �=
U \ {y(1)} = f(B). Thus, we prove (2). Therefore, by (1), (2) and definitions, it is proved
that f−1 : (U, κ2|U) → (U, κ2|U) is not contra-β-irresolute (cf. Definition 2.2(iii)). (ii)
By (i) above and Definition 3.1(i)(i-2), it is obtained that f−1 and f are not contra-βc-
homeomorphisms. �
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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Remark 5.10 Let g : (Z2, κ2) → (Z2, κ2) be a bijective function. Then, the inverse g−1 :
(Z2, κ2) → (Z2, κ2) is not necessarily contra-β-irresolute and so g and g−1 are not necessarily
a contra-βr-homeomorphism (cf. Definitions 2.2, 3.1). Indeed, we take a mixed point, say
y ∈ (Z2)mix, and a set B := Z2 \ {g−1(y)}. We prove that B ∈ βO(Z2, κ2) and g(B) =
Z2 \ {y} is not β-closed in (Z2, κ2) (cf. Proof of Proposition 5.9(i)).

Corollary 5.11 Let U := U((0, 0)), i.e., U := {−1, 0, 1}×{−1, 0, 1}(⊂ Z2). Then, we have
the following properties.

(i) Every homeomorphism f : (U, κ2|U) → (U, κ2|U) is not a contra-βr-homeomorphism.
(i)′ Every homeomorphism g : (Z2, κ2) → (Z2, κ2) is not a contra-βr-homeomorphism.
(ii) h(U ;κ2|U) �⊆ con-βch(U ;κ2|U) and con-βch(U ;κ2|U) = ∅.
(ii)′ h(Z2;κ2) �⊆ con-βch(Z2;κ2) and con-βch(Z2;κ2) = ∅.
(iii) G(U ;κ2|U)=βch(U ;κ2|U) (cf. Notation 3.3, Definition 3.1(ii)).
(iii)′ G(Z2;κ2)=βch(Z2;κ2) (cf. Notation 3.3, Definition 3.1(ii)). �

(IV) New groups β(2)ch(H;κ2|H), β(2)ch(H;κ2|H) ∪ con-β(2)ch(H;κ2|H), -
p.β(2)ch(H;κ2|H) and p.β(2)ch(H;κ2|H) ∪ con-p.β(2)ch(H;κ2|H).

Our main results of (IV) are Theorems 5.23, 5.25 and Example 5.27 (cf. Definition 5.15).
We introduce some new concepts β(2)-open sets (cf. Definition 5.12, Definiton 5.15). We
first recall the following notation (∗) et al. and we prepare new definitions (Definition 5.12,
Remark 5.13).

(∗) Let x = (x1, x2) ∈ (Z2)F2 (i.e., x1 and x2 are even). For this point x, we denote the
points belonging to the smallest open set U(x) containg the point x as follows:

U(x) := {x1−1, x1, x1+1}×{x2−1, x2, x2+1}= {x, p(1)x , p
(2)
x , p

(3)
x , p

(4)
x , y

(1)
x , y

(2)
x , y

(3)
x , y

(4)
x },

where p
(1)
x := (x1 + 1, x2 − 1), p

(2)
x := (x1 − 1, x2 − 1), p

(3)
x := (x1 − 1, x2 + 1), p

(4)
x :=

(x1+1, x2+1), y
(1)
x := (x1, x2−1), y

(2)
x := (x1−1, x2), y

(3)
x := (x1, x2+1), y

(4)
x := (x1+1, x2).

(∗∗) The following illustration shows the points belonging in U(x), where {x} = {(x1, x2)}
is closed in (Z2, κ2) (i.e., x ∈ (Z2)F2), (U(x))F2 = {x}, (U(x))κ2 = {p(i)x |i ∈ {1, 2, 3, 4}} and

(U(x))mix = {y(i)x |i ∈ {1, 2, 3, 4}}.

Z
↑
· · · ◦p(3)x ·y(3)x ◦p(4)x · · ·

· · · ·y(2)x • x ·y(4)x · · ·

· · · ◦p(2)x ·y(1)x ◦p(1)x · · ·

• O · · · · · · · · · · · · · · · · · · → Z
When x = (0, 0) (i.e., x =“the origin O” of Z2), we simply denote p

(i)
x and y

(i)
x as p(i) and

y(i), respectively, and so U := U((0, 0))={(0, 0), p(1), p(2), p(3), p(4), y(1), y(2), y(3), y(4)}.

Definition 5.12 Let x ∈ (Z2)F2 and U(x) be the smallest open set containing x. We define
the following two families, β(2)O(U(x)) and β(2)C(U(x)) as follow (cf. Propositions 5.16(i),
5.18(i)):

(i) β(2)O(U(x)) := {B|B ∈ βO(Z2, κ2), B ⊂ U(x) and |B| = 2} (cf. Remark 5.13(i)),
(ii) β(2)C(U(x)):={F |F ∈ βC(Z2, κ2), F ⊂ U(x) and |F | = 2} (cf. the definition of

p.β(2)C(U(x)) ⊂ β(2)C(U(x)) in Remark 5.13(ii) below).

Remark 5.13 For a point x ∈ (Z2)F2 and the smallest open set U(x) containing x, we
have the following precise form of families β(2)O(U(x)) and β(2)C(U(x)) above, respectively
(cf. Propositions 5.16(i), 5.18(i)).
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(i) β(2)O(U(x)) = {{x, p(1)x }, {x, p(2)x }, {x, p(3)x }, {x, p(4)x }, {y(1)x , p
(1)
x }, {y(2)x , p

(2)
x },-

{y(3)x , p
(3)
x }, {y(4)x , p

(4)
x }, {p(2)x , y

(1)
x }, {p(3)x , y

(2)
x }, {p(4)x , y

(3)
x }, {p(1)x , y

(4)
x }, {p(2)x , p

(1)
x },-

{p(3)x , p
(2)
x }, {p(4)x , p

(3)
x }, {p(1)x , p

(4)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x } }. (We use the following abbrevi-

ated notation: β(2)O(U(x)) := {{x, p(i)x }, {y(i)x , p
(i)
x }, {p(i+1)

x , y
(i)
x }, {p(i+1)

x , p
(i)
x }, {p(3)x , p

(1)
x },

{p(4)x , p
(2)
x }|i ∈ {1, 2, 3, 4}}, where p

(5)
x := p

(1)
x .)

(ii) (ii-1) β(2)C(U(x))={{x, y(i)x }, {y(i+1)
x , y

(i)
x }, {y(1)x , y

(3)
x }, {y(2)x , y

(4)
x }, {y(i)x , p

(i)
x }, -

{p(i+1)
x , y

(i)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x }, {x, p(i)x }, {p(i+2)

x , y
(i)
x }, {p(i+3)

x , y
(i)
x }|i ∈ {1, 2, 3, 4}}, and

(ii-2) we introduce the following importante subfamily, say p.β(2)C(U(x)), of β(2)C(U(x))
above and this concept is used in Theorem 5.23, 5.25 and Example 5.27,

p.β(2)C(U(x)):={{x, y(i)x }, {y(i+1)
x , y

(i)
x }, {y(1)x , y

(3)
x }{y(2)x , y

(4)
x }, {y(i)x , p

(i)
x }, {p(i+1)

x , y
(i)
x } -

|i ∈ {1, 2, 3, 4}}), where y
(5)
x := y

(1)
x and p

(5)
x := p

(1)
x , p

(6)
x := p

(2)
x , p

(7)
x := p

(3)
x .

Remark 5.14 (cf. Definition 5.12) We have the following inclusions of families.
(i) β(2)O(U(x)) ⊂ βO(Z2, κ2). (i)′ β(2)O(U(x)) ⊂ βO(U(x), κ2|U(x)) ⊂ βO(Z2, κ2)

(cf. (i) above, Definition 5.12(i), Theorem 4.1(i),(ii)).
(ii) p.β(2)C(U(x)) ⊂ β(2)C(U(x)) ⊂ βC(Z2, κ2). (ii)′ β(2)C(U(x)) ⊂ βC(U(x), κ2|-

U(x)) ⊂ βC(Z2, κ2) (cf. (ii) above, Definition 5.12(ii), Remark 5.13(ii) and, Theorem 4.1(iv-
1),(iv-3)).
(Note) By definition, we say that: (1) ∅ �∈ β(2)O(U(x)) and ∅ �∈ β(2)C(U(x)) and

(2) β(2)O(U(x))∩β(2)C(U(x))={{x, p(i)x }, {y(i)x , p
(i)
x }, {p(i+1)

x , y
(i)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x }|i ∈

{1, 2, 3, 4}}, where p
(5)
x := p

(1)
x .

Definition 5.15 Let H ⊆ Z2 with |H| ≥ 2. A subset B (resp. F, F1) of (Z2, κ2) is said
to be a β(2)-open (resp. β(2)-closed, p.β(2)-closed) set of H, if B ⊆ H (resp. F ⊆ H, F1 ⊆ H)
and there exists a point x ∈ (Z2)F2 such that B ∈ β(2)O(U(x)) (resp. F ∈ β(2)C(U(x)), F1 ∈
p.β(2)C(U(x)) ) (cf. Definition 5.12(i) and Remark 5.13(i) (resp. Definition 5.12(ii) and
Remark 5.13(ii))). The family of all β(2)-open (resp. β(2)-closed, p.β(2)-closed) sets of H is
denoted by β(2)O(H) (resp. β(2)C(H), p.β(2)C(H) ). (Note: Proposition 5.16 (resp. 5.18(i),
5.18(i)) below.)

Proposition 5.16 Let H ⊆ Z2 with |H| ≥ 2.
(i) β(2)O(H) ⊆ βO(Z2, κ2) holds (cf. Remark 5.17(i) below).
(ii) β(2)O(H) ⊆ βO(H,κ2|H) holds (cf. Remark 5.17(i) below).
(iii) If H is β-open in (Z2, κ2), then βO(H,κ2|H) ⊆ βO(Z2, κ2) (cf. Theorem 4.1(i),

Remark 5.17(ii) below).

Proof (i), (ii) Let B ∈ β(2)O(H). By Definition 5.15 and Remark 5.14(i), it is obtained that
(∗)B ∈ β(2)O(U(x)) and B ⊂ H for some point x ∈ (Z2)F2 .
The proof of (i) By Definition 5.12(i) (or Remark 5.14(i)), it is obtained that B ∈
βO(Z2, κ2) and so (i):β(2)O(H) ⊂ βO(Z2, κ2).
The proof of (ii) is as follows. Let B ∈ β(2)O(H). We show that B ∈ βO(H,κ2|H).
Indeed, by (∗) above in the top of the present proof, B ⊂ H and B ∈ β(2)O(U(x)) for some
point x ∈ (Z2)F2 . We investigate the proof with the following cases: Case 1, Case 2 and
Case 3 (cf. Remark 5.13(i) etc.).

Case 1 B ∈ {{x, p
(i)
x }|i ∈ {1, 2, 3, 4}} (resp. Case 2 B ∈ {{y(i)x , p

(i)
x }, {y(i)x , p

(i+1)
x }|i ∈

{1, 2, 3, 4}}, where p5x := p
(1)
x .) For the present case, we put B = {u, p}, where u ∈ (U(x))F2

(i.e., u = x) and p ∈ (U(x))κ2 (resp. u ∈ (U(x))mix and p ∈ (U(u))κ2). Then, we
have the following: (1) IntH(B) ⊇ {p} and (2) ClH({p}) ⊇ B. Proof of (1) Since
U(p) ∩ H = {p} ∩ H = {p} ∈ κ2|H, the set U(p) ∩ H = {p} is the smallest open set of
(H,κ2|H) containing p such that p ∈ B and so p ∈ IntH(B). Proof of (2) Since U(u) ∩H
is the smallest open set of (H,κ2|H) containing u and (U(u) ∩H) ∩ {p} �= ∅, we have the
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(i) β(2)O(U(x)) = {{x, p(1)x }, {x, p(2)x }, {x, p(3)x }, {x, p(4)x }, {y(1)x , p
(1)
x }, {y(2)x , p

(2)
x },-

{y(3)x , p
(3)
x }, {y(4)x , p

(4)
x }, {p(2)x , y

(1)
x }, {p(3)x , y

(2)
x }, {p(4)x , y

(3)
x }, {p(1)x , y

(4)
x }, {p(2)x , p

(1)
x },-

{p(3)x , p
(2)
x }, {p(4)x , p

(3)
x }, {p(1)x , p

(4)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x } }. (We use the following abbrevi-

ated notation: β(2)O(U(x)) := {{x, p(i)x }, {y(i)x , p
(i)
x }, {p(i+1)

x , y
(i)
x }, {p(i+1)

x , p
(i)
x }, {p(3)x , p

(1)
x },

{p(4)x , p
(2)
x }|i ∈ {1, 2, 3, 4}}, where p

(5)
x := p

(1)
x .)

(ii) (ii-1) β(2)C(U(x))={{x, y(i)x }, {y(i+1)
x , y

(i)
x }, {y(1)x , y

(3)
x }, {y(2)x , y

(4)
x }, {y(i)x , p

(i)
x }, -

{p(i+1)
x , y

(i)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x }, {x, p(i)x }, {p(i+2)

x , y
(i)
x }, {p(i+3)

x , y
(i)
x }|i ∈ {1, 2, 3, 4}}, and

(ii-2) we introduce the following importante subfamily, say p.β(2)C(U(x)), of β(2)C(U(x))
above and this concept is used in Theorem 5.23, 5.25 and Example 5.27,

p.β(2)C(U(x)):={{x, y(i)x }, {y(i+1)
x , y

(i)
x }, {y(1)x , y

(3)
x }{y(2)x , y

(4)
x }, {y(i)x , p

(i)
x }, {p(i+1)

x , y
(i)
x } -

|i ∈ {1, 2, 3, 4}}), where y
(5)
x := y

(1)
x and p

(5)
x := p

(1)
x , p

(6)
x := p

(2)
x , p

(7)
x := p

(3)
x .

Remark 5.14 (cf. Definition 5.12) We have the following inclusions of families.
(i) β(2)O(U(x)) ⊂ βO(Z2, κ2). (i)′ β(2)O(U(x)) ⊂ βO(U(x), κ2|U(x)) ⊂ βO(Z2, κ2)

(cf. (i) above, Definition 5.12(i), Theorem 4.1(i),(ii)).
(ii) p.β(2)C(U(x)) ⊂ β(2)C(U(x)) ⊂ βC(Z2, κ2). (ii)′ β(2)C(U(x)) ⊂ βC(U(x), κ2|-

U(x)) ⊂ βC(Z2, κ2) (cf. (ii) above, Definition 5.12(ii), Remark 5.13(ii) and, Theorem 4.1(iv-
1),(iv-3)).
(Note) By definition, we say that: (1) ∅ �∈ β(2)O(U(x)) and ∅ �∈ β(2)C(U(x)) and

(2) β(2)O(U(x))∩β(2)C(U(x))={{x, p(i)x }, {y(i)x , p
(i)
x }, {p(i+1)

x , y
(i)
x }, {p(3)x , p

(1)
x }, {p(4)x , p

(2)
x }|i ∈

{1, 2, 3, 4}}, where p
(5)
x := p

(1)
x .

Definition 5.15 Let H ⊆ Z2 with |H| ≥ 2. A subset B (resp. F, F1) of (Z2, κ2) is said
to be a β(2)-open (resp. β(2)-closed, p.β(2)-closed) set of H, if B ⊆ H (resp. F ⊆ H, F1 ⊆ H)
and there exists a point x ∈ (Z2)F2 such that B ∈ β(2)O(U(x)) (resp. F ∈ β(2)C(U(x)), F1 ∈
p.β(2)C(U(x)) ) (cf. Definition 5.12(i) and Remark 5.13(i) (resp. Definition 5.12(ii) and
Remark 5.13(ii))). The family of all β(2)-open (resp. β(2)-closed, p.β(2)-closed) sets of H is
denoted by β(2)O(H) (resp. β(2)C(H), p.β(2)C(H) ). (Note: Proposition 5.16 (resp. 5.18(i),
5.18(i)) below.)

Proposition 5.16 Let H ⊆ Z2 with |H| ≥ 2.
(i) β(2)O(H) ⊆ βO(Z2, κ2) holds (cf. Remark 5.17(i) below).
(ii) β(2)O(H) ⊆ βO(H,κ2|H) holds (cf. Remark 5.17(i) below).
(iii) If H is β-open in (Z2, κ2), then βO(H,κ2|H) ⊆ βO(Z2, κ2) (cf. Theorem 4.1(i),

Remark 5.17(ii) below).

Proof (i), (ii) Let B ∈ β(2)O(H). By Definition 5.15 and Remark 5.14(i), it is obtained that
(∗)B ∈ β(2)O(U(x)) and B ⊂ H for some point x ∈ (Z2)F2 .
The proof of (i) By Definition 5.12(i) (or Remark 5.14(i)), it is obtained that B ∈
βO(Z2, κ2) and so (i):β(2)O(H) ⊂ βO(Z2, κ2).
The proof of (ii) is as follows. Let B ∈ β(2)O(H). We show that B ∈ βO(H,κ2|H).
Indeed, by (∗) above in the top of the present proof, B ⊂ H and B ∈ β(2)O(U(x)) for some
point x ∈ (Z2)F2 . We investigate the proof with the following cases: Case 1, Case 2 and
Case 3 (cf. Remark 5.13(i) etc.).

Case 1 B ∈ {{x, p
(i)
x }|i ∈ {1, 2, 3, 4}} (resp. Case 2 B ∈ {{y(i)x , p

(i)
x }, {y(i)x , p

(i+1)
x }|i ∈

{1, 2, 3, 4}}, where p5x := p
(1)
x .) For the present case, we put B = {u, p}, where u ∈ (U(x))F2

(i.e., u = x) and p ∈ (U(x))κ2 (resp. u ∈ (U(x))mix and p ∈ (U(u))κ2). Then, we
have the following: (1) IntH(B) ⊇ {p} and (2) ClH({p}) ⊇ B. Proof of (1) Since
U(p) ∩ H = {p} ∩ H = {p} ∈ κ2|H, the set U(p) ∩ H = {p} is the smallest open set of
(H,κ2|H) containing p such that p ∈ B and so p ∈ IntH(B). Proof of (2) Since U(u) ∩H
is the smallest open set of (H,κ2|H) containing u and (U(u) ∩H) ∩ {p} �= ∅, we have the
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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following: u ∈ ClH({p}) and so ClH({p}) ⊃ {u, p} = B.
Then, using (1) and (2), we see that ClH(IntH(ClH(B))) ⊇ ClH(IntH(B)) ⊇ ClH({p}) ⊇ B
and so B is β-open in (H,κ2|H) for the present Case 1 (resp. Case 2).

Case 3 B ∈ {{p(i)x , p
(i+1)
x }, {p(i)x , p

(i+2)
x }|i ∈ {1, 2, 3, 4}}, where p(5)x := p

(1)
x and p

(6)
x := p

(2)
x .

