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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:

2010 Mathematics Subject Classification. 46B20, 46A55
Keywords. smooth Banach space, closed convex set, metric projection, closed ball, supporting line
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Conjecture: For every real Banach space X with dim X > 1 the following assertion (A)
holds:

(A) If C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose that
for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
C should be a closed ball with center 0.

Note that the uniqueness of nearest points is not assumed in the conjecture.

As a result of investigation, the authors have managed to prove that the conjecture is
right (Theorem 15). However, in the real process of investigation, they first found that the
conjecture is right when it is restricted to the category of smooth Banach spaces (Theorem 4).

In Section 2, we give a proof of Theorem 4 since this proof contains the essence of that
for general case (Theorem 15) and easier to understand. Moreover, it seems interesting that
Theorem 4 is proved by making the best use of undergraduate calculus. In Section 3, the
proof of the full conjecture is given, with a detailed description of facts necessary for the
line of the proof in Section 2 to work.

Throughout this paper, conventional notations concerning general topology are freely
used. For example, IntA denotes the interior of A, ∂A the boundary of A and A the closure
of A.

2 Preliminaries and the result for smooth Banach spaces The following Proposi-
tion shows that 2-dimensional case is essential for our problem.

Proposition 1. Let X be a real Banach space with dim X > 1. Then the following asser-
tions hold.

(1) If C ⊂ X is a bounded closed convex set with 0 ∈ IntC, then for every 2-dimensional
subspace E of X, C ∩ E is a bounded closed convex set with 0 ∈ Int (C ∩ E) in E.
Moreover, provided that a nearest point in C to x ∈ X is always given by a positive-
scalar multiple of x, a nearest point in C ∩ E to x ∈ E is given by a positive-scalar
multiple of x.

(2) Assertion (A) holds for X if (A) holds for every 2-dimensional subspace of X.

Proof. Since assertion (1) is trivial, we only give a proof of (2). So, suppose that C ⊂ X
satisfies the assumption in assertion (A). Then, for every 2-dimensional subspace E of X,
C ∩ E satisfies the assumption in (A) as a subset of E (cf. assertion (1) in the present
proposition). Therefore if (A) holds for every 2-dimensional subspace of X, C ∩E is a ball
in E with center 0. So, take a fixed element e0 ∈ ∂C, and choose an arbitrary e1 ∈ ∂C
that is linearly independent of e0. Then, for the 2-dimensional subspace E generated by
{e0, e1}, e0, e1 ∈ ∂(C ∩ E) holds and hence ∥e1∥ = ∥e0∥. Moreover, if e1 ∈ ∂C is linearly
dependent of e0, by taking another e2 ∈ ∂C that is linearly independent of e0 and setting E
the linear span of {e0, e2}, it is shown that ∥e0∥ = ∥e1∥ = ∥e2∥ since e0, e1, e2 ∈ ∂(C ∩ E).
Thus the norm of every element of ∂C is equal, which shows that C is a ball centered at
the origin.

Here let us record the following immediate

Corollary 2. The conjecture above holds if its restriction to 2-dimensional Banach spaces
holds.

2

Next we recall the definition of the smoothness of Banach spaces (see e.g. [1]). A Banach
space (X, ∥·∥) is said to be smooth if there exists a unique bounded linear functional fx ∈ X∗

such that
fx(x) = ∥x∥ and ∥fx∥ = 1

for each x ∈ X \ {0}. It is known that X is smooth if and only if

(1) lim
t→0

∥x+ ty∥ − ∥x∥
t

exists for every x ∈ X \ {0} and y ∈ X. Moreover it is also known that

(2) fx(y) = lim
t→0

∥x+ ty∥ − ∥x∥
t

holds for every x ∈ X \ {0} and y ∈ X, and the mapping x �−→ fx from X \ {0} to X∗ is
norm to weak∗ continuous. For these facts, see [1, pp. 20–23].

Although the following lemma is an easy consequence of the definition of smoothness
itself, characterization by the existence of the limit in (1) makes the proof completely trivial.

Lemma 3. Let X denote a real Banach space with dim X > 1. Then X is smooth if and
only if every 2-dimensional subspace E of X is smooth.

Now we prove the following

Theorem 4. For every smooth Banach space X with dim X > 1, assertion (A) in our
Conjecture holds.

Proof. Step 1. (Preliminaries)
Because of Proposition 1 and Lemma 3, it suffices to show that assertion (A) holds for

2-dimensional smooth Banach spaces. So, hereafter in this proof we assume that (X, ∥ ·∥) is
a 2-dimensional smooth Banach space and C ⊂ X is a bounded closed convex set containing
the origin in its interior, and a positive-scalar multiple of x ∈ X gives a nearest point in C
to x.

Now let e1, e2 ∈ X be linearly independent vectors and define

p(s, t) = ∥se1 + te2∥

for (s, t) ∈ R2. Then p is a norm on R2. Since the mapping ι from (R2, p) to (X, ∥ · ∥)
defined by ι(s, t) := se1 + te2 is an isometric isomorphism, we may identify (R2, p) with
(X, ∥ · ∥). Hence we prove the theorem in (R2, p) instead of (X, ∥ · ∥). By equation (2), we
obtain the following equality for the gradient ∇p:

∇p(s, t) = (fse1+te2(e1), fse1+te2(e2)),

which implies that p(s, t) is of class C1 on R2 \ {(0, 0)}. Moreover,

∇p(λs, λt) = ∇p(s, t) (λ > 0),

(∇p)(−s,−t) = −∇p(s, t)(3)

hold by equation (2).
In addition to the Cartesian coordinates (s, t), we also use polar coordinates (r, θ) defined

through s = r cos θ, t = r sin θ. Then, the boundary of the unit disk with respect to the
norm p is described by a polar equation r = g(θ). Note that g(−θ) = g(θ) holds for any θ.
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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Next we recall the definition of the smoothness of Banach spaces (see e.g. [1]). A Banach
space (X, ∥·∥) is said to be smooth if there exists a unique bounded linear functional fx ∈ X∗

such that
fx(x) = ∥x∥ and ∥fx∥ = 1

for each x ∈ X \ {0}. It is known that X is smooth if and only if

(1) lim
t→0

∥x+ ty∥ − ∥x∥
t

exists for every x ∈ X \ {0} and y ∈ X. Moreover it is also known that

(2) fx(y) = lim
t→0

∥x+ ty∥ − ∥x∥
t

holds for every x ∈ X \ {0} and y ∈ X, and the mapping x �−→ fx from X \ {0} to X∗ is
norm to weak∗ continuous. For these facts, see [1, pp. 20–23].

Although the following lemma is an easy consequence of the definition of smoothness
itself, characterization by the existence of the limit in (1) makes the proof completely trivial.

Lemma 3. Let X denote a real Banach space with dim X > 1. Then X is smooth if and
only if every 2-dimensional subspace E of X is smooth.

Now we prove the following

Theorem 4. For every smooth Banach space X with dim X > 1, assertion (A) in our
Conjecture holds.

Proof. Step 1. (Preliminaries)
Because of Proposition 1 and Lemma 3, it suffices to show that assertion (A) holds for

2-dimensional smooth Banach spaces. So, hereafter in this proof we assume that (X, ∥ ·∥) is
a 2-dimensional smooth Banach space and C ⊂ X is a bounded closed convex set containing
the origin in its interior, and a positive-scalar multiple of x ∈ X gives a nearest point in C
to x.

Now let e1, e2 ∈ X be linearly independent vectors and define

p(s, t) = ∥se1 + te2∥

for (s, t) ∈ R2. Then p is a norm on R2. Since the mapping ι from (R2, p) to (X, ∥ · ∥)
defined by ι(s, t) := se1 + te2 is an isometric isomorphism, we may identify (R2, p) with
(X, ∥ · ∥). Hence we prove the theorem in (R2, p) instead of (X, ∥ · ∥). By equation (2), we
obtain the following equality for the gradient ∇p:

∇p(s, t) = (fse1+te2(e1), fse1+te2(e2)),

which implies that p(s, t) is of class C1 on R2 \ {(0, 0)}. Moreover,

∇p(λs, λt) = ∇p(s, t) (λ > 0),

(∇p)(−s,−t) = −∇p(s, t)(3)

hold by equation (2).
In addition to the Cartesian coordinates (s, t), we also use polar coordinates (r, θ) defined

through s = r cos θ, t = r sin θ. Then, the boundary of the unit disk with respect to the
norm p is described by a polar equation r = g(θ). Note that g(−θ) = g(θ) holds for any θ.

3

CHARACTERIZATION OF CLOSED BALLS VIA METRIC PROJECTIONS 77



O
θ

∂C

mθ m′
θ

�Vθ

Vθ

∂B(�Vθ, 1)

Wθ

s

t

Figure 1: For specification of a supporting line

Note also that the function g is of class C1 by our assumption of smoothness. Moreover,
the boundary ∂C of the closed convex set C is also described by another polar equation
r = l(θ). Lastly, the open disk with center P and radius ρ with respect to the norm p will
be denoted by B(P, ρ).

Step 2. (Specification of a tangent-like line at a point of ∂C)

By the well-known Hahn–Banach separation theorem, it is proved that for every point
U ∈ ∂C, there exists a line m that supports C and passes U , i.e., U ∈ m and IntC
is contained in one of the half-spaces separated by m. Since the smoothness of ∂C is not
assumed, mmight not be uniquely defined. However, an appropriatem could be determined
under the assumption that a positive-scalar multiple of x gives a nearest point in C to x.
Namely, let Vθ ∈ ∂C be the point that is specified as (l(θ), θ) in polar coordinates. Then,
our assumption about nearest points implies that Vθ becomes a nearest point in C to the
following point �Vθ (see Figure 1):

�Vθ :=

(
1 +

g(θ)

l(θ)

)
· Vθ.

It is easy to see that the distance of �Vθ and Vθ with respect to p is equal to 1. Hence,

C ∩ B(�Vθ, 1) = ∅ and Vθ ∈ C ∩ B(�Vθ, 1). Therefore the Hahn–Banach separation theorem

yields a line mθ that passes Vθ and separates C and B(�Vθ, 1). This time mθ is uniquely

determined since the boundary of B(�Vθ, 1) is smooth. To obtain the precise description of
mθ, note that because of the symmetry −B(O, 1) = B(O, 1) it is parallel to the tangent m′

θ

to ∂B(�Vθ, 1) at Wθ in Figure 1 (analytically speaking, this is proved by (3)). And m′
θ is

further parallel to the tangent m′′
θ to ∂B(O, 1) (O denotes the origin) at the point Uθ with

angular coordinate θ (see Figure 2). Since m′′
θ is not radial, there exists a point T on m′′

θ for
which the angular coordinate is greater than that of Uθ. Then an angle ϕ(θ) is introduced
by the following formula:

∠OUθT =
π

2
+ ϕ(θ)

(
−π

2
< ϕ(θ) <

π

2

)
.
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Figure 2: tangent to ∂B(0, 1)

As to ϕ(θ), an elementary argument in calculus gives

(4)
g′(θ)

g(θ)
= tanϕ(θ),

where g′ means the derivative of g. Therefore, the continuity of g′ implies the existence of
a constant M > 0 such that

(5) | tanϕ(θ)| ≤ M (θ ∈ [0, 2π]).

Step 3. (Estimate of l(θ))

Now, we have seen that a supporting line mθ for C at Vθ is parallel to m′′
θ . Hence

the angle ϕ(θ) ∈ (−π/2, π/2) in Figure 3 is the same as in Figure 2 and so determined by
(4). Note also that because of (5), there exists an ε > 0 such that the radial half-line with
angular coordinate θ + ∆θ intersect with mθ for any θ ∈ [0, 2π] and ∆θ ∈ (0, ε). So, let
0 < ∆θ < ε and let T ′ be the intersection point of radial half-line with angular coordinate
θ +∆θ and mθ. Further let l̂ be the radial coordinate of T ′ as in Figure 3, while we have
already denoted the radial coordinate of Vθ by l(θ). Then we obtain

l(θ)

sin
(π
2
− ϕ(θ)−∆θ

) =
l̂

sin
(π
2
+ ϕ(θ)

)

by applying the sine rule to △OVθT
′. Hence

l(θ +∆θ) ≤ l̂ = l(θ) · cosϕ(θ)

cos(ϕ(θ) + ∆θ)

and so

(6)
l(θ)

l(θ +∆θ)
≥ cos(ϕ(θ) + ∆θ)

cosϕ(θ)
.
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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As to ϕ(θ), an elementary argument in calculus gives

(4)
g′(θ)

g(θ)
= tanϕ(θ),

where g′ means the derivative of g. Therefore, the continuity of g′ implies the existence of
a constant M > 0 such that

(5) | tanϕ(θ)| ≤ M (θ ∈ [0, 2π]).

Step 3. (Estimate of l(θ))

Now, we have seen that a supporting line mθ for C at Vθ is parallel to m′′
θ . Hence

the angle ϕ(θ) ∈ (−π/2, π/2) in Figure 3 is the same as in Figure 2 and so determined by
(4). Note also that because of (5), there exists an ε > 0 such that the radial half-line with
angular coordinate θ + ∆θ intersect with mθ for any θ ∈ [0, 2π] and ∆θ ∈ (0, ε). So, let
0 < ∆θ < ε and let T ′ be the intersection point of radial half-line with angular coordinate
θ +∆θ and mθ. Further let l̂ be the radial coordinate of T ′ as in Figure 3, while we have
already denoted the radial coordinate of Vθ by l(θ). Then we obtain

l(θ)

sin
(π
2
− ϕ(θ)−∆θ

) =
l̂

sin
(π
2
+ ϕ(θ)

)

by applying the sine rule to △OVθT
′. Hence

l(θ +∆θ) ≤ l̂ = l(θ) · cosϕ(θ)

cos(ϕ(θ) + ∆θ)

and so

(6)
l(θ)

l(θ +∆θ)
≥ cos(ϕ(θ) + ∆θ)

cosϕ(θ)
.
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Now take θ1, θ2 ∈ [0, 2π] with θ1 < θ2. Then ∆nθ := (θ2 − θ1)/n < ε for sufficiently large
n ∈ N (n > 2π/ε will do). For such n, inequality (6) yields

l(θ1)

l(θ2)
=

l(θ1)

l(θ1 +∆nθ)
· l(θ1 +∆nθ)

l(θ1 + 2∆nθ)
· · · · · l (θ1 + (n− 1)∆nθ)

l(θ2)

≥
n−1∏
k=0

cos(ϕ(θ1 + k∆nθ) + ∆nθ)

cosϕ(θ1 + k∆nθ)

= cosn(∆nθ)

n−1∏
k=0

{1− tan(ϕ(θ1 + k∆nθ)) tan(∆nθ)} .(7)

Noting the estimates (5) and 0 < ∆nθ ≤ 2π/n, we see that for sufficiently large n ∈ N,

O
θ

∂C
ϕ(θ)

T ′

Vθ
∆θ

l̂

l(θ)

mθ

s

t

Figure 3: mθ and ∂C

log{1− tan(ϕ(θ1 + k∆nθ)) tan(∆nθ)}

=− tan(ϕ(θ1 + k∆nθ)) tan(∆nθ) +
{tan(ϕ(θ1 + k∆nθ)) tan(∆nθ)}2

2{1− η tan(ϕ(θ1 + k∆nθ)) tan(∆nθ)}2

and

tan(∆nθ) = ∆nθ +
sin(η′∆nθ)

cos3(η′∆nθ)
· (∆nθ)

2

hold for some η, η′ ∈ (0, 1) by applying Taylor’s theorem to log(1− x) and tanx. Hence

(8) log{1− tanϕ(θ1 + k∆nθ) tan(∆nθ)} = − tanϕ(θ1 + k∆nθ)∆nθ +O

(
1

n2

)

holds by (5), where O
(
1/n2

)
is Landau’s big O notation. Precisely speaking, the absolute

value of this remainder term is estimated by K/n2 from above where K is independent of

6

θ1, θ2 and sufficiently large n. Therefore we obtain

n−1∑
k=0

log{1− tanϕ(θ1 + k∆nθ) tan(∆nθ)}

= −
n−1∑
k=0

g′(θ1 + k∆nθ)

g(θ1 + k∆nθ)
·∆nθ +O

(
1

n

)

→ −
∫ θ2

θ1

g′(θ)

g(θ)
dθ = log

g(θ1)

g(θ2)
(n −→ ∞)

by (4) and (8). Hence by taking the logarithm of both sides in (7) and letting n −→ ∞, we
obtain

log
l(θ1)

l(θ2)
≥ log

g(θ1)

g(θ2)
,

since limn→∞ cosn(∆nθ) = 1.
Therefore l(θ)/g(θ) is a decreasing function of θ. However l(0)/g(0) = l(2π)/g(2π) and

so l(θ)/g(θ) is a constant, which implies ∂C = ∂B(O, r) for some r > 0. Thus C is a closed
ball with center 0.

3 Result without the assumption of smoothness

3.1 Preliminaries This section is devoted to a proof that the conclusion in Theorem 4
holds without the assumption of smoothness. For this purpose, it suffices to prove that
assertion (A) (in the Conjecture in Section 1) holds for general 2-dimensional real Banach
space X, by virtue of Corollary 2.

So, hereafter let X denote a 2-dimensional Banach space and X is identified with R2 as
in Step 1 of the proof of Theorem 4 via a basis of X. We use freely the standard Cartesian
coordinate (s, t) and the polar coordinate (r, θ) of R2 that are defined there. We also adopt
the notation B(P, ρ) to denote the open disk with center P and radius ρ with respect to
the norm on R2 that is induced from that of X through the identification.

The boundary ∂B(O, 1) is described by a polar equation r = g(θ). Firstly, just to be
sure, we record the fact that g is continuous without the assumption of smoothness of the
norm.

Lemma 5. ∂B(O, 1) is described by a polar equation r = g(θ) with a continuous periodic
function g.

This continuity of g could be proved quite easily, e.g., by using the fact that equalities
1 = p(g(θ) cos(θ), g(θ) sin(θ)) = g(θ)p(cos(θ), sin(θ)) hold and p is continuous.

Next we recall well-known fundamental properties of convex functions, which will be
crucial to treat the present non-smooth case. For a proof, see e.g., Tiel [4, Chapter 1] or
Godement [2, Chapitre V, Théorème 15].

Proposition 6. Let I be an open interval of R and f : I → R a convex function. Then f
enjoys the following properties.

(i) For every t ∈ I, the left [resp. right] derivative f ′
−(t) [resp. f ′

+(t)] exists and the
inequality f ′

−(t) ≤ f ′
+(t) holds.

(ii) f ′
− and f ′

+ are increasing functions and are continuous except for points of an at most
countable set. Here, the term “increasing” is used in its wider sense, i.e., t ≤ s implies
f ′
−(t) ≤ f ′

−(s) [resp. f ′
+(t) ≤ f ′

+(s)].
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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θ1, θ2 and sufficiently large n. Therefore we obtain

n−1∑
k=0

log{1− tanϕ(θ1 + k∆nθ) tan(∆nθ)}

= −
n−1∑
k=0

g′(θ1 + k∆nθ)

g(θ1 + k∆nθ)
·∆nθ +O

(
1

n

)

→ −
∫ θ2

θ1

g′(θ)

g(θ)
dθ = log

g(θ1)

g(θ2)
(n −→ ∞)

by (4) and (8). Hence by taking the logarithm of both sides in (7) and letting n −→ ∞, we
obtain

log
l(θ1)

l(θ2)
≥ log

g(θ1)

g(θ2)
,

since limn→∞ cosn(∆nθ) = 1.
Therefore l(θ)/g(θ) is a decreasing function of θ. However l(0)/g(0) = l(2π)/g(2π) and

so l(θ)/g(θ) is a constant, which implies ∂C = ∂B(O, r) for some r > 0. Thus C is a closed
ball with center 0.

3 Result without the assumption of smoothness

3.1 Preliminaries This section is devoted to a proof that the conclusion in Theorem 4
holds without the assumption of smoothness. For this purpose, it suffices to prove that
assertion (A) (in the Conjecture in Section 1) holds for general 2-dimensional real Banach
space X, by virtue of Corollary 2.

So, hereafter let X denote a 2-dimensional Banach space and X is identified with R2 as
in Step 1 of the proof of Theorem 4 via a basis of X. We use freely the standard Cartesian
coordinate (s, t) and the polar coordinate (r, θ) of R2 that are defined there. We also adopt
the notation B(P, ρ) to denote the open disk with center P and radius ρ with respect to
the norm on R2 that is induced from that of X through the identification.