For the present case, we put B = {p, p′} where p ∈ (U(x))κ2 and p′ ∈ (U(x))κ2 with p �= p′.
Then, we have (3) IntH(B) = B. Proof of (3) Since B = {p, p′}, where p �= p′ and
p, p′ ∈ (U(x))κ2 , it is shown that U(p) ∩H = {p} ∩H = {p} ⊂ B and U(p′) ∩H ⊂ B, and
so U(p) ∩H (resp. U(p′) ∩H) is the smallest open set of (H,κ2|H) containing p (resp. p′).
Thus we have the following: p ∈ IntH(B) (resp. p′ ∈ IntH(B)) and so B ⊂ IntH(B), i.e.,
B = IntH(B). Then, the set B is β-open in (H,κ2|H) for the present Case 3. Therefore,
by all cases above, it is shown that β(2)O(H) ⊆ βO(H,κ2|H) (cf. Remark 5.17(i) below).
(iii) Suppose that B ∈ βO(H,κ2|H). Since B ⊆ H ⊆ Z2 and H is β-open in (Z2, κ2) (by
assumptions), using Theorem 4.1(i), we have the followng: B ∈ βO(Z2, κ2). Thus we prove
that βO(H,κ2|H) ⊆ βO(Z2, κ2) if H is β-open in (Z2, κ2). �

Remark 5.17 (i) In Proposition 5.16(i)(ii)), β(2)O(H) is a proper subfamily of
βO(H,κ2|H) and βO(Z2, κ2), respectively. Indeed, let B := {p, p′} and H := B∪{x}, where
p := (−1,−1), p′ := (3,−1) and x := (0, 0). Then, B ∈ βO(H;κ2|H) and B ∈ βO(Z2, κ2).
However, B �∈ β(2)O(H), because B �∈ β(2)O(U(x)) for any x ∈ (Z2)F2 .

(ii) It follows from the following example that the assumption of Proposition 5.16(iii)
is not removed. Let H := {p, p′, y, x, y′} and B := {p, p′, y, y′}, where p := (−1,−1), p′ :=
(3,−1), y := (−1, 0), x := (0, 0), y′ := (1, 0). Then, H is not β-open in (Z2, κ2),
because Cl(Int(Cl(H))) = Cl({p, p′}) �� y′ and y′ ∈ H. And, B is β-open in (H,κ2|H), be-
cause ClH(IntH(ClH(B))) = H ⊃ B; however, B �∈ βO(Z2, κ2), because Cl(Int(Cl(B))) =
Cl({p, p′}) �� y′ and y′ ∈ B.

Proposition 5.18 Let H ⊂ Z2 with |H| ≥ 2.
(i) p.β(2)C(H) ⊆ β(2)C(H) ⊆ βC(Z2, κ2) hold.
(ii) If H is α-open in (Z2, κ2), then β(2)C(H) ⊆ βC(H;κ2|H) (cf. Theorem 4.1(iv-2),

Remark 5.19(i) below).
(iii) If H is α-open and β-closed in (Z2, κ2), then βC(H,κ2|H) ⊆ βC(Z2, κ2) (cf. Theo-

rem 4.1(iv-3), Remark 5.19(ii) below).

Proof. The proof is analogous to the case of β(2)O(H) (cf. Proposition 5.16 above) and so
is omitted. �

Remark 5.19 (i) In Proposition 5.18(i), β(2)C(H) is a proper subfamily of βC(Z2, κ2).
Indeed, let H := U(x) ∪ U(x′), where x := (0, 0) and x′ := (2, 0). Then, a β-closed set
F := {x, x′} of (Z2, κ2) is not β(2)-closed in H, because F �∈ β(2)C(U(z)) for any point
z ∈ (Z2)F2 (cf. Remark 5.13(ii)).

(ii) It follows from the following example that the assumption of Proposition 5.18(iii) is
not removed. Let F := {p, x, p′} and H := F ∪ {q}, where x := (0, 0), p := (−1,−1), p′ :=
(1,−1), q := (3,−1). Then, Int(Cl(Int(H))) = {−1, 0, 1, 2, 3} × {−1} �⊃ H and so H is not
α-open in (Z2, κ2). Since IntH(ClH(IntH(F ))) = F holds, we see that F ∈ βC(H,κ2|H).
However, F �∈ βC(Z2, κ2), because Int(Cl(Int(F ))) = {−1, 0, 1} × {−1} �⊂ F .

Definition 5.20 Let (H,κ2|H) be a subspace of (Z2, κ2) with |H| ≥ 2 and f : (H,κ2|H) →
(H,κ2|H) be a mapping. And, let AH and BH be collections of subsets of H such that:-
AH ,BH ∈ {β(2)O(H), β(2)C(H), p.β(2)C(H)} (cf. Definition 5.15, Remark 5.13).

Then, f is said to be (AH ,BH)-irresolute, if f−1(E) ∈ BH for every set E ∈ AH , where
(AH ,BH) denotes the ordered pair of the collections AH and BH .

(Note 1) Especially, if AH = BH , then the concept of the (AH ,AH)-irresolute mapping
is simply said to be AH-irresolute.
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(Note 2) In the present definition, we are able to define the concepts of the following
mappings: the β(2)O(H)-irresolute mappings, β(2)C(H)-irresolute mappings, p.β(2)C(H)-
irresolute mappings, (β(2)O(H), β(2)C(H))-irresolute mappings, (β(2)C(H), β(2)O(H))-irresolute
mappings, (β(2)O(H), p.β(2)C(H))-irresolute mappings, (p.β(2)C(H), β(2)O(H))-irresolute
mappings.

Definition 5.21 For a subspace (H,κ2|H) of (Z2, κ2), where |H| ≥ 2, we define the follow-
ing collections of mappings as follows (cf. Definitions 5.20, 5.15).

(i) β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and f−1

are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute}.
(i)′ p.β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and

f−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute}.
(ii) con-β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and

f−1 are both (β(2)O(H), β(2)C(H))-irresolute and they are (β(2)C(H), β(2)O(H))-irresolute}.
(ii)′ con-p.β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f

and f−1 are both (β(2)O(H), p.β(2)C(H))-irresolute and they are
(p.β(2)C(H), β(2)O(H))-irresolute}.

Lemma 5.22 Let (H,κ2|H) be a subspace of (Z2, κ2) such that:
(∗) H =

∪
{U(z)|z ∈ AF2}, where AF2 is a nonempty subset of Z2. If f : (H,κ2|H) →

(H,κ2|H) is a homeomorphism, then for a point x ∈ HF2 ,
(i) f(Hκ2) = Hκ2 , f(HF2) = HF2 and f(Hmix) = Hmix hold in (Z2, κ2),
(ii) f(U(p)) = U(f(p)) holds for each point p ∈ (U(x))κ2 ,
(iii) f(U(y)) = U(f(y)) holds for each point y ∈ (U(x))mix, and
(iv) f(U(x)) = U(f(x)).

Proof. Since f is homeomorphic, we have the property (i) (cf. Definition 5.2, Remark 5.4).
Then, by the standard method, the properties (ii), (iii) and (iv) are proved. �

Let us consider the case H = Z2, i.e., H =
∪
{U(z)|z ∈ (Z2)F2}. Then, we have the

following properties on (Z2, κ2).

Theorem 5.23 Let h(Z2;κ2) be the group of all homeomorphisms from (Z2, κ2) onto itself
(cf. Definition 3.1(iii)).

(i) If f : (Z2, κ2) → (Z2, κ2) is a homeomorphism, then (cf. Definition 5.20, Note:1)
(1a) f is β(2)C(Z2)-irresolute, (1b) f is β(2)O(Z2)-irresolute, and
(1c) f is p.β(2)C(Z2)-irresolute.

(ii) h(Z2;κ2) ⊆ β(2)ch(Z2;κ2) holds (cf. Theorem 5.25(iv)′ below).
(ii)′ h(Z2;κ2) ⊆ p.β(2)ch(Z2;κ2) holds (cf. Theorem 5.25(iv)′ below).

Proof. (i) (Proof of (1a)) Let F ∈ β(2)C(Z2) (cf. Definition 5.15). We claim that
f−1(F ) ∈ β(2)C(Z2). Indeed, there exists a point x ∈ (Z2)F2 such that F ∈ β(2)C(U(x))
and we note that f−1(x) ∈ (Z2)F2 (cf. Lemma 5.22(i) above). Since F ∈ β(2)C(U(x)),
we have that F ⊂ U(x), |F | = 2 and F ∈ βC(Z2, κ2) (cf. Definition 5.12(ii), or Re-
mark 5.14(ii)). By definitions., Remark 2.7(ii) and Lemma 5.22(i)(iv), it is shown that
f−1(F ) ⊂ U(f−1(x)) ⊂ Z2, |f−1(F )| = 2, f−1(x) ∈ (Z2)F2 and f−1(F ) ∈ βC(Z2, κ2), and
so f−1(F ) ∈ β(2)C(U(f−1(x))) (cf. Definition 5.12(ii)). Then, we conclude that f−1(F ) ∈
β(2)C(Z2) holds (cf. Definition 5.15).
(Proof of (1b)) Let B ∈ β(2)O(Z2). We claim that f−1(B) ∈ β(2)O(Z2). The proof is
analogous to the proof of (1a) above using Definitions 5.15, 5.12(i), Remark 5.13(i) and
Lemma 5.22. And so the proof is omitted.
(Proof of (1c)) Let F1 ∈ p.β(2)C(Z2) (cf. Definition 5.15, Remark 5.13(ii)(ii-2)). Then,
F1 ⊂ Z2, |F1| = 2 and there exists a point x ∈ (Z2)F2 such that F1 ∈ p.β(2)C(U(x)). Then,

we have the following: F1 ∈ {{x, y(i)x }, {y(i)x , y
(i+1)
x }, {y(1)x , y

(3)
x }, {y(2)x , y

(4)
x }, {y(i)x , -
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(Note 2) In the present definition, we are able to define the concepts of the following
mappings: the β(2)O(H)-irresolute mappings, β(2)C(H)-irresolute mappings, p.β(2)C(H)-
irresolute mappings, (β(2)O(H), β(2)C(H))-irresolute mappings, (β(2)C(H), β(2)O(H))-irresolute
mappings, (β(2)O(H), p.β(2)C(H))-irresolute mappings, (p.β(2)C(H), β(2)O(H))-irresolute
mappings.

Definition 5.21 For a subspace (H,κ2|H) of (Z2, κ2), where |H| ≥ 2, we define the follow-
ing collections of mappings as follows (cf. Definitions 5.20, 5.15).

(i) β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and f−1

are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute}.
(i)′ p.β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and

f−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute}.
(ii) con-β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f and

f−1 are both (β(2)O(H), β(2)C(H))-irresolute and they are (β(2)C(H), β(2)O(H))-irresolute}.
(ii)′ con-p.β(2)ch(H;κ2|H):={f | f : (H,κ2|H) → (H,κ2|H) is a bijection such that f

and f−1 are both (β(2)O(H), p.β(2)C(H))-irresolute and they are
(p.β(2)C(H), β(2)O(H))-irresolute}.

Lemma 5.22 Let (H,κ2|H) be a subspace of (Z2, κ2) such that:
(∗) H =

∪
{U(z)|z ∈ AF2}, where AF2 is a nonempty subset of Z2. If f : (H,κ2|H) →

(H,κ2|H) is a homeomorphism, then for a point x ∈ HF2 ,
(i) f(Hκ2) = Hκ2 , f(HF2) = HF2 and f(Hmix) = Hmix hold in (Z2, κ2),
(ii) f(U(p)) = U(f(p)) holds for each point p ∈ (U(x))κ2 ,
(iii) f(U(y)) = U(f(y)) holds for each point y ∈ (U(x))mix, and
(iv) f(U(x)) = U(f(x)).

Proof. Since f is homeomorphic, we have the property (i) (cf. Definition 5.2, Remark 5.4).
Then, by the standard method, the properties (ii), (iii) and (iv) are proved. �

Let us consider the case H = Z2, i.e., H =
∪
{U(z)|z ∈ (Z2)F2}. Then, we have the

following properties on (Z2, κ2).

Theorem 5.23 Let h(Z2;κ2) be the group of all homeomorphisms from (Z2, κ2) onto itself
(cf. Definition 3.1(iii)).

(i) If f : (Z2, κ2) → (Z2, κ2) is a homeomorphism, then (cf. Definition 5.20, Note:1)
(1a) f is β(2)C(Z2)-irresolute, (1b) f is β(2)O(Z2)-irresolute, and
(1c) f is p.β(2)C(Z2)-irresolute.

(ii) h(Z2;κ2) ⊆ β(2)ch(Z2;κ2) holds (cf. Theorem 5.25(iv)′ below).
(ii)′ h(Z2;κ2) ⊆ p.β(2)ch(Z2;κ2) holds (cf. Theorem 5.25(iv)′ below).

Proof. (i) (Proof of (1a)) Let F ∈ β(2)C(Z2) (cf. Definition 5.15). We claim that
f−1(F ) ∈ β(2)C(Z2). Indeed, there exists a point x ∈ (Z2)F2 such that F ∈ β(2)C(U(x))
and we note that f−1(x) ∈ (Z2)F2 (cf. Lemma 5.22(i) above). Since F ∈ β(2)C(U(x)),
we have that F ⊂ U(x), |F | = 2 and F ∈ βC(Z2, κ2) (cf. Definition 5.12(ii), or Re-
mark 5.14(ii)). By definitions., Remark 2.7(ii) and Lemma 5.22(i)(iv), it is shown that
f−1(F ) ⊂ U(f−1(x)) ⊂ Z2, |f−1(F )| = 2, f−1(x) ∈ (Z2)F2 and f−1(F ) ∈ βC(Z2, κ2), and
so f−1(F ) ∈ β(2)C(U(f−1(x))) (cf. Definition 5.12(ii)). Then, we conclude that f−1(F ) ∈
β(2)C(Z2) holds (cf. Definition 5.15).
(Proof of (1b)) Let B ∈ β(2)O(Z2). We claim that f−1(B) ∈ β(2)O(Z2). The proof is
analogous to the proof of (1a) above using Definitions 5.15, 5.12(i), Remark 5.13(i) and
Lemma 5.22. And so the proof is omitted.
(Proof of (1c)) Let F1 ∈ p.β(2)C(Z2) (cf. Definition 5.15, Remark 5.13(ii)(ii-2)). Then,
F1 ⊂ Z2, |F1| = 2 and there exists a point x ∈ (Z2)F2 such that F1 ∈ p.β(2)C(U(x)). Then,

we have the following: F1 ∈ {{x, y(i)x }, {y(i)x , y
(i+1)
x }, {y(1)x , y

(3)
x }, {y(2)x , y

(4)
x }, {y(i)x , -
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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p
(i)
x }, {p(i+1)

x , y
(i)
x }|i ∈ {1, 2, 3, 4}}, where p

(5)
x := p

(1)
x , y

(5)
x := y

(1)
x . Using Lemma 5.22,

we note that f−1(x) ∈ (U(f−1(x)))F2 , f−1(U(p
(i)
x )) = U(f−1(p

(i)
x )) and f−1(U(y

(i)
x )) =

U(f−1(y
(i)
x )). Put z := f−1(x). Then, f−1(p

(i)
x ) = p

(k(i))
z and f−1(y

(i)
x ) = y

(k′(i))
z are well

defined in U(z) for some integers k(i), k′(i) ∈ {1, 2, 3, 4}, where i ∈ {1, 2, 3, 4}. We show
that (••) f−1(F1) ∈ p.β(2)C(U(z)). Indeed, we show (••) above for the following precise
cases.
Case 1 F1 := {p(i)x , y

(i)
x }. For the present case, we see that: f−1(F1) = {pk(i)z , y

k′(i)
z }.

Since p
(i)
x ∈ U(y

(i)
x ), by Lemma 5.22, it is shown that f−1(p

(i)
x ) = p

(k(i))
z ∈ U(y

(k′(i))
z ),

and |k(i) − k′(i)| ≤ 1 (cf. (∗∗) of the first part of the present (IV)) and so we have
the following: k′(i) = k(i) or k′(i) = k(i) − 1 because of k′(i) ≤ k(i). Thus, we show

that f−1(F1) = {p(k(i))z , y
(k(i))
z } or f−1(F1) = {p(k(i))z , y

(k(i)−1)
z }, where y

(0)
z := y

(4)
z and so

f−1(F1) ∈ pureβ(2)C(U(z)).

Case 1′ F1 := {p(i+1)
x , y

(i)
x }. For the present case, we see that: f−1(F1) = {p(k(i+1))

z , y
(k′(i))
z }.

We claim that f−1(F1) ∈ p.β(2)C(U(z)). The proof is analogous to the proof of Case 1 above,
using Definition 5.12(ii), Remark 5.13(ii)(ii-2) and Lemma 5.22. And so the proof is omitted.

Case 2 F1 := {x, y(i)x }. For the present case, we see that: f−1(F1) = {z, y(k(i))z } ∈
pureβ(2)C(U(z)).

Case 3 F1 = {y(1)x , y
(3)
x }. For the present case, we see that: f−1(F1) = {y(k

′(1))
z , y

(k′(3))
z },

where {k′(1), k′(3)} ⊂ {1, 2, 3, 4}. Since U(y
(k′(1))
z ) ∩ U(y

(k′(3))
z ) = ∅ and U(y

(k′(i))
z ) ⊂ U(z)

for each i ∈ {1, 3}, we have the following: 0 < |k′(1)− k′(3)| ≤ 2. And, if |k′(1)− k′(3)| = 1

then U(y
(k′(1))
z ) ∩ U(y

(k′(3))
z ) �= ∅ and so |k′(1) − k′(3)| = 2. Thus, we see that f−1(F1) =

{y(k
′(1))

z , y
(k′(3))
z } ∈ p.β(2)C(U(z)).

Case 3′ F1 = {y(2)x , y
(4)
x }. For the present case, we see that: f−1(F1) = {y(k

′(2))
z , y

(k′(4))
z } ∈

p.β(2)C(U(z)), where {k′(2), k′(4)} ⊂ {1, 2, 3, 4}. The proof is analogous to the proof of
Case 3 above and so the proof is omitted.

Case 4 F1 = {y(i)x , y
(i+1)
x }. For the present case, we see that:

f−1(F1) = {y(k
′(i))

z , y
(k′(i+1))
z }, where {k′(i), k′(i+1)} ⊂ {1, 2, 3, 4} and i ∈ {1, 2, 3, 4}. Since

U(y
(i)
x ) ∩ U(y

(i+1)
x ) = {p(i+1)

x }, we have the following that: U(y
(k′(i))
z ) ∩ U(y

(k′(i+1))
z ) =

{p(k(i+1))
z } (cf. Lemma 5.22) and |k′(i) − k′(i + 1)| = 1, i.e., k′(i) − k′(i + 1) = 1 (if

k′(i) > k′(i + 1)) or k′(i + 1) − k′(i) = 1 (if k′(i) < k′(i + 1)). Thus, we prove that

f−1(F1) = {y(k
′(i))

z , y
(k′(i+1))
z } = {y(k

′(i))
z , y

(k′(i)−1))
z } or f−1(F1) = {y(k

′(i))
z , y

(k′(i)+1))
z }, and

so f−1(F1) ∈ p.β(2)C(U(z)) (cf. Remark 5.13(ii)(ii-2), where y
(5)
z := y

(1)
z and y

(0)
z := y

(4)
z .

Thus, by all cases above, the property (••) is proved. And, it is shown that, for each
set F1 ∈ p.β(2)C(Z2), there exists a point z ∈ (Z2)F2 such that f−1(F1) ∈ p.β(2)C(U(z)),
f−1(F1) ⊂ Z2 with |f−1(F1)| = 2, i.e., f−1(F1) ∈ p.β(2)C(Z2) (cf. Definition 5.15). There-
fore, the homeomorphism f : (Z2, κ2) → (Z2, κ2) is p.β(2)C(Z2)-irresolute.