The boundary ∂B(O, 1) is described by a polar equation r = g(θ). Firstly, just to be
sure, we record the fact that g is continuous without the assumption of smoothness of the
norm.

Lemma 5. ∂B(O, 1) is described by a polar equation r = g(θ) with a continuous periodic
function g.

This continuity of g could be proved quite easily, e.g., by using the fact that equalities
1 = p(g(θ) cos(θ), g(θ) sin(θ)) = g(θ)p(cos(θ), sin(θ)) hold and p is continuous.

Next we recall well-known fundamental properties of convex functions, which will be
crucial to treat the present non-smooth case. For a proof, see e.g., Tiel [4, Chapter 1] or
Godement [2, Chapitre V, Théorème 15].

Proposition 6. Let I be an open interval of R and f : I → R a convex function. Then f
enjoys the following properties.

(i) For every t ∈ I, the left [resp. right] derivative f ′
−(t) [resp. f ′

+(t)] exists and the
inequality f ′

−(t) ≤ f ′
+(t) holds.

(ii) f ′
− and f ′

+ are increasing functions and are continuous except for points of an at most
countable set. Here, the term “increasing” is used in its wider sense, i.e., t ≤ s implies
f ′
−(t) ≤ f ′

−(s) [resp. f ′
+(t) ≤ f ′

+(s)].

7

CHARACTERIZATION OF CLOSED BALLS VIA METRIC PROJECTIONS 81



(iii) For every subinterval [a, b] of I, |f ′
−(t)| and |f ′

+(t)| are bounded by
max { |f ′

−(a)|, |f ′
+(a)|, |f ′

−(b)|, |f ′
+(b)| }. Hence they are locally bounded on (−ρ, ρ).

(iv) Except for at most countably many points, f ′
−(t) = f ′

+(t) holds and hence f is differ-
entiable there. Moreover, f ′

− and f ′
+ are continuous at points where f is differentiable.

For later use we record the following fact.

Lemma 7. Let ρ > 0 and h : (−ρ, ρ) → R be a negative valued convex function. Then the
following inequality holds where h′

± denotes either of the one-sided derivatives h′
− and h′

+:

(9) uh′
±(u)− h(u) > 0 (∀u ∈ (−ρ, ρ))

Proof. uh′
±(u)− h(u) > 0 clearly holds for u = 0. Suppose now 0 < u < ρ. Then,

h(u)

u
<

h(u)− h(0)

u
≤ h′

−(u) ≤ h′
+(u)

holds, and consequently we obtain uh′
±(u)− h(u) > 0.

In the case of −ρ < u < 0,

h(u)

u
>

h(u)− h(0)

u
=

h(0)− h(u)

0− u
≥ h′

+(u) ≥ h′
−(u)

imply the desired inequality.

3.2 Introduction of a collection of coordinate systems A key to our proof is to
show that the function g above has the same level of differentiability property as that of
convex functions. To do so, it is necessary to introduce a collection of coordinate systems
that is fitted to make well use of the convexity of B(O, 1). The need for such a collection
would be understood by the fact that g itself is convex if and only if it is constant, hence
the polar coordinate does not immediately lead to useful knowledge that compensates for
the lack of smoothness.

Set θ = θ1 in Figure 2 and let the coordinate system (frame) F for the Cartesian
coordinates (s, t) be rotated around the origin by the angle π

2 +θ1 to form a new coordinate
system Fθ1 (see Figure 4). In the sequel, (u, v)Fθ1

denotes the geometric point for which
the coordinate with respect to Fθ1 is (u, v).

The merit of introducing the coordinate system Fθ1 is well explained by the following

Lemma 8. There exists a positive constant ρ0 such that for every angle θ1 there exists a
unique convex function hθ1(u) < 0 of u ∈ (−ρ0, ρ0) for which (u, hθ1(u))Fθ1

∈ ∂B(O, 1).

Proof. Since the origin is an interior point of B(O, 1), there exists a ρ0 > 0 such that
s2 + t2 < ρ0

2 implies (s, t) ∈ B(O, 1).

Now, take an arbitrary angle θ1. Then, (u, v)Fθ1
∈ B(O, 1) holds provided u2+v2 < ρ0

2.
This means that (u, 0)Fθ1

∈ B(O, 1) holds for each u with |u| < ρ0. For such u, it is clear
that the half-line { (u, v)Fθ1

| v ≤ 0 } intersects ∂B(O, 1) at a single point (u, vu)Fθ1
for

some vu < 0. Then hθ1(u) := vu clearly yields the desired convex function.

3.3 Differentiability of g(θ)

8
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Figure 4: a new coordinate system (u, v)Fθ1

3.3.1 θ as an independent variable and as a function Lemma 8 implies that u ∈ (−ρ0, ρ0)
gives a local coordinate for the curve ∂B(O, 1) by the correspondence u �→ (u, hθ1)Fθ1

. On
the other hand, the angular variable θ could also be used as a local coordinate for ∂B(O, 1)
by the mapping θ �→ (g(θ), θ)rad , where (g(θ), θ)rad denotes the geometric point with the
polar coordinates (g(θ), θ), i.e., (g(θ) cos θ, g(θ) sin θ) ∈ R2.

We can see that θ is determined (mod 2π) as a continuous function of u ∈ (−ρ0, ρ0)
by (u, hθ1(u))Fθ1

= (g(θ), θ)rad, since { (u, hθ1(u))Fθ1
| u ∈ (−ρ0, ρ0) } is contained in

the half-space { (u, v)Fθ1
| u ∈ R, v ≤ 0 }. Therefore, once a coordinate system Fθ1 is

designated, local coordinate θ for ∂B(O, 1) might be considered as a continuous function
of u ∈ (−ρ0, ρ0), where u denotes the first component of the coordinate with respect to
Fθ1 . In the sequel, θ considered as a function in this way will be denoted simply by
θ(u), avoiding more accurate but rather awkward expression such as θθ1(u). In addition,
intuitively speaking, it is clear that the function θ(u) defined above is a strictly increasing
continuous function of u ∈ (−ρ0, ρ0). To prove these facts analytically, we give an explicit
expression of θ(u).

Lemma 9. Let θ1 be arbitrarily fixed and let hθ1(u) be the convex function described in
Lemma 8. Then, the relation (u, hθ1)Fθ1

= (r, θ)rad (−ρ0 < u < ρ0) is satisfied if and only
if

(10) θ = arcsin

(
u√

u2 + hθ1(u)
2

)
+ θ1.

Therefore, by taking the principal branch of arcsin, a continuous function θ = θ(u) of
u ∈ (−ρ0, ρ0) is obtained. Then, the left derivative θ′−(u) and the right derivative θ′+(u)
everywhere exist and are positive, and hence θ(u) is a strictly increasing function of u.
Moreover, the set N of points where θ(u) is not differentiable is at most countable and θ′−
and θ′+ are continuous at points in (−ρ0, ρ0) \ N .
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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Figure 4: a new coordinate system (u, v)Fθ1

3.3.1 θ as an independent variable and as a function Lemma 8 implies that u ∈ (−ρ0, ρ0)
gives a local coordinate for the curve ∂B(O, 1) by the correspondence u �→ (u, hθ1)Fθ1

. On
the other hand, the angular variable θ could also be used as a local coordinate for ∂B(O, 1)
by the mapping θ �→ (g(θ), θ)rad , where (g(θ), θ)rad denotes the geometric point with the
polar coordinates (g(θ), θ), i.e., (g(θ) cos θ, g(θ) sin θ) ∈ R2.

We can see that θ is determined (mod 2π) as a continuous function of u ∈ (−ρ0, ρ0)
by (u, hθ1(u))Fθ1

= (g(θ), θ)rad, since { (u, hθ1(u))Fθ1
| u ∈ (−ρ0, ρ0) } is contained in

the half-space { (u, v)Fθ1
| u ∈ R, v ≤ 0 }. Therefore, once a coordinate system Fθ1 is

designated, local coordinate θ for ∂B(O, 1) might be considered as a continuous function
of u ∈ (−ρ0, ρ0), where u denotes the first component of the coordinate with respect to
Fθ1 . In the sequel, θ considered as a function in this way will be denoted simply by
θ(u), avoiding more accurate but rather awkward expression such as θθ1(u). In addition,
intuitively speaking, it is clear that the function θ(u) defined above is a strictly increasing
continuous function of u ∈ (−ρ0, ρ0). To prove these facts analytically, we give an explicit
expression of θ(u).

Lemma 9. Let θ1 be arbitrarily fixed and let hθ1(u) be the convex function described in
Lemma 8. Then, the relation (u, hθ1)Fθ1

= (r, θ)rad (−ρ0 < u < ρ0) is satisfied if and only
if

(10) θ = arcsin

(
u√

u2 + hθ1(u)
2

)
+ θ1.

Therefore, by taking the principal branch of arcsin, a continuous function θ = θ(u) of
u ∈ (−ρ0, ρ0) is obtained. Then, the left derivative θ′−(u) and the right derivative θ′+(u)
everywhere exist and are positive, and hence θ(u) is a strictly increasing function of u.
Moreover, the set N of points where θ(u) is not differentiable is at most countable and θ′−
and θ′+ are continuous at points in (−ρ0, ρ0) \ N .
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Proof. (u, hθ1)Fθ1
= (r, θ)rad is nothing but

u = g(θ) sin(θ − θ1),

hθ1(u) = −g(θ) cos(θ − θ1).

Hence

g(θ)2 = u2 + hθ1(u)
2,(11)

u =
√
u2 + hθ1(u)

2 sin(θ − θ1),(12)

whence follows (10). Since Lemma 8 and Proposition 6 yield one-sided differentiability of
hθ1 , (10) shows that θ = θ(u) is one-sided differentiable at every u ∈ (−ρ0, ρ0) and

(13) θ′±(u) = −
hθ1(u)− u(hθ1)

′
±(u)

u2 + hθ1(u)
2

holds. Hence we obtain θ′±(u) > 0 by virtue of Lemma 7.
The assertions on the differentiability of θ(u) and the continuity of θ′± follow immediately

from (13) and Lemma 8 applied for hθ1 .

3.3.2 Proof of the differentiability of g(θ) As a consequence of the results proved so far,
the following assertion concerning the differentiability of g(θ) is obtained.

Lemma 10. Let θ1 be arbitrarily fixed and let θ = θ(u) is defined by (10) as a function
of u ∈ (−ρ0, ρ0) (arcsin is construed to mean its principal branch). Then, by virtue of
Lemma 9, the range of θ(u) is an open interval Iθ1 containing θ1, and one-sided derivatives
of g(θ) exist at every θ ∈ Iθ1 . Moreover, there exists an at most countable set N for which
g′±(θ) is continuous and g(θ) is differentiable at every point in Iθ1 \ N . In addition, g′±(θ)
is bounded in a neighbourhood of θ1.

Proof. Let |u| < ρ0 and k ̸= 0 is sufficiently close to 0, then the following algebraic trans-
formation is valid (note that θ(u) is 1 to 1 by Lemma 9):

g(θ(u+ k))− g(θ(u))

θ(u+ k)− θ(u)
· θ(u+ k)− θ(u)

k

=
g(θ(u+ k))− g(θ(u))

k

=

√
(u+ k)2 + hθ1(u+ k)2 −

√
u2 + hθ1(u)

2

k
.(14)

Here, k → +0 [resp. k → −0] implies θ(u + k) → θ(u) + 0 [resp. θ(u + k) → θ(u) − 0
by Lemma 9. Therefore, by letting k → ±0 in (14), the one-sided differentiability of hθ1

and θ(u) (Lemma 9) with θ′±(u) > 0 yield the one-sided differentiability of g(θ). Explicitly
speaking, calculation of the limit of (14) as k → ±0 yields

(15) g′±(θ)
��
θ=θ(u)

=
u+ hθ1(u)(hθ1(u))

′
±√

u2 + hθ1(u)
2

· 1

θ′±(u)
.

The existence of an at most countable set N as stated in the Lemma follows from this
expression, Proposition 6, Lemma 8, Lemma 9 and the fact that θ(u) is an order preserving
homeomorphism from (−ρ0, ρ0) to Iθ1 .

The boundedness of g′± in a neighbourhood of θ1 is clear from (15) and (13) since (hθ1)
′
±

is locally bounded on (−ρ0, ρ0) by Proposition 6 and Lemma 8.

10

Remark 11. By a detailed analysis, it can be shown that g′± is locally bounded on Iθ1 .

Remark 12. For later use, note that (15), (13) and equality hθ1(0) = −g(θ1) imply

(16) (hθ1)
′
±(0) = −

g′±(θ1)

g(θ1)

for every θ1.

Arbitrariness of θ1 in the previous Lemma and the compactness of [0, 2π] readily lead
to the following

Lemma 13. One-sided derivatives g′± exist everywhere and are bounded on [0, 2π]. In
addition there exists an at most countable set N ⊂ [0, 2π] for which g is differentiable and
g′± are continuous at each point of [0, 2π] \ N .

Although the next lemma might be well known, we state it with a proof since it is crucial
to our purpose.

Lemma 14. The function log g(θ) is uniformly Lipschitz continuous on [0, 2π].

Proof. Set ψ(θ) := log g(θ). Then it is clear from Lemma 13 that ψ has left and right
derivative at every point and that ψ′

± = g′±/g is bounded on [0, 2π]. So let us take a
constant K such that K ≥ |ψ′

±(θ)| for every θ ∈ [0, 2π].
Suppose that η, η̃ ∈ [0, 2π], η < η̃ and set

F (θ) := ψ(θ)− ψ(η)− ψ(η̃)− ψ(η)

η̃ − η
(θ − η)

for θ ∈ [η, η̃]. Then

F ′
±(θ) = ψ′

±(θ)−
ψ(η̃)− ψ(η)

η̃ − η
.

Since F (θ) is continuous, F (θ) attains its maximum value and minimum value on [η, η̃].
Since F (η) = F (η̃) = 0, F (θ) attains at least either of the maximum value or the minimum
value at some ξ ∈ (η, η̃). If F (ξ) is the maximum value, then

0 ≤ F ′
−(ξ) = ψ′

−(ξ)−
ψ(η̃)− ψ(η)

η̃ − η

0 ≥ F ′
+(ξ) = ψ′

+(ξ)−
ψ(η̃)− ψ(η)

η̃ − η
,

and so

ψ′
+(ξ) ≤

ψ(η̃)− ψ(η)

η̃ − η
≤ ψ′

−(ξ).

Similarly, if F (ξ) is the minimum value,

ψ′
−(ξ) ≤

ψ(η̃)− ψ(η)

η̃ − η
≤ ψ′

+(ξ).

Thus, in either case we obtain

|ψ(η̃)− ψ(η)| ≤ K|η̃ − η|

and hence ψ is uniformly Lipschitz continuous.
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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Remark 11. By a detailed analysis, it can be shown that g′± is locally bounded on Iθ1 .

Remark 12. For later use, note that (15), (13) and equality hθ1(0) = −g(θ1) imply

(16) (hθ1)
′
±(0) = −

g′±(θ1)

g(θ1)

for every θ1.

Arbitrariness of θ1 in the previous Lemma and the compactness of [0, 2π] readily lead
to the following

Lemma 13. One-sided derivatives g′± exist everywhere and are bounded on [0, 2π]. In
addition there exists an at most countable set N ⊂ [0, 2π] for which g is differentiable and
g′± are continuous at each point of [0, 2π] \ N .

Although the next lemma might be well known, we state it with a proof since it is crucial
to our purpose.

Lemma 14. The function log g(θ) is uniformly Lipschitz continuous on [0, 2π].

Proof. Set ψ(θ) := log g(θ). Then it is clear from Lemma 13 that ψ has left and right
derivative at every point and that ψ′

± = g′±/g is bounded on [0, 2π]. So let us take a
constant K such that K ≥ |ψ′

±(θ)| for every θ ∈ [0, 2π].
Suppose that η, η̃ ∈ [0, 2π], η < η̃ and set

F (θ) := ψ(θ)− ψ(η)− ψ(η̃)− ψ(η)

η̃ − η
(θ − η)

for θ ∈ [η, η̃]. Then

F ′
±(θ) = ψ′

±(θ)−
ψ(η̃)− ψ(η)

η̃ − η
.

Since F (θ) is continuous, F (θ) attains its maximum value and minimum value on [η, η̃].
Since F (η) = F (η̃) = 0, F (θ) attains at least either of the maximum value or the minimum
value at some ξ ∈ (η, η̃). If F (ξ) is the maximum value, then

0 ≤ F ′
−(ξ) = ψ′

−(ξ)−
ψ(η̃)− ψ(η)

η̃ − η

0 ≥ F ′
+(ξ) = ψ′

+(ξ)−
ψ(η̃)− ψ(η)

η̃ − η
,

and so

ψ′
+(ξ) ≤

ψ(η̃)− ψ(η)

η̃ − η
≤ ψ′

−(ξ).

Similarly, if F (ξ) is the minimum value,

ψ′
−(ξ) ≤

ψ(η̃)− ψ(η)

η̃ − η
≤ ψ′

+(ξ).

Thus, in either case we obtain

|ψ(η̃)− ψ(η)| ≤ K|η̃ − η|

and hence ψ is uniformly Lipschitz continuous.
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3.4 Completion of the proof In this last subsection we give a proof of the following
theorem by completing the proof for the special case of dim X = 2.

Theorem 15. For every Banach space X with dim X > 1, assertion (A) in our Conjecture
holds.

So, as stated at the beginning of this Section 3, let X denote a Banach space with
dim X = 2 identified with R2 and let the unit “sphere” ∂B(O, 1) be described by a polar
equation r = g(θ). Note that we have shown Lemmas 10 to 14 concerning analytic properties
of g.

Now, suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also
suppose that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x.
Our task is to show that on this supposition C is indeed a closed ball. The proof proceeds
along the line of that in Section 2 (the case of smooth Banach spaces).

Firstly, note that for every angle θ our supposition yields the existence of a line mθ en-
joying the following properties: mθ supports C at Vθ in Fig. 1 and is parallel to a supporting
line m′′

θ of B(O, 1) at (g(θ), θ)rad (see Fig. 2). This is a consequence of the Hahn–Banach
separation theorem that does not require smoothness. Although mθ is not uniquely de-
termined in general, consider that one of such line is assigned for every θ and named mθ.
Then, one can see that the angle ϕ(θ) in Fig. 2 satisfies the following estimate by locally
considering the curve ∂B(O, 1) as the graph { (u, hθ(u)) | |u| < ρ0 } in the coordinate system
Fθ:

(hθ)
′
−(0) ≤ − tanϕ(θ) ≤ (hθ)

′
+(0).

Hence (16) yields

(17)
g′+(θ)

g(θ)
≤ tanϕ(θ) ≤

g′−(θ)

g(θ)

for every θ, and Lemma 10 shows that | tanϕ(θ)| is bounded on [0, 2π].

Now, prior to going into the heart of the proof, note that the boundedness of various
quantities can be readily obtained from Lemma 13: There exists a constant K > 0 such
that

(18) |g′±(θ)|,
|g′±(θ)|
g(θ)

, | tanϕ(θ)| ≤ K (∀θ ∈ [0, 2π]).

As in the previous section, let the curve ∂C be described by a polar equation r = ℓ(θ)
and let us return to Fig. 3. Because of estimate (18), there exists an ε > 0 for which the ray
with angle θ + ∆θ intersects the line mθ, which separates C and a translation of the unit
ball (see Fig. 1), provided 0 < ∆θ < ε. Now take θ1, θ2 ∈ [0, 2π] with θ1 < θ2 and n ∈ N
with n > 2π/ε and set ∆nθ := (θ2 − θ1)/n. Then the argument leading to (7) is also valid
in the present case and we obtain

(19)
l(θ1)

l(θ2)
≥ cosn(∆nθ)

n−1∏
k=0

{1− tan(ϕ(θ1 + k∆nθ)) tan(∆nθ)} .

12

From (17) and (18), we obtain the following asymptotic formula as n → ∞:

n−1∑
k=0

log
(
1− {tanϕ(θ + k∆nθ)} tan(∆nθ)

)

= −
n−1∑
k=0

tanϕ(θ1 + k∆nθ)∆nθ +O

(
1

n

)

≥ −
n−1∑
k=0

g′−(θ + k∆nθ)

g(θ + k∆nθ)
∆nθ +O

(
1

n

)
.(20)

By Lemma 13, g′−(θ)/g(θ) is Riemann integrable on [θ1, θ2], and so

−
n−1∑
k=0

g′−(θ + k∆nθ)

g(θ + k∆nθ)
∆nθ +O

(
1

n

)

−→ −
∫ θ2

θ1

g′−(θ)

g(θ)
dθ (n −→ ∞).