(ii) (resp. (ii)′) By Definition 5.21(i) (resp. (i)′) and (i)(1a) (1b) (resp. (i)(1b) (1c))
above, the present (ii) (resp. (ii)′) is proved. �

Remark 5.24 The properties (1a), (1b) and (1c) in Theorem 5.23(i) are not hold, in gen-
eral. This can be shown in the following example. Let f : (Z2, κ2) → (Z2, κ2) be a bijection
defined by f((x1, x2) := (x1 + 1, x2) for each point (x1, x2) ∈ Z2. Then, f−1({(1, 1)}) =
{(0, 1)} �∈ κ2 for the set {(1, 1)} ∈ κ2 and so f is not a homeomorphsm. For the set V :=
{(1, 1), (1,−1)} ∈ β(2)O(Z2), we have the following: f−1(V ) = {(0, 1), (0,−1)} �∈ β(2)O(Z2)
and so f is not β(2)O(Z2)-irresolute. And, for a set F := {(0, 1), (0,−1)} ∈ p.β(2)C(Z2), we
have the following: f−1(F ) = {(−1, 1), (−1,−1)} �∈ p.β(2)C(Z2) and so f is not p.β(2)C(Z2)-
irresolute. Moreover, for the above sets F and f−1(F ), since F ∈ β(2)C(Z2) and f−1(F ) �∈
β(2)C(Z2), the bijection f is not β(2)C(Z2)-irresolute.
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Theorem 5.25 Let (H,κ2|H) be a subspace of (Z2, κ2) where |H| ≥ 2.

(i) (resp. (i)′) The collection β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)) forms a group
under the composition of mappings (cf. Definition 5.21(i) (resp. (i)′).

(ii) (resp. (ii)′) The union of two collections: β(2)ch(H;κ2|H)∪con-β(2)ch(H;κ2|H) (resp.
p.β(2)ch(H;κ2|H)∪con-p.β(2)ch(H;κ2|H)) forms a group under the composition of mappings
(cf. Definition 5.21(i),(ii) (resp. (i)′, (ii)′).

(iii) (resp. (iii)′) The group β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)) is a non-empty
subgroup of β(2)ch(H;κ2|H) ∪ con-β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)∪ -
con-p.β(2)ch(H;κ2|H)).

(iv) (resp. (iv)′) The group h(Z2;κ2) is a subgroup of the group β(2)ch(Z2;κ2) (resp.
p.β(2)ch(Z2;κ2)) and so h(Z2;κ2) is a subgroup of the group β(2)ch(Z2;κ2) ∪ con-β(2)ch -
(Z2;κ2) (resp. p.β(2)ch(Z2;κ2) ∪ con-p.β(2)ch(Z2;κ2)).

Proof. (i) (resp. (i)′) A binary operation ηH : β(2)ch(H;κ2|H) × β(2)ch(H;κ2|H) →
β(2)ch(H;κ2|H) (resp. η′H : p.β(2)ch(H;κ2|H)× p.β(2)ch(H;κ2|H) → p.β(2)ch(H;-
κ2|H)) is well defined by ηH(g1, g2):=g2 ◦ g1 (resp. η′H(g1, g2):=g2 ◦ g1). Indeed, by us-
ing Definitions 5.20(Note:1),5.21(i) (resp. (i)′), it is shown that g2 ◦ g1 and (g2 ◦ g1)

−1

are both β2O(H)-irresolute and they are β2C(H)-irresolute (resp. g2 ◦ g1 and (g2 ◦ g1)
−1

are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute). Thus, we prove that
ηH(g1, g2) ∈ β(2)ch(H;κ2|H) (resp. η′H(g1, g2) ∈ p.β(2)ch(H;κ2|H)) and the binary opera-
tion ηH (resp. η′H) satisfies the axiom of group. Therefore, the pair (β(2)ch(H;κ2|H), ηH)
(resp. (p.β(2)ch(H;κ2|H), η′H)) forms a group under compositions of mappings.

(ii) (resp. (ii)′)We first note on the following notation that: let GH := β(2)ch(H;κ2|H)∪
con-β(2)ch(H;κ2|H) (resp. pGH := p.β(2)ch(H;κ2|H) ∪ con-p.β(2)ch(H;κ2|H)) throughout
the present proof of (ii) (resp. (ii)′). A binary operation wH : GH × GH → GH (resp.
w′

H : pGH × pGH → pGH) is well defined by wH(f, f ′) := f ′ ◦ f (resp. w′
H(f, f ′) := f ′ ◦ f).

Indeed, let (f, f ′) ∈ GH × GH .
Case 1 f ∈ β(2)ch(H;κ2|H) and f ′ ∈ con-β(2)ch(H;κ2|H) (resp.Case 1′ f ∈ p.β(2)ch(H;κ2|H)
and f ′ ∈ con-p.β(2)ch(H;κ2|H)). For the present case, it is claimed that wH(f, f ′) ∈
con-β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) ∈ con-p.β(2)ch(H;κ2|H)), because f ′ ◦ f and
(f ′ ◦ f)−1 are both (β(2)O(H), β(2)C(H))-irresolute and they are (β(2)C(H), β(2)O(H))-
irresolute (resp. f ′◦f and (f ′◦f)−1 are both (β(2)O(H), p.β(2)C(H))-irresolute and they are
(p.β(2)C(H), β(2)O(H))-irresolute). And so, we have that wH(f, f ′) ∈ con-β(2)ch(H;κ2|H) ⊆
GH (resp. w′

H(f, f ′) ∈ con-p.β(2)ch -
(H;κ2|H) ⊆ pGH).
Case 2 f ∈ con-β(2)ch(H;κ2|H) and f ′ ∈ β(2)ch(H;κ2|H) (resp. Case 2′ f ∈ con-
p.β(2)ch(H;κ2|H) and f ′ ∈ p.β(2)ch(H;κ2|H)). For the present case, by similar argu-
ment of that of Case 1 (resp. Case 1′) above, it is shown that wH(f, f ′) = f ′ ◦ f ∈ con-
β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) = f ′ ◦ f ∈ con-p.β(2)ch(H;κ2|H) ⊆ pGH).
Case 3 f ∈ con-β(2)ch(H;κ2|H) and f ′ ∈ con-β(2)ch(H;κ2|H) (resp. Case 3′ f ∈ con-
p.β(2)ch(H;κ2|H) and f ′ ∈ con-p.β(2)ch(H;κ2|H)). For the present case, it is shown that
wH(f, f ′) ∈ β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) ∈ p.β(2)ch(H;κ2|H) ⊆ pGH), because
f ′ ◦ f and (f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute (resp.
f ′ ◦ f and (f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute).
Case 4 f ∈ β(2)ch(H;κ2|H) and f ′ ∈ β(2)ch(H;κ2|H) (resp. Case 4′ f ∈ p.β(2)ch(H;κ2|H)
and f ′ ∈ p.β(2)ch(H;κ2|H)). For the present case, by definitions, it is shown that wH(f, f ′) ∈
β(2)ch(H;κ2|H) ⊆ GH (resp. wH(f, f ′) ∈ p.β(2)ch(H;κ2|H) ⊆ pGH), because f ′ ◦ f and
(f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute (resp. f ′ ◦ f and
(f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-iresolute). Finally, the
binary operation wH : GH × GH → GH (resp. w′

H : pGH × pGH → pGH) satisfies the axiom
of group (cf. the proof of (i)) the identity function on H, 1H ∈ β(2)ch(H;κ2|H) ⊆ GH (resp.
1H ∈ p.β(2)ch(H;κ2|H) ⊆ pGH); and so the pair (GH , wH) (resp. (pGH , w′

H) forms a group
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Theorem 5.25 Let (H,κ2|H) be a subspace of (Z2, κ2) where |H| ≥ 2.

(i) (resp. (i)′) The collection β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)) forms a group
under the composition of mappings (cf. Definition 5.21(i) (resp. (i)′).

(ii) (resp. (ii)′) The union of two collections: β(2)ch(H;κ2|H)∪con-β(2)ch(H;κ2|H) (resp.
p.β(2)ch(H;κ2|H)∪con-p.β(2)ch(H;κ2|H)) forms a group under the composition of mappings
(cf. Definition 5.21(i),(ii) (resp. (i)′, (ii)′).

(iii) (resp. (iii)′) The group β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)) is a non-empty
subgroup of β(2)ch(H;κ2|H) ∪ con-β(2)ch(H;κ2|H) (resp. p.β(2)ch(H;κ2|H)∪ -
con-p.β(2)ch(H;κ2|H)).

(iv) (resp. (iv)′) The group h(Z2;κ2) is a subgroup of the group β(2)ch(Z2;κ2) (resp.
p.β(2)ch(Z2;κ2)) and so h(Z2;κ2) is a subgroup of the group β(2)ch(Z2;κ2) ∪ con-β(2)ch -
(Z2;κ2) (resp. p.β(2)ch(Z2;κ2) ∪ con-p.β(2)ch(Z2;κ2)).

Proof. (i) (resp. (i)′) A binary operation ηH : β(2)ch(H;κ2|H) × β(2)ch(H;κ2|H) →
β(2)ch(H;κ2|H) (resp. η′H : p.β(2)ch(H;κ2|H)× p.β(2)ch(H;κ2|H) → p.β(2)ch(H;-
κ2|H)) is well defined by ηH(g1, g2):=g2 ◦ g1 (resp. η′H(g1, g2):=g2 ◦ g1). Indeed, by us-
ing Definitions 5.20(Note:1),5.21(i) (resp. (i)′), it is shown that g2 ◦ g1 and (g2 ◦ g1)

−1

are both β2O(H)-irresolute and they are β2C(H)-irresolute (resp. g2 ◦ g1 and (g2 ◦ g1)
−1

are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute). Thus, we prove that
ηH(g1, g2) ∈ β(2)ch(H;κ2|H) (resp. η′H(g1, g2) ∈ p.β(2)ch(H;κ2|H)) and the binary opera-
tion ηH (resp. η′H) satisfies the axiom of group. Therefore, the pair (β(2)ch(H;κ2|H), ηH)
(resp. (p.β(2)ch(H;κ2|H), η′H)) forms a group under compositions of mappings.

(ii) (resp. (ii)′)We first note on the following notation that: let GH := β(2)ch(H;κ2|H)∪
con-β(2)ch(H;κ2|H) (resp. pGH := p.β(2)ch(H;κ2|H) ∪ con-p.β(2)ch(H;κ2|H)) throughout
the present proof of (ii) (resp. (ii)′). A binary operation wH : GH × GH → GH (resp.
w′

H : pGH × pGH → pGH) is well defined by wH(f, f ′) := f ′ ◦ f (resp. w′
H(f, f ′) := f ′ ◦ f).

Indeed, let (f, f ′) ∈ GH × GH .
Case 1 f ∈ β(2)ch(H;κ2|H) and f ′ ∈ con-β(2)ch(H;κ2|H) (resp.Case 1′ f ∈ p.β(2)ch(H;κ2|H)
and f ′ ∈ con-p.β(2)ch(H;κ2|H)). For the present case, it is claimed that wH(f, f ′) ∈
con-β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) ∈ con-p.β(2)ch(H;κ2|H)), because f ′ ◦ f and
(f ′ ◦ f)−1 are both (β(2)O(H), β(2)C(H))-irresolute and they are (β(2)C(H), β(2)O(H))-
irresolute (resp. f ′◦f and (f ′◦f)−1 are both (β(2)O(H), p.β(2)C(H))-irresolute and they are
(p.β(2)C(H), β(2)O(H))-irresolute). And so, we have that wH(f, f ′) ∈ con-β(2)ch(H;κ2|H) ⊆
GH (resp. w′

H(f, f ′) ∈ con-p.β(2)ch -
(H;κ2|H) ⊆ pGH).
Case 2 f ∈ con-β(2)ch(H;κ2|H) and f ′ ∈ β(2)ch(H;κ2|H) (resp. Case 2′ f ∈ con-
p.β(2)ch(H;κ2|H) and f ′ ∈ p.β(2)ch(H;κ2|H)). For the present case, by similar argu-
ment of that of Case 1 (resp. Case 1′) above, it is shown that wH(f, f ′) = f ′ ◦ f ∈ con-
β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) = f ′ ◦ f ∈ con-p.β(2)ch(H;κ2|H) ⊆ pGH).
Case 3 f ∈ con-β(2)ch(H;κ2|H) and f ′ ∈ con-β(2)ch(H;κ2|H) (resp. Case 3′ f ∈ con-
p.β(2)ch(H;κ2|H) and f ′ ∈ con-p.β(2)ch(H;κ2|H)). For the present case, it is shown that
wH(f, f ′) ∈ β(2)ch(H;κ2|H) ⊆ GH (resp. w′

H(f, f ′) ∈ p.β(2)ch(H;κ2|H) ⊆ pGH), because
f ′ ◦ f and (f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute (resp.
f ′ ◦ f and (f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute).
Case 4 f ∈ β(2)ch(H;κ2|H) and f ′ ∈ β(2)ch(H;κ2|H) (resp. Case 4′ f ∈ p.β(2)ch(H;κ2|H)
and f ′ ∈ p.β(2)ch(H;κ2|H)). For the present case, by definitions, it is shown that wH(f, f ′) ∈
β(2)ch(H;κ2|H) ⊆ GH (resp. wH(f, f ′) ∈ p.β(2)ch(H;κ2|H) ⊆ pGH), because f ′ ◦ f and
(f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are β(2)C(H)-irresolute (resp. f ′ ◦ f and
(f ′ ◦ f)−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-iresolute). Finally, the
binary operation wH : GH × GH → GH (resp. w′

H : pGH × pGH → pGH) satisfies the axiom
of group (cf. the proof of (i)) the identity function on H, 1H ∈ β(2)ch(H;κ2|H) ⊆ GH (resp.
1H ∈ p.β(2)ch(H;κ2|H) ⊆ pGH); and so the pair (GH , wH) (resp. (pGH , w′

H) forms a group
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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under compositions of mappings. (iii) We recall that GH := β(2)ch(H;κ2|H) ∪ con-
β(2)ch(H;κ2|H) (cf. Proof of (ii) above). Since 1H ∈ β(2)ch(H;κ2|H), we have the fol-
lowing: (·1) β(2)ch(H;κ2|H) is a nonempty subset of the group (GH , wH), where wH :
GH × GH → GH is the binary operation (cf. (ii) above). Let f, g ∈ β(2)ch(H;κ2|H). Then,
we see that (·2) wH(f, g−1) = g−1 ◦ f ∈ β(2)ch(H;κ2|H). Therefore, by (·1) and (·2), it
is shown that β(2)ch(H;κ2|H) is a subgroup of GH (cf. (ii) above). (iii)′ We recall that
pGH := p.β(2)ch(H;κ2|H) ∪ con-p.β(2)ch(H;κ2|H) (cf. Proof of (ii)′ above). We see that
1H ∈ p.β(2)ch(H;κ2|H). Indeed, for a set B ∈ β(2)O(H) and F1 ∈ p.β(2)C(H), we have
the following: 1H(B) = (1H)−1(B) = B ∈ β(2)O(H) and 1H(F1) = (1H)−1(F1) = F1 ∈
p.β(2)C(H); and so 1H and (1H)−1 are both β(2)O(H)-irresolute and they are p.β(2)C(H)-
irresolute. Thus, by Defintion 5.21(i)′, it is obtained that 1H ∈ p.β(2)ch(H;κ2|H). Then,
we have the following: (·1)′p.β(2)ch(H;κ2|H) is a nonempty subset of the group (pGH , w′

H),
where w′

H : pGH × pGH → pGH is the binary operation (cf. Proof of (ii)′ above). Next,
we claim (·2)′ below. Let f, g ∈ p.β(2)ch(H;κ2|H). Then, since f, f−1, g and g−1 are all
β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute, g−1 ◦ f and (g−1 ◦ f)−1 = f−1 ◦ g
are both β(2)O(H)-irresolute and they are p.β(2)C(H)-irresolute bijections. Thus, we prove
that: (·2)′w′

H(f, g−1) = g−1 ◦ f ∈ p.β(2)ch(H;κ2|H) (cf. Definition 5.21(i)′). Therefore, by
(·1)′ and (·2)′ above, it is obtained that p.β(2)ch(H;κ2|H) is a subgroup of pGH (cf. (ii)′

above). (iv) (resp. (iv)′) We see that the identity function 1Z2 : (Z2, κ2) → (Z2, κ2) is
a homeomorphism and so 1Z2 ∈ h(Z2;κ2) �= ∅. By (i) (resp. (i)′) above and its proof,
it is known that β(2)ch(Z2;κ2) (resp. p.β(2)ch(Z2;κ2) ) forms a group with the binary
operation ηZ2 (resp. η′Z2) defined by ηZ2(a, b) = b ◦ a (resp. η′Z2(a, b) = b ◦ a) for every
a, b ∈ β(2)ch(Z2;κ2) (resp. p.β(2)ch(Z2;κ2)). And, using Theorem 5.23(ii) (resp. (ii)′), we
recall that h(Z2;κ2) ⊆ β(2)ch(Z2;κ2) (resp. h(Z2;κ2) ⊆ p.β(2)ch(Z2;κ2)). Then, we have the
following: ηZ2(f, g−1)=g−1◦f (resp. η′Z2(f, g−1)=g−1◦f) ∈ h(Z2;κ2) for any f, g ∈ h(Z2;κ2).
Therefore, it is proved that h(Z2;κ2) is a subgroup of β(2)ch(Z2;κ2) (resp. p.β(2)ch(Z2;κ2)
). And so, using (iii) (resp. (iii)′) above, it is obtained that h(Z2;κ2) is also a subgroup of
GZ2 (resp. pGZ2) (cf. the proof of (ii) or (iii) (resp. (ii)′ or (iii)′) for the notation). �

Notation 5.26 The present notations are applied to Example 5.27 below. Let H :=
U((0, 0)). And U((0, 0)) is denoted abbreviately by U (i.e., U := U((0, 0))). We define
the following functions and two families of functions, (·1) ρ45 : (U ;κ2|U) → (U ;κ2|U) is
defined by ρ45((0, 0)) := (0, 0), ρ45(p

(i)) := y(i), ρ45(y
(i)) := p(i+1) for each i ∈ {1, 2, 3, 4}

with p(5) := p(1) (cf. (∗) of line 5 from the top of the present subsection (IV), or (III-2) of
the subsection (III)), (·2) ρ0×90 := 1U (the identity function on U) and ρk×90 := ρ(k−1)×90 ◦
(ρ45 ◦ ρ45) for each k ∈ {1, 2, 3}, (·3)ρ1×45 := ρ45, ρm×45 := ρ90 ◦ ρ(m−2)×45 (for m = 3, 5, 7)
and (·4) R45 := {ρm×45, (ρm×45)

−1|m ∈ {1, 3, 5, 7}}, R90 := {1U , ρk×90, (ρk×90)
−1|k ∈

{1, 2, 3}}.

Example 5.27 Let H := U((0, 0)) and U := U((0, 0)). We have the following examples.
(i) {ρ45, (ρ45)−1} ⊆ con-p.β(2)ch(U ;κ2|U) (cf. Corollary 5.11(ii)).
(ii) (1) {ρ90, (ρ90)−1} ⊆ β(2)ch(U ;κ2|U),(2) {ρ90, (ρ90)−1} ⊆ p.β(2)ch(U ;κ2|U).