Taking the logarithm of (19) and using the asymptotic formula above, we obtain

(21) log
l(θ1)

l(θ2)
≥ −

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

since cosn(∆nθ) → 1 as n → ∞. Moreover, Lemma 14 shows that log(g(θ)) is absolutely
continuous on [θ1, θ2]. Hence the Fundamental Theorem of Calculus for Lebesgue Integral
([3, p. 148]) implies

(22) −(L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ = log
g(θ1)

g(θ2)
,

where (L)
∫
means the Lebesgue integral. In addition, Lemma 13 shows that

1

g(θ)
· dg
dθ

(θ) =
g′−(θ)

g(θ)

holds except for θ in some at most countable set. Hence

(23) (L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ = (L)

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

holds. Since Lebesgue integral and Riemann integral coincide for Riemann integrable func-
tions, (21), (23) and (22) yield

log
l(θ1)

l(θ2)
≥ −(L)

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

= −(L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ

= log
g(θ1)

g(θ2)
.
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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From (17) and (18), we obtain the following asymptotic formula as n → ∞:

n−1∑
k=0

log
(
1− {tanϕ(θ + k∆nθ)} tan(∆nθ)

)

= −
n−1∑
k=0

tanϕ(θ1 + k∆nθ)∆nθ +O

(
1

n

)

≥ −
n−1∑
k=0

g′−(θ + k∆nθ)

g(θ + k∆nθ)
∆nθ +O

(
1

n

)
.(20)

By Lemma 13, g′−(θ)/g(θ) is Riemann integrable on [θ1, θ2], and so

−
n−1∑
k=0

g′−(θ + k∆nθ)

g(θ + k∆nθ)
∆nθ +O

(
1

n

)

−→ −
∫ θ2

θ1

g′−(θ)

g(θ)
dθ (n −→ ∞).

Taking the logarithm of (19) and using the asymptotic formula above, we obtain

(21) log
l(θ1)

l(θ2)
≥ −

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

since cosn(∆nθ) → 1 as n → ∞. Moreover, Lemma 14 shows that log(g(θ)) is absolutely
continuous on [θ1, θ2]. Hence the Fundamental Theorem of Calculus for Lebesgue Integral
([3, p. 148]) implies

(22) −(L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ = log
g(θ1)

g(θ2)
,

where (L)
∫
means the Lebesgue integral. In addition, Lemma 13 shows that

1

g(θ)
· dg
dθ

(θ) =
g′−(θ)

g(θ)

holds except for θ in some at most countable set. Hence

(23) (L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ = (L)

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

holds. Since Lebesgue integral and Riemann integral coincide for Riemann integrable func-
tions, (21), (23) and (22) yield

log
l(θ1)

l(θ2)
≥ −(L)

∫ θ2

θ1

g′−(θ)

g(θ)
dθ

= −(L)

∫ θ2

θ1

1

g(θ)
· dg
dθ

(θ) dθ

= log
g(θ1)

g(θ2)
.

13
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Therefore

log
ℓ(θ1)

g(θ1)
≥ log

ℓ(θ2)

g(θ2)

holds and hence ℓ(θ)/g(θ) is a decreasing function (in the wider sense) of θ ∈ [0, 2π]. This
in turn implies that ℓ(θ)/g(θ) is a constant function since the values at 0 and 2π coincide,
and the proof is thus completed.
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Abstract. Consider the f ollowing property (P )  f or a bounded closed convex set C in a 
Banach space X. (P )  : For every x ∈ X, a positive-scalar multiple of x gives a nearest point 
in C to x. Then it is clear that a closed ball with its center at the origin has this property. 
The converse of this assertion is the subject of this paper, and it is proved that a 
bounded closed convex set C ⊂ X with 0 ∈ Int C possessing property (P )  is a closed ball 
with center 0, provided dim X > 1. The proof is achieved by reducing the general case to 
that of 2-dimensional spaces.

1 Introduction LetX denote a real Banach space with norm ∥·∥ and let A be a subset of
X. Then, x0 ∈ A is called a nearest point in A to x ∈ X if ∥x−x0∥ = min { ∥x−y∥ | y ∈ A }
holds. In this sense, for a closed ball C in X with center 0 (the origin) and radius r, it is
clear that a nearest point Px in C to x ∈ X is given by the following formula:

Px =

{ r

∥x∥
· x (x ̸∈ C),

x (x ∈ C).

In other words, Px is a positive-scalar multiple of x for every x ∈ X.
The authors happened to wonder if the converse of this fact holds or not. That is to say,

suppose that C ⊂ X is a bounded closed convex set with 0 in its interior, and also suppose
that for every x ∈ X a positive-scalar multiple of x gives a nearest point in C to x, then
should C be a closed ball centered at the origin or not?

It is clear that this question is answered in the negative for the extreme case of 1-
dimensional spaces: Consider C = [−1, 2] in R with the usual norm. However, the present
authors could firstly answer affirmatively for the case of Hilbert spaces with dimension
greater than 1. Their proof depends heavily on the neat geometric property of Hilbert
spaces. Namely, for every non-empty closed convex set C in a Hilbert space X, there exists
so-called metric projection PC : X → C that maps x ∈ X to the unique nearest point in
C to x, and the proof utilized the characterization of PC by inner products, and also the
contractivity of PC .

As an extension of the case of Hilbert spaces, the authors found that the question is
affirmatively answered for Lebesgue’s Lp spaces with p ∈ [2, 4). This result is based on
the following theorem in Li–Wang–Yang [5] saying that in case of p-uniformly convex and
simultaneously q-uniformly smooth Banach spaces, metric projections onto a closed convex
set is locally Hölder continuous of order q/p.

Moreover, no example of a Banach space with dimension greater than 1 was found
which answers the question in the negative. So, the authors formulated the question into
the following conjecture and began to investigate its validity in earnest:
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Abstract

In this paper, we clarify mainly some aspects concerning the quantum MV (QMV) algebras as
non-lattice generalizations of MV algebras. We redefine the QMV algebras as involutive m-BE al-
gebras and we introduce three generalizations: the pre-MV (PreMV), the metha-MV (MMV) and
the orthomodular (OM) algebras. We prove that the antisymmetric QMV algebras - but also the
antisymmetric PreMV and antisymmetric MMV algebras - coincide with the MV algebras, while the
antisymmetric OM algebras are generalizations of the MV algebras. We introduce also the transitive
QMV, PreMV, MMV, OM algebras and finally we put the QMV and the transitive QMV algebras on
the same “map” with the MV algebras. The transitive antisymmetric orthomodular algebra, a proper
generalization of MV algebra inside the class of m-BCK algebras, is pointed out. Many examples are
provided.

Keywords: m-BE algebra, m-aBE algebra, m-pre-BCK algebra, m-BCK algebra, MV algebra,
quantum MV algebra, orthomodular lattice, orthomodular algebra, pre-MV algebra, metha-MV alge-
bra

MSC 2020: 06D35, 03G12, 06F99

1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).
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Summarizing, for algebraists, the appropriate algebras are the unital magmas, not the algebras of logic,
and among the unital magmas, the appropriate algebras are the right-algebras. For logicians, by contrary,
the appropriate algebras are the algebras of logic, not the unital magmas, and among the algebras of
logic, the appropriate algebras are the left-algebras. This explains why, for examples, the MV algebras
were initially introduced as right-unital magmas, while the Wajsberg algebras were initially introduced as
left-algebras of logic.

In this paper, regarding from (algebras of) logic side, we shall work with left-algebras (left-unital mag-
mas), in principal, therefore, the unital magmas will be defined multiplicatively, in principal.

Thus, the commutative algebraic structures connected directly or indirectly with classical/non-classical
logics belong to two parallel “worlds”:

1. the “world” of left-algebras of logic, where there are essentially one implication, → (two, in the non-
commutative case), and an element 1 (that can be the last element); the algebras (A,→, 1), verifying the
basic property (M): 1 → x = x, are called left-M algebras [17], [19]; among the M algebras with additional
operations, there are the algebras (A,→, 0, 1) (where a negation can be defined by: x− = x → 0), or
(A,→,−, 1), with 1− = 0, where 1 is the last element, verifying (or not) (Ex) (Exchange): x → (y →
z) = y → (x → z); an internal binary relation can be defined by: x ≤ y

def.⇐⇒ x → y = 1 (≤ can be a
pre-order, an order, or even a lattice order); algebras belonging to this “world” are [17], [19]: the bounded
MEL, BE and aBE, pre-BCK algebras, BCK algebras, bounded BCK algebras, BCK(P) algebras, Hilbert
algebras, Wajsberg algebras, implicative-Boolean algebras, etc. A “Big map” (hierarchy of algebras of
logic) is presented in ([19], Figure 1).

2. the “world” of left-algebras, where there are essentially a product, �, and an element 1 (that can be
the last element); the algebras (A,�, 1), verifying the corresponding basic properties (PU): 1�x = x and
(Pcomm): x� y = y � x, are called commutative left-unital magmas; among the commutative left-unital
magmas with additional operations, there are the algebras [19] (A,�,−, 1), with 1− = 0, where 1 is the
last element, verifying (or not) (Pass) (associativity of product): x � (y � z) = (x � y) � z; an internal
binary relation can be defined by: x ≤m y ⇐⇒ x � y− = 0 (≤m can be a pre-order, an order, or even a
lattice order), where ‘m’ comes from ‘magma’; algebras belonging to this “world” are [17], [19]: the m-
MEL, m-BE and m-aBE, m-pre-BCK algebras, m-BCK algebras, pocrims, (bounded) lattices, residuated
lattices, BL algebras, MTL algebras, NM algebras, MV algebras, Boolean algebras, etc. A corresponding
“Big map” (hierarchy of algebras) is presented in ([19], Figure 10) - see Figure 1.

MV algebras were introduced in 1958 by C.C. Chang [4], as a model of ℵ0-valued �Lukasiewicz logic.
Chang’s definition of MV algebras has 17 axioms. There is a huge literature concerning the MV algebras;
we mention only a reference book, [3].

Between the two parallel “ worlds” there are some connections, as for examples: the equivalence
between BCK(P) algebras and pocrims, in the non-involutive case, and the definitional equivalence between
Wajsberg algebras and MV algebras, in the involutive case ((x−)− = x). In [19], the two general Theorems

9.1 and 9.3 connect the two ’worlds’ in the involutive case, by the inverse maps Φ (x� y
def.
= (x → y−)−)

and Ψ (x → y
def.
= (x � y−)−) (Theorem 9.1 is for algebras with last element, while Theorem 9.3 is for

algebras without last element); recall, for examples, that ≤⇐⇒≤m, that (M) ⇐⇒ (PU) + (Pcomm), (Ex)
⇐⇒ (Pass) etc. These theorems can be used to prove the definitionally equivalence (d.e.) between the
analogous involutive (left-) algebras from the two “worlds” simply by choosing appropriate definitions of
these algebras; for examples, one can prove the d.e. between implicative-Boolean algebras and Boolean
algebras, between involutive BCK algebras and (involutive) m-BCK algebras etc..

Beside the classical and non-classical logics, there exist the quantum logics. Examples of algebraic
structures connected with quantum logics (= quantum structures/algebras) are the bounded implicative
(implication) lattices, the De Morgan algebras, the ortholattices, the orthomodular lattices, the quantum
MV algebras (a better name is perhaps quantum-MV algebras, because they are generalizations of MV
algebras, and not particular cases of MV algebras, i.e. they are not MV algebras that are ‘quantum’), etc.

Quantum-MV algebras (or QMV algebras) were introduced by Roberto Giuntini in [7] (see also [8], [9],
[10], [11], [12], [13], [6]), as non-lattice theoretic generalizations of MV algebras and as non-idempotent
generalizations of orthomodular lattices. Cf. [6], from an algebraic point of view, MV algebras and QMV
algebras share a common set of axioms, which S. Gudder [14] has called supplement algebra (S algebra).
An MV algebra is an S-algebra verifying the axiom (MV), while an QMV algebra is an S algebra verifying
the axiom (QMV), which is weaker than (MV).
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Orthomodular lattices (particular ortholattices) generalize the Boolean algebras. They have arisen,
cf. [28], “in the study of quantum logic, that is, the logic which supports quantum mechanics and which
does not conform to classical logic. As noted by Birkhoff and von Neumann in 1936 [2], the calculus of
propositions in quantum logic “is formally indistinguishable from the calculus of linear subspaces [of a
Hilbert space] with respect to set products, linear sums and orthogonal complements” in the role of and,
or and not, respectively. This has led to the study of the closed subspaces of a Hilbert space, which form
an orthomodular lattice in contemporary terminology. As often happens in algebraic logic, the study of
orthomodular lattices has tremendously developed, both for their interest in logic and for their own sake,
see Kalmbach [26]”.

The connections between algebras of logic/algebras and quantum algebras were not very clear. But, in
papers [19], [23], we established important connections, by redefining equivalently the bounded involutive
lattices and De Morgan algebras as involutive m-MEL algebras and the ortholattices, the MV and the
Boolean algebras as involutive m-BE algebras, verifying some properties, and then putting all of them on
the involutive “Big map”; thus, we have proved that the quantum algebras: bounded involutive lattices,
De Morgan algebras and the ortholattices belong, in fact, to the “world” of left-algebras (involutive unital
magmas).

In this paper, we clarify, mainly, some aspects concerning the quantum-MV algebras as non-lattice
generalizations of MV algebras. We put MV algebras and quantum-MV algebras on the involutive “Big
map”, thus proving that quantum-MV algebras also belong, in fact, to the “world” of left-algebras (invo-
lutive left-unital magmas). We continue here the research from [23], [24], based on [19], in the “world”
of involutive left-algebras of the form (A,�,−, 1) verifying (Pass), with 1− = 0, 1 being the last element.
This paper, like [19], [23], [24], presents the facts in the same unifying way, which consists in fixing unique
names for the defining properties, making lists of these properties and then using them for defining the
different algebras and for obtaining results.

The paper is organized as follows. In Section 2 (Preliminaries), we recall the original definitions
of quantum MV (QMV) algebras and of orthomodular lattices and also the definitions of MV algebras,
m-MEL, m-BE, m-pre-BCK, m-BCK algebras and some results from [19]. In Section 3 (Redefining the
QMV algebras), we introduce the operation ∧B

m (beside ∧M
m ) and the binary relation ≤B

m (beside ≤M
m )

and prove that ≤m⇐⇒≤B
m. We redefine the QMV algebras as involutive m-BE algebras verifying the

property (Pqmv), just as we have redefined in [19] the MV algebras as involutive m-BE algebras verifying
the property (∧m-comm). We prove that (Pqmv) is equivalent with only two properties, (Pmv) and (Pq)
(Theorem 3.19); we prove that (Pq) is equivalent with (Pom), the property characterizing the orthomod-
ular lattices among the ortholattices - this being the core of the paper (Theorem 3.26), by its difficulty.
We also prove that, if (Pom) holds, then (Pmv) is equivalent with (∆m), the largest non-antisymmetric
generalization of (∧m-comm) (Theorem 3.32); thus, finally, (Pqmv) is equivalent with (∆m) and (Pom).
In Section 4 (Three generalizations of QMV algebras), we introduce three generalizations of QMV
algebras: the pre-MV (PreMV) algebras, the metha-MV (MMV) algebras and the orthomodular (OM)
algebras, and study their transitive and/or antisymmetric members. We clarify the connection between
QMV and MV algebras, by proving that MV algebras coincide with the antisymmetric QMV algebras -
but also with the antisymmetric preMV and with the antisymmetric MMV algebras - (Corollary 4.10),
result enabling us to put QMV algebras and MV algebras on the same “map”. We point out the transitive
QMV (tQMV) algebra, a particular QMV algebra, and the transitive antisymmetric orthomodular (taOM)
algebra, a proper generalization of MV algebra inside the class of m-BCK algebras. Finally, we put MV
algebras and QMV, tQMV algebras on the same “map” (the involutive “Big map”); there is one open
problem. In Section 5 (Concluding remarks and future work), we present conclusions and future
work. In Section 6 (Examples), we present nine examples of the involved algebras.

Some of the proofs and of the examples were found by the powerful computer program Prover9/Mace4
(version dec. 2007) created by William W. McCune (1953 - 2011). Therefore, we dedicate this paper to
his memory.

2 Preliminaries

2.1 The original definition of quantum-MV algebras. The property (Wom)

Definition 2.1 ([6], Definition 2.1.1) [14]
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1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).
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A supplement algebra, or an S algebra for short, is an algebra M = (M,⊕,−, 0, 1) consisting of a
nonempty set M , two constant elements 0, 1 in M , a unary operation − and a binary operation ⊕ on M
satisfying the following axioms: for all x, y, z ∈ M ,
(S1) x⊕ y = y ⊕ x, (S2) x⊕ (y ⊕ z) = (x⊕ y)⊕ z, (S3) x⊕ x− = 1, (S4) x⊕ 0 = x, (S5) (x−)− = x (or
x= = x), (S6) 0− = 1, (S7) x⊕ 1 = 1.

On every S algebra, the following operations can be introduced: x � y := (x− ⊕ y−)−, x � y := (x ⊕
y−)� y, x � y := (x� y−)⊕ y.

QMV algebras were introduced by Roberto Giuntini [7], as S algebras satisfying additionally five
axioms. The equivalence of the five axioms with the next axiom (QMV) was proved in [12].

Definition 2.2 ([6], Definition 2.3.1) A quantum MV algebra, or a QMV algebra for short, is an S algebra
M = (M,⊕,−, 0, 1) satisfying: for all x, y, z ∈ M ,
(QMV) x⊕ ((x− � y) � (z � x−)) = (x⊕ y) � (x⊕ z).

Note that QMV algebras were originally defined as right-algebras (see more on left- and right-
algebras in [15], [17], [19]).

The most used definition of MV algebras is the following:

Definition 2.3 [3] An MV algebra is an algebra A = (A,⊕,−, 0) satisfying: for all x, y, y ∈ A,

(MV1) x⊕0 = x, (MV2) x⊕y = y⊕x, (MV3) x⊕ (y⊕z) = (x⊕y)⊕z, (MV4) x⊕1 = 1, where 1
def.
= 0−,

(MV5) (x−)− = x (or x= = x), (MV6) = (MV) (x− ⊕ y)− ⊕ y = (y− ⊕ x)− ⊕ x.

Note that MV algebras were defined as right-algebras.

Definition 2.4 (See [28], [5]) An ortholattice is an algebra A = (A,∧,∨,−, 0, 1) such that the reduct
(A,∧,∨, 0, 1) is a bounded lattice and the unary operation − satisfies: for all x, y ∈ A,
(DN) (x−)− = x (or x= = x) (Double Negation),
(DeM1) (x ∨ y)− = x− ∧ y− (De Morgan law 1) and, dually,
(DeM2) (x ∧ y)− = x− ∨ y− (De Morgan law 2),

and the complementation laws:
(m-WRe) x ∧ x− = 0 (noncontradiction principle) and, dually,
(m-VRe) x ∨ x− = 1 (excluded middle principle).

Definition 2.5 An orthomodular lattice is an ortholattice (A,∧,∨,−, 0, 1) which satisfies the orthomod-
ular law: for all x, y ∈ A,
(OML) x ≤ y =⇒ x ∨ (x− ∧ y) = y.

Note that property (OML) is not an identity, but there are many identities equivalent to (OML) within
the class of ortholattices [28], as for example:

Proposition 2.6 ([28], Corollary 4.10.3) The following identity characterizes orthomodular lattices among
ortholattices:
(Wom) (x ∧ y) ∨ ((x ∧ y)− ∧ x) = x.

Note that orthomodular lattices were originally defined as left-algebras.
The dual of (Wom) is:

(Vom) (x ∨ y) ∧ ((x ∨ y)− ∨ x) = x,
where ‘W’ comes from ‘wedge’ (the LATEX command for the meet, ∧) and ‘V’ comes from ‘vee’ (the LATEX
command for the join, ∨).