In general, we have that:
(i)′ R45 ⊆ con-p.β(2)ch(U ;κ2|U) (cf. Corollary 5.11(ii)).
(ii)′ (1)′ R90 ⊆ β(2)ch(U ;κ2|U),
(2)′ R90 ⊆ p.β(2)ch(U ;κ2|U) (cf. Notation 5.26). Hence we have the following:
(iii) (1) R45 ∪R90 ⊆ β(2)ch(U ;κ2|U) ∪ con-p.β(2)ch(U ;κ2|U),
(2) R45∪R90 ⊆ p.β(2)ch(U ;κ2|U)∪ con-p.β(2)ch(U ;κ2|U). The proofs are omitted on

the present paper (cf. the detailed proofs are shown by the following pre-print; The detailed
Example 5.27 [34]).
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Abstract. The aim of the present paper is devoted to discussing some more properties
of β-irresolute mappings, contra β-irresolute mappings and two weak homeomorphisms
such as βc-homeomorphisms and contra βc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of β(2)-open sets of the digital plane.

1 Introduction and preliminaries Abd El Monsef el al. [1] and Andrijević [3] intro-
duced independently the concept of β-open sets [1] and semi-preopen sets [3], respectively.
Let (X, τ) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, τ) is called a β-open set [1] (or semi-
preopen set [3]) if A ⊆ Cl(Int(Cl(A))) holds in (X, τ). The complement of a β-open (or
semi-preopen) set is called β-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, β-open sets, β-closed sets. The β-closure of a subset E of a topological space
(X, τ) is defined by βCl(E) :=

∩
{F : E ⊆ F, F is β-closed in (X, τ)} and it is the smallest

β-closed set containing E. And βCl(A) = A holds if and only if A is β-closed in (X, τ). We
recall some importance properties of β-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, τ) be a topological space.
βO(X, τ) = SPO(X, τ) := {B : B is β-open in (X, τ)} (cf. [1, Defintion 1.1], [3]),
βC(X, τ) = SPC(X, τ) := {F : F is β-closed in (X, τ), i.e. Int(Cl(Int(F ))) ⊆ F} [1], [3],
SO(X, τ) := {G : G is semi-open in (X, τ), i.e. G ⊆ Cl(Int(G))} [26],
SC(X, τ) := {F : F is semi-closed in (X, τ), i.e. Int(Cl(F )) ⊆ F} [8].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X,X \H; τ) := con-βch(X,X \H; τ) ∪ βch(X,X \H; τ) and
G0(X,X \ H; τ):=con-βch0(X,X \ H; τ) ∪ βch0(X,X \ H; τ), where H ⊂ X with H �= ∅
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
βch(X,X \ H; τ) = ∅) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
βch(X,X \ H; τ) = ∅ = con-βch0(X,X \ H; τ) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.

∗2010 Math. Subject Classification — : 54C08, 64C40, 54J05.
Key words and phrases — :β-open sets, β-irresolute mappings, contra-β-irresolute mappings, βr-
homeomorphisms, contra-βr-homeomorphisms, digital plane, β(2)-open sets.
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Abstract. In the theory of real hypersurfaces in a nonflat complex space form,
the behavior of the structure tensor ϕ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ϕ.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ϕ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form M̃n(c) (namely, a complex projective space CPn(c)
of constant holomorphic sectional curvature c > 0 or a complex hyperbolic space CHn(c)
of constant holomorphic sectional curvature c < 0), real hypersurfaces admit the almost
contact metric structure (ϕ, ξ, η, g) induced from the ambient space. The structure tensor ϕ
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M̃n(c). In this paper, we focus on the parallelism of the structure tensor ϕ

of real hypersurfaces in M̃n(c). It is known that there exists no real hypersurface in M̃n(c)
whose the structure tensor ϕ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

∇ξϕ = 0 (ξ-parallelism),(1.1)

∇Xϕ = 0 for ∀X ∈ T 0M (T 0M -parallelism),(1.2)

(∇Xϕ)Y − (∇Y ϕ)X = 0 for ∀X,Y ∈ TM (the Codazzi tensor),(1.3)

where TM is the tangent bundle ofM2n−1 and T 0M is the holomorphic distribution, that is,
T 0M = {X ∈ TM : X ⊥ ξ}. These conditions are simple generalizations of the parallelism
of the structure tensor ϕ. In particular, Conditions (1.1) and (1.2) give characterizations of

Hopf hypersurfaces and ruled real hypersurfaces in M̃n(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):

(1.4) div ϕ = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by α/(2n− 1),
where α = g(Aξ, ξ) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M̃n(c):
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2

(1) The class of minimal Hopf hypersurfaces in M̃n(c);

(2) The class of real hypersurfaces in CHn(c) which satisfies the following the condition:

Ric =
1

4
(TraceA)2 +

c

2
(n− 1),

where Ric is the maximal Ricci curvature of real hypersurfaces in CHn(c). The latter class
was investigated by B. Y. Chen (see [2]). He showed that every real hypersurface in CHn(c)
satisfies the following inequality:

Ric ≦ 1

4
(TraceA)2 +

c

2
(n− 1).

Moreover he also investigated the equality case of the above inequality.
In the latter of this paper, we characterize the above classes of real hypersurfaces by

using the modification of Condition (1.4).

2 Preliminaries Let M2n−1 be a real hypersurface with a unit local vector field N of a
complex n-dimensional nonflat complex space form M̃n. The Riemannian connections ∇̃ of
M̃n(c) and ∇ of M2n−1 are related by

∇̃XY = ∇XY + g(AX, Y )N and ∇̃XN = −AX

for vector fields X and Y tangent to M2n−1, where g denotes the induced metric from the
standard Riemannian metric of M̃n(c) and A is the shape operator of M2n−1 in M̃n(c). The
former is called Gauss’s formula, and the latter is called Weingarten’s formula. Eigenvalues
and eigenvectors of the shape operator A are called principal curvatures and principal vectors
of M2n−1 in M̃n(c), respectively.

It is known that M2n−1 admits an almost contact metric structure (ϕ, ξ, η, g) induced

from the Kähler structure J of M̃n(c). The characteristic vector field ξ of M2n−1 is defined
as ξ = −JN and this structure satisfies

ϕ2 = −I + η ⊗ ξ, η(X) = g(X, ξ), η(ξ) = 1, ϕξ = 0, η(ϕX) = 0,(2.1)

g(ϕX, Y ) = −g(X,ϕY ) and g(ϕX, ϕY ) = g(X ,Y )− η(X)η(Y ),

where I denotes the identity map of the tangent bundle TM of M2n−1. We call ϕ and η
the structure tensor and the contact form of M2n−1, respectively.

The following equation is a fundamental tool in the theory of real hypersurfaces in
M̃n(c):

(2.2) (∇Xϕ)Y = η(Y )AX − g(AX, Y )ξ.

We usually call M2n−1 a Hopf hypersurface if the characteristic vector ξ is a principal
curvature vector at each point of M2n−1. It is known that every tube of sufficiently small
constant radius around each Kähler submanifold of M̃n(c) is a Hopf hypersurface. This fact
tells us that the notion of Hopf hypersurface is natural in the theory of real hypersurfaces
in M̃n(c) (see [5]).

The following lemma clarifies a fundamental property which is a useful tool in the theory
of Hopf hypersurfaces in M̃n(c).

Lemma 1 ([5]). For a Hopf hypersurface M2n−1 with the principal curvature α correspond-

ing to the characteristic vector field ξ in M̃n(c), we have the following:

3

(1) α is locally constant on M2n−1;

(2) If X is a tangent vector of M2n−1 perpendicular to ξ with AX = λX, then (2λ −
α)AϕX = (αλ+ (c/2))ϕX.

In CPn(c) (n ≧ 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√
c ;

(A2) A tube of radius r around a totally geodesic CP ℓ(c) (1 ≦ ℓ ≦ n − 2), where 0 < r <
π/

√
c ;

(B) A tube of radius r around a complex hyper quadric CQn−1, where 0 < r < π/(2
√
c );

(C) A tube of radius r around a CP 1(c) × CP (n−1)/2(c), where 0 < r < π/(2
√
c ) and

n(≧ 5) is odd;

(D) A tube of radius r around a complex Grassmann CG2,5, where 0 < r < π/(2
√
c ) and

n = 9;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5), where 0 < r <
π/(2

√
c ) and n = 15.

These real hypersurfaces are said to be of types (A1), (A2), (B), (C), (D) and (E). The
principal curvatures of these real hypersurfaces in CPn(c) are given as follows (cf. [5]):

(A1) (A2) (B) (C), (D), (E)

λ1

√
c
2 cot

(√
c
2 r

) √
c
2 cot

(√
c
2 r

) √
c
2 cot

(√
c
2 r − π

4

) √
c
2 cot

(√
c
2 r − π

4

)

λ2 — −
√
c
2 tan

(√
c
2 r

) √
c
2 cot

(√
c
2 r + π

4

) √
c
2 cot

(√
c
2 r + π

4

)

λ3 — — —
√
c
2 cot

(√
c
2 r

)

λ4 — — — −
√
c
2 tan

(√
c
2 r

)

α
√
c cot(

√
c r)

√
c cot(

√
c r)

√
c cot(

√
c r)

√
c cot(

√
c r)

The multiplicities of these principal curvatures are given as follows (cf. [5]):

(A1) (A2) (B) (C) (D) (E)

m(λ1) 2n− 2 2n− 2ℓ− 2 n− 1 2 4 6
m(λ2) — 2ℓ n− 1 2 4 6
m(λ3) — — — n− 3 4 8
m(λ4) — — — n− 3 4 8
m(α) 1 1 1 1 1 1

In CHn(c) (n ≧ 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following:

(A0) A horosphere in CHn(c);

(A1,0) A geodesic sphere G(r) of radius r, where 0 < r < ∞;

(A1,1) A tube of radius r around a totally geodesic CHn−1(c), where 0 < r < ∞;

(A2) A tube of radius r around a totally geodesic CHℓ(c)(1 ≦ ℓ ≦ n−2), where 0 < r < ∞;
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Table 1: Cellular automaton rule 90

state 111 110 101 100 011 010 001 000
future state 0 1 0 1 1 0 1 0

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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Abstract. In the theory of real hypersurfaces in a nonflat complex space form,
the behavior of the structure tensor ϕ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ϕ.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ϕ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form M̃n(c) (namely, a complex projective space CPn(c)
of constant holomorphic sectional curvature c > 0 or a complex hyperbolic space CHn(c)
of constant holomorphic sectional curvature c < 0), real hypersurfaces admit the almost
contact metric structure (ϕ, ξ, η, g) induced from the ambient space. The structure tensor ϕ
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M̃n(c). In this paper, we focus on the parallelism of the structure tensor ϕ

of real hypersurfaces in M̃n(c). It is known that there exists no real hypersurface in M̃n(c)
whose the structure tensor ϕ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

∇ξϕ = 0 (ξ-parallelism),(1.1)

∇Xϕ = 0 for ∀X ∈ T 0M (T 0M -parallelism),(1.2)

(∇Xϕ)Y − (∇Y ϕ)X = 0 for ∀X,Y ∈ TM (the Codazzi tensor),(1.3)

where TM is the tangent bundle ofM2n−1 and T 0M is the holomorphic distribution, that is,
T 0M = {X ∈ TM : X ⊥ ξ}. These conditions are simple generalizations of the parallelism
of the structure tensor ϕ. In particular, Conditions (1.1) and (1.2) give characterizations of

Hopf hypersurfaces and ruled real hypersurfaces in M̃n(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):

(1.4) div ϕ = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by α/(2n− 1),
where α = g(Aξ, ξ) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M̃n(c):
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(1) α is locally constant on M2n−1;

(2) If X is a tangent vector of M2n−1 perpendicular to ξ with AX = λX, then (2λ −
α)AϕX = (αλ+ (c/2))ϕX.

In CPn(c) (n ≧ 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < π/
√
c ;

(A2) A tube of radius r around a totally geodesic CP ℓ(c) (1 ≦ ℓ ≦ n − 2), where 0 < r <
π/

√
c ;

(B) A tube of radius r around a complex hyper quadric CQn−1, where 0 < r < π/(2
√
c );

(C) A tube of radius r around a CP 1(c) × CP (n−1)/2(c), where 0 < r < π/(2
√
c ) and

n(≧ 5) is odd;

(D) A tube of radius r around a complex Grassmann CG2,5, where 0 < r < π/(2
√
c ) and

n = 9;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5), where 0 < r <
π/(2

√
c ) and n = 15.

These real hypersurfaces are said to be of types (A1), (A2), (B), (C), (D) and (E). The
principal curvatures of these real hypersurfaces in CPn(c) are given as follows (cf. [5]):

(A1) (A2) (B) (C), (D), (E)

λ1

√
c
2 cot

(√
c
2 r

) √
c
2 cot

(√
c
2 r

) √
c
2 cot

(√
c
2 r − π

4

) √
c
2 cot

(√
c
2 r − π

4

)

λ2 — −
√
c
2 tan

(√
c
2 r

) √
c
2 cot

(√
c
2 r + π

4

) √
c
2 cot

(√
c
2 r + π

4

)

λ3 — — —
√
c
2 cot

(√
c
2 r

)

λ4 — — — −
√
c
2 tan

(√
c
2 r

)

α
√
c cot(

√
c r)

√
c cot(

√
c r)

√
c cot(

√
c r)

√
c cot(

√
c r)

The multiplicities of these principal curvatures are given as follows (cf. [5]):

(A1) (A2) (B) (C) (D) (E)

m(λ1) 2n− 2 2n− 2ℓ− 2 n− 1 2 4 6
m(λ2) — 2ℓ n− 1 2 4 6
m(λ3) — — — n− 3 4 8
m(λ4) — — — n− 3 4 8
m(α) 1 1 1 1 1 1

In CHn(c) (n ≧ 2), a Hopf hypersurface all of whose principal curvatures are constant
is locally congruent to one of the following:

(A0) A horosphere in CHn(c);

(A1,0) A geodesic sphere G(r) of radius r, where 0 < r < ∞;

(A1,1) A tube of radius r around a totally geodesic CHn−1(c), where 0 < r < ∞;

(A2) A tube of radius r around a totally geodesic CHℓ(c)(1 ≦ ℓ ≦ n−2), where 0 < r < ∞;
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(B) A tube of radius r around a totally real totally geodesic RHn(c/4), where 0 < r < ∞.

These real hypersurfaces are said to be of types (A0), (A1,0), (A1,1), (A2) and (B). Summing
up, real hypersurfaces of types (A1,0) and (A1,1), we call them real hypersurfaces of type
(A1). The principal curvatures of these real hypersurfaces in CHn(c) are given as follows
(cf. [5]):

(A0) (A1,0) (A1,1) (A2) (B)

λ1

√
|c|
2

√
|c|
2 coth

(√|c|
2 r

) √
|c|
2 tanh

(√|c|
2 r

) √
|c|
2 coth

(√|c|
2 r

) √
|c|
2 coth

(√|c|
2 r

)

λ2 — — —

√
|c|
2 tanh

(√|c|
2 r

) √
|c|
2 tanh

(√|c|
2 r

)

α
√
|c|

√
|c| coth(

√
|c| r)

√
|c| coth(

√
|c| r)

√
|c| coth(

√
|c| r)

√
|c| tanh(

√
|c| r)

Finally, we define ruled real hypersurfaces in a nonflat complex space form M̃n(c). A

real hypersurface M2n−1 in M̃n(c) is called a ruled real hypersurface if the holomorphic
distribution T 0M = {X ∈ TM : X ⊥ ξ} is integrable and each of its leaves (the maximal

integrable manifolds) is a totally geodesic submanifold M̃n−1(c) in M̃n(c). The following
lemma is known as the characterization of ruled real hypersurfaces from the viewpoint of
the shape operator A (cf. [5]).

Lemma 2 ([5]). Let M2n−1 be a real hypersurface M2n−1 in a nonflat complex space form

M̃n(c) (n ≧ 2). Then the following three conditions are mutually equivalent:

1. M2n−1 is a ruled real hypersurface;

2. The shape operator A of M2n−1 satisfies the following equalities on the open dense
subset M1 = {x ∈ M2n−1|β(x) ̸= 0} with a unit vector field U orthogonal to ξ :

Aξ = αξ + βU, AU = βξ, AX = 0

for an arbitrary tangent vector X orthogonal to ξ and U , where α, β are differentiable
functions on M1 by α = g(Aξ, ξ) and β = ∥Aξ − αξ∥;

3. The shape operator A of M2n−1 satisfies g(AX, Y ) = 0 for arbitrary tangent vectors
X,Y ∈ T 0M .

3 The parallelism of the structure tensor ϕ and its generalizations In the theory
of real hypersurfaces in a nonflat complex space form M̃n(c), it is well-known that there

exists no real hypersurface whose structure tensor ϕ is parallel in M̃n(c) (see [4]). This

implies that there exists no cosymplectic real hypersurfaces in M̃n(c) from the viewpoint
of almost contact metric geometry (for detail, see [1]). In this section, we consider simple
generalizations of the above fact.

Proposition 1. Let M2n−1 be a real hypersurfaces in a nonflat complex space form M̃n(c)
(n ≧ 2). Then the following statements (1), (2) and (3) hold:

(1) M2n−1 satisfies the condition ∇ξϕ = 0 if and only if M2n−1 is locally congruent to a

Hopf hypersurfaces in M̃n(c);

(2) M2n−1 satisfies the condition ∇Xϕ = 0 for any X ∈ T 0M if and only if M2n−1 is

locally congruent to a ruled real hypersurface in M̃n(c);

5

(3) There does not exist a real hypersurface M2n−1 in M̃n(c) satisfying the condition
(∇Xϕ)Y = (∇Y ϕ)X for any vectors X and Y on M2n−1.

Proof. (1) Suppose that M2n−1 has condition ∇ξϕ = 0. By (2.2), we have

(3.1) (∇ξϕ)X = η(X)Aξ − g(Aξ,X)ξ = 0.

for any vector X ∈ TM . Putting X = ξ in (3.1), then we get Aξ = g(Aξ, ξ)ξ. Hence M2n−1

is a Hopf hypersurface in M̃n(c). Obviously, the converse holds.
(2) Suppose that M2n−1 has the condition (∇Xϕ)Y = 0 for any vector X ∈ T 0M and

Y ∈ TM . By (2.2), we get g(AX, Y ) = 0 for any vectors X,Y ∈ T 0M . From Lemma 2,

M2n−1 is a ruled real hypersurface in M̃n(c).
(3) Suppose that M2n−1 satisfies the condition (∇Xϕ)Y = (∇Y ϕ)X for any vectors

X,Y ∈ TM . By (2.2), we have

(3.2) η(Y )AX = η(X)AY

for any vectors X,Y ∈ TM .
Now we suppose that M2n−1 is a non-Hopf hypersurface in M̃n(c). Then the shape

operator A forms Aξ = αξ+βU , where the function β ̸= 0 and a unit vector U is orthogonal
to the characteristic vector field ξ. We put X ⊥ ξ and Y = ξ in (3.2). Then we have AX = 0
for any vector X ∈ T 0M . Hence we can see

0 = g(AU, ξ) = g(U,Aξ) = β,

which is a contradiction.
Next we suppose that M2n−1 is a Hopf hypersurface (with Aξ = αξ) in M̃n(c). We take

a unit tangent vector field V (⊥ ξ) such that AV = λV . By using the equation (3.2), we
have η(Y )AV = 0. Putting Y = ξ in this equation, we can see that AV = λV = 0. This
implies that

(3.3) λ = 0.

Setting X = ϕV and Y = ξ in (3.2), we get AϕV = 0. From this equation, (3.3) and Lemma
1, we obtain

0 = (2λ− α)AϕV = (αλ+ (c/2))ϕV = (c/2)ϕV ̸= 0,

which is a contradiction.

Remark 1. J. T. Cho studied the condition of transversally Killing of ϕ namely, (∇Xϕ)Y +
(∇Y ϕ)X = 0 for any X,Y ∈ T 0M (for details, see [3]). This condition give the characteri-

zation of ruled real hypersurfaces in M̃n(c).