2.2 The “Big map” of algebras. The involutive m-BE algebras

Recall from [19] the following:

Let AL = (AL,�,− = −L

, 1) be an algebra of type (2, 1, 0) and define 0
def.
= 1−. Define an internal

binary relation ≤m on AL by: for all x, y ∈ AL,

(m-dfrelP) x ≤m y
def.⇐⇒ x� y− = 0.

Consider the following list m-A of basic properties that can be satisfied by AL [19]:
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(PU) 1� x = x = x� 1 (unit element of product, the identity),
(Pcomm) x� y = y � x (commutativity of product),
(Pass) x� (y � z) = (x� y)� z (associativity of product);

(Neg1-0) 1− = 0,
(Neg0-1) 0− = 1;

(m-An) (x� y− = 0 and y � x− = 0) =⇒ x = y (antisymmetry),
(m-B) [(x� y−)− � (x� z)]� (y � z)− = 0,
(m-BB) [(z � x)− � (y � x)]� (y � z−)− = 0,
(m-*) x� y− = 0 =⇒ (z � y−)� (z � x−)− = 0,
(m-**) x� y− = 0 =⇒ (x� z)� (y � z)− = 0,

(m-L) x� 0 = 0 (last element),
(m-Re) x� x− = 0 (reflexivity),
(m-Tr) (x� y− = 0 and y � z− = 0) =⇒ x� z− = 0 (transitivity),
etc.,

where ’m’ comes from ’magma’.

Dually, let AR = (AR,⊕,− = −R

, 0) be an algebra of type (2, 1, 0) and define 1
def.
= 0−. Define an

internal binary relation ≥m on AR by: for all x, y ∈ AR,

(m-dfrelS) x ≥m y
def.⇐⇒ x⊕ y− = 1.

The list of dual properties is omitted.
Recall from [19] the definitions of the algebras needed in this paper (the dual ones are omitted):

Let AL = (AL,�,−, 1) be an algebra of type (2, 1, 0) through this paper. Define 0
def.
= 1− (hence

(Neg1-0) holds) and suppose that 0− = 1 (hence (Neg0-1) holds too). We say that AL is a [19]:
- left-m-MEL algebra, if (PU), (Pcomm), (Pass), (m-L) hold;
- left-m-BE algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) hold;
- left-m-pre-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) and (m-BB) hold;
- left-m-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re), (m-An) and (m-BB) hold.
Denote by m-MEL, m-BE, ..., m-BCK these classes of left-algebras, respectively.
We say that AL is [19] reflexive, if ≤m is reflexive (i.e. (m-Re) holds); transitive, if ≤m is transitive

(i.e. (m-Tr) holds); antisymmetric, if ≤m is antisymmetric (i.e. (m-An) holds). If X is a class of algebras,
we shall denote by tX (aX, atX=taX) the subclass of all transitive (antisymmetric, transitive and
antisymmetric, respectively) algebras of X.

A hierarchy of classes of such algebras will be represented by a kind of Hasse-type diagram, where the
algebras are represented as follows:

- reflexive algebras by ©

- antisymmetric algebras by ◦

- transitive algebras by •

- reflexive and antisymmetric algebras by ©◦

- reflexive and transitive algebras by ©•

- ordered algebras by �

and a class of algebras which does not verify (m-Re), (m-An), (m-Tr), by �.

In ([19], Figure 10) - see next Figure 1 - the “Big map”, connecting the commutative left-unital
magmas, including these new algebras, was drawn.

We say that an algebra is involutive, if it verifies (DN). If X is a class of algebras, we shall denote
by X(DN) the subclass of all involutive algebras of X. By ([19], Theorem 6.12), in any involutive m-BE
algebra we have the equivalences: (m-BB) ⇔ (m-B) ⇔ (m-**) ⇔ (m-*) ⇔ (m-Tr).

Note that: m-pre-BCK(DN) = pre-m-BCK(DN) (= m-tBE(DN)).
Any left-m-BCK algebra is involutive, by ([19], Theorem 6.13). We write: m-BCK= m-BCK(DN)

(= m-taBE(DN)). Note that an (involutive) m-BCK algebra satisfies all the properties in the list m-A
of properties and, additionally, (DN) and other properties.
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1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).
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Note that the binary relation ≤m is only reflexive in m-BE(DN), it is a pre-order in m-pre-
BCK(DN) and it is an order in m-BCK.

2.2.1 Involutive m-MEL algebras

Let AL = (AL,�,−, 1) be an involutive left-m-MEL algebra. Because of the axiom (DN), we have
introduced in [23] the new operation sum, ⊕, the dual of product, �, by: for all x, y ∈ AL,

(1) x⊕ y
def.
= (x− � y−)−.

Hence,

(2) x� y = (x− ⊕ y−)−.

Then, (AL,⊕,−, 0) is an involutive right-m-MEL algebra. We have: x ≤m y ⇐⇒ y ≥m x.
Beside the old, natural binary relation ≤m and its dual ≥m, we have introduced in [23] a new binary

relation:

(m-dfP) x ≤P
m y

def.⇐⇒ x� y = x and, dually,

(m-dfS) x ≥S
m y

def.⇐⇒ x⊕ y = x.
By ([23], Proposition 3.11), ≤P

m is antisymmetric and transitive and 0 ≤P
m x ≤P

m 1, for any x.

With the notations from this subsection, Definition 2.3 of MV algebras becomes [19]:

Definition 2.7
(i) A left-MV algebra is an algebra AL = (AL,�,− = −L

, 1) of type (2, 1, 0) verifying (PU), (Pcomm),
(Pass), (m-L), (DN) and:
(∧m-comm) (x− � y)− � y = (y− � x)− � x.

(i’) Dually, a right-MV algebra is an algebra AR = (AR,⊕,− = −R

, 0) of type (2, 1, 0) verifying (SU),
(Scomm), (Sass), (m-LR), (DN) and:
(∨m-comm) (x− ⊕ y)− ⊕ y = (y− ⊕ x)− ⊕ x.

We recall the following important remark, which was the motivation of paper [19]:
(i) The left-MV algebra is just the involutive left-m-MEL algebra verifying (∧m-comm).
(i’) Dually, the right-MV algebra is just the involutive right-m-MEL algebra verifying (∨m-comm).

Denote by MV the class of all left-MV algebras and by MVR the class of all right-MV algebras.

Proposition 2.8 Let AL = (AL,�,−, 1) be an involutive left-m-MEL algebra. Then:
(∧m − comm) ⇐⇒ (∨m − comm).

Proof. Routine. �

2.2.2 Involutive m-BE algebras. The property (Pom)

Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then, (AL,⊕,−, 0) is an involutive right-m-BE
algebra.

Remark 2.9 An S algebra (Definition 2.1) is just an involutive right-m-BE algebra.

Remarks 2.10 (The dual one is omitted)
(i) Since (∧m-comm) implies (m-Re), by ([19], (mB1)), it follows that any left-MV algebra is in

fact an involutive left-m-BE algebra verifying (∧m-comm).
(ii) Since (∧m-comm) implies also (m-An) and (m-BB) (⇔ . . . ⇔ (m-Tr)), by ([19], (mB2), (mCBN1)),

respectively, i.e. we have:

(3) (∧m − comm) =⇒ (m−An) + (m− Tr),
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it follows that any left-MV algebra is in fact a left-m-BCK algebra, i.e. we have:

MV ⊂ m−BCK = m−BCK(DN)(= m− taBE(DN)).

(iii) Moreover, by ([19], Theorem 6.21 ), the class of left-MV algebras is d.e. with the class of ∧m-
commutative (involutive) left-m-BCK algebras (i.e. left-m-BCK algebras verifying (∧m-comm)).

In ([19], Figure 8), the connections between m-BE algebras, m-BCK algebras, MV algebras, ortholat-
tices and Boolean algebras were established, thus putting MV algebras, ortholattices and Boolean algebras
on the “map” (the right side of the involutive “Big map”).

We have redefined equivalently the ortholattices (Definition 2.4) in [19], [23] as follows (Definition 2):
(i) A left-ortholattice is a (involutive) left-m-BE algebra AL = (AL,�,−, 1) verifying:

(m-Pimpl) [(x� y−)− � x−]− = x.
(i’) Dually, a right-ortholattice is a (involutive) right-m-BE algebra AR = (AR,⊕,−, 0) verifying:

(m-Simpl) [(x⊕ y−)− ⊕ x−]− = x.
It follows that an orthomodular lattice (Definition 2.5) can be redefined equivalently as follows (Defi-

nition 2):
(i) An orthomodular left-lattice is a (involutive) left-m-BE algebra AL = (AL,�,−, 1) verifying (m-

Pimpl) and (Pom) ((Wom) becomes (Pom)), where:
(Pom) (x� y)⊕ ((x� y)− � x) = x.

(i’) Dually, an orthomodular right-lattice is a (involutive) right-m-BE algebra AR = (AR,⊕,−, 0)
verifying (m-Simpl) and (Som) ((Vom) becomes (Som)), where:
(Som) (x⊕ y)� ((x⊕ y)− ⊕ x) = x.

Thus, (Pom) is the property characterizing the orthomodular left-lattices among the left-
ortholattices (Definitions 2). It will play a major role in QMV algebras.

3 Redefining the QMV algebras

Remark 3.1 Starting from the equality from the property

(∧m − comm) (x− � y)− � y = (y− � x)− � x,

verified by a left-MV algebra, we could introduce two different ’twin’ operations, ∧M
m (’M’ comes from ’MV

algebra’) and ∧B
m (’B’ comes from ’Boolean algebra’), by: for all x, y:

x ∧M
m y = (x− � y)− � y and x ∧B

m y = (y− � x)− � x.
Then, (∧m-comm) would mean: either
(∧M

m -comm) x ∧M
m y = y ∧M

m x or
(∧B

m-comm) x ∧B
m y = y ∧B

m x.

In left-MV algebras, the two operations ∧M
m and ∧B

m are equal, but in general, in an involutive left-m-
MEL algebra, they are different; but note that: x∧M

m y = y ∧B
m x, which means, in the finite case, that the

matrix of ∧B
m is the transposed matrix of that of ∧M

m and vice-versa.

Following the above Remark 3.1, we shall introduce in an involutive left-m-MEL algebra AL =
(AL,�,−, 1) the following operations:

(4) x ∧M
m y

def.
= (x− � y)− � y

(Pcomm)
= y � (y � x−)− and, dually,

(5) x ∨M
m y

def.
= (x− ∧M

m y−)− = [(x� y−)− � y−]− = (x� y−)⊕ y = (x− ⊕ y)− ⊕ y = y ⊕ (y ⊕ x−)−

and

(6) x ∧B
m y

def.
= (y− � x)− � x

(Pcomm)
= x� (x� y−)− = x� (x → y) = y ∧M

m x and, dually,

(7) x∨B
my

def.
= (x−∧B

my−)− = [(y�x−)−�x−]− = (y�x−)⊕x = (y−⊕x)−⊕x = x⊕(x⊕y−)− = y∨M
m x.
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Note that the dual operations ∧M
m , ∨M

m are just � , �, respectively, recalled in subsection 2.1.
In what follows, we shall present only the properties of ∧M

m and ∨M
m .

Beside the old, natural binary relation ≤m, and its dual ≥m, and the binary relation ≤P
m, and its dual

≥S
m, we introduce two binary relations, the old ≤M

m (see [6]) and the new ≤B
m: for all x, y ∈ AL,

(m-dfWM) x ≤M
m y

def.⇐⇒ x ∧M
m y = x and, dually,

(m-dfVM) x ≥M
m y

def.⇐⇒ x ∨M
m y = x,

and

(m-dfWB) x ≤B
m y

def.⇐⇒ x ∧B
m y = x (⇐⇒ y ∧M

m x = x) and, dually,

(m-dfVB) x ≥B
m y

def.⇐⇒ x ∨B
m y = x (⇐⇒ y ∨M

m x = x).

Lemma 3.2 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. We have:
(1) x� y− = 0 ⇐⇒ x� (x� y−)− = x and, dually,
(1’) x⊕ y− = 1 ⇐⇒ x⊕ (x⊕ y−)− = x.

Proof. (1): Suppose that x� y− = 0; then, (x� y−)− = 1, hence x� (x� y−)− = x� 1 = x.
Conversely, suppose that x� (x� y−)− = x; then,

x� y− = (x� (x� y−)−)� y−
(Pcomm),(Pass)

= (x� y−)� (x� y−)−
(m−Re)

= 0.
(1’): Suppose that x⊕ y− = 1; then, (x⊕ y−)− = 0, hence x⊕ (x⊕ y−)− = x⊕ 0 = x.

Conversely, suppose that x⊕ (x⊕ y−)− = x; then,

x⊕ y− = (x⊕ (x⊕ y−)−)⊕ y−
(Scomm),(Sass)

= (x⊕ y−)⊕ (x⊕ y−)−
(m−ReR)

= 1. �

Proposition 3.3 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. We have:
(1) x ≤m y ⇐⇒ x ≤B

m y and, dually
(1’) x ≥m y ⇐⇒ x ≥B

m y.

(2) If (∧m-comm) holds (i.e. x ∧M
m y = y ∧M

m x), then

x ≤m y (⇐⇒ x ≤B
m y) ⇐⇒ x ≤M

m y.

(2’) If (∧m-comm) holds, then (∨m-comm) holds (i.e. x ∨M
m y = y ∨M

m x) and

x ≥m y (⇐⇒ x ≥B
m y) ⇐⇒ x ≥M

m y.

Proof. (1): By above Lemma 3.2 (1),

x ≤m y
def.⇐⇒ x� y− = 0 ⇐⇒ x� (x� y−)− = x ⇐⇒ x ∧B

m y = x
def.⇐⇒ x ≤B

m y.
(1’): By above Lemma 3.2 (1’),

x ≥m y
def.⇐⇒ x⊕ y− = 1 ⇐⇒ x⊕ (x⊕ y−)− = x ⇐⇒ x ∨B

m y = x
def.⇐⇒ x ≥B

m y.
(2): By above (1),

x ≤M
m y

def.⇐⇒ x ∧M
m y = x

(∧m−comm)⇐⇒ y ∧M
m x = x ⇐⇒ x ∧B

m y = x
def.⇐⇒ x ≤B

m y ⇐⇒ x ≤m y.
(2’): By Proposition 2.8 and above (1’). �

Remark 3.4 The equivalence ≤m ⇐⇒ ≤B
m implies that ≤m is an order relation if and only if ≤B

m is an
order relation. But, it does not imply that if ≤m is a lattice order w.r. to say ∧,∨, then ≤B

m is a lattice
order too with respect to ∧B

m,∨B
m.

Proposition 3.5 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(x ≤B
m y ⇐⇒) x ≤m y ⇐⇒ y ≥m x (⇐⇒ y ≥B

m x).

Proof. By Proposition 3.3 and ([23], Proposition 3.10). �

Proposition 3.6 (See ([6], Proposition 2.1.2), in dual case)
Let AL = (AL,�,−, 1) be an involutive left-m-MEL algebra. We have:

(8) x ∧M
m 1 = x = 1 ∧M

m x, x ∧M
m 0 = 0,
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(9) x ∨M
m 0 = x = 0 ∨M

m x, x ∨M
m 1 = 1,

(10) (x ∨M
m y)− = x− ∧M

m y− (De Morgan law 1),

(11) (x ∧M
m y)− = x− ∨M

m y− (De Morgan law 2) and, hence,

(12) x ∧M
m y = (x− ∨M

m y−)−.

Proposition 3.7 (See ([6], Proposition 2.1.2), in dual case)
Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. We have:

(13) if x� y = 1, then x = y = 1,

(14) if x ∧M
m y = 1, then x = y = 1,

(15) 0 ∧M
m x = 0,

(16) 1 ∨M
m x = 1,

(17) x ∧M
m x = x, x ∨M

m x = x,

(18) if x ≤M
m y, then y ∧M

m x = x,

(19) if x ≤M
m y, then x ≤m y.

Proposition 3.8 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. We have:

(20) x⊕ x− = 1, i.e. (m−ReR) holds;

(21) x� (y ∧M
m x−) = 0,

(22) x� (x− ∧M
m y) = 0,

(23) (y ∨M
m x) ∧M

m x = x,

(24) (y ∧M
m x) ∨M

m x = x,

(25) if x ≤M
m y, then x ∨M

m y = y,

(26) x ∨M
m y = y ⇐⇒ x� y− = 0 (⇐⇒ x ≤m y),

(27) (x� y) ∨M
m x = x,

(28) x ∧M
m (x� y) = x� y,

(29) x ∧M
m (y ∧M

m x) = y ∧M
m x.
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Proof. (20): x⊕ x− (1)
= (x− � x)−

(Pcomm)
= (x� x−)−

(m−Re)
= 0−

(Neg0−1)
= 1.

(21): x� (y ∧M
m x−) = x� [(y− � x−)− � x−]

(Pcomm)
= x� [x− � (y− � x−)−]

(Pass)
= (x� x−)� (y− � x−)−

(m−Re)
= 0� (y− � x−)−

(Pcomm)
= (y− � x−)− � 0

(m−L)
= 0.

(22): x� (x− ∧M
m y) = x� [(x� y)− � y] = x� [y � (x� y)−] = (x� y)� (x� y)−

(m−Re)
= 0.

(23): (y ∨M
m x) ∧M

m x
(5)
= [(y � x−)− � x−]− ∧M

m x
(4),(DN)

= (((y � x−)− � x−)� x)− � x
(Pass),(Pcomm)

= ((y � x−)− � (x� x−))− � x
(m−Re)

= ((y � x−)− � 0)− � x
(m−L)
= 0− � x = 1� x = x.

(24): (y ∧M
m x) ∨M

m x
(4)
= [(y− � x)− � x] ∨M

m x
(5)
= ([(y− � x)− � x]� x−)⊕ x

(Pass)
= ((y− � x)− � (x� x−))⊕ x

(m−Re)
= ((y− � x)− � 0)⊕ x

(m−L)
= 0⊕ x

(SU)
= x.

(25): Suppose x ≤M
m y, i.e. x ∧M

m y = x; then, x ∨M
m y = (x ∧M

m y) ∨M
m y

(24)
= y.

(26): If y = x ∨M
m y

(5)
= (x� y−)⊕ y, then y− = ((x� y−)⊕ y)− = (x� y−)− � y−. Then,

x� y− = x� [(x� y−)− � y−]
(Pcomm),(Pass)

= (x� y−)� (x� y−)−
(m−Re)

= 0.

Conversely, if x� y− = 0, then x ∨M
m y

(5)
= (x� y−)⊕ y = 0⊕ y

(SU)
= y.

(27: (x� y) ∨M
m x = [[(x� y)� x−]−n� x−]−

(m−Re),(m−L)
= [0− � x−]− = (x−)− = x.

(28): x ∧M
m (x� y) = [x− � (x� y)]− � (x� y)

(m−Re),(m−L)
= 0− � (x� y) = 1� (x� y) = x� y.

(29): x ∧M
m (y ∧M

m x) = x ∧M
m (x� (x� y−)−) = (x� (x� y−)−)� (x− � (x� (x� y−)−))−

(Pass)
= (x� (x� y−)−)� ((x− � x)� (x� y−)−)−

(Pcomm),(m−Re),(m−L)
= (x� (x� y−)−)� 0−

(Neg0−1),(PU)
= x� (x� y−)− = y ∧M

m x. �

Corollary 3.9 (See ([6], Corollary 2.1.3))
Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then, the binary relation ≤M

m is reflexive

and antisymmetric and 0 ≤M
m x ≤M

m 1, for all x ∈ AL, where 0
def.
= 1−.

3.1 Redefining the QMV algebras as involutive m-BE algebras

Following the original definition (Definition 2.2) of QMV algebras, the definition of involutive m-BE alge-
bras and Remark 2.9, we obtain the following redefinition of QMV algebras as involutive m-BE algebras,
which helps us to put them on the “map” (the involutive “Big map”):

Definitions 3.10
(i) A left-quantum-MV algebra, or a left-QMV algebra for short, is an involutive left-m-BE algebra

AL = (AL,�,− = −L , 1) verifying the following axiom: for all x, y, z ∈ AL,
(Pqmv) x� [(x− ∨M

m y) ∨M
m (z ∨M

m x−)] = (x� y) ∨M
m (x� z).

(i’) A right-quantum-MV algebra, or a right-QMV algebra for short, is an involutive right-m-BE algebra
(= S algebra) AR = (AR,⊕,− = −R , 0) verifying the following dual axiom: for all x, y, z ∈ AR,
(Sqmv) = (QMV) x⊕ [(x− ∧M

m y) ∧M
m (z ∧M

m x−)] = (x⊕ y) ∧M
m (x⊕ z).

We shall denote by QMV the class of all left-QMV algebras and by QMVR the class of all right-QMV
algebras.

Proposition 3.11 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then:

(Pqmv) ⇐⇒ (Sqmv).

Proof. Suppose (Pqmv) holds; then, x⊕ [(x− ∧M
m y) ∧M

m (z ∧M
m x−)]

(1)
= (x− � [(x− ∧M

m y) ∧M
m (z ∧M

m x−)])−
(11)
= (x− � [(x− ∧M

m y)− ∨M
m (z ∧M

m x−)−])−

(11)
= (x− � [(x ∨M

m y−) ∨M
m (z− ∨M

m x)])−
(Pqmv)
= ((x− � y−) ∨M

m (x− � z−))−

(10)
= (x− � y−)− ∧M

m (x− � z−)−
(1)
= (x⊕ y) ∧M

m (x⊕ z), i.e. (Sqmv) holds.
Suppose (Sqmv) holds; then, x� [(x− ∨M

m y) ∨M
m (z ∨M

m x−)]
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antisymmetric OM algebras are generalizations of the MV algebras. We introduce also the transitive
QMV, PreMV, MMV, OM algebras and finally we put the QMV and the transitive QMV algebras on
the same “map” with the MV algebras. The transitive antisymmetric orthomodular algebra, a proper
generalization of MV algebra inside the class of m-BCK algebras, is pointed out. Many examples are
provided.

Keywords: m-BE algebra, m-aBE algebra, m-pre-BCK algebra, m-BCK algebra, MV algebra,
quantum MV algebra, orthomodular lattice, orthomodular algebra, pre-MV algebra, metha-MV alge-
bra

MSC 2020: 06D35, 03G12, 06F99

1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).

∗Partially supported by Simons Foundation Collaboration Grant 359872

1

Received July 27,2021

 PUTTING QUANTUM MV ALGEBRAS ON THE “MAP”

AFRODITA IORGULESCU,
Department of Economic Informatics and Cybernetics 

Bucharest University of Economic Studies
Bucharest, RO

afrodita.iorgulescu@ase.ro

MICHAEL KINYON∗

Department of Mathematics
University of Denver

Denver, CO 80208, USA 
michael.kinyon@du.edu

In memoriam William W. McCune

Abstract

In this paper, we clarify mainly some aspects concerning the quantum MV (QMV) algebras as
non-lattice generalizations of MV algebras. We redefine the QMV algebras as involutive m-BE al-
gebras and we introduce three generalizations: the pre-MV (PreMV), the metha-MV (MMV) and
the orthomodular (OM) algebras. We prove that the antisymmetric QMV algebras - but also the
antisymmetric PreMV and antisymmetric MMV algebras - coincide with the MV algebras, while the
antisymmetric OM algebras are generalizations of the MV algebras. We introduce also the transitive
QMV, PreMV, MMV, OM algebras and finally we put the QMV and the transitive QMV algebras on
the same “map” with the MV algebras. The transitive antisymmetric orthomodular algebra, a proper
generalization of MV algebra inside the class of m-BCK algebras, is pointed out. Many examples are
provided.

Keywords: m-BE algebra, m-aBE algebra, m-pre-BCK algebra, m-BCK algebra, MV algebra,
quantum MV algebra, orthomodular lattice, orthomodular algebra, pre-MV algebra, metha-MV alge-
bra

MSC 2020: 06D35, 03G12, 06F99

1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).

∗Partially supported by Simons Foundation Collaboration Grant 359872

1

Received July 27,2021

12

(2)
= (x− ⊕ [(x− ∨M

m y) ∨M
m (z ∨M

m x−)])−
(10)
= (x− ⊕ [(x− ∨M

m y)− ∧M
m (z ∨M

m x−)−])−

(10)
= (x− ⊕ [(x ∧M

m y−) ∧M
m (z− ∧M

m x)])−
(Sqmv)
= ((x− ⊕ y−) ∧M

m (x− ⊕ z−))−

(11)
= (x− ⊕ y−)− ∨M

m (x− ⊕ z−)−
(2)
= (x� y) ∨M

m (x� z), i.e. (Pqmv) holds. �

Corollary 3.12 Let AL = (AL,�,−, 1) be a left-QMV algebra. Then, (AL,⊕,−, 0) is a right-QMV
algebra.

Proof. By ([23], Corollary 4.3) and Proposition 3.11. �

Proposition 3.13 (See ([6], Proposition 2.3.2), in dual case)
Let AL = (AL,�,−, 1) be a left-QMV algebra. We have:

(30) x� (y ∨M
m x−) = x� y,

(Pmv) x� (x− ∨M
m y) = x� y,

(Pq) x� [y ∨M
m (z ∨M

m x−)] = (x� y) ∨M
m (x� z);

(31) x� y ≤M
m x, i.e. (x� y) ∧M

m x = x� y,

(32) x ≤M
m x⊕ y, i.e. x ∧M

m (x⊕ y) = x,

(33) x ∧M
m y ≤M

m y, i.e. (x ∧M
m y) ∧M

m y = x ∧M
m y,

(34) y ≤M
m x ∨M

m y, i.e. y ∧M
m (x ∨M

m y) = y,

(35) x� [y ∨M
m (x� z)−] = (x� y) ∨M

m (x� (x� z)−),

(36) x ∨M
m (y ∧M

m x) = x,

(37) x ≤M
m y =⇒ y ∨M

m x = y,

(38) x ≤M
m y =⇒ y− ≤M

m x− (order − reversibility of −),

(39) x ≤M
m y =⇒ x⊕ z ≤M

m y ⊕ z (monotonicity of ⊕),

(40) x ≤M
m y =⇒ x� z ≤M

m y � z (monotonicity of �),

(41) (x ∧M
m y) ∧M

m z = (x ∧M
m y) ∧M

m (y ∧M
m z),

(42) (x ∨M
m y) ∨M

m z = (x ∨M
m y) ∨M

m (y ∨M
m z),

(43) x� y = x� y � (x⊕ y),

(44) (x− � y) ∧M
m (y− � x) = 0.

Remarks 3.14 (i) Concerning (33), note that x ∧M
m y �≤M

m x. For example, in the left-QMV algebra
from Example 6.4, a ∧M

m c �≤M
m a. Indeed, a ∧M

m c = c, while (a ∧M
m c) ∧M

m a = c ∧M
m a = a �= c.

(ii) Concerning (34), note that x �≤M
m x ∨M

m y. For example, in the left-QMV algebra from Example
6.4, a �≤M

m a ∨M
m c. Indeed, a ∨M

m c = c, while a ∧M
m (a ∨M

m c) = a ∧M
m c = c �= a.
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Recall now the following well known property (prel) (prelinearity) from a bounded residuated lattice
(A,∧,∨,�,→, 0, 1) [15]:
(prel) (x → y) ∨ (y → x) = 1.

Here, we shall consider that ∨ def.
= ∨B

m, which is no more a lattice operation, therefore the property
will be denoted by (prelm):
(prelm) (x → y) ∨B

m (y → x) = 1,

where x → y
def.
= (x� y−)− (see the map Ψ from [19]).

Note that, in MV algebras, (prelm) and (prel) coincide.
Then, we have the following result:

Corollary 3.15 Any left-QMV algebra verifies the property (prelm).

Proof. (x → y) ∨B
m (y → x) = (x� y−)− ∨B

m (y � x−)−

= (y � x−)− ∨M
m (x� y−)− = ((y � x−) ∧M

m (x� y−))−
(Pcomm),(44)

= 0− = 1. �

Proposition 3.16 Let AL = (AL,�,−, 1) be a left-QMV algebra. We have:

(45) x ∨M
m y ≤M

m x⊕ y,

(46) x� y ≤M
m x ∧M

m y.

Proof. (45): Since x� y− ≤M
m x, by (31), then x ∨M

m y = (x� y−)⊕ y ≤M
m x⊕ y, by (39).

(46): Since x− � y ≤M
m x−, by (31), then x ≤M

m (x− � y)−, by (38) and (DN); hence, x � y ≤M
m

(x− � y)− � y = x ∧M
m y, by (40). �

Proposition 3.17 (See ([6], Proposition 2.3.5), in dual case)
Let AL = (AL,�,−, 1) be a left-QMV algebra. We have:

(47) x ∧M
m ((x⊕ y) ∧M

m z) = x ∧M
m z (absorption law 1),

(48) x ∨M
m ((x� y) ∨M

m z) = x ∨M
m z (absorption law 2),

(49) x ≤M
m z−, y ≤M

m z−, x⊕ z = y ⊕ z =⇒ x = y (cancellation law 1),

(50) z− ≤M
m x, z− ≤M

m y, x� z = y � z =⇒ x = y (cancellation law 2),

(51) x ≤M
m y =⇒ x ∧M

m z ≤M
m y ∧M

m z (monotonicity of ∧M
m ),

(52) x ≤M
m y =⇒ x ∨M

m z ≤M
m y ∨M

m z (monotonicity of ∨M
m ),

(53) x ≤M
m y, y ≤M

m z =⇒ x ≤M
m z (transitivity of ≤M

m ).

Corollary 3.18 (See ([6], page 157))
Let AL = (AL,�,−, 1) be a left-QMV algebra. The binary relation ≤M

m is an order relation.

We shall prove next the first very important result of this paper, Theorem 3.19, saying that
axiom (Pqmv) is equivalent to only two properties, the properties (Pmv) and (Pq) from Proposition 3.13:
(Pmv) x� (x− ∨M

m y) = x� y,
(Pq) x� [y ∨M

m (z ∨M
m x−)] = (x� y) ∨M

m (x� z).
Recall that, cf. ([6], Proposition 2.3.4), Giuntini proved that axiom (Pqmv) is equivalent to the properties
(Pmv), (35), (36), (41) and (44).
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Theorem 3.19 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pqmv) ⇐⇒ (Pmv) + (Pq).

Proof. By Proposition 3.13, the axioms of AL and (Pqmv) imply (Pmv) and (Pq). To prove the
converse, assume that (Pmv) and (Pq) are satisfied by AL. Then:
x� [(x− ∨M

m y) ∨M
m (z ∨M

m x−)]
(5)
= x� [((x− ∨M

m y)� (z ∨M
m x−)−)⊕ (z ∨M

m x−)]
(10),(DN)

= x� [((x− ∨M
m y)� (z− ∧M

m x))⊕ (z ∨M
m x−)]

(4),(DN)
= x� [((x− ∨M

m y)� ((z � x)− � x))⊕ (z ∨M
m x−)]

(Pass),(Pcomm)
= x� [((x� (x− ∨ y))� (z � x)−)⊕ (z ∨M

m x−)]
(Pmv)
= x� [((x� y)� (z � x)−)⊕ (z ∨M

m x−)]
(Pcomm),(Pass)

= x� [(y � ((z � x)− � x))⊕ (z ∨M
m x−)]

(4),(DN)
= x� [(y � (z− ∧M

m x))⊕ (z ∨M
m x−)]

(10),(DN)
= x� [(y � (z ∨M

m x−)−)⊕ (z ∨M
m x−)]

(5)
= x� [y ∨M

m (z ∨M
m x−)]

(Pq)
= (x� y) ∨M

m (x� z); thus, (Pqmv) holds. �

Proposition 3.20 Let AL = (AL,�,−, 1) be a left-QMV algebra. Then, (Pom) holds.

Proof. Take y = 1 in (Pqmv). �

Proposition 3.21 Let AL = (AL,�,−, 1) be a left-QMV algebra verifying (G) (x� x = x). Then:
(1) ≤P

m is reflexive also, hence it is an order relation.
(2) We have the equivalence:

(x� y = x ⇐⇒) x ≤P
m y ⇐⇒ x ≤M

m y (⇐⇒ x ∧M
m y = x).

Proof. (1): x ≤P
m x ⇐⇒ x� x = x, that is true by (G).

(2): Suppose x ≤P
m y, i.e. x � y = x. Then, by (31), x = x � y ≤M

m y. Conversely, suppose x ≤M
m y.

Then, by (40), we have: x
(G)
= x � x ≤M

m y � x
(Pcomm)

= x � y, and since we also have, by (31), that
x� y ≤M

m x, we obtain, by antisymmetry of ≤M
m (by Corollary 3.9), that x� y = x, i.e. x ≤P

m y. �

Remarks 3.22 In a left-QMV algebra AL = (AL,�,−, 1):
- the initial binary relation, ≤m (x ≤m y ⇐⇒ x � y− = 0) (≤m⇐⇒≤B

m), is only reflexive ((m-Re)
holds, by definition of m-BE algebra);
- the binary relation ≤M

m (x ≤M
m y ⇐⇒ x ∧M

m y = x) is an order, by Corollary 3.18, but not a lattice
order with respect to ∧M

m , ∨M
m , since x ∧M

m y �= y ∧M
m x;

- the binary relation ≤P
m (x ≤P

m y ⇐⇒ x� y = x) is only antisymmetric and transitive, by ([23],
Proposition 3.11).

In a left-QMV algebra verifying (G), ≤M
m and ≤P

m are order relations and ≤M
m⇐⇒≤P

m.

3.2 The equivalence between (Pq) and (Pom)

Consider now the properties:
(Pq) x� [y ∨M

m (z ∨M
m x−)] = (x� y) ∨M

m (x� z) and
(Pom) (x�y)⊕((x�y)−�x) = x or, equivalently, x∨M

m (x�y) = x, which characterizes the orthomodular
lattices among ortholattices.

Proposition 3.23 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pq) =⇒ (Pom).
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Proof. In (Pq) take y := 1 to obtain: x = x ∨M
m (x� z), i.e. (Pom). �

The converse result, the next Proposition 3.25 (saying that (Pom) implies (Pq)), was
proved by Prover9 in about an hour, only after changing the basic Prover9 options order
from ‘lpo’ to ‘kbo’ and eq-defs from ‘unfold’ to ‘fold’ and after removing those axioms of the
algebra containing 0, 1. The proof by Prover9 had the length 54 (i.e. there were 54 steps);
after proving the 54 steps from the chain of length 54, we have gouped the steps into the
following Lemma 3.24 and Proposition 3.25.

Lemma 3.24 Let AL = (AL,�,−, 1) be an involutive left-m-MEL algebra. We have:

(54) x− ⊕ (y � x) = y ∨M
m x−,

(55) x⊕ (y � (z � x−)) = (y � z) ∨M
m x,

(56) x− ⊕ ((y � x) ∨M
m z) = y ∨M

m (x− ⊕ z),

(57) (x� y)⊕ (z � (x− ∧M
m y)) = (z � y) ∨M

m (x� y),

Proof. (54): y ∨M
m x− = x− ⊕ (y � x), by definition and (DN).

(55): x⊕ (y � (z � x−))
(Pass)
= x⊕ ((y � z)� x−) = (y � z) ∨M

m x.

(56): The left side: x− ⊕ ((y� x)∨M
m z)

(55)
= x− ⊕ (z ⊕ (y� (x� z−)))

(Pass)
= x− ⊕ [z ⊕ ((y� x)� z−)].

The right side: y ∨M
m (x− ⊕ z) = (x− ⊕ z) ⊕ (y � (x− ⊕ z)−) = (x− ⊕ z) ⊕ (y � (x � z−))

(Pass),(Sass)
=

x− ⊕ [z ⊕ ((y � x)� z−)]. Hence, (56) holds.

(57): (x� y)⊕ (z� (x− ∧M
m y)) = (x� y)⊕ (z� (y� (x� y)−))

(55)
= (z� y)∨M

m (x� y), for X := x� y,
Y := z, Z := y in (55). �

Proposition 3.25 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pom) =⇒ (Pq).

Proof. The proof has 13 steps:

(58) x ∧M
m (y ⊕ x) = x.

Indeed, x−∨M
m (y⊕x)− = x−∨M

m (y−�x−)
(Pom)
= x−; then, x∧M

m (y⊕x) = (x−∨M
m (y⊕x)−)− = x= (DN)

= x.

(59) x ∨M
m (y ∧M

m x) = x,

(60) x ∧M
m (y ∨M

m x) = x.

Indeed, x ∨M
m (y ∧M

m x) = x ∨M
m (x� (y ⊕ x−))

(Pom)
= x; thus, (59) holds. (60) follows by duality.

(61) (x� y) ∧M
m y = x� y,

(62) (x⊕ y) ∨M
m y = x⊕ y.

Indeed, (x� y) ∧M
m y

(Pom)
= (x� y) ∧M

m (y ∨M
m (x� y))

(60)
= x� y, with X := x� y; thus, (61) holds. (62)

follows by duality.
• Now, we prove

(63) (x ∨M
m y)� (x− ⊕ y) = y,
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(64) (x ∧M
m y)⊕ (x− � y) = y.

Indeed, (x ∨M
m y)� (x− ⊕ y) = ((x− ⊕ y)− ⊕ y)� (x− ⊕ y) = y ∧M

m (x− ⊕ y)
(58)
= y; thus, (63) holds. (64)

follows by duality.

(65) (x� y−)⊕ (z ⊕ (y ∧M
m x)) = z ⊕ x.

Indeed, (x�y−)⊕ (z⊕ (y∧M
m x))

(Scomm)
= (z⊕ (y∧M

m x))⊕ (x�y−)
(Sass)
= z⊕ ((y∧M

m x)⊕ (x�y−))
(Pcomm)

=

z ⊕ ((y ∧M
m x)⊕ (y− � x))

(64)
= z ⊕ x.

(66) (x⊕ y) ∨M
m (x⊕ (z ∧M

m y)) = x⊕ y.

Indeed, by (65), we have (y � z−)⊕ (x⊕ (z ∧M
m y)) = x⊕ y; put X := y � z−, Y := x⊕ (z ∧M

m y); hence,

we have X ⊕ Y = x⊕ y; then, x⊕ y = X ⊕ Y
(62)
= (X ⊕ Y ) ∨M

m Y = (x⊕ y) ∨M
m (x⊕ (z ∧M

m y)).

(67) (x⊕ y) ∨M
m (x⊕ (z � y)) = x⊕ y.

Indeed, (x⊕ y) ∨M
m (x⊕ (z � y))

(61)
= (x⊕ y) ∨M

m (x⊕ ((z � y) ∧M
m y))

(66)
= x⊕ y, where Z := z � y in (66).

(68) x ∨M
m ((y � x)⊕ (z � (y− ∧M

m x))) = x.

Indeed, first, by (64), we have (y�x)⊕ (y− ∧M
m x) = x; put X := y�x and Y := y− ∧M

m x, hence we have

X ⊕ Y = x; now, x = X ⊕ Y
(67)
= (X ⊕ Y ) ∨M

m (X ⊕ (z � Y )) = x ∨M
m ((y � x)⊕ (z � (y− ∧M

m x))).
• Now, we prove

(69) x ∨M
m ((y � x) ∨M

m (z � x)) = x.

Indeed, x ∨M
m ((y � x) ∨M

m (z � x))
(57)
= x ∨M

m [(z � x)⊕ (y � (z− ∧M
m x))]

(68)
= x, with Y := z and Z := y.

• Finally, we prove (Pq), i.e. x� [y ∨M
m (z ∨M

m x−)] = (y � x) ∨M
m (z � x).

Indeed, x� [y ∨M
m (z ∨M

m x−)]
(54)
= x� [y ∨M

m (x− ⊕ (z � x))]
(56)
= x� [x− ⊕ ((y � x) ∨M

m (z � x))]
(69)
= (x ∨M

m [(y � x) ∨M
m (z � x)])� (x− ⊕ [(y � x) ∨M

m (z � x)])
(63)
= (y � x) ∨M

m (z � x)
(Pcomm)

= (x� y) ∨M
m (x� z). �

By Propositions 3.23 and 3.25, we obtain the second very important result, the core of this
paper, by its difficulty:

Theorem 3.26 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pq) ⇐⇒ (Pom).

Consequently, by Theorems 3.19 and 3.26, we obtain:

Theorem 3.27 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pqmv) ⇐⇒ (Pmv) + (Pom).

3.3 The property (∆m)

Consider now the property introduced in ([24] 5.2.1) (the dual one is omitted):
(∆m) (x ∧M

m y)� (y ∧M
m x)− = 0.

Note that (∆m) is the largest non-antisymmetric generalization of (∧m-comm). It is equivalent to:
(y � (x− � y)−)� (x� (y− � x)−)− = 0.
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Proposition 3.28 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pmv) =⇒ (∆m).