4 Statements of results Motivated by (3) of the above proposition, we investigate the
divergence of the structure tensor ϕ. If the structure tensor ϕ is a Codazzi tensor, then we
have

(div ϕ)X =
2n−1∑
i=1

g((∇eiϕ)X, ei) =

2n−1∑
i=1

g((∇Xϕ)ei, ei)

= Trace (∇Xϕ) = ∇X(Trace ϕ)

for any tangent vector field X ∈ TM . Note that Trace ϕ = 0, we obtain the condition
div ϕ = 0. Namely, this condition is a generalization of the condition (1.3).

Next we investigate real hypersurfaces in M̃n(c) satisfying div ϕ = 0.

A BEHAVIOR OF THE STRUCTURE TENSOR ON REAL HYPERSURFACES IN A
NONFLAT COMPLEX SPACE FORM

Table 1: Cellular automaton rule 90

state 111 110 101 100 011 010 001 000
future state 0 1 0 1 1 0 1 0

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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Abstract. In the theory of real hypersurfaces in a nonflat complex space form,
the behavior of the structure tensor ϕ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ϕ.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ϕ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form M̃n(c) (namely, a complex projective space CPn(c)
of constant holomorphic sectional curvature c > 0 or a complex hyperbolic space CHn(c)
of constant holomorphic sectional curvature c < 0), real hypersurfaces admit the almost
contact metric structure (ϕ, ξ, η, g) induced from the ambient space. The structure tensor ϕ
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M̃n(c). In this paper, we focus on the parallelism of the structure tensor ϕ

of real hypersurfaces in M̃n(c). It is known that there exists no real hypersurface in M̃n(c)
whose the structure tensor ϕ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

∇ξϕ = 0 (ξ-parallelism),(1.1)

∇Xϕ = 0 for ∀X ∈ T 0M (T 0M -parallelism),(1.2)

(∇Xϕ)Y − (∇Y ϕ)X = 0 for ∀X,Y ∈ TM (the Codazzi tensor),(1.3)

where TM is the tangent bundle ofM2n−1 and T 0M is the holomorphic distribution, that is,
T 0M = {X ∈ TM : X ⊥ ξ}. These conditions are simple generalizations of the parallelism
of the structure tensor ϕ. In particular, Conditions (1.1) and (1.2) give characterizations of

Hopf hypersurfaces and ruled real hypersurfaces in M̃n(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):

(1.4) div ϕ = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by α/(2n− 1),
where α = g(Aξ, ξ) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M̃n(c):
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(3) There does not exist a real hypersurface M2n−1 in M̃n(c) satisfying the condition
(∇Xϕ)Y = (∇Y ϕ)X for any vectors X and Y on M2n−1.

Proof. (1) Suppose that M2n−1 has condition ∇ξϕ = 0. By (2.2), we have

(3.1) (∇ξϕ)X = η(X)Aξ − g(Aξ,X)ξ = 0.

for any vector X ∈ TM . Putting X = ξ in (3.1), then we get Aξ = g(Aξ, ξ)ξ. Hence M2n−1

is a Hopf hypersurface in M̃n(c). Obviously, the converse holds.
(2) Suppose that M2n−1 has the condition (∇Xϕ)Y = 0 for any vector X ∈ T 0M and

Y ∈ TM . By (2.2), we get g(AX, Y ) = 0 for any vectors X,Y ∈ T 0M . From Lemma 2,

M2n−1 is a ruled real hypersurface in M̃n(c).
(3) Suppose that M2n−1 satisfies the condition (∇Xϕ)Y = (∇Y ϕ)X for any vectors

X,Y ∈ TM . By (2.2), we have

(3.2) η(Y )AX = η(X)AY

for any vectors X,Y ∈ TM .
Now we suppose that M2n−1 is a non-Hopf hypersurface in M̃n(c). Then the shape

operator A forms Aξ = αξ+βU , where the function β ̸= 0 and a unit vector U is orthogonal
to the characteristic vector field ξ. We put X ⊥ ξ and Y = ξ in (3.2). Then we have AX = 0
for any vector X ∈ T 0M . Hence we can see

0 = g(AU, ξ) = g(U,Aξ) = β,

which is a contradiction.
Next we suppose that M2n−1 is a Hopf hypersurface (with Aξ = αξ) in M̃n(c). We take

a unit tangent vector field V (⊥ ξ) such that AV = λV . By using the equation (3.2), we
have η(Y )AV = 0. Putting Y = ξ in this equation, we can see that AV = λV = 0. This
implies that

(3.3) λ = 0.

Setting X = ϕV and Y = ξ in (3.2), we get AϕV = 0. From this equation, (3.3) and Lemma
1, we obtain

0 = (2λ− α)AϕV = (αλ+ (c/2))ϕV = (c/2)ϕV ̸= 0,

which is a contradiction.

Remark 1. J. T. Cho studied the condition of transversally Killing of ϕ namely, (∇Xϕ)Y +
(∇Y ϕ)X = 0 for any X,Y ∈ T 0M (for details, see [3]). This condition give the characteri-

zation of ruled real hypersurfaces in M̃n(c).

4 Statements of results Motivated by (3) of the above proposition, we investigate the
divergence of the structure tensor ϕ. If the structure tensor ϕ is a Codazzi tensor, then we
have

(div ϕ)X =
2n−1∑
i=1

g((∇eiϕ)X, ei) =

2n−1∑
i=1

g((∇Xϕ)ei, ei)

= Trace (∇Xϕ) = ∇X(Trace ϕ)

for any tangent vector field X ∈ TM . Note that Trace ϕ = 0, we obtain the condition
div ϕ = 0. Namely, this condition is a generalization of the condition (1.3).

Next we investigate real hypersurfaces in M̃n(c) satisfying div ϕ = 0.
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Theorem 1. Let M2n−1 be a real hypersurface in a nonflat complex space form M̃n(c)(n ≧
2). Then M2n−1 satisfies the condition divϕ = 0 if and only if M2n−1 is locally congruent to
a Hopf hypersurface with constant mean curvature given by α/(2n−1), where α = g(Aξ, ξ).
If M2n−1 has constant principal curvatures then M2n−1 is locally congruent to one of the
following:

(i) A tube of radius r around a totally geodesic CP ℓ(c) (1 ≦ ℓ ≦ n− 2) in CPn(c), where
0 < r < π/

√
c and cot(

√
c r/2) =

√
ℓ/(n− ℓ− 1) ;

(ii) A tube of radius r around a CP 1(c) × CP (n−1)/2(c) in CPn(c), where 0 < r <
π/(2

√
c ), n(≧ 5) is odd and cot(

√
c r/2) = (

√
n− 1 +

√
2 )/

√
n− 3 ;

(iii) A tube of radius r around a complex Grassmann CG2,5 in CPn(c), where 0 < r <
π/(2

√
c ), n = 9 and cot(

√
c r/2) = 1 +

√
2 ;

(iv) A tube of radius r around a Hermitian symmetric space SO(10)/U(5) in CPn(c),

where 0 < r < π/(2
√
c ), n = 15 and cot(

√
c r/2) =

√
5 +

√
21/

√
2.

Proof. Suppose M2n−1 satisfies div ϕ = 0. Then we have

(div ϕ)X =

2n−1∑
i=1

g((∇eiϕ)X, ei)(4.1)

=
2n−1∑
i=1

g(η(X)Aei − g(Aei, X)ξ, ei) (from (2.2))

= η(X)(TraceA)− η(AX) = 0

for any vector X ∈ TM . Hence g(Aξ,X) = 0 for any vector X ∈ T 0M . This implies that

M2n−1 is a Hopf hypersurface in M̃n(c). Putting X = ξ in (4.1), then we have

(4.2) TraceA = α.
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√
cr/2),

0 < r < π/
√
c . From (4.2), we have (2n− 2ℓ− 2)x− 2ℓ(1/x) = 0. This implies

x2 =
ℓ

n− ℓ− 1
.

Since x > 0, we obtain

x =

√
ℓ

n− ℓ− 1
.

Hence we have the case (i) of our theorem.
Let M2n−1 be a real hypersurface of type (B) in CPn(c). We put x = cot(

√
cr/2),

0 < r < π/(2
√
c). From (4.2), we have

1 + x

1− x
− 1− x

1 + x
= 0.
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with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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Abstract. In the theory of real hypersurfaces in a nonflat complex space form,
the behavior of the structure tensor ϕ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ϕ.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ϕ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form M̃n(c) (namely, a complex projective space CPn(c)
of constant holomorphic sectional curvature c > 0 or a complex hyperbolic space CHn(c)
of constant holomorphic sectional curvature c < 0), real hypersurfaces admit the almost
contact metric structure (ϕ, ξ, η, g) induced from the ambient space. The structure tensor ϕ
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M̃n(c). In this paper, we focus on the parallelism of the structure tensor ϕ

of real hypersurfaces in M̃n(c). It is known that there exists no real hypersurface in M̃n(c)
whose the structure tensor ϕ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

∇ξϕ = 0 (ξ-parallelism),(1.1)

∇Xϕ = 0 for ∀X ∈ T 0M (T 0M -parallelism),(1.2)

(∇Xϕ)Y − (∇Y ϕ)X = 0 for ∀X,Y ∈ TM (the Codazzi tensor),(1.3)

where TM is the tangent bundle ofM2n−1 and T 0M is the holomorphic distribution, that is,
T 0M = {X ∈ TM : X ⊥ ξ}. These conditions are simple generalizations of the parallelism
of the structure tensor ϕ. In particular, Conditions (1.1) and (1.2) give characterizations of

Hopf hypersurfaces and ruled real hypersurfaces in M̃n(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):

(1.4) div ϕ = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by α/(2n− 1),
where α = g(Aξ, ξ) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M̃n(c):

2010 Mathematics Subject Classification. Primary 53B25; Secondary 53D15.
Key words and phrases. real hypersurfaces, non-flat complex space forms, almost contact metric struc-

ture, Ricci tensor, homogeneous real hypersurfaces, Hopf hypersurfaces, ruled real hypersurfaces.

7

This means x = 0. However, since x > 1, M2n−1 does not satisfy (4.2).
Let M2n−1 be a real hypersurface of type (C) in CPn(c). We put x = cot(

√
cr/2),

0 < r < π/(2
√
c). From (4.2), we have

2(1 + x)

1− x
− 2(1− x)

1 + x
+ (n− 3)x− (n− 3)

1

x
= 0.

This implies that (n− 3)x4 − 2(n+ 1)x2 + n− 3 = 0. Hence we obtain

x2 =
n+ 1± 2

√
2n− 2

n− 3
.

Since x > 1, we have

x =

√
n− 1 +

√
2√

n− 3
.

Hence we have the case (ii) of our theorem. Similarly, we also obtain the cases (iii) and (iv)
of our theorem.

Next we consider the case of 3-dimensional real hypersurfaces in M̃2(c).

Theorem 2. There does not exist a real hypersurface M3 in M̃2(c) satisfying the condition

div ϕ = 0 in M̃2(c).

Proof. We suppose that M3 satisfies the condition divϕ = 0. By Theorem 1, M3 is locally
congruent to a Hopf hypersurface (with Aξ = αξ) in M̃2(c) and M3 fulfills Trace A = α.
We take a unit tangent vector field V (⊥ ξ) such that AV = λV . When (2λ− α)(p) ̸= 0 at
some point p ∈ M2n−1, there exists a neighborhood U of p such that 2λ− α ̸= 0 on U . By
using Lemma 1, we have

λ+
αλ+ (c/2)

2λ− α
= 0.

This equation implies that λ is locally constant.
Next we consider the case 2λ − α = 0 at q ∈ M3. Then there exists a neighborhood

V of the point q such that 2λ − α = 0 on V. Indeed, we suppose that there exists no
neighborhood V of q such that 2λ− α = 0 on V. Then there exists a sequence {qn} on M3

such that
lim
n→∞

qn = q and (2λ− α)(qn) ̸= 0 for each n.

The above discussion in the case (2λ−α)(p) ̸= 0 implies that the continuous function 2λ−α is
constant on some small neighborhood Vqn of qn for each n. Then we have (2λ− α)(q) ̸= 0,
which is a contradiction. Hence there exists a neighborhood V of the point q such that
2λ−α = 0 on V. Thus the function λ is locally constant. Therefore M3 is locally congruent
to a Hopf hypersurface with constant principal curvatures. We know that M3 is one of the
real hypersurfaces of types (A1), (A2) or (B) in M̃2(c). However these real hypersurfaces
do not satisfy the condition Trace A = α (see the table in Section 2). Therefore we obtain
the non-existence of real hypersurfaces M3 satisfying the condition div ϕ = 0.

5 Applications of the discussion in Theorem 1 As a immediate consequence of
Theorem 1, if both of the divergence of the structure tensor ϕ and the principal curvature
α corresponding to the principal vector ξ vanish identically, then M2n−1 is a minimal
Hopf hypersurface in M̃n(c). However the converse does not hold. Indeed, a minimal real
hypersurface of type (A1) in CPn(c) does not satisfy two conditions div ϕ = 0 and α = 0.
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This equation implies that λ is locally constant.
Next we consider the case 2λ − α = 0 at q ∈ M3. Then there exists a neighborhood

V of the point q such that 2λ − α = 0 on V. Indeed, we suppose that there exists no
neighborhood V of q such that 2λ− α = 0 on V. Then there exists a sequence {qn} on M3

such that
lim
n→∞

qn = q and (2λ− α)(qn) ̸= 0 for each n.

The above discussion in the case (2λ−α)(p) ̸= 0 implies that the continuous function 2λ−α is
constant on some small neighborhood Vqn of qn for each n. Then we have (2λ− α)(q) ̸= 0,
which is a contradiction. Hence there exists a neighborhood V of the point q such that
2λ−α = 0 on V. Thus the function λ is locally constant. Therefore M3 is locally congruent
to a Hopf hypersurface with constant principal curvatures. We know that M3 is one of the
real hypersurfaces of types (A1), (A2) or (B) in M̃2(c). However these real hypersurfaces
do not satisfy the condition Trace A = α (see the table in Section 2). Therefore we obtain
the non-existence of real hypersurfaces M3 satisfying the condition div ϕ = 0.

5 Applications of the discussion in Theorem 1 As a immediate consequence of
Theorem 1, if both of the divergence of the structure tensor ϕ and the principal curvature
α corresponding to the principal vector ξ vanish identically, then M2n−1 is a minimal
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In this section, we first characterize the class of minimal Hopf hypersurfaces in M̃n(c) by
the modification of the condition (1.4). This is an application of the discussion in Theorem
1.

Proposition 2. Let M2n−1 be a real hypersurface in M̃n(c) (n ≧ 2). Then M2n−1 is

locally congruent to a minimal Hopf hypersurface in M̃n(c) if and only if M2n−1 satisfies
the condition

(5.1) (div ϕ)X = −αη(X)

for any vector X ∈ TM .

Proof. Suppose that M2n−1 satisfies the condition (5.1). By the calculation (4.1), we have

(5.2) η(X)(TraceA)− η(AX) = −αη(X)

for any X ∈ TM . This means that g(Aξ,X) = 0 for any X ∈ T 0M . Hence M2n−1 is a

Hopf hypersurface in M̃n(c). Putting X = ξ in (5.2) we get Trace A = 0. So we can see

that M2n−1 is a minimal Hopf hypersurface in M̃n(c). Clearly, the converse holds by the
calculation (4.1).

Remark 2. By a direct calculation, real hypersurfaces of types (A1), (A2), (B), (C), (D)
and (E) in CPn(c) whose radius r satisfies the following table are known as minimal Hopf

hypersurfaces with constant principal curvatures in M̃n(c).

(A1) (A2) (B) (C) (D) (E)

cot
√
cr
2

1√
2n−1

√
(2ℓ+1)

(2n−2ℓ−1)

√
n+

√
n− 1

√
n+

√
2√

n−2

√
5

√
15+

√
6

3

B. Y. Chen studied the maximal Ricci curvature of real hypersurfaces M2n−1 in CHn(c)
(see [2]). Now we denote by Ric the maximal Ricci curvature function on M2n−1, namely

Ric(p) = Max{S(X,X) : X ∈ TpM
2n−1, ∥X∥ = 1}, p ∈ M2n−1,

where S is the Ricci tensor of M2n−1. In [2], he showed that every real hypersurface in
CHn(c) satisfies the following inequality:

(5.3) Ric ≦ 1

4
(TraceA)2 +

c

2
(n− 1).

In particular, we can characterize real hypersurfaces which satisfy the equality case of (5.3).

Proposition 3. Let M2n−1 be a real hypersurface in CHn(c) (n ≧ 2). Then the following
three conditions are mutually equivalent:

(1) M2n−1 satisfies the condition (div ϕ)X = η(AX) for any tangent vector field X on
M2n−1;

(2) M2n−1 satisfies the condition Ric = (1/4)(TraceA)2 + (c/2)(n− 1);

(3) M2n−1 is locally congruent to a Hopf hypersurface with constant mean curvature is
given 2α/(2n− 1).

Proof. (2) ⇔ (3). See [2].
(1) ⇔ (3). We can prove it by using the same discussion of Theorem 1.

A BEHAVIOR OF THE STRUCTURE TENSOR ON REAL HYPERSURFACES IN A
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Table 1: Cellular automaton rule 90

state 111 110 101 100 011 010 001 000
future state 0 1 0 1 1 0 1 0

with a non-infected person. Therefore, we need to define a rule how a disease
is spread in human society or some graphs.

In 1D cellular automata, there are 256 rules in total, and many rules have
been studied in [5, 10, 13]. This manuscript focuses on rule 90 which has known
as a generator of Sierpinski triangle [6, 12] (see Table 1). In the top of Table 1,
we have three consecutive cells (state) at time t. The center of the three becomes
0 or 1 at future time t+1 (future state) according to the neighbor cells. We can
interpret the state 101 at time t and the center cell 0 stays 0 at the future state as
follows; when two infected people around a non-infected person, the non-infected
person pays an attention of a disease carefully for not getting infected. This rule
is named rule 90 because 0∗27+1∗26+0∗25+1∗24+1∗23+0∗22+1∗21+0∗20 = 90.

We prepare an initial configuration which consists of cells in cycle graphs
and observe how the initial configuration evolves with respect to time according
to rule 90. This manuscript first shows that any initial configurations become
a null configuration which consists of “dead” cells with a time period of t,
t ≤ 2k−1. In real life applications, it is important to know the time period until
all people get cured from some disease. However, we often have some difficulty
of predicting the behavior of configuration in general cellular automata because
the evolution of configurations often acts “randomly” or “repeatedly” [12]. That
is because an initial configuration with a small number of “live” cells does not
usually mean that it becomes a null space quickly. Therefore, we detect a set of
initial configurations which become the null configuration with a time period of
t, where t = 2k−1, t ≤ 2k−2, etc. The objective of this manuscript is to estimate
an upper bound of a time period of a given initial configuration until the null
configuration without any simulations.

The remainder of this manuscript is organized as follows. First in Section 2,
we introduce cycle graphs and show any initial configuration becomes a null
configuration with a time period of some finite number. In Section 3, we de-
tect a set of initial configurations which becomes a null configuration with a
time period of t, t = 2k−1, t ≤ 2k−2. In Section 4, we give simulations with
some instances following our theorems. Finally, the manuscript is concluded in
Section 5.

2 Cycle graphs
We let Cn be a cycle graph consisting n vertices (cells) and n edges. We let
a vector of n consecutive cells in the cycle graph B = [b0, . . . , bn−1], where a
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the behavior of the structure tensor ϕ is significant. In this paper, we investigate
generalizations of the parallelism of the structure tensor ϕ.