Proof. First, note that, by replacing y with y−, (Pmv) becomes, by (DN):
(a) x� ((x− � y)− � y)− = x� y−.

Now, consider (∆m), i.e. (y � (x− � y)−)� (x� (y− � x)−)− = 0, and by interchanging x with y, we
obtain:
(b) (x� (y− � x)−)� (y � (x− � y)−)− = 0. We shall prove (b).
Indeed, (x� (y− � x)−)� (y � (x− � y)−)−

(Pcomm),(Pass)
= (x� ((x− � y)− � y)−)� (x� y−)−

(a)
= (x� y−)� (x� y−)−

(m−Re)
= 0. Thus, (∆m) holds. �

The converse of Proposition 3.28 does not hold, in general; there are examples of involutive m-BE
algebras verifying (∆m) and not verifying (Pmv), see Example 6.3.

But, in particular, we have the following Proposition 3.31 (saying that if the involutive
m-BE algebra verifies (Pom), then (∆m) implies (Pmv)), proved by Prover9 in 2453 seconds,
the length of the proof being 33; the proof by Prover9 generated the proofs of the following
Lemmas 3.29, 3.30 and Proposition 3.31.

Lemma 3.29 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra verifying (Pom). Then,

(70) (x� y)− � (x� (x� y)−)− = x−,

(71) (x� (y � z))− � [x� (y � (x� (y � z))−)]− = (x� y)−,

(72) (x� y−)− � [x� ((y � z)− � (x� y−)−)]− = (x� (y � z)−)−.

Proof. (70): From (Pom), by (Pcomm).
(71: In (70), take X := x� y and Y := z to obtain:

((x� y)� z)− � ((x� y)� ((x� y)� z)−)− = (x� y)−; then, by (Pass), we obtain (71).
(72): In (71), take X := x, Y := (y � z)−, Z := (y � (y � z)−)− to obtain:

(a) (X � (Y � Z))− � [X � (Y � (X � (Y � Z))−)]− = (X � Y )−; but,

X � (Y � Z) = x� ((y � z)− � (y � (y � z)−)−)
(70)
= x� y−; hence, (a) becomes:

(x� y−)− � [x� ((y � z)− � (x� y−)−)]− = (x� (y � z)−)−, that is (72). �

Lemma 3.30 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra verifying (∆m). Then,

(73) x� ((y− � x)− � (y � (x− � y)−)−) = 0,

(74) x� ((x� y−)− � (y � (y � x−)−)−) = 0,

(75) x− � ((x− � y−)− � (y � (y � x)−)−) = 0.

Proof. (73): Since x ∧m y = y � (x− � y)−, then (∆m) ((x ∧m y)� (y ∧m x)− = 0) becomes:
(a) (y � (x− � y)−)� (x� (y− � x)−)− = 0; then, interchanging x with y in (a), we obtain:
(b) (x� (y− � x)−)� (y � (x− � y)−)− = 0; then, by (Pass), we obtain (73).

(74): From (73), by (Pcomm).
(75): From (74), by taking X := x− and by (DN). �

Proposition 3.31 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pom) + (∆m) =⇒ (Pmv).
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Proof. First, we prove:

(76) (x− � (y � (y � x)−)−)− = (x− � y−)−.

Indeed, in (72), take X := x−, Y := y and Z := (y � x)− to obtain:
(a) (x− � y−)− � [x− � ((y � (y � x)−)− � (x− � y−)−)]− = (x− � (y � (y � x)−)−)−;

but, x− � ((y � (y � x)−)− � (x− � y−)−)
(75)
= 0; hence, (a) becomes:

(x− � y−)− � [0]− = (x− � (y � (y � x)−)−)−, i.e. (76) holds, by (Neg0-1), (PU).
Next, from (76), it follows, by (DN) and (Pcomm):

(77) x− � ((x� y)− � y)− = x− � y−.

Finally, from (77), by taking X := x− and Y := y−, we obtain, by (DN):
x� ((x− � y−)− � y−)− = x� y, that is (Pmv). �

Resuming, by Propositions 3.28, 3.31, we obtain the third very important result of this paper:

Theorem 3.32 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pom) =⇒ ((Pmv) ⇔ (∆m)).

Consequently, by Theorems 3.27 and 3.32, we obtain:

Theorem 3.33 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pqmv) ⇐⇒ (∆m) + (Pom).

4 Three generalizations of QMV algebras

Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra throughout this section.

4.1 The three algebras

Consider the properties:
(Pom) (x� y)⊕ ((x� y)− � x) = x or, equivalently, x ∨M

m (x� y) = x and, dually,
(Som) (x⊕ y)� ((x⊕ y)− ⊕ x) = x or, equivalently, x ∧M

m (x⊕ y) = x;
(Pmv) x� (x− ∨M

m y) = x� y and, dually,
(Smv) x⊕ (x− ∧M

m y) = x⊕ y;
(∆m) (x ∧M

m y)� (y ∧M
m x)− = 0 and, dually,

(∇m) (x ∨M
m y)⊕ (y ∨M

m x)− = 1.
We introduce the following notions:

Definitions 4.1
(i) An involutive left-m-BE algebra AL = (AL,�,−, 1) is:

- a left-orthomodular algebra, or a left-OM algebra for short, if it verifies (Pom),
- a left-pre-MV algebra, or a left-PreMV algebra for short, if it verifies (Pmv),
- a left-metha-MV algebra, or a left-MMV algebra for short, if it verifies (∆m).

(i’) Dually, an involutive right-m-BE algebra AR = (AR,⊕,−, 0) is:
- a right-orthomodular algebra, or a right-OM algebra for short, if it verifies (Som),
- a right-pre-MV algebra, or a right-PreMV algebra for short, if it verifies (Smv),
- a right-metha-MV algebra, or a right-MMV algebra for short, if it verifies (∇m).

We shall denote by OM, PreMV, MMV the classes of the corresponding left-algebras and by OMR,
PreMVR, MMVR the classes of the corresponding right-algebras. See Examples 6.1, 6.2, 6.3 of left-OM,
left-PreMV, left-MMV algebras, respectively, and Example 6.4 of left-QMV algebra.

By Propositions 3.20, 3.13, 3.28 and Theorems 3.27, 3.33, we obtain:
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Corollary 4.2 We have:
QMV ⊂ OM, QMV ⊂ PreMV ⊂ MMV
and
QMV = PreMV ∩ OM = MMV ∩ OM.

Note that we can say that QMV algebras are orthomodular PreMV algebras, or orthomodular MMV
algebras.

Hence, we have the situation from the Figure 2.

m-BE(DN)

QMV

(Pqmv)

(q)

(∆m)

MMV

(c)

(Pmv)

PreMV

(b)

(Pom)

OM

(a)

where:
(a): Example 6.1
(b): Example 6.2
(c): Example 6.3

(q): Example 6.4

Figure 2: Resuming connections between OM, PreMV, MMV and QMV

4.2 The transitive and/or antisymmetric algebras

We shall denote by tOM, tPreMV, tMMV, tQMV the classes of the corresponding transitive left-
algebras. Note that these classes of algebras are contained in the class m-pre-BCK(DN) = m-tBE(DN).
See Examples 6.5, 6.6, 6.7, 6.8 of left-tOM, left–tPreMV, left-MMV, left-tQMV algebras, respectively.

By the previous Corollary 4.2, we obtain:

Corollary 4.3 We have:

QMV ⊂ OM QMV ⊂ PreMV ⊂ MMV
∪ ∪ ∪ ∪ ∪

tQMV ⊂ tOM, tQMV ⊂ tPreMV ⊂ tMMV

and
tQMV = tPreMV ∩ tOM = tMMV ∩ tOM.

Hence, we have the situation from the Figure 3.
We shall denote by aOM, aPreMV, aMMV, aQMV the classes of the corresponding antisymmetric

left-algebras. Note that these classes of algebras are contained in the class m-aBE(DN).
By Corollary 4.2 again, we obtain the analogous of Corollary 4.3, which by lack of space is omitted.
We shall denote by taOM, taPreMV, taMMV, taQMV the classes of the corresponding transitive

and antisymmetric left-algebras. Note that these classes of algebras are contained in the class m-BCK
= m-taBE(DN).

By Corollary 4.3 and its analogous, we then obtain:

Corollary 4.4 We have:

QMV ⊂ OM QMV ⊂ PreMV ⊂ MMV
∪ ∪ ∪ ∪ ∪

tQMV ⊂ tOM tQMV ⊂ tPreMV ⊂ tMMV
∪ ∪ ∪ ∪ ∪

taQMV ⊂ taOM, taQMV ⊆ taPreMV ⊆ taMMV
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m-pre-BCK(DN)

QMV

(Pqmv)

(q)

(∆m)

MMV
(c)

(Pmv)

PreMV
(b)

(Pom)

OM
(a)

(m-Tr) ⇔ . . . ⇔ (m-BB)

tQMV
(tq)

tMMV
(tc)

tPreMV
(tb)

tOM
(ta)

where:

(a): Example 6.1
(b): Example 6.2
(c): Example 6.3

(q): Example 6.4

(ta): Example 6.5
(tb): Example 6.6
(tc): Example 6.7

(tq): Example 6.8

Figure 3: Resuming connections between OM, PreMV, MMV, QMV and (m-Tr)

and

QMV ⊂ OM QMV ⊂ PreMV ⊂ MMV
∪ ∪ ∪ ∪ ∪

aQMV ⊂ aOM aQMV ⊆ aPreMV ⊆ aMMV
∪ ∪ ∪ ∪ ∪

taQMV ⊂ taOM, taQMV ⊆ taPreMV ⊆ taMMV

and
aQMV = aPreMV ∩ aOM = aMMV ∩ aOM,
taQMV = taPreMV ∩ taOM = taMMV ∩ taOM.

4.3 The connections with the MV algebras

We know (see ([6], Example 2.3.14)) that any MV algebra is a QMV algebra: MV ⊂ QMV, since:

(78) (∧m − comm) =⇒ (Pqmv).

Consequently, we have:

(79) (∧m − comm) =⇒ (Pom) + (Pmv) + (∆m).

The next Theorems 4.6, 4.7 and 4.9 say that (∧m-comm) is equivalent with some properties.

Proposition 4.5 Let AL = (AL,�,−, 1) be an involutive left-m-BE algebra. Then,

(Pmv) + (m−An) =⇒ (∧m − comm).

Proof. Suppose (m-An) holds, i.e. X ≤m Y and Y ≤m X imply X = Y , which mean X � Y − = 0 and
Y �X− = 0 imply X = Y .

Take X
notation

= x ∧M
m y

(4)
= (x− � y)− � y and Y

notation
= y ∧M

m x
(4)
= (y− � x)− � x.
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We have: X � Y − = [(x− � y)− � y]� [y ∧M
m x]−

(11)
= [(x− � y)− � y]� [y− ∨M

m x−]
(Pass)
= (x− � y)− � (y � (y− ∨M

m x−))
(Pmv)
= (x− � y)− � (y � x−)

(Pcomm)
= (y � x−)� (y � x−)−

(m−Re)
= 0.

Similarly, we have: Y �X− = (y− � x)− � x� [x ∧M
m y]−

(y− � x)− � x� (x− ∨M
m y−)

(Pmv)
= (y− � x)− � (x� y−) = 0.

By (m-An), we obtain X = Y , i.e. (∧m-comm) holds. �

By Proposition 4.5 and (3), (79), we obtain:

Theorem 4.6
(Pmv) + (m−An) ⇐⇒ (∧m − comm).

Recall again ([24] 5.2.1) saying that:

Theorem 4.7
(∆m) + (m−An) ⇐⇒ (∧m − comm).

Proposition 4.8
(Pqmv) + (m−An) =⇒ (∧m − comm).

Proof. By Propositions 3.13, 4.5, we obtain:
(Pqmv) + (m-An) =⇒ (Pmv) + (m-An) =⇒ (∧m-comm). �

By Proposition 4.8 and by (3), (78), we obtain:

Theorem 4.9
(Pqmv) + (m−An) ⇐⇒ (∧m − comm).

By previous Theorems 4.6, 4.7, 4.9, we obtain the fourth very important result of this paper:

Corollary 4.10 We have:
PreMV + (m-An) = MV, i.e. aPreMV = MV,
MMV + (m-An) = MV, i.e. aMMV = MV,
QMV + (m-An) = MV, i.e. aQMV = MV.

Remark 4.11 By (3), we have:
MV = aMV = tMV = taMV, hence taPreMV = taMMV = taQMV = MV.

By Corollaries 4.4, 4.10 and by Remark 4.11, we obtain:

Corollary 4.12 We have:
QMV ⊂ OM QMV ⊂ PreMV ⊂ MMV

∪ ∪ ∪ ∪ ∪
tQMV ⊂ tOM tQMV ⊂ tPreMV ⊂ tMMV

∪ ∪ ∪ ∪ ∪
MV ⊂ taOM, MV ⊆ MV ⊆ MV

and

QMV ⊂ OM QMV ⊂ PreMV ⊂ MMV
∪ ∪ ∪ ∪ ∪

MV ⊂ aOM MV ⊆ MV ⊆ MV
∪ ∪

MV ⊂ taOM

and
MV = MV ∩ aOM,
MV = MV ∩ taOM.
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Note that taOM algebras are proper generalizations of MV algebras inside the class of m-BCK algebras.
See Example 6.9 of left-taOM algebra.

A problem we have not been able to resolve is the following.

Open problem 4.13 Find an example of antisymmetric orthomodular algebra (aOM) which does not
verify (m-Tr) (⇐⇒ . . . (m-BB)), i.e. a proper element of aOM (using Mace4, we have searched exhaus-
tively for an example up through and including size 20), or prove that an involutive left-m-aBE algebra
satisfying (Pom) satisfies also (m-Tr) (i.e. aOM = taOM) (we have also tried to find a proof using
Prover9, but despite letting it run for several days, it was unable to find one).

Hence, we have the situation from the Figure 4.

m-aBE(DN)

(m-Tr) ⇔ . . . ⇔ (m-BB)

m-BCK

MV

(∧m-comm)

taOM

(taa)

(Pom)

aOM
?

where:

(taa): Example 6.9

Figure 4: Resuming connections between MV, taOM and aOM, where ? means that there is an open
problem concerning aOM

Note that, by Theorems 4.6, 4.7, 4.9 again, we obtain:

Theorem 4.14 Let AL = (AL,�,−, 1) be an involutive left-m-aBE algebra. Then,

(∧m − comm) ⇐⇒ (Pmv) ⇐⇒ (∆m) ⇐⇒ (Pqmv).

Remarks 4.15 (See Remarks 3.22) In a left-MV algebra AL = (AL,�,−, 1):
- the initial binary relation, ≤m (⇐⇒≤B

m), is a lattice order relation w.r. to ∧B
m = ∧M

m ,∨B
m = ∨M

m ,
since (m-Re), (m-An), (m-Tr) hold and since ∧B

m is commutative,
- the binary relation ≤M

m is a lattice order relation w.r. to ∧M
m ,∨M

m , by Corollary 3.18 and since ∧M
m

is commutative,
- ≤m and ≤M

m are equivalent: ≤m (⇐⇒ ≤B
m) ⇐⇒ ≤M

m , by Proposition 3.3; the lattice is distributive;
- the binary relation ≤P

m is only antisymmetric and transitive, by ([23], Proposition 3.11).
In a left-MV algebra verifying (G) (x� x = x), i.e. in a left-Boolean algebra,

≤m (⇐⇒ ≤B
m) ⇐⇒ ≤M

m ⇐⇒ ≤P
m .

4.4 Putting QMV and tQMV algebras on the “map”

By the previous results, we are now able to put QMV algebras and tQMV algebras (and MV algebras)
on the involutive “Big map” (and, hence, on the “map”) - see the Figure 5.

5 Concluding remarks and future work

In this paper, we have dug arround the structure of QMV algebras and we have obtained a decomposition
of (Pqmv) into only two properties: (Pmv) and (Pq), at the begining, (∆m) and (Pom), at the end,
where (∆m) is the largest non-antisymmetric generalization of (∧m-comm) and (Pom) is the property
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Figure 5: Putting QMV and tQMV algebras on the “map”

characterizing the orthomodular lattices among the ortholattices (Definitions 2). We have thus introduced
three generalizations of the QMV algebras: two new non-antisymmetric generalizations of MV algebras,
the pre-MV (PreMV) algebras and the metha-MV (MMV) algebras, and the orthomodular (OM) algebras.
The QMV algebra is then just an orthomodular PreMV algebra or an orthomodular MMV algebra; in other
words, the QMV algebra is that non-antisymmetric generalization of MV algebra that is an orthomodular
algebra. We have also introduced and studied the transitive QMV (tQMV) algebras, the transitive PreMV
(tPreMV) algebras, the transitive MMV (tMMV) algebras and the transitive OM (tOM) algebras. It
was known that any MV algebra is a QMV algebra, but the exact connection between MV and QMV
algebras it was not known. We have clarified this problem, by proving that MV algebras coincide with the
antisymmetric QMV (aQMV) algebras - but also with the antisymmetric preMV (aPreMV) and with the
antisymmetric MMV (aMMV) algebras. Consequently, MV algebras and QMV algebras, and also tQMV
algebras, were put on the same “map” (involutive “Big map”). The taOM algebra, a proper generalization
of MV algebra inside the class of m-BCK algebras, is put in evidence.

By putting QMV (and tQMV) algebras on the “map”, we have proved again (see [19], [23]) the deep
connections existing between the algebraic structures connected to the classical and non-classical logics
and the algebraic structures connected to the quantum logics: they exist on the same “map”, but at
different levels (parallels), i.e. the QMV (and tQMV) algebras also belong to the “world” of left-algebras
(involutive left-unital magmas).

The ‘story’ of the algebras involved in this paper is connected to the ‘story’ of the three/four binary
relations that can be defined in such algebras:

x ≤m y
def.⇐⇒ x� y− = 0, with x ≤m y ⇐⇒ x ≤B

m y, x ≤B
m y

def⇐⇒ x ∧B
m y = x,

x ≤M
m y

def⇐⇒ x ∧M
m y = x, with x ∧M

m y = y ∧B
m x, and

x ≤P
m y

def⇐⇒ x� y = x.
Note that the central role is played by the binary relation ≤m, that determines the “parallels” and the
“meridians” of the “map”.

By the inverse maps Φ (x � y
def.
= (x → y−)−) and Ψ (x → y

def.
= (x � y−)−) ([19], Theorem 9.1)

that connect the “world” of algebras of logic of the form (A,→,−, 1) and the “world” of algebras of the
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form (A,�,−, 1), in the involutive case, one can obtain simply, by choosing the appropriate definitions
of the algebras, the definitionally equivalent involutive algebras of logic corresponding to the involutive
algebras from this paper and the corresponding examples and results. Note that, in ([19], Definition
3.29), the implicative-ortholattices were already introduced as involutive BE algebras verifying (impl)
((x → y) → x = x) and their d.e. with the ortholattices was proved in Theorem 9.2. Similarly, one can
introduce now the quantum-Wajsberg algebras, as algebras of logic (involutive BE algebras verifying, say,
(qw)) d. e. with the quantum-MV algebras, etc. Note that the BE algebras were introduced in 2006 by
H.S. Kim and Y.H. Kim [25] and are intensively studied.

This research is continued by the first author: in [20], we clarify some more aspects concerning the
QMV algebras as non-lattice generalizations of MV algebras by studying more deeply the OM algebras; we
prove that all the properties of QMV algebras, excepting (43) and (44), are verified by the OM algebras;
we study in some details the taOM algebras. In [21], we clarify some aspects concerning the QMV algebras
as non-idempotent generalizations of orthomodular lattices; we introduce and study two generalizations
of orthomodular lattices, the orthomodular softlattices and the orthomodular widelattices, following [24].
Finally, in [22], we study the properties (m-Pabs-i) and (WNMm), introduced in [24], in MV algebras and
in tQMV algebras.

6 Examples

We introduce the following definition: an X algebra is said to be proper, if it verifies the properties from
its definition and does not verify the other properties from this paper, except (prelm).

Example 6.1 Proper orthomodular algebra: OM
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(Pom) and (prelm) and not verifying (m-B) for (a, b, a), (m-BB) for (a, a, b), (m-*) for (b, d, a), (m-**) for
(a, b, a), (m-Tr) for (a, b, d), (m-An) for (a, b), (Pqmv) for (d, d, 0), (Pmv) for (d, d), (∆m) for (a, d).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 a 0 0 0 a
b 0 0 0 0 0 b
c 0 0 0 0 0 c
d 0 0 0 0 0 d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a 1 1 1 1 1
b b 1 1 1 1 1
c c 1 1 1 1 1
d d 1 1 1 d 1
1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.2 Proper PreMV algebra: PreMV
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(Pmv) (hence (∆m)) and (prelm) and not verifying (m-B) for (a, d, c), (m-BB) for (a, c, a), (m-*) for
(a, d, c), (m-**) for (a, d, c), (m-Tr) for (a, d, b), (m-An) for (a, c), (Pqmv) for (a, 1, c), (Pom) for (a, c).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 b 0 a
b 0 0 0 0 0 b
c 0 b 0 b 0 c
d 0 0 0 0 0 d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a 1 1 1 1 1
b b 1 c 1 c 1
c c 1 1 1 1 1
d d 1 c 1 1 1
1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.3 Proper MMV algebra: MMV
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By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the
following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(∆m) and not verifying (m-B) for (a, b, a), (m-BB) for (a, a, b), (m-*) for (a, b, c), (m-**) for (a, b, a),
(m-Tr) for (a, b, d), (m-An) for (a, b), (Pqmv) for (d, 0, d), (Pom) for (d, d), (Pmv) for (d, d), (prelm) for
(a, d).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 a 0 0 0 a
b 0 0 0 0 0 b
c 0 0 0 b 0 c
d 0 0 0 0 b d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a c 1 1 1 1
b b 1 c 1 1 1
c c 1 1 1 1 1
d d 1 1 1 d 1
1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.4 Proper QMV algebra: QMV
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is a proper left-QMV algebra, i.e. (PU),
(Pcomm), (Pass), (m-L), (m-Re), (Pqmv) (hence (Pom), (Pmv), (∆m), (prelm)), (DN) hold and it does
not verify (m-B) for (a, d, c), (m-BB) for (a, c, a), (m-*) for (a, d, c), (m-**) for (a, d, c), (m-Tr) for (a, d, b),
(m-An) for (a, c), (∧m-comm) for (a, c).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 b 0 a
b 0 0 0 0 0 b
c 0 b 0 d 0 c
d 0 0 0 0 0 d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a 1 1 1 1 1
b b 1 a 1 c 1
c c 1 1 1 1 1
d d 1 c 1 1 1
1 1 1 1 1 1 1

.

Note that ≤M
m is an order relation, by Corollary 3.18, but not a lattice order w.r. to ∧M

m , ∨M
m , since

∧M
m is not commutative.

Example 6.5 Proper transitive OM algebra : tOM
By MACE4 program, we found that the algebra AL = (A8 = {0, a, b, c, d, e, f, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(Pom) and (m-Tr) ⇐⇒ . . . ⇐⇒ (m-BB), and also (prelm), and not verifying (m-An) for (c, d), (Pqmv) for
(b, b, 0), (Pmv) for (b, b), (∆m) for (a, b).

� 0 a b c d e f 1
0 0 0 0 0 0 0 0 0
a 0 a 0 c d c d a
b 0 0 0 0 0 0 0 b
c 0 c 0 0 0 0 0 c
d 0 d 0 0 0 0 0 d
e 0 c 0 0 0 b b e
f 0 d 0 0 0 b b f
1 0 a b c d e f 1

and

x x−

0 1
a b
b a
c e
d f
e c
f d
1 0

, with

⊕ 0 a b c d e f 1
0 0 a b c d e f 1
a a 1 1 1 1 1 1 1
b b 1 b e f e f 1
c c 1 e a a 1 1 1
d d 1 f a a 1 1 1
e e 1 e 1 1 1 1 1
f f 1 f 1 1 1 1 1
1 1 1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.6 Proper transitive pre-MV algebra: tPreMV
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(Pmv) (hence (∆m)) and (m-Tr) ⇐⇒ . . . ⇐⇒ (m-BB), (prelm) and not verifying (m-An) for (b, c), (Pqmv)
for (b, 1, d), (Pom) for (b, d).
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In this paper, we clarify mainly some aspects concerning the quantum MV (QMV) algebras as
non-lattice generalizations of MV algebras. We redefine the QMV algebras as involutive m-BE al-
gebras and we introduce three generalizations: the pre-MV (PreMV), the metha-MV (MMV) and
the orthomodular (OM) algebras. We prove that the antisymmetric QMV algebras - but also the
antisymmetric PreMV and antisymmetric MMV algebras - coincide with the MV algebras, while the
antisymmetric OM algebras are generalizations of the MV algebras. We introduce also the transitive
QMV, PreMV, MMV, OM algebras and finally we put the QMV and the transitive QMV algebras on
the same “map” with the MV algebras. The transitive antisymmetric orthomodular algebra, a proper
generalization of MV algebra inside the class of m-BCK algebras, is pointed out. Many examples are
provided.
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1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,≤,+,−, 0) , where there are essentially a sum ⊕ = + and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product � = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitely in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order)
order relation has a dual one. We have given names to the dual algebras [15], [17], [19]: “left” algebra and
“right” algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a
t-conorm, respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there is
essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as a
logic of false, where the false is represented by 0. Hence, the logicians usually work with the commutative
left-algebras of logic (or the algebras of left-logic).
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� 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 0 0 a
b 0 0 0 0 a b
c 0 0 0 0 a c
d 0 0 a a b d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a c d d 1 1
b b d 1 1 1 1
c c d 1 1 1 1
d d 1 1 1 1 1
1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.7 Proper transitive MMV algebra : tMMV
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is an involutive left-m-BE algebra verifying
(∆m) and (m-Tr) ⇐⇒ . . . ⇐⇒ (m-BB), and also (prelm), and not verifying (m-An) for (a, b), (Pqmv) for
(b, 0, a), (Pom) for (b, a), (Pmv) for (b, a).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 a a 0 0 a
b 0 a a 0 0 b
c 0 0 0 c c c
d 0 0 0 c d d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a a b 1 1 1
b b b b 1 1 1
c c 1 1 d d 1
d d 1 1 d d 1
1 1 1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.

Example 6.8 Proper transitive QMV algebra: tQMV
By a PASCAL program, we found that the algebra AL = (A6 = {0, a, b, c, d, 1},�,−, 1), with the

following tables of � and − and of the additional operation ⊕, is a proper left-tQMV algebra, i.e. (PU),
(Pcomm), (Pass), (m-L), (m-Re), (Pqmv) (hence (Pom), (Pmv), (∆m), (prelm)), (DN), (m-Tr) ⇐⇒
. . . ⇐⇒ (m-BB) hold and it does not verify (m-An) for (a, b).

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 0 0 a
b 0 0 0 0 0 b
c 0 0 0 a b c
d 0 0 0 b a d
1 0 a b c d 1

and

x x−

0 1
a d
b c
c b
d a
1 0

, with

⊕ 0 a b c d 1
0 0 a b c d 1
a a d c 1 1 1
b b c d 1 1 1
c c 1 1 1 1 1
d d 1 1 1 1 1
1 1 1 1 1 1 1

.

Note that ≤M
m is an order relation, by Corollary 3.18, but not a lattice order w.r. to ∧M

m , ∨M
m , since

∧M
m is not commutative.

Example 6.9 Transitive, antisymmetric OM algebra: taOM
By a PASCAL program, we found that the algebra AL = (A4 = {0, a, b, 1},�,−, 1), with the following

tables of � and − and of the additional operation ⊕, is a transitive, antisymmetric left-orthomodular
algebra (= m-BCK algebra verifying (Pom)), i.e. (PU), (Pcomm), (Pass), (m-L), (m-Re), (m-An), (DN),
(m-Tr) ⇐⇒ . . . ⇐⇒ (m-BB), (Pom), but also (prelm) hold and it does not verify (∧m-comm) for (a, b),
(Pqmv) for (a, a, 0), (Pmv) for (a, a), (∆m) for (b, a).

� 0 a b 1
0 0 0 0 0
a 0 0 0 a
b 0 0 b b
1 0 a b 1

and

x x−

0 1
a b
b a
1 0

, with

⊕ 0 a b 1
0 0 a b 1
a a a 1 1
b b 1 1 1
1 1 1 1 1

.

Note that ≤M
m is transitive, hence ≤M

m is an order relation, by Corollary 3.9, but not a lattice order
w.r. to ∧M

m , ∨M
m , since ∧M

m is not commutative.
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Note that this algebra is the NM (Nilpotent Minimum) algebra F4 from [15]; it will be reviewed in
[20].
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Logic and Soft Computing, 27 (4), 2016, pp. 353–406, and 407–456. (A previous version available from December 6,
2013, at http://arxiv.org/abs/1312.2494.)

[17] — Implicative-groups vs. groups and generalizations, Matrix Rom, Bucharest 2018.

[18] — Generalizations of MV algebras, ortholattices and Boolean algebras, ManyVal 2019, Bucharest, Romania, November
1-3, 2019.

[19] — Algebras of logic vs. Algebras, Landscapes in Logic, Vol. 1 Contemporary Logic and Computing, Editor Adrian Rezuş,
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Abstract. Let R be a 2-torsion free prime ring and I be a non-zero ideal of R. Let θ be 
an automorphism of R. We will show that the existence of a non-zero Jordan (θ , θ )higher left 
derivation on an ideal of R implies that I ⊆ Z(R).

1. INTRODUCTION

In this paper, R denotes to a prime ring and we write [x, y] for the commutator xy − 
yx. Recall that R is prime if xRy = {0} implies that x = 0 or y = 0. Higher derivations as 
a generalisation of derivations have been studied (see [3], [4]). The aim of this paper is to 
introduce Jordan (θ , θ ) higher left derivations on an ideal of R to improve the result of Bresar 
and Vukman that the existence of a non-zero Jordan left derivation on a 2-torsion free and 
3-torsion free left R-module M, implies that R is commutative.

2. PRELIMINARIES

In this section we will introduce some definitions that are necessary for the main result 
of this paper.

Definition 2 .1. An additive mapping D : I −→ I  is said to be a (θ ,  θ ) derivation on an ideal I 
of R (resp. a Jordan (θ , θ ) derivation) on I if D(xy) = θ (x)D(y) + D(y)θ (x) (resp. D(x2) = 
θ (x)D(x) +D(x)θ (x)) for all x, y in I.

Definition 2 .2. A (θ ,  θ ) left derivation on an ideal I  of R ( r esp. a Jordan (θ ,  θ ) left deriva-
tion on I) is an additive mapping D : I −→ I satisfying D(xy) = θ (x)D(y) + θ (y)D(x) ( resp. 
D(x2) = 2θ (x)D(x) ) for all x, y in I.

In the following definitions we let N 0 be the set of all non-negative integers and ci j  ∈ { 0, 1} 
such that ci j = 0 if i = j and ci j = 1 if i �= 1.

Definition 2 .3. Let D = {D1, D 2, ..., Dk} be a sequence of additive mappings on an ideal I  of 
R. D is said to be a (θ , θ ) higher left derivation on I of rank k if for each n ∈ N and i, j ∈ N0,
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i� j
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3. MAIN RESULT

In order to prove the main result of this paper, we begin with the following lemma:

Lemma 3.1. Let R be a 2-torsion free ring and I be an ideal of R. Suppose that θ is an endo-
morphism of R. If D is a Jordan (θ , θ) left derivation on I then

(1) D(xy+ yx) = 2θ(x)D(y)+2θD(x) for all x, y ∈ I.

(2) θ(x), θ(y)]θ(x)D(x) = θ(x)[θ(x), θ(y)]D(x) for all x, y ∈ I.

(3) D(xyx) = θ(x2)D(y)+3θ(x)θ(y)D(x)−θ(y)θ(x)D(x) for all x, y ∈ I.

(4) [θ(x), θ(y)](D(xy)−θ(x)D(y)−θ(y)D(x)) for all x, y ∈ I.

Proof (1). Since D is a Jordan (θ , θ) left derivation, we have D(x2) = 2θ(x)D(x) for all
x, y ∈ I. Replacing x by x+ y, we get

D(x2 + xy+ yx+ y2) = 2θ(x+ y)D(x+ y).

Then

D(xy+ yx) = 2θ(x)D(y)+2θ(y)D(x),

for all x, y ∈ I.

(2). From (1), we have

(1) D(xy+ yx) = 2θ(x)D(y)+2θ(y)D(x),

for all x, y ∈ I. Replacing y by xy+ yx in (1), we get

(2) D(x(xy+ yx)+(xy+ yx)x) = 4θ(x2)D(y)+6θ(x)θ(y)D(x)+2θ(y)θ(x)D(x).

On the other hand,

D(x(xy+ yx)+(xy+ yx)x) = D(x2y+ yx2)+2D(xyx)

= 2θ(x2)D(y)+4θ(y)θ(x)D(x)+2D(xyx).
(3)

Combining (2) with (3), we get

D(xyx) = θ(x2)D(y)+3θ(x)θ(y)D(x)−θ(y)θ(x)D(x),

for all x, y ∈ I.

(3) From (2), we have

D((x+ z)y(x+ z)) = θ(x2)D(y)+θ(z2)D(y)+(θ(x)θ(z)+θ(z)θ(x))D(y)+

3θ(x)θ(y)D(z)+3θ(x)θ(y)D(x)+3θ(z)θ(y)D(z)+3θ(z)θ(y)D(x)

−θ(y)θ(x)D(x)−θ(y)θ(x)D(z)−θ(y)θ(z)D(x)−θ(y)θ(z)D(z)

(4)

for all x, y, z ∈ I. On the other hand,

D((x+ z)y(x+ z)) = D(xyx)+D(zyx)+D(xyz+ zyx) = θ(x2)D(y)

+3θ(x)θ(y)D(x)−θ(y)θ(x)D(x)+θ(z2)D(y)

+3θ(z)θ(y)D(z)−θ(y)θ(z)D(z)+D(xyz+ zyx).

(5)
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Combining (1) and (2), we obtain
D(xyz+ zyx) = (θ(x)θ(z)+θ(z)θ(x))D(y))D(y)+3θ(x)θ(y)D(z)

+3θ(z)θ(y)D(x)−θ(y)θ(x)D(z)−θ(y)θ(z)D(x)
(6)

for all x, y, z ∈ I. Since D(x2) = 2θ(x)D(x), we find that

D((xy)2) = 2θ(xy)D(xy) = 2θ(x)θ(y)D(xy).

Replacing z by xy in (3), we get

D(xy(xy)+(xy)yx) = (θ(x2)θ(y)+θ(x)θ(y)θ(x))D(y)+3θ(x)θ(y)D(xy)

+3θ(x)θ(y2)D(x)−θ(y)θ(x)D(xy)−θ(y)θ(x)θ(y)D(x).
(7)

On the other hand,

D((xy)2 + xy2x) = 2θ(x)θ(y)D(xy)+2θ(x2)θ(y)D(y)

+3θ(x)θ(y2)D(x)−θ(y2)θ(x)D(x).
(8)

Combining (4) and (5), we get

(9) [θ(x), θ(y)]D(xy) = θ(x)[θ(x), θ(y)]D(y)+θ(y)[θ(x), θ(y)]D(x).

Replacing y by x+ y in (6), we have

2[θ(x), θ(y)]θ(x)D(x)+ [θ(x), θ(x), θ(y)]D(xy) =
2θ(x)[θ(x), θ(y)]D(x)+θ(x)[θ(x), θ(y)]D(y)+θ(y)[θ(x), θ(y)]D(x).

By using (6), we get the result.

(4). From (3), we have

(10) [θ(x),θ(y)]θ(x)D(x) = θ(x)[θ(x),θ(y)]D(x),

for all x, y ∈ I. Replacing x by x+ y in (1), we get

[θ(x), θ(y)]θ(x)D(y)+ [θ(x), θ(y)]θ(y)D(y)

+[θ(x), θ(y)]θ(x)D(y)+ [θ(x), θ(y)]θ(y)D(x)

= θ(x)[θ(x), θ(y)]D(x)+θ(x)[θ(x),θ(y)]D(y)

+θ(y)[θ(x), θ(y)]D(x)+θ(y)[θ(x), θ(y)]D(y).

Now application of (6) and (iii) yields that

[θ(x), θ(y)]θ(x)D(y)+ [θ(x), θ(y)]θ(y)D(x) = [θ(x), θ(y)]D(xy).

Then

[θ(x), θ(y)](D(xy)−θ(x)D(y)−θ(y)D(x)) = 0,

for all x, y ∈ I.

Theorem 3.2. Let R be a 2-torsion free prime ring and I be a non-zero ideal of R. Let θ be
an automorphism of R and D = (Dn)n∈N be a Jordan higher (θ , θ) left derivation on I. Then
D = 0 or I ⊆ Z(R). Moreover, if I = R, then D = 0 or R is commutative.

Proof. We prove by induction. Let n = 1 and D1 be a Jordan (θ , θ) left derivation on I.
Assume that I � Z(R). From the above lemma (iii), we have

(θ(x)[θ(x), θ(y)]− [θ(x), θ(y)]θ(x)])D1(x) = 0,
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(4). From (3), we have
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Then
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Theorem 3.2. Let R be a 2-torsion free prime ring and I be a non-zero ideal of R. Let θ be
an automorphism of R and D = (Dn)n∈N be a Jordan higher (θ , θ) left derivation on I. Then
D = 0 or I ⊆ Z(R). Moreover, if I = R, then D = 0 or R is commutative.

Proof. We prove by induction. Let n = 1 and D1 be a Jordan (θ , θ) left derivation on I.
Assume that I � Z(R). From the above lemma (iii), we have

(θ(x)[θ(x), θ(y)]− [θ(x), θ(y)]θ(x)])D1(x) = 0,
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[θ(Di(x))D j(y)+ ci jθ(Di(x))D j(y)] for all x, y ∈ I, where D0(x) = 0, for all

x ∈ I.

Definition 2.4. Let D = {D1, D2, ..., Dk} be a sequence of additive mappings on an ideal I of
R. D is said to be a Jordan (θ , θ) higher left derivation on I of rank k if for each n ∈ N and
i, j ∈N0, Dn(x2) = ∑i+ j=n

i� j
[(ci j+1)θ(Di(x))D j(x)] for all x ∈ I, where D0(x) = 0, for all x ∈ I.
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yx. Recall that R is prime if xRy = {0} implies that x = 0 or y = 0. Higher derivations as 
a generalisation of derivations have been studied (see [3], [4]). The aim of this paper is to 
introduce Jordan (θ , θ ) higher left derivations on an ideal of R to improve the result of Bresar 
and Vukman that the existence of a non-zero Jordan left derivation on a 2-torsion free and 
3-torsion free left R-module M, implies that R is commutative.

2. PRELIMINARIES

In this section we will introduce some definitions that are necessary for the main result 
of this paper.

Definition 2 .1. An additive mapping D : I −→ I  is said to be a (θ ,  θ ) derivation on an ideal I 
of R (resp. a Jordan (θ , θ ) derivation) on I if D(xy) = θ (x)D(y) + D(y)θ (x) (resp. D(x2) = 
θ (x)D(x) +D(x)θ (x)) for all x, y in I.

Definition 2 .2. A (θ ,  θ ) left derivation on an ideal I  of R ( r esp. a Jordan (θ ,  θ ) left deriva-
tion on I) is an additive mapping D : I −→ I satisfying D(xy) = θ (x)D(y) + θ (y)D(x) ( resp. 
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for all x, y ∈ I. Replacing x by [z, w] ∈ I. Then

[θ(z), θ(w)]2θ(y)D1([θ(z), θ(w)])
−2[θ(z), θ(w)]θ(y)[θ(z), θ(w)]D1([θ(z), θ(w)])

+θ(y)[θ(z), θ(w)]2D1([θ(z), θ(w)]) = 0.