1 Introduction Contact Riemannian geometry is one of the active field in Riemannian
geometry. In particular, it is known that cosymplectic manifolds, Sasakian manifolds and
Kenmotsu manifolds are characterized by using a behavior of the structure tensor ϕ on
contact Riemannian manifolds (see [1]).

In a nonflat complex space form M̃n(c) (namely, a complex projective space CPn(c)
of constant holomorphic sectional curvature c > 0 or a complex hyperbolic space CHn(c)
of constant holomorphic sectional curvature c < 0), real hypersurfaces admit the almost
contact metric structure (ϕ, ξ, η, g) induced from the ambient space. The structure tensor ϕ
plays an important role not only contact Riemannian geometry but also the theory of real
hypersurfaces in M̃n(c). In this paper, we focus on the parallelism of the structure tensor ϕ

of real hypersurfaces in M̃n(c). It is known that there exists no real hypersurface in M̃n(c)
whose the structure tensor ϕ is parallel (see [4]).

The purpose of this paper is to generalize this fact and to investigate such real hyper-
surfaces. We first study the following three conditions:

∇ξϕ = 0 (ξ-parallelism),(1.1)

∇Xϕ = 0 for ∀X ∈ T 0M (T 0M -parallelism),(1.2)

(∇Xϕ)Y − (∇Y ϕ)X = 0 for ∀X,Y ∈ TM (the Codazzi tensor),(1.3)

where TM is the tangent bundle ofM2n−1 and T 0M is the holomorphic distribution, that is,
T 0M = {X ∈ TM : X ⊥ ξ}. These conditions are simple generalizations of the parallelism
of the structure tensor ϕ. In particular, Conditions (1.1) and (1.2) give characterizations of

Hopf hypersurfaces and ruled real hypersurfaces in M̃n(c), respectively. These classes of real
hypersurfaces are significant examples. On the other hand, there exists no real hypersurface
satisfying Condition (1.3). So, it is natural to consider generalizations of Condition (1.3).

Secondly, we study the following condition which is a certain generalization of (1.3):

(1.4) div ϕ = 0.

This condition is inspired by Sharma’s work (see [6]). By Condition (1.4), we obtain a
characterization of Hopf hypersurfaces with constant mean curvature given by α/(2n− 1),
where α = g(Aξ, ξ) (Theorem 1).

Finally, we give applications of the discussion of Theorem 1. To do this, we focus on the
following two classes of real hypersurfaces in M̃n(c):
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to

2010 Mathematics Subject Classification. Primary 37M10; Secondary 62M10.
Key words and phrases. Asymptotic Chi-square distribution, CHARN model, Constrained maximum

likelihood estimator, Nonlinear Granger causality, Portmanteau test.

CAUSALITY FOR CHARN MODELS  

Xiaoling Dou

Received April 26,2021 ; revised May 26,2021

CAUSALITY FOR CHARN MODELS

59



CAUSALITY FOR CHARN MODELS

Scientiae Mathematicae Japonicae 1

Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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testing causality relationships between temperature and crime data, as well as air pollution
and human influenza data ([5]). Moreover, Akashi et al [1] proposed a new likelihood ratio
based Portmanteau test which is applicable in more general situations. They also showed
application examples for linear models.

Ideas for test of nonlinearity are also available. For example, Tsay [20] generalized
Keenan’s ([11]) Tukey nonadditivity-type test, improved its power, and proposed a test for
concurrent nonlinearity as a diagnostic tool to examine the linearity assumption of time
series models. Castle and Hendry [3] provided a Portmanteau test based on polynomial
and exponential functions. It focuses on the nonlinearity in the conditional mean. Chen et
al [6] proposed a hysteretic vector autoregressive (HVAR) model to test nonlinear Granger
causality between two target time series and using posterior odds ratios for multiple testing.

To investigate Granger causality for nonlinear time series models, we consider a more
flexible model, the conditional heteroscedastic autoregressive nonlinear (CHARN) model,
where both the conditional mean and the residual are functions of the past. The CHARN
model was introduced by [9] for financial data analysis. Because of its non-normality, non-
linearity and the blindingly general form, it has come into use in various fields of time series
([10], [19]).

We are interested in whether the Portmanteau test proposed by [1] can be used to
detect the Granger causality for the CHARN model. In this paper, we examine nonlinear
causality with this method. To show the feasibility and the performance of the method, we
provide an example with the calculation of the test statistic for a specified CHARN model
and conduct a simulation to confirm its capability for different sample sizes and different
parameter settings of the CHARN model. We also demonstrate that the Portmanteau test
can be used in practice if the the normality of the residuals of the CHARN model is satisfied.

The paper is organized as follows. Section 2 sets up the high dimensional stochastic
process of the CHARN model, provides assumptions for stationarity of the process and
requirements for the asymptotic optimal estimation theory of the parameters in the model,
and formulates the nonlinear Portmanteau test for the CHARN model. Section 3 discusses
the asymptotic distribution of the Portmanteau test and calculates the test statistic for a
given CHARN model. In Section 4, we investigate the performance of the test by simulation.
Finally, in Section 5, supposing that data follow CHARN models, we test whether the
infection number of COVID-19 in Tokyo Granger causes the infection numbers in two of
surrounding prefectures of Tokyo in Japan.

2 Assumptions and the Portmanteau Test Let

X(t) =

(
X1(t)
X2(t)

)
=




X1,1(t)
...

X1,m1(t)
X2,1(t)

...
X2,m2

(t)




(1)

be a (m1 +m2 =)m-dimensional stochastic process generated by

X(t) = Fθ{X(t− 1), . . . ,X(t− p)}+Hθ{X(t− 1), . . . ,X(t− q)} U(t),(2)

where Fθ : Rmp → Rm is a vector-valued measurable function, Hθ : Rmq → Rm×m is a
positive definite matrix-valued measurable function, and U(t) = (U1(t),U2(t))

′ combining
an m1-vector U1(t) and an m2-vector U2(t), is a sequence of m i.i.d. random variables

3

with E{U(t)} = 0, E|U(t)| < ∞, and U(t) is independent of {X(s), s < t}. Here,
θ = (θ1, . . . , θr)

′ ∈ Θ ⊂ Rr is a vector of unknown parameters.
We write x = (x11, . . . , x1m, x21, . . . , x2m, . . . , xp1, . . . , xpm)′ as an (mp)-vector, and u =

(u1,u2)
′ = (u1, u2, . . . , um1

, um1+1, . . . , um2)
′ an m-vector. From now on, without loss of

generality, we assume p = q and make the following assumptions.

Assumption 1 ([13]) (A.1) U(t) has a probability density p(u) > 0 on Rm.

(A.2) There exist constants aij ≥ 0, bij ≥ 0, 1 ≤ i ≤ p, 1 ≤ j ≤ m, such that as |x| → ∞,

|Fθ(x)| ≤
p∑

i=1

m∑
j=1

aij |xij |+ o(|x|),

|Hθ(x)| ≤
p∑

i=1

m∑
j=1

bij |xij |+ o(|x|),

where |A| denotes the sum of the absolute values of all entries of A.

(A.3) Hθ(x) is continuous and symmetric on Rmp, and there exists a positive constant λ
such that

λm{Hθ(x)} ≥ λ for all x ∈ Rmp,

where λm{(·)} is the minimum eigenvalue of (·).

(A.4)

max
1≤j≤m

{
p∑

i=1

aij + E|U(t)|
p∑

i=1

bij

}
< 1.

Assumption 1 guarantees that {Xt} is strictly stationary.

Assumption 2 ([18]) (B.1)

Eθ||Fθ(X(t− 1), . . . ,X(t− p))||2 < ∞,

Eθ||Hθ(X(t− 1), . . . ,X(t− p))||2 < ∞, for all θ ∈ Θ,

where ||A|| indicates the Euclidian norm of a vector A or a matrix A.

(B.2) There exists c > 0 such that

c ≤ ||H−1/2

θ′ (x)Hθ(x)H
−1/2

θ′ (x)|| < ∞,

for all θ,θ′ ∈ Θ, and for all x ∈ Rmp.

(B.3) Hθ and Fθ are continuously differentiable with respect to θ, and their derivatives
∂jHθ and ∂jFθ (∂j = ∂/∂θj), j = 1, . . . , r, satisfy the condition that there exist
square-integrable functions Aj and Bj such that ||∂jHθ|| ≤ Aj, and ||∂jFθ|| ≤ Bj

(j = 1, . . . , r), for all θ ∈ Θ.

(B.4) Density p(·) satisfies

lim
||u||→∞

||u||p(u) = 0 and

∫
uu′p(u)du = Im,

where Im is the m×m identity matrix.
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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(B.5) The continuous derivative Dp = Dp(u) ≡
(

d
du1

p(u), . . . , d
dum

p(u)
)′

exists on Rm

and
∫

||p−1Dp||4p(u)du < ∞,

∫
||u||2||p−1Dp||2p(u)du < ∞.

Assumption 2 is necessary in construction of the asymptotic optimal estimation theory for
θ.

For given time series data in (1), to consider the Granger causality from X2(t) to
X1(t), we focus on the prediction of X1(t), t = 1, . . . , n. Similar to (2), assume that X1(t)
is observed from the following CHARN model

X1(t) = F
1,θ{X(t− 1), . . . ,X(t− p)}+H

1,θ{X(t− 1), . . . ,X(t− q)} U1(t),(3)

where θ is a vector of unknown parameters, F 1,θ : Rmp → Rm1 is a vector-valued mea-

surable function, H
1,θ : Rmq → Rm1×m1 is a positive definite matrix-valued measurable

function, and the model satisfies Assumptions 1 and 2 for U1(t), F
1,θ and H

1,θ instead

of U(t), Fθ and Hθ, respectively.
Suppose that the dynamic part of (3) can be expressed as

F
1,θ = F

1,θ1,θ2
{X(t− 1), . . . ,X(t− p)}

= F
1,θ1

{X1(t− 1), . . . ,X1(t− p)}+ θ∗
r1+1X2(t− 1) + . . .+ θ∗

r1+r
′
1
X2(t− p)

+

p∑
ℓ=1

exp

{
−1

2
tr{X1(t− ℓ)X1(t− ℓ)′}

}
θ∗
r1+r

′
1+ℓ

X2(t− ℓ),(4)

where F 1,θ is the prediction of X1(t) using information of both X1(t− ℓ) and X2(t− ℓ),

F
1,θ1

is the prediction of X1(t) with only information of X1(t − ℓ), for ℓ = 1, . . . , p, and

the subscript of θ∗
r1+r

′
1+ℓ

changes from (r1 + r′1 + 1) to (r1 + r′1 + p) = (r1 + r2).

In the vector of the unknown parameters

θ = (vec(θ1),θ2)
′
=

(
vec(θ1), vec(θ

∗
r1+1), · · · , vec(θ

∗
r1+r

′
1
), · · · , vec(θ∗

r1+r2)
)′

,

θ1 is an m1 × r1 matrix in function F
1,θ1

of X1(t − ℓ); θ∗
r1+1, . . ., θ

∗
r1+r

′
1
, . . . , and θ∗

r1+r2

are m1 ×m2 matrices for terms containing X2(t− ℓ), ℓ = 1, . . . , p.
Then the prediction error of X1(t) by F

1,θ1
becomes

P1 = E[tr{(X1(t)− F
1,θ1

)(X1(t)− F
1,θ1

)′}]

and that by F 1,θ is

P2 = E[tr{(X1(t)− F
1,θ)(X1(t)− F

1,θ)
′}].

Letting V ≡ P1 − P2, we can introduce a nonlinear causality from {X2(t)} to {X1(t)}
by V , i.e., if V = 0, then we say that {X2(t)} does not cause {X1(t)} in our CHARN
setting (for short, X2(t) ↛ X1(t)). We can understand that X2(t) ↛ X1(t) is grasped by
the testing problem:

H : θ2 = 0, v.s. A : θ2 ̸= 0.(5)

5

Let X(1), . . . ,X(n) be an observed stretch from (2), and let

ℓ(θ1,θ2) = log{likelihood function based on X(1), . . . ,X(n)}

=
n∑

t=p

log
[
p{H−1

θ (X(t)− Fθ)}{detHθ}
−1

]
.

In what follows we deal with the following marginal log-likelihood function:

ℓ1(θ1,θ2) =

n∑
t=p

log

[
p1

{
H−1

1,θ

(
X1(t)− F

1,θ

)}(
detH

1,θ

)−1
]
,(6)

where p1(·) is the marginal pdf of U1(t).
Define

θ̂1 = arg max
θ1

ℓ1(θ1,0), θ̂2 = arg max
θ2

ℓ1(θ̂1,θ2).

For the problem of testing (5), we introduce the following test of Portmanteau type:

PT = 2[ℓ1(θ̂1, θ̂2)− ℓ1(θ̂1,0)].(7)

The Fisher information matrix for the general model is given by

F(θ) ≡ lim
n→∞

1

n
E

[
∂

∂θ
ℓ1(θ)

∂

∂θ′ ℓ1(θ)

]

=

[
F 11 F 12

F 21 F 22

]
, (say).

The following two lemmas follow from [1].

Lemma 1 Under H,

PT = N ′
R2

F
1/2
22·1F

−1
22 F

1/2
22·1NR2

+ op(1),

where NR2
is the R2(= m1m2r2)-dimensional standard normal random vector, and F 22·1 =

F 22 − F 21F
−1
11 F 12.

Lemma 2 (i) Let R1 = m1r1. If R1 < R2, F 22 = IR2 and F 21F
−1
11 F 12 is idempotent

with rank r̄, then

PT
d−−→ χ2

R2−r̄ under H.

(ii) If F 22 ̸= IR2
and F 12 = 0, then

PT
d−−→ χ2

R2
under H.

3 Asymptotic Distribution of Portmanteau Test In this section, we describe the
χ2-asymptotics of the Portmanteau test PT for the simplest case of (1), wherem1 = m2 = 1,
that is, X(t) = (X1(t), X2(t))

′.
Let

Z(t) =

(
X2(t− 1), . . . , X2(t− p), exp

(
−1

2
X1(t− 1)2

)
X2(t− 1), . . . ,

exp

(
−1

2
X1(t− p)2

)
X2(t− p)

)′

,
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F(θ) ≡ lim
n→∞

1

n
E

[
∂

∂θ
ℓ1(θ)

∂

∂θ′ ℓ1(θ)

]

=

[
F 11 F 12

F 21 F 22

]
, (say).

The following two lemmas follow from [1].

Lemma 1 Under H,

PT = N ′
R2

F
1/2
22·1F

−1
22 F

1/2
22·1NR2

+ op(1),

where NR2
is the R2(= m1m2r2)-dimensional standard normal random vector, and F 22·1 =

F 22 − F 21F
−1
11 F 12.

Lemma 2 (i) Let R1 = m1r1. If R1 < R2, F 22 = IR2 and F 21F
−1
11 F 12 is idempotent

with rank r̄, then

PT
d−−→ χ2

R2−r̄ under H.

(ii) If F 22 ̸= IR2
and F 12 = 0, then

PT
d−−→ χ2

R2
under H.

3 Asymptotic Distribution of Portmanteau Test In this section, we describe the
χ2-asymptotics of the Portmanteau test PT for the simplest case of (1), wherem1 = m2 = 1,
that is, X(t) = (X1(t), X2(t))

′.
Let

Z(t) =

(
X2(t− 1), . . . , X2(t− p), exp

(
−1

2
X1(t− 1)2

)
X2(t− 1), . . . ,

exp

(
−1

2
X1(t− p)2

)
X2(t− p)

)′

,
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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whose dimension is r2. Then we can write F
1,θ of (4) as

F
1,θ = F

1,θ1,θ2
{X(t− 1), . . . ,X(t− p)}

= F
1,θ1

{X1(t− 1), . . . , X1(t− p)}+ θ′
2Z(t),

where θ1 and θ2 are r1 and r2-vectors, respectively.
If p1(·) is Gaussian, it is not difficult to show

F 12 = lim
n→∞

−1

n
E

[
∂2

∂θ1∂θ
′
2

ℓ1(θ)

]
= 0.

Then we have

Proposition 1 If p1(·) is a Gaussian probability density, under H,

PT
d−→ χ2

(r2)
.

Example 1. In (4), let

F 1,θ = θ1X1(t− 1) + θ2 exp

(
−1

2
X1(t− 1)2

)
+ θ3X2(t− 1) + θ4 exp

(
−1

2
X1(t− 1)2

)
X2(t− 1)

= Y ′(t− 1)θ,

where

Y (t− 1) := (Y1(t− 1), Y2(t− 1), Y3(t− 1), Y4(t− 1))′

(8)

:=

(
X1(t− 1), exp

(
−1

2
X1(t− 1)2

)
, X2(t− 1), exp

(
−1

2
X1(t− 1)2

)
X2(t− 1)

)′

,

and θ = (θ1, θ2, θ3, θ4)
′. In (6), letH

1,θ =
√

0.1 + εX1(t− 1)2 + δX2(t− 1)2 =:
√

W (t− 1),
where ε and δ are small positive values providing minor effects on the residual part of the
CHARN model. Assume that p1(·) is the pdf of N(0, 1). We see that θ1 = (θ1, θ2)

′,

θ2 = (θ3, θ4)
′, r1 = 2, r2 = 2. Suppose that

∑4
j=1 |θj | < 1. Then we can find PT in the

following way.
Since

p1

{
X1(t)− F

1,θ
H

1,θ

}
× 1

H
1,θ

=
1√

2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
exp



−

(
X1(t)− F

1,θ

)2

2
(
H

1,θ

)2




=
1√

2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2}

exp

(
−
[X1(t)− θ1X1(t− 1)− θ2 exp{− 1

2
X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1

2
X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}

)
,

and

log

[
p1

{
X1(t)− F

1,θ
H

1,θ

}
× 1

H
1,θ

]

= −1

2
log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
[X1(t)− θ1X1(t− 1)− θ2 exp{− 1

2X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1
2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
,

7

Equ. (6) becomes

ℓ1(θ1,θ2) =

n∑
t=2

log

[
p1

{
X1(t)− F

1,θ
H

1,θ

}
× 1

H
1,θ

](9)

= −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ1X1(t− 1)− θ2 exp{− 1
2X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1

2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Under the null hypothesis H, the log-likelihood function becomes

ℓ1(θ1,0) = −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ1X1(t− 1)− θ2 exp{− 1
2X1(t− 1)2}]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Setting ∂ℓ1/∂θi = 0, i ∈ {1, 2}, with notations Y1(t − 1), Y2(t − 1) and W (t − 1), we see
that (∑n

t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)(
θ1
θ2

)

=

(∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)
θ1

=

(∑n
t=2 {X1(t)Y1(t− 1)} /W (t− 1)∑n
t=2 {X1(t)Y2(t− 1)} /W (t− 1)

)

and obtain

θ̂1 =

(∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)−1 (∑n
t=2 {X1(t)Y1(t− 1)} /W (t− 1)∑n
t=2 {X1(t)Y2(t− 1)} /W (t− 1)

)
.

Substitute θ̂1 = (θ̂1, θ̂2)
′ into Equ. (9) and let Y0(t) := X1(t)−θ̂1X1(t−1)−θ̂2 exp{− 1

2X1(t−
1)2}, t = 2, 3, . . ., we maximize

ℓ1(θ̂1,θ2) = −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ̂1X1(t− 1)− θ̂2 exp{− 1
2X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1

2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}

=− 1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[Y0(t)− θ3X2(t− 1)− θ4 exp{− 1
2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Set ∂ℓ1/∂θi = 0, i ∈ {3, 4}, we have
(∑n

t=2 [{(Y3(t− 1), Y4(t− 1))Y3(t− 1)} /W (t− 1)]∑n
t=2 [{(Y3(t− 1), Y4(t− 1))Y4(t− 1)} /W (t− 1)]

)(
θ3
θ4

)
=

(∑n
t=2 [Y0(t)Y3(t− 1)/W (t− 1)]∑n
t=2 [Y0(t)Y4(t− 1)/W (t− 1)]

)
,
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Equ. (6) becomes

ℓ1(θ1,θ2) =

n∑
t=2

log

[
p1

{
X1(t)− F

1,θ
H

1,θ

}
× 1

H
1,θ

](9)

= −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ1X1(t− 1)− θ2 exp{− 1
2X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1

2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Under the null hypothesis H, the log-likelihood function becomes

ℓ1(θ1,0) = −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ1X1(t− 1)− θ2 exp{− 1
2X1(t− 1)2}]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Setting ∂ℓ1/∂θi = 0, i ∈ {1, 2}, with notations Y1(t − 1), Y2(t − 1) and W (t − 1), we see
that (∑n

t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)(
θ1
θ2

)

=

(∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)
θ1

=

(∑n
t=2 {X1(t)Y1(t− 1)} /W (t− 1)∑n
t=2 {X1(t)Y2(t− 1)} /W (t− 1)

)

and obtain

θ̂1 =

(∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y1(t− 1)} /W (t− 1)∑n
t=2 {(Y1(t− 1), Y2(t− 1))Y2(t− 1)} /W (t− 1)

)−1 (∑n
t=2 {X1(t)Y1(t− 1)} /W (t− 1)∑n
t=2 {X1(t)Y2(t− 1)} /W (t− 1)

)
.

Substitute θ̂1 = (θ̂1, θ̂2)
′ into Equ. (9) and let Y0(t) := X1(t)−θ̂1X1(t−1)−θ̂2 exp{− 1

2X1(t−
1)2}, t = 2, 3, . . ., we maximize

ℓ1(θ̂1,θ2) = −1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[X1(t)− θ̂1X1(t− 1)− θ̂2 exp{− 1
2X1(t− 1)2} − θ3X2(t− 1)− θ4 exp{− 1

2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}

=− 1

2

n∑
t=2

log(2π × {0.1 + εX1(t− 1)2 + δX2(t− 1)2})

−
n∑

t=2

[Y0(t)− θ3X2(t− 1)− θ4 exp{− 1
2X1(t− 1)2}X2(t− 1)]2

2× {0.1 + εX1(t− 1)2 + δX2(t− 1)2}
.

Set ∂ℓ1/∂θi = 0, i ∈ {3, 4}, we have
(∑n

t=2 [{(Y3(t− 1), Y4(t− 1))Y3(t− 1)} /W (t− 1)]∑n
t=2 [{(Y3(t− 1), Y4(t− 1))Y4(t− 1)} /W (t− 1)]

)(
θ3
θ4

)
=

(∑n
t=2 [Y0(t)Y3(t− 1)/W (t− 1)]∑n
t=2 [Y0(t)Y4(t− 1)/W (t− 1)]

)
,
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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then θ2 can be estimated as follows

θ̂2 =

(
θ̂3
θ̂4

)

=

(∑n
t=2 [{(Y3(t− 1), Y4(t− 1))Y3(t− 1)} /W (t− 1)]∑n
t=2 [{(Y3(t− 1), Y4(t− 1))Y4(t− 1)} /W (t− 1)]

)−1 (∑n
t=2 [Y0(t)Y3(t− 1)/W (t− 1)]∑n
t=2 [Y0(t)Y4(t− 1)/W (t− 1)]

)
.

By substituting the obtained estimates θ̂1 and θ̂2 into (7), we then can calculate the

Portmanteau test statistic PT . That is, with Y0(t) = X1(t)− (Y1(t− 1), Y2(t− 1)) θ̂1,

PT = −
n∑

t=2

log(2πW (t− 1))− 2

2

n∑
t=2

{
Y0(t)− (Y3(t− 1), Y4(t− 1)) θ̂2

}2

W (t− 1)

+
n∑

t=2

log(2πW (t− 1)) +
2

2

n∑
t=2

Y 2
0 (t)

W (t− 1)

=

n∑
t=2

Y 2
0 (t)

W (t− 1)
−

n∑
t=2

{
Y0(t)− (Y3(t− 1), Y4(t− 1)) θ̂2

}2

W (t− 1)
.

4 Simulation Study To evaluate the availability of the Portmanteau test for Granger
causality, we carry out the following simulation. We generate data from the two dimensional
stochastic process below in which X2(t) is AR(1) and X1(t) is a CHARN model:

X(t) =

(
X1(t)
X2(t)

)
=

(
Y ′(t− 1)θ +

√
0.1 + εX1(t− 1)2 + δX2(t− 1)2 U1(t)
θ21X2(t− 1) + U2(t)

)
,

where Y (t− 1) is defined in (8), θ = (θ11, θ12, θ13, θ14)
′, and Ui, i = 1, 2 are i.i.d. N(0, 1).

For eight models, the parameters are set as in the table below. We generate data for each
model with three different lengths, n = 50, 300, 1000. For each model and each length, 3000
replications are made. We then test the non-linear causality H0 : θ13 = θ14 = 0, and
calculate the empirical rejection ratios for each situation. The last three columns in Table 1
present the empirical rejection ratios of non-causality X2(t) ↛ X1(t). Nominal significance
level is 0.05.

Table 1: Empirical rejection ratio of the null hypothesis of non-causality for eight models

Model ε δ θ θ21 n = 50 n = 300 n = 1000

i 0 0 (0.1, 0, 0, 0)′ 0.2 0.035 0.049 0.048
ii 0.01 0 (0.1, 0, 0, 0)′ 0.2 0.036 0.043 0.049
iii 0.01 0.01 (0.1, 0, 0, 0)′ 0.2 0.036 0.045 0.055
iv 0.01 0.05 (0.1, 0, 0, 0)′ 0.2 0.041 0.051 0.055

v 0.01 0 (0.1, 0, 0.1, 0)′ 0.2 0.462 0.999 1.000
vi 0.01 0.01 (0.1, 0, 0.1, 0)′ 0.2 0.362 0.995 1.000
vii 0.01 0.01 (0.1, 0.1, 0.1, 0)′ 0.2 0.376 0.996 1.000
viii 0.01 0.01 (0.1, 0.1, 0.1, 0.1)′ 0.2 0.916 1.000 1.000

From this result, we see that when the sample size is large or moderately large, the
Portmanteau test works well, although there is a need to improve the power when the

9

sample size is small. When there is no Granger causality (Models i – iv), the empirical
rejection ratio is close to the significance level; when the Granger causality exists (Models
v – viii), the empirical rejection ratio is close to one.

5 Data Analysis We examine Granger causality between the numbers of infected people
with COVID-19 in Tokyo and its two neighboring prefectures. The data are taken from the
website of NHK https://www3.nhk.or.jp/news/special/coronavirus/data-widget/

#mokuji1. We focus on the data of Kanagawa Prefecture, Yamanashi Prefecture and the
Tokyo metropolitan area, from January 16 to December 17, 2020. The three time series as
well as their cross-autocorrelation functions (CCFs) are plotted in Figure 1. A clear seven
day period can be seen from the original data and the CCFs.

Since the variance increases substantially when the number of infections grows and there
are clear trends in the sequences, we set the zero values in the data set as 0.5, take logarithm
for all the data and take the first difference to remove the trends. The detrended data and
their CCFs are given in Figure 2. We also plot the autocorrelation functions (ACFs) and
the partial autocorrelation functions (PACFs) for Kanagawa and Yamanashi Prefectures in
Figure 3.

For the detrended data, we test whether the number of infections in Tokyo causes the
numbers of infections in Kanagawa and Yamanashi in the Granger sense. We denote the
detrended time series of Kanagawa, Yamanashi and Tokyo in Figure 2 as {X1(t)}, {X2(t)}
and {X3(t)}, respectively. According to the CCFs of Kanagawa and Tokyo in Figure 2
and the ACFs and PACFs of Kanagawa in Figure 3, we try time lags P = 7, 14, . . . , 20.
We also prepare the nine possible terms in Table 2 for model selection for p = 1, . . . , P .
The use of exp{−0.5(Xi(t − p))2} and exp{−0.5(Xi(t − p))2}Xj(t), i, j ∈ {1, 2, 3}, is due
to Assumption (B.1), and the exponential function can moderate sharp fluctuations in the
time series.

Table 2: Possible terms for model selection

X1(t− p) X2(t− p) X3(t− p)

exp{−0.5(X1(t− p))2} exp{−0.5(X2(t− p))2} exp{−0.5(X3(t− p))2}
exp{−0.5(X1(t− p))2}X2(t) exp{−0.5(X1(t− p))2}X3(t− p) exp{−0.5(X2(t− p))2}X3(t− p)

The data analysis below is carried out in a two-step procedure. We first use AIC to select
models for X1(t) and X2(t), respectively; then for the models containing effects from X3(t),
we do the Portmanteau test to examine the Granger causality. Since the Portmanteau test
requires that the distribution of the residuals under H0 be normal, we also take this into
account in the model selection. That is, the selected model should minimize AIC, and if
there are several models having similar small values of AIC, we choose the model whose
residuals under H0 are closest to the normal distribution.

For Kanagawa Prefecture, the following model with P = 18 is selected.

X1(t) =

P∑
p=1

αpX1(t− p) +

P∑
p=1

βp exp{−0.5(X1(t− p))2}+
P∑

p=1

θp exp{−0.5(X3(t− p))2}+ ε1(t),

(10)

where ε1(t) is assumed normal distributed N(0, σ2
1).
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sample size is small. When there is no Granger causality (Models i – iv), the empirical
rejection ratio is close to the significance level; when the Granger causality exists (Models
v – viii), the empirical rejection ratio is close to one.

5 Data Analysis We examine Granger causality between the numbers of infected people
with COVID-19 in Tokyo and its two neighboring prefectures. The data are taken from the
website of NHK https://www3.nhk.or.jp/news/special/coronavirus/data-widget/

#mokuji1. We focus on the data of Kanagawa Prefecture, Yamanashi Prefecture and the
Tokyo metropolitan area, from January 16 to December 17, 2020. The three time series as
well as their cross-autocorrelation functions (CCFs) are plotted in Figure 1. A clear seven
day period can be seen from the original data and the CCFs.

Since the variance increases substantially when the number of infections grows and there
are clear trends in the sequences, we set the zero values in the data set as 0.5, take logarithm
for all the data and take the first difference to remove the trends. The detrended data and
their CCFs are given in Figure 2. We also plot the autocorrelation functions (ACFs) and
the partial autocorrelation functions (PACFs) for Kanagawa and Yamanashi Prefectures in
Figure 3.

For the detrended data, we test whether the number of infections in Tokyo causes the
numbers of infections in Kanagawa and Yamanashi in the Granger sense. We denote the
detrended time series of Kanagawa, Yamanashi and Tokyo in Figure 2 as {X1(t)}, {X2(t)}
and {X3(t)}, respectively. According to the CCFs of Kanagawa and Tokyo in Figure 2
and the ACFs and PACFs of Kanagawa in Figure 3, we try time lags P = 7, 14, . . . , 20.
We also prepare the nine possible terms in Table 2 for model selection for p = 1, . . . , P .
The use of exp{−0.5(Xi(t − p))2} and exp{−0.5(Xi(t − p))2}Xj(t), i, j ∈ {1, 2, 3}, is due
to Assumption (B.1), and the exponential function can moderate sharp fluctuations in the
time series.

Table 2: Possible terms for model selection

X1(t− p) X2(t− p) X3(t− p)

exp{−0.5(X1(t− p))2} exp{−0.5(X2(t− p))2} exp{−0.5(X3(t− p))2}
exp{−0.5(X1(t− p))2}X2(t) exp{−0.5(X1(t− p))2}X3(t− p) exp{−0.5(X2(t− p))2}X3(t− p)

The data analysis below is carried out in a two-step procedure. We first use AIC to select
models for X1(t) and X2(t), respectively; then for the models containing effects from X3(t),
we do the Portmanteau test to examine the Granger causality. Since the Portmanteau test
requires that the distribution of the residuals under H0 be normal, we also take this into
account in the model selection. That is, the selected model should minimize AIC, and if
there are several models having similar small values of AIC, we choose the model whose
residuals under H0 are closest to the normal distribution.

For Kanagawa Prefecture, the following model with P = 18 is selected.

X1(t) =

P∑
p=1

αpX1(t− p) +

P∑
p=1

βp exp{−0.5(X1(t− p))2}+
P∑

p=1

θp exp{−0.5(X3(t− p))2}+ ε1(t),

(10)

where ε1(t) is assumed normal distributed N(0, σ2
1).
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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Figure 1: Left: Infection numbers of COVID-19 in Kanagawa, Yamanashi and Tokyo; Right:
CCFs of Kanagawa, Yamanashi and Tokyo.
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Figure 2: The detrended time series and their CCFs.
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Figure 2: The detrended time series and their CCFs.
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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Figure 3: The ACFs and PACFs of Kanagawa and Yamanashi Prefectures.

Testing the Granger causality for this model is equivalent to test

H0 : θ1 = · · · = θP = 0.

In the calculation of PT , we first compute α̂ = (α̂1, · · · , α̂P )
′ and β̂ = (β̂1, · · · , β̂P )

′ under

H0, then substitute them into model (10) and find θ̂ = (θ̂1, · · · , θ̂P )′ by maximizing the
log-likelihood function.

The residuals from the model under the hypothesis have mean 0.012, standard deviation
0.546; the residuals obtained from the model under the alternative have mean 0.003, and
standard deviation 0.502. The two sequences of residuals are shown in the first row of
Figure 4. The ACFs and PACFs of the sequences of residuals in the second row of the
figure show that there is almost no correlation in the sequences. Corresponding Q-Q plots
of the standardized residuals are shown in the last row of Figure 4. We see that their
distributions are close to the standard normal distribution.

As the value of the test statistic, PT = 14.514, is smaller than the critical point
χ2
0.95(18) = 28.869, we cannot reject the hypothesis H0 at an α = 0.05 significance level,

and cannot conclude that the number of infections in Kanagawa is Granger caused by the
number of infections in Tokyo.

For Yamanashi Prefecture, we try time lags P ∈ {7, . . . , 20} for the model selection.
From the possible terms given in Table 2 and their linear combinations, AIC selects the
simple AR(P ) model

X2(t) =

P∑
p=1

γpX2(t− p) + ε2(t),(11)

with P = 19. According to the ACFs and PACFs of Yamanashi in Figure 3, we see this
model is suitable, because the ACF tails off and the PACF cuts off after lag 19.
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Figure 4: The left and right panels are the sequences of residuals, their ACFs, PACFs, and
their Q-Q plots under H0 and H1, respectively.
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Figure 4: The left and right panels are the sequences of residuals, their ACFs, PACFs, and
their Q-Q plots under H0 and H1, respectively.
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to
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Figure 5: The sequence of residuals of Yamanashi Prefecture and the ACFs and PACFs.

−4 −2 0 2 4

−
4

−
2

0
2

4

Normal Q−Q Plot

Theoretical Quantiles

S
a

m
p

le
 Q

u
a

n
ti
le

s

Figure 6: Q-Q plot of the standardized residuals of Yamanashi Prefecture.

The residuals of Yamanashi Prefecture obtained from model (11) have mean 0.022 and
standard deviation 0.619. The sequence of the residuals, their ACFs and PACFs are plotted
in Figure 5. This model does not contain any information of X3(t) and we cannot perform
the Portmanteau test. However, since AIC can be used in Granger causality detection by
the selection of the orders of bivariate autoregressive models when the sample size is large
([15]), we can conclude that there is no Granger causality of Tokyo to Yamanashi Prefecture.

For a simultaneous test of the Granger causality from Tokyo to both of the prefectures
of Kanagawa and Yamanashi, a possible solution is to take X1(t) = (X1(t), X2(t))

′ together
as Kanagawa and Yamanashi, and investigate the effect of Tokyo X3(t) to X1(t) using the

15

Portmanteau test. In the multivariate case, we also need a precondition that the distribution
of the residuals under H0 should be a two-dimensional normal distribution. However, the
Q-Q plot of the standardized residuals of X2(t) obtained from (11) in Figure 6 shows a
significant departure from the standard normal distribution. This means that the selected
models (10) and (11) are not able to make the precondition satisfied and the Portmanteau
test cannot be applied directly to this data set. Besides, in our models (10) and (11),
different time lags P are used: P = 18 for X1(t), and P = 19 for X2(t). This results in
different lengths of residuals of the two time series and makes it difficult to construct a
two-dimensional normal distribution. Additionally, because of the different patterns of the
ACFs and PACFs for Kanagawa and Yamanashi Prefectures in Figure 3, it is unlikely to
obtain the same or similar models for X1(t) and X2(t) even if other model selection methods
are used. For these reasons, we decide to cease the simultaneous Granger causality test for
this data set.
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test cannot be applied directly to this data set. Besides, in our models (10) and (11),
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obtain the same or similar models for X1(t) and X2(t) even if other model selection methods
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Abstract. In this study, we consider Granger causality with a highly flexible nonlin-
ear time series model, the conditional heteroscedastic autoregressive nonlinear (CHARN)
model. We show that the causality of the CHARN models can be examined by a
Portmanteau test based on a constrained maximum likelihood estimator of the param-
eters, and the test statistic has an approximate asymptotic Chi-square distribution.
We describe the Chi-square asymptotics of the Portmanteau test for a CHARN model,
provide calculations of the test statistic and investigate the performance of the Port-
manteau test using a simulation. This idea is also illustrated using a real data set.

1 Introduction Causality is a relationship between a cause and an effect. The cause is
considered to occur not later than the effect and it can help in predictions of the effect.
Granger causality, defined by [8], is not necessarily a true causality, but a contributory
factor in prediction. That is, for two random variables, X and Y , Granger causality does
not clarify whether X causes Y , but focuses on whether X forecasts Y .

Granger causality was proposed in a vector autoregressive (VAR) processes, that is,
a linear combination form of random vectors of stationary time series. A standard way
to examine Granger causality is the Wald test for the coefficients of VAR model with a
limiting χ2-distribution ([14]). It tests whether the coefficients of the elements from distinct
sequences in the VAR system are zero or not. Since the asymptotic χ2 distribution is often
a poor approximation when sample size is small, an F -version of the Wald test is often used
instead. The test statistic is obtained by dividing the χ2-statistic by its degrees of freedom,
and is considered from an F -distribution. Likelihood ratio test, the Lagrange multiplier
test ([16]) and the other test methods for Granger causality are discussed and compared in
[7]. These classical tests give pairwise diagnoses for fixed time lag.

For multiple testing, Portmanteau test is popular. It can test overall significance of the
serial correlations over various time lags. Portmanteau test was first proposed by Box and
Pierce [2] for model diagnostics of autoregressive and moving average processes. For an
autoregressive moving average model of order (p, q), ARMA(p, q), the Box and Pierce test

statistic is defined as n
∑h

k=1 r̂
2
k, where n is the sample size, r̂k is the residual empirical

autocorrelation at lag k. For moderately large n and h, the Box-Pierce test statistic is con-
sidered approximately χ2 distributed with degrees of freedom h− p− q. A modified version
of the Box-Pierce test, i.e. Ljung-Box test ([12]), substantially improves the approximation
of the χ2(h− p− q) distribution and is frequently applied in a variety of fields.

Many other modifications have been suggested. Among them, Taniguchi and Amano [17]
pointed out that both the Box-Pierce statistic and the Ljung-Box statistic never converge
to χ2(h− p− q) for finite h. Instead, they proposed a modified Whittle likelihood ratio test
which is asymptotically chi-square distributed for any finite h under ARMA(p, q) models and
Bloomfield’s exponential spectral density assumption. Recently, Chen and Lee [4] developed
a Bayesian procedure for Granger causality test based on the generalized auto-regressive
conditional heteroscedasticity (GARCH) type of integer-valued models and applied it to

2010 Mathematics Subject Classification. Primary 37M10; Secondary 62M10.
Key words and phrases. Asymptotic Chi-square distribution, CHARN model, Constrained maximum

likelihood estimator, Nonlinear Granger causality, Portmanteau test.
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(a) Masatoshi Fujii 
(b) non-public 
(b’) mfujii@cc.osaka-kyoiku.ac.jp  
(c) Operator Theory  

 
(a) Shigeo Akashi 
(b) Department of Information Sciences, Faculty of Science and Technology, Tokyo University of Science, 

2641, Yamazaki, Noda-City, Chiba-Prefecture, 278-8510, Japan 
(b’) akashi@is.noda.tus.ac.jp 
(c) Information Theory, Entropy Analysis, Applied Mathematics, Functional Analysis 
 
(a) Yoshitsugu Kabeya 
(b) Department of Mathematics, Osaka Metropolitan University, 1-1, Gakuencho, Naka-ku,  
   Sakai, Osaka 599-8531, Japan 
(b’) yo.kabeya@omu.ac.jp 
(c) Partial Differential Equations, Ordinary Differential Equations 

(a) Atsushi Yagi 
(b) non-public 
(b’) yagi-atsushi-ch@alumni.osaka-u.ac.jp 
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems  

(a) Yoshimasa Nakamura 
(b) Osaka Seikei University, 3-10-62 Aikawa, Higashiyodogawa-ku, Osaka 533-0007, Japan 
(b)’ nakamura-yo@osaka-seikei.ac.jp 
(c) Integrable Systems, Numerical Linear Algebra, Special Functions 
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(a) Yasumasa Fujisaki
(b) Department of Information and Physical Sciences, Graduate School of Information Science and Technology, 
   Osaka University, 1-5 Yamadaoka, Suita, Osaka 565-0871, Japan 
(b’) fujisaki@ist.osaka-u.ac.jp 
(c) Control Systems Theory 

(a) Naruhiko Aizawa
(b) Department of Physics, Graduate School of Science, Osaka Metropolitan University, Sakai, Osaka 599-8531,Japan 
(b’)aizawa@omu.ac.jp 
(c) Representation theory (Lie groups and algebras and their extensions) 

(a) Hisao Nagao 
(b) non-public 
(b’) nagao.hisao@aqua.plala.or.jp 
(c) Multivariate Analysis, Sequential Analysis, Jackknife Statistics and Bootstrap Method  

(a) Masanobu Taniguchi 
(b) Dept. of Applied Mathematics, School of Fundamental Science & Engineering, Waseda University,  

3-4-1, Okubo, Shinjuku-ku, Tokyo,169-8555, Japan, Tel : 070-7775-9662  
(b’) taniguchi@waseda.jp  
(c) Statistical Inference for Stochastic Processes 

(a) Masao Kondo 
(b) non-public 
(b’) kondo@sci.kagoshima-u.ac.jp  
(c) Time Series Analysis  

(a) Ryusuke Hohzaki 
(b) Tsukuba Gakuin University 3-1 Azuma Tsukuba City, Ibaragi Prefecture,Japan 
(b’) hozaki@tsukuba-g.ac.jp 
(c) Reviewable area: Operations Research, Search theory, Game theory 

(a) Junzo Watada, PhD 
(b) Dr. Junzo Watada, WCICME, 2-10-8-407 Kobai, Yahatanishi, Kitakyushu 806-0011 Japan 
(c) +81-90-3464-4929 
(d) Affiliation 
# invited Research, IPS Research Center, Waseda University 
# Professor Emeritus, Waseda University, Japan 
   http://www.wcicme.com/watada/      
     Mobile:           +81-90-3464-4929
# Research Professor, Zhejiang Gongshang University, China 
# Research Professor, Indian Instutute of Finance, Delhi, India
 

(a) Kensaku Kikuta
(b) School of Business Administration, University of Hyogo, 

 8-2-1  Gakuen-nishi-machi, Nishi-ku, Kobe City 651-2197 JAPAN 
(b’) kikuta@biz.u-hyogo.ac.jp 
(c) Game Theory, Operations Research, 

(a) Wuyi Yue 
(b) Dept. of Intelligence and Informatics, Faculty of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada-ku , Kobe 658-8501, JAPAN  
(b’) yue@konan-u.ac.jp  
(c) Queueing Networks, Performance Analysis and Modeling, Communications Networks, Operations Research, Markov 

Processes, Probabilistic Methods, Systems Engineering  
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(a) Hiroaki Sandoh 
(b) Faculty of Policy Studies Kwansei Gakuin University 1, Gakuen-Uegahara, Sanda-shi, Hyogo 669-1330 Japan  
(b’) sandoh@kwansei.ac.jp
(c) Operations Research and Management Science, Stochastic modeling 

(a) Katsunori Ano 
(b) Department of Mathematical Sciences, Shibaura Institute of Technology, 307 Fukasaku Minuma-ku 
   Saitama-city, 337-8570, Japan 
(b’) k-ano@shibaura-it.ac.jp 
(c) Optimal Stopping, Mathematical Finance, Applied Probability 

(a) Koyu Uematsu
(b) Graduate School of Management and Information Sciense Faculty of Global Business ,Osaka International University  

6-21-57 Tohdacho, Moriguchi-Shi, Osaka,570-8555,Japan 
(b’) uematsu@oiu.jp 
(c) Stochastic Process and its Applications,Reliability Analysis,and Game Theory 

(a) Yoshiki Kinoshita 
(b) Dept. of Information Sciences , Faculty of Science, Kanagawa University, Tsuchiya 2946, Hiratsuka-shi, Kanagawa 

259-1293, Japan 
(b’) yoshiki@kanagawa-u.ac.jp 
(c) Software Science, Programming language semantics  

(a)Tadashi Takahashi 
(b)Department of Intelligence and Informatics, Konan University, 8-9-1 Okamoto, 

Higashinada, Kobe, Hyogo 658-8501, Japan 
(b’) takahasi@konan-u.ac.jp 
(c)Mathematics Education 

(a) Yoko Watamori 
(b) Department of Mathematics, Graduate School of Science, Osaka Metropolitan University, Sakai, Osaka 599-8531,   
Japan  
(b') w318y@omu.ac.jp  
(c) Directional statistics, Multivariate Analysis 

(a) Koichi Osaki 
(b) Department of Mathematical Sciences, School of Science, Kwansei Gakuin University,  
1 Gakuen Uegahara, Sanda, 669-1330, Japan. 
(b') osaki@kwansei.ac.jp 
(c) Nonlinear partial differential equations, Infinite-dimensional dynamical systems

*****************************************************************************************  

Managing Editor 
Koyu Uematsu  (Professor of  Osaka International University) 

International Society for Mathematical Sciences 
   1-5-12-202 Kaorigaoka-cho, Sakai-ku, Sakai-city, 590-0011,Japan 
   uematsu@jams.jp 
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Submission to the SCMJ 
 
In September 2012, the way of submission to Scientiae Mathematicae Japonicae 
(SCMJ) was changed.  Submissions should be sent electronically (in PDF file) to the 
editorial office of International Society for Mathematical Sciences (ISMS).  
 
(1) Preparation of files and Submission 

a. Authors who would like to submit their papers to the SCMJ should make 
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty) 
Submissions should be in PDF file compiled from the source files.  Send the 
PDF file to s1bmt@jams.jp . 

b. Prepare a Submission Form and send it to the ISMS.  The required items to 
be contained in the form are:  

  1. Editor’s name whom the author chooses from the Editorial Board 
(http://www.jams.or.jp/hp/submission_f.html )and would like to take in 
charge of the paper for refereeing.  

2. Title of the paper.   
3. Authors’ names.   
4. Corresponding author’s name, e-mail address and postal address (affiliation).  
5. Membership number in case the author is an ISMS member.   
 
Japanese authors should write 3 and 4 both in English and in Japanese.  
 
At http://www.jams.or.jp/hp/submission_f.html, the author can find the 
Submission Form. Fulfill the Form and sent it to the editorial office by pushing 
the button “transmission”.  Or, without using the Form, the author may send 
an e-mail containing the items 1-5 to s1bmt@jams.jp 

 
(2) Registration of Papers 

When the editorial office receives both a PDF file of a submitted paper and a 
Submission Form, we register the paper.  We inform the author of the 
registration number and the received date.  At the same time, we send the PDF 
file to the editor whom the author chooses in the Submission Form and request 
him/her to begin the process of refereeing. (Authors need not send their papers to 
the editor they choose.) 

 
 
 
 
 
 

1
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(3) Reviewing Process 
a. The editor who receives, from the editorial office, the PDF file and the request 

of starting the reviewing process, he/she will find an appropriate referee for 
the paper.   

b. The referee sends a report to the editor.  When revision of the paper is 
necessary, the editor informs the author of the referee’s opinion. 

c. Based on the referee report, the editor sends his/her decision (acceptance of 
rejection) to the editorial office. 

 
(4) a. Managing Editor of the SCMJ makes the final decision to the paper valuing the  

editor’s decision, and informs it to the author. 
b. When the paper is accepted, we ask the author to send us a source file and 

a PDF file of the final manuscript.  
c. The publication charges for the ISMS members are free if the membership dues 

have been paid without delay. If the authors of the accepted papers are not the 
ISMS members, they should become ISMS members and pay ¥6,000 (US$75, 
Euro55) as the membership dues for a year, or should just pay the same 
amount without becoming the members. 

 
 
 
 

Items required in Submission Form 
1. Editor’s name who the authors wish will take in charge of the paper 
2. Title of the paper 
3. Authors’ names 
3’.  3. in Japanese for Japanese authors 
4. Corresponding author’s name and postal address (affiliation) 
4’.  4. in Japanese for Japanese authors 
5. ISMS membership number 
6. E-mail address   
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Call for ISMS Members 
 

Call for Academic and Institutional Members 
 

Discounted subscription price: When organizations become the Academic and Institutional 
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the 
yearly price of US$225.  At this price, they can add the subscription of the online version upon 
their request.    

 
Invitation of two associate members: We would like to invite two persons from the 

organizations to the associate members with no membership fees. The two persons will enjoy 
almost the same privileges as the individual members.  Although the associate members 
cannot have their own ID Name and Password to read the online version of SCMJ, they can 
read the online version of SCMJ at their organization. 

 
To apply for the Academic and Institutional Member of the ISMS, please use the following 

application form. 
 
----------------------------------------------------------------------------------------------------------- 
 

Application for Academic and Institutional Member of ISMS 
Subscription of SCMJ 

Check one of the two. 

 

□Print               □Print ＋ Online 

(US$225)                 (US$225) 

University (Institution) 

 

 

Department 

 

 

Postal Address 

where SCMJ should be 

sent 

 

E-mail address 

 

 

Person in charge 

Name: 

Signature: 

 

Payment 

Check one of the two. 
□Bank transfer        □Credit Card (Visa, Master) 

Name of Associate Membership 

1.  

 

2.  
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Call for Individual Members 

 
We call for individual members.  The privileges to them and the membership dues are shown 

in “Join ISMS !” on the inside of the back cover. 
 

 
 Items required in Membership Application Form 
   

1. Name 
2. Birth date 
3. Academic background 
4. Affiliation 
5. 4’s address 
6. Doctorate 
7. Contact address 
8. E-mail address 
9. Special fields 
10. Membership category (See Table 1 in “Join ISMS !”) 
 

Individual Membership Application Form 
 
1. Name 
 

 

 
2. Birth date 
 

 

3. 
Academic background 
 

 

 
4. Affiliation 
 

 

 
5. 4’s address 
 
 

 

 
6. Doctorate 
 

 

 
7. Contact address 
 
 

 

  
8.  E-mail address 
 

 

 
9.  Special fields 
 

 

10.  
Membership 

    category 
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Contributions (Gift to the ISMS) 
We deeply appreciate your generous contributions to support the activities of our 

society. 
The donation are used (1) to make medals for the new prizes (Kitagawa Prize, 
Kunugi Prize, and ISMS Prize),  (2) to support the IVMS at Osaka University 
Nakanoshima Center, and (3) for a special fund designated by the contributors. 
 
Your remittance to the following accounts of ours will be very much appreciated. 

 
(1)  Through a post office, remit to our giro account ( in Yen only ): 

         No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS ) 
   or send International Postal Money Order (in US Dollar or in Yen) to our 

address: 
       International Society for Mathematical Sciences 

         2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan 
 
(2)   A/C 94103518, ISMS 

CITIBANK, Japan Ltd., Shinsaibashi Branch 
           Midosuji Diamond Building 
           2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan 
 

 
 

******************************************************************************** 
Payment Instructions: 

Payment can be made through a post office or a bank, or by credit card. Members may 
choose the most convenient way of remittance. Please note that we do not accept payment by 
bank drafts (checks). For more information, please refer to an invoice. 
 

Methods of Overseas Payment: 
Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4) 
UNESCO Coupons.  

Authors or members may choose the most convenient way of remittance as are shown below. 
Please note that we do not accept payment by bank drafts (checks). 
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send 
International Postal Money Order to our postal address (2) Remittance through a 
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment 
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO 
Coupons. 
 

Methods of Domestic Payment: 
Make remittance to: 

(1) Post Office Transfer Account - 00930-3-73982 or  
(2) Account No.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING 
CORPORATION, Sakai, Osaka, Japan. 
All of the correspondences concerning subscriptions, back numbers, individual and 
institutional memberships, should be addressed to the Publications Department, 
International Society for Mathematical Sciences. 
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Join ISMS ! 
ISMS Publications: We published Mathematica Japonica (M.J.) in print, 

which was first published in 1948 and has gained an international reputation in 
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online 
and in print. In January 2001, the two publications were unified and changed to 
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New 
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and 
published both online and in print.  Ahead of this, the online version of SCMJ 
was first published in September 2000.  The whole number of SCMJ exceeds 270, 
which is the largest amount in the publications of mathematical sciences in 
Japan. The features of SCMJ are: 
1) About 80 eminent professors and researchers of not only Japan but also 20 

foreign countries join the Editorial Board. The accepted papers are 
published both online and in print. SCMJ is reviewed by Mathematical 
Review and Zentralblatt from cover to cover. 

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ 
are introduced to the relevant research groups for the positive exchanges 
between researchers. 

3) ISMS Annual Meeting: Many researchers of ISMS members and 
non-members gather and take time to make presentations and discussions 
in their research groups every year. 

 
The privileges to the individual ISMS Members:  
(1) No publication charges 
(2) Free access (including printing out) to the online version of SCMJ 

 (3) Free copy of each printed issue  
 
The privileges to the Institutional Members:  
Two associate members can be registered, free of charge, from an institution.  

 
 
Table 1: Membership Dues for 2013 
Categories Domestic Overseas Developing 

countries 
1-year Regular 
member 

     ￥6,000  US$75 ,  €55 US$45,  €33 
 

1-year Student 
member 

     ￥4,000 US$50,  €37 US$30,  €22 
Life member* Calculated  

as below* 
       NA    NA 

 
Honorary member     Free        Free    Free 

 
 
* Regular member between 63 - 73 years old can apply the category. 
   (73－age ) × ¥3,000 
Regular member over 73 years old can maintain the qualification and the 
privileges of the ISMS members, if they wish. 
 
Categories of 3-year members were abolished. 
  
 

INTERNATIONAL SOCIETY FOR MATHEMATICAL SCIENCES
Scientiae Mathematicae Japonicae, Notices from the ISMS

The International Society for Mathematical Sciences (ISMS) is an international soci-
ety consisting of mathematical scientists throughout the world.

The main activities of the ISMS are to publish (1) the (print and online) journal
Scientiae Mathematicae Japonicae (SCMJ) and (2) Notices from the ISMS and to
hold assembly meeetings in Japan and international internet meetings (distance
symposium) of mathematical sciences (IVMS) accessible from all over the world.

SCMJ is the 21st Century New Unified Series of Mathematica Japonica (MJ) and
Scientiae Mathematicae (SCM). MJ was first published in 1948 and was one of the
oldest mathematical journals in Japan. SCM was an online and print journal started in
1998 in celebration of the semi-centurial anniversary and received 26000 visits per month
from 50 countries in the world. SCMJ contains original papers in mathematical sciences
submitted from all over the world and receives 38000 visits per month now. Not only
papers in pure and applied mathematics but those devoted to mathematical statistics,
operations research, informatics, computer science, biomathematics, mathematical eco-
nomics and other mathematical sciences are also welcome. The journal is published in
January, March, May, July, September, and November in each calendar year.

The ISMS has enhanced the journal, begining from July 1995, by including excel-
lent Research-Expository papers in the section “International Plaza for Mathematical
Sciences ” as well as original research papers. The section provides papers dealing with
broad overviews of contemporary mathmatical sciences, written by experts mainly at
our invitation. Papers shedding lights on open problems or new directions or new break-
throughs for future research are especially welcome.

As is shown in the Editorial Board of SCMJ, we have invited many distin-
guished professors of 20 countries as editors, who will receive and referee the papers
of their special fields with their high standard.

Beginning from 2007, we make the online version of SCMJ more readable and conve-
nient to the readers by adding the specialized contents. By this, the readers can access
to the online version, in which the papers appear in the order of acceptance, from (i)
the contents of the printed version, and (ii) the specialized contents of a volume. From
2007, the subscription fee of the printed version plus the online version of SCMJ becomes
lower and the same of the printed version only. Therefore, the subscribers of the printed
version can read the online version without no additional cost.

For benefit of the ISMS members, we publish ”Notices from the ISMS” 6 times a year.
We are enhancing it by adding interesting articles, including book reviewing, written by
eminent professors.

The ISMS has set up a videoconferencing system (IVMS) which can connect up
to twenty sites of a reserch group in the same or different countries in the world.
Using this system, speakers of the session can write on a white board or an OHP sheet
or use PowerPoint. On the other hand participants can ask questions or make comments
from any connected site in the world. All these are performed similarly to the traditional
meetings.

To connect with our system, you can use your own videoconferencing system only if
it satisfies the International Telecommunication Union-Technical Committee Standards
(ITU-T Standard).

Copyright Transfer Agreement

A copyright transfer agreement is required before a paper is published in this journal.
By submitting a paper to this journal, authors are regarded to certify that the manuscript
has not been submitted to nor is it under consideration for publication by another journal,
conference proceedings or similar publication.

For more information, please visit http://www.jams.or.jp.

Copyright Copyright c©2014 by International Society for Mathematical Sciences.
All rights reserved.

Categories Domestic Overseas Developing 
countries

1-year� Regular
member ￥8,000  US$80 ，Euro75  US$50， Euro47

1-year� Students 
member ￥4,000  US$50 ，Euro47  US$30 ，Euro28

Life member* Calculated
as below*  US$750 ，Euro710  US$440， Euro416

Honorary member Free Free Free

Membership Dues for ２０１9

　(Regarding submitted papers,we apply above presented new fee after April 15 in 
2015 on registoration date.) * Regular member between 63 - 73 years old can apply 
the category.
(73－age ) × ￥3,000
Regular member over 73 years old can maintain the qualification and the privileges 
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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