(11)

By using the above lemma (iv), we have

(12) [θ(z), θ(w)](D1(zw)−θ(z)D1(w)−θ(w)D1(z)) = 0,

for all z, w ∈ I. Also, we have

(13) [θ(w), θ(z)](D1(wz)−θ(w)D1(z)−θ(z)D1(w)) = 0,

for all z, w ∈ I. From (12) and (13), we get

(14) [θ(z), θ(w)]D1([z, w]) = 0,

for all z, w ∈ I. By using (11) and (14), we have

[θ(z), θ(w)]2θ(y)D1([z, w]) = 0

for all y, z, w ∈ I. This implies that

θ−1([θ(z), θ(w)]2)yθ−1(D1([z, w])) = 0

for all y, w, z ∈ I. Replacing y by yr ∈ I, r ∈ R. Then

θ−1([θ(z), θ(w)]2)yRθ−1(D1([z, w])) = {0}

for all y, w, z∈ I. This gives [θ(z), θ(w)]2θ(y)= 0 or D1([z, w]) = 0. Suppose that [θ(z), θ(w)]2
θ(y) = 0. Replacing y by ry ∈ I, we have

[θ(z), θ(w)]2θ(r)θ(y) = 0

for all y, z, w ∈ I and r ∈ R. This implies that θ−1([θ(z), θ(w)]2)Ry = {0}. Since I �= 0, we
get [θ(z), θ(w)]2 = 0. By using the lemma and (14), we have

D1(([z, w]x)([z, w]y[z, w])+([z, w]y[z, w])([z, w]x))

= 6([θ(z), θ(w)]θ(x)[θ(z), θ(w)]θ(y))D1([z, w])

+2([θ(z), θ(w)]θ(y)[θ(z), θ(w)])D1([z, w]x),
(15)

for all x, y, z, w ∈ I. On the other hand,

D1(([z, w]x)([z, w]y[z, w])+([z, w]y[z, w])([z, w]x))

= D1([z, w](x[z, w]y)[z, w])

= 3[θ(z), θ(w)]θ(x)[θ(z), θ(w)]D1([z, w],
(16)

for all x, y, z, w ∈ I. Compare (15) and (16), we get

3([θ(z), θ(w)]θ(x)[θ(z), θ(w)]θ(y))D1([z, w])+
2([θ(z), θ(w)]θ(y)[θ(z), θ(w)])D1([z, w]x) = 0,

for all x, y, z, w ∈ I. From the lemma, we have

D1(([z, w]x)([z, w]y[z, w])+([z, w]y[z, w])([z, w]x))

= 2[θ(z), θ(w)]D1(x[z, w]).
(17)

On the other hand,
D1(([z, w]x)([z, w]y[z, w])+([z, w]y[z, w])([z, w]x))

= D1([z, w]x[z, w]) = 3[θ(z), θ(w)]θ(x)D1([z, w]).
(18)
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Combining (17) with (18), we get

(19) 3[θ(z), θ(w)]θ(x)D1([z, w] = 2[θ(z), θ(w)]D1(x[z, w]),

for all x, z, w ∈ I. By using the lemma, we have

(20) [θ(z), θ(w)]D1(x[z, w]+ [z, w]x) = 2[θ(z), θ(w)]θ(x)D1([z, w]).

From (19) and (20), we have

3[θ(z), θ(w)]D1(x[z, w])+3[θ(z), θ(w)]D1([z, w]x)

= 4[θ(z), θ(w)]D1(x[z, w]).

This implies that
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This implies that

θ−1([θ(z), θ(w)])xθ−1([θ(z), θ(w)])yRθ−1(D1([z, w])) = 0.
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Dn(xy) = ∑i+ j=n
i� j

[θ(Di(x))D j(y)+ ci jθ(Di(x))D j(y)] for all x, y ∈ I, where D0(x) = 0, for all

x ∈ I.

Definition 2.4. Let D = {D1, D2, ..., Dk} be a sequence of additive mappings on an ideal I of
R. D is said to be a Jordan (θ , θ) higher left derivation on I of rank k if for each n ∈ N and
i, j ∈N0, Dn(x2) = ∑i+ j=n

i� j
[(ci j+1)θ(Di(x))D j(x)] for all x ∈ I, where D0(x) = 0, for all x ∈ I.
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Abstract. Let R be a 2-torsion free prime ring and I be a non-zero ideal of R. Let θ be 
an automorphism of R. We will show that the existence of a non-zero Jordan (θ , θ )higher left 
derivation on an ideal of R implies that I ⊆ Z(R).

1. INTRODUCTION

In this paper, R denotes to a prime ring and we write [x, y] for the commutator xy − 
yx. Recall that R is prime if xRy = {0} implies that x = 0 or y = 0. Higher derivations as 
a generalisation of derivations have been studied (see [3], [4]). The aim of this paper is to 
introduce Jordan (θ , θ ) higher left derivations on an ideal of R to improve the result of Bresar 
and Vukman that the existence of a non-zero Jordan left derivation on a 2-torsion free and 
3-torsion free left R-module M, implies that R is commutative.

2. PRELIMINARIES

In this section we will introduce some definitions that are necessary for the main result 
of this paper.

Definition 2 .1. An additive mapping D : I −→ I  is said to be a (θ ,  θ ) derivation on an ideal I 
of R (resp. a Jordan (θ , θ ) derivation) on I if D(xy) = θ (x)D(y) + D(y)θ (x) (resp. D(x2) = 
θ (x)D(x) +D(x)θ (x)) for all x, y in I.

Definition 2 .2. A (θ ,  θ ) left derivation on an ideal I  of R ( r esp. a Jordan (θ ,  θ ) left deriva-
tion on I) is an additive mapping D : I −→ I satisfying D(xy) = θ (x)D(y) + θ (y)D(x) ( resp. 
D(x2) = 2θ (x)D(x) ) for all x, y in I.

In the following definitions we let N 0 be the set of all non-negative integers and ci j  ∈ { 0, 1} 
such that ci j = 0 if i = j and ci j = 1 if i �= 1.

Definition 2 .3. Let D = {D1, D 2, ..., Dk} be a sequence of additive mappings on an ideal I  of 
R. D is said to be a (θ , θ ) higher left derivation on I of rank k if for each n ∈ N and i, j ∈ N0,
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This gives θ−1([θ(z), θ(w)])xθ−1([θ(z), θ(w)])y = 0 or θ−1(D1([z, w])) = 0. Since I �= 0,
we have [θ(z), θ(w)] = 0 or D1([z, w]) = 0. This implies that [z, w] = 0 or D1([z, w]) = 0.
Suppose that [z, w] = 0 for all z, w ∈ I. Replacing w by rw ∈ I, r ∈ R. Then

[z, r] = 0

for all z ∈ I and r ∈ R. This implies that I ⊆ Z(R) a contradiction. Thus, we have D1([z, w]) = 0
holds for all z, w ∈ I. This gives D1(zw) = D1(wz) for all z, w ∈ I. This yields that D1((zw)z) =
D1(z(wz)). By applying our lemma (i), we find that

2D1((wz)z) = D1((zw)z+ z(wz))

= 2θ(w)θ(z)D1(z)+2θ(z)D1(wz)

= 2θ(w)θ(z)D1(z)+θ(z)D1(zw+wz)

= 2θ(w)θ(z)D1(z)+2θ(z)θ(w)D1(z)+2θ(z2)D1(w)

= 2{θ(w)θ(z)D1(z)+2θ(z)θ(w)D1(z)+2θ(z2)D1(w)}.

Since R is a 2-torsion free, we obtain

D1((wz)z) = θ(w)θ(z)D1(z)+θ(z)θ(w)D1(z)+θ(z2)D1(w).

Since D1([z, w]) = 0 for all z, w ∈ I, using the lemma and (15), we get

2[θ(z), θ(w)]D1(z) = 0.

Since R is a 2-torsion free, we have

[θ(z), θ(w)]D1(z) = 0.

Replacing w by wx, we get

0 = [θ(z), θ(w)]θ(x)D1(z) = θ−1([θ(z), θ(w)])xθ−1(D1(z))

for all z, w, x ∈ I. Replacing x by xr, we get

θ−1([θ(z), θ(w)])xrθ−1(D1(z)) = 0

for all z, w, x ∈ I and r ∈ R. Since R is a prime ring and I �= 0, we get [z, w] = 0 or D1(z) = 0.
Now let Z1 = {z ∈ Z|[z, w] = 0} and Z2 = {z ∈ Z|D1(z) = 0}. Clearly Z1 and Z2 are additive
subgroups of Z whose union is Z. But a group can not be written as a union of its two proper
subgroups and hence by Brauer’s trick either Z = Z1 or Z = Z2. If Z = Z1, then [z, w] = 0 for
all z, w ∈ I. Replacing w by rw, we have

[z, r] = 0

for all z ∈ I and r ∈ R. This implies that I ⊆ Z(R), a contradiction, we arrive at D1(z) = 0 for all
z∈ I. Replacing z by zr+rz∈ I, then D1(zr+rz) = 0. This gives 2θ(z)D1(r)+2θ(r)D1(z) = 0,
for all z ∈ I and r ∈ R. Since R is a 2-torsion free, we have

θ(z)D1(r) = 0.

Replacing z by zs. Then θ(z)θ(s)D1(r) = 0 for z ∈ I and r, s ∈ R. This implies that

zRθ−1(D1(r)) = {0}.

Since R is a prime ring and I �= 0, we get D1 = 0 on R. Thus, D1(I) = 0, for all I ⊆ R.
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)
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2. For every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe(p−1)/t dt ≥ Λp

∫ η

0

|u(t)|pe(p−1)/t dt(
e1/t

∫ t
0 e−1/s ds

)p +
(Λp)

1/p′

(∫ η
0 e−1/s ds

)p−1 |u(η)|p. (1.3)

Proposition 1.1 will be established as Corollary 3.1 to Theorem 3.1. When u(η) = 0, these
inequalities are a variant of classical weighted Hardy’s inequalities (see [9, 10, 13]). It is interest-
ing that both coefficients Λp and (Λp)

1/p′ appearing in (1.2) and (1.3) are best, even though the
inequalities contain two parameters η and µ . To see the sharpness of (1.2) and (1.3), by the density

argument it suffices to employ uε(t) =
(
µ +

∫ η
t e1/s ds

)1/p′−ε
and uε(t) =

(∫ t
0 e−1/s ds

)1/p′+ε
for

test functions (ε →+0) respectively. (For the detail see Subsection 4.2 (Part 1).)
Our first purpose in this paper is not only to establish a general version of Proposition 1.1 but

also improve it by adding sharp remainder terms. By W (R+) we denote a class of functions

{w ∈C1(R+) : w > 0, lim
t→+0

w(t) = a for some a ∈ [0,∞]}

with R+ = (0,∞). As weights we adopt functions Wp(t) = w(t)p−1 with w(t) ∈ P(R+)∪Q(R+),
where {

P(R+) = {w(t) ∈W (R+) : w(t)−1 /∈ L1((0,η)) for someη > 0},
Q(R+) = {w(t) ∈W (R+) : w(t)−1 ∈ L1((0,η)) for any η > 0}.

(1.4)

Clearly W (R+) = P(R+)∪Q(R+), e−1/t ∈ P(R+) and e1/t ∈ Q(R+) for t > 0 ( For the precise
definitions see Section 2 ). By virtue of Proposition 1.1, it is clearly seen that our results on this
matter essentially depend on whether w belongs to P(R+) or Q(R+). In particular when w(t) ∈
P(R+), it follows from Proposition 3.1 that

inf
u∈Vη

∫ η

0
|u′(t)|pWp(t)dt = 0, (1.5)

where Vη = {u ∈C1([0,η ]) : u(0) = 0,u(η) = 1}. Nevertheless we have sharp Hardy type inequal-
ities (3.4) and (3.5) in Theorem 3.1.

As an important application, in Theorem 3.3 we shall establish N-dimensional Hardy’s inequali-
ties with weights being functions of the distance δ (x) = dist(x,∂Ω) to the boundary ∂Ω. In this task
it is crucial to establish sharp weighted Hardy’s inequalities in the tubler neighborhood Ωη of Ω,
which are reduced to the one dimensional inequalities in Theorem 3.1. To this end, Ω is assumed to
be a bounded domain of RN ( N ≥ 2 ) whose boundary ∂Ω is a C2 compact manifolds in the present
paper. We prepare more notations to describe our results. For Wp(t) = w(t)p−1 with w(t) ∈W (R+),
we define a weight function Wp(δ (x)) on Ω by

Wp(δ (x)) = (Wp ◦δ )(x).

By Lp(Ω;Wp(δ )) we denote the space of Lebesgue measurable functions with weight Wp(δ (x)), for
which

∥u∥Lp(Ω;Wp(δ )) =

(∫

Ω
|u(x)|pWp(δ (x))dx

)1/p

<+∞. (1.6)

By C∞
c (Ω) we denote the set of all C∞ functions with compact supports in Ω. W 1,p

0 (Ω,Wp(δ )) is
given by the completion of C∞

c (Ω) with respect to the norm defined by

∥u∥W 1,p
0 (Ω;Wp(δ ))

= ∥|∇u|∥Lp(Ω;Wp(δ )) +∥u∥Lp(Ω;Wp(δ )). (1.7)
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Then W 1,p
0 (Ω;Wp(δ )) becomes a Banach space with the norm ∥ ·∥W 1,p

0 (Ω;Wp(δ ))
. Under these prepa-

ration we will establish N-dimensional weighted Hardy’s inequality as Theorem 3.3, which is the
counter-part to Theorem 3.1. In particular for w(t) ∈ Q(R+), as in Corollary 3.3 we have a simple
inequality which is a generalization of classical Hardy’s inequality:

∫

Ω
|∇u|pWp(δ (x))dx ≥ γ

∫

Ω

|u|pWp(δ (x))
Fη(δ (x))p dx, ∀u ∈W 1,p

0 (Ω;Wp(δ )), (1.8)

where η is a sufficiently small positive number, γ is some positive constant and Fη(δ (x)) = (Fη ◦
δ )(x) is a nonnegative function defined in Definition 2.3. If w = 1, then Fη(t) = t (t ≤ η); η (t ≥ η)
and (1.8) is a well-known Hardy’s inequality having (min(δ (x),η))−p as the Hardy potential, which
is valid for a bounded domain Ω of RN with Lipschitz boundary (cf. [5, 6, 11]). Further if Ω is
convex, then γ = Λp holds for arbitrary 1 < p < ∞ (cf. [12, 14]).

It is worthy to remark that (1.8) is never valid in the case that w(t) ∈ P(R+) by (1.5) (see also
Proposition 3.1 and Proposition 3.2). Nevertheless, in this case we shall establish weighted Hardy’s
inequalities with a switching function in Theorem 3.3 and Corollary 3.3, which correspond to The-
orem 3.1 and its corollaries. We remark that these Hardy’s inequalities with a compact perturbation
are closely relating to the so-called weak Hardy property of Ω. In fact, if w(t) ∈ P(R+), then a con-
stant γ−1 in (3.19) concerns the weak Hardy constant, but in this case the strong Hardy constant is
+∞ ( see [6] for the detail). In [10], we have improved Hardy’s inequalities adopting δ (x)α p ( pow-
ers of the distance δ (x) to the boundary ∂Ω ) as weight functions instead of Wp(δ ). In the present
paper, some inequalities of Hardy type in [2] and [10] will be employed with minor modifications,
especially when 1 < p < 2 (see also [1]).

We remark that our results will be applicable to variational problems with critical Hardy po-
tentials in a coming paper [4] (c.f. [3]) and also applicable to the Caffarelli-Kohn-Nirenberg type
inequalities with non-doubling weights in the coming paper [8].

This paper is organized in the following way: In Section 2 we introduce a class of weight
functions W (R+) and two subclasses P(R+) and Q(R+) together with functions such as Fη(t) and
Gη(t), which are crucial in this paper. Further a notion of admissibilities for P(R+) and Q(R+) is
introduced. In Section 3, the main results are described. The results are divided into two cases (one-
dimensional case and N-dimensional case), which are described in Subsection 3.1 and Subsection
3.2, respectively. Theorem 3.1 and Theorem 3.2 are established in Section 4. Theorem 3.3 together
with Corollary 3.3 are proved in Section 5. The proof of Theorem 3.4 is given in Section 6 and
the proofs of Proposition 3.1 and Proposition 3.2 are given in Section 7. In Appendix the proof of
Lemma 4.6 is provided. Some auxiliary inequalities are also given as Lemma 8.2.

2 Preliminaries First we introduce a class of weight functions which is crucial in this paper.

Definition 2.1. Let us set R+ = (0,∞) and

W (R+) = {w(t) ∈C1(R+) : w(t)> 0, lim
t→+0

w(t) = a for some a ∈ [0,∞]}. (2.1)

In the next we define two subclasses of this rather large space.

Definition 2.2. Let us set

P(R+) = {w(t) ∈W (R+) : w(t)−1 /∈ L1((0,η)) for someη > 0}. (2.2)

Q(R+) = {w(t) ∈W (R+) : w(t)−1 ∈ L1((0,η)) for any η > 0}. (2.3)

Remark 2.1. 1. From Definition 2.1 and Definition 2.2 it follows that W (R+)=P(R+)∪Q(R+)
and P(R+)∩Q(R+) = ϕ .
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2. For every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe(p−1)/t dt ≥ Λp

∫ η

0

|u(t)|pe(p−1)/t dt(
e1/t

∫ t
0 e−1/s ds

)p +
(Λp)

1/p′

(∫ η
0 e−1/s ds

)p−1 |u(η)|p. (1.3)

Proposition 1.1 will be established as Corollary 3.1 to Theorem 3.1. When u(η) = 0, these
inequalities are a variant of classical weighted Hardy’s inequalities (see [9, 10, 13]). It is interest-
ing that both coefficients Λp and (Λp)

1/p′ appearing in (1.2) and (1.3) are best, even though the
inequalities contain two parameters η and µ . To see the sharpness of (1.2) and (1.3), by the density

argument it suffices to employ uε(t) =
(
µ +

∫ η
t e1/s ds

)1/p′−ε
and uε(t) =

(∫ t
0 e−1/s ds

)1/p′+ε
for

test functions (ε →+0) respectively. (For the detail see Subsection 4.2 (Part 1).)
Our first purpose in this paper is not only to establish a general version of Proposition 1.1 but

also improve it by adding sharp remainder terms. By W (R+) we denote a class of functions

{w ∈C1(R+) : w > 0, lim
t→+0

w(t) = a for some a ∈ [0,∞]}

with R+ = (0,∞). As weights we adopt functions Wp(t) = w(t)p−1 with w(t) ∈ P(R+)∪Q(R+),
where {

P(R+) = {w(t) ∈W (R+) : w(t)−1 /∈ L1((0,η)) for someη > 0},
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(1.4)

Clearly W (R+) = P(R+)∪Q(R+), e−1/t ∈ P(R+) and e1/t ∈ Q(R+) for t > 0 ( For the precise
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inf
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∫ η

0
|u′(t)|pWp(t)dt = 0, (1.5)

where Vη = {u ∈C1([0,η ]) : u(0) = 0,u(η) = 1}. Nevertheless we have sharp Hardy type inequal-
ities (3.4) and (3.5) in Theorem 3.1.

As an important application, in Theorem 3.3 we shall establish N-dimensional Hardy’s inequali-
ties with weights being functions of the distance δ (x) = dist(x,∂Ω) to the boundary ∂Ω. In this task
it is crucial to establish sharp weighted Hardy’s inequalities in the tubler neighborhood Ωη of Ω,
which are reduced to the one dimensional inequalities in Theorem 3.1. To this end, Ω is assumed to
be a bounded domain of RN ( N ≥ 2 ) whose boundary ∂Ω is a C2 compact manifolds in the present
paper. We prepare more notations to describe our results. For Wp(t) = w(t)p−1 with w(t) ∈W (R+),
we define a weight function Wp(δ (x)) on Ω by

Wp(δ (x)) = (Wp ◦δ )(x).

By Lp(Ω;Wp(δ )) we denote the space of Lebesgue measurable functions with weight Wp(δ (x)), for
which

∥u∥Lp(Ω;Wp(δ )) =

(∫

Ω
|u(x)|pWp(δ (x))dx

)1/p

<+∞. (1.6)

By C∞
c (Ω) we denote the set of all C∞ functions with compact supports in Ω. W 1,p

0 (Ω,Wp(δ )) is
given by the completion of C∞

c (Ω) with respect to the norm defined by

∥u∥W 1,p
0 (Ω;Wp(δ ))

= ∥|∇u|∥Lp(Ω;Wp(δ )) +∥u∥Lp(Ω;Wp(δ )). (1.7)
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Then W 1,p
0 (Ω;Wp(δ )) becomes a Banach space with the norm ∥ ·∥W 1,p

0 (Ω;Wp(δ ))
. Under these prepa-

ration we will establish N-dimensional weighted Hardy’s inequality as Theorem 3.3, which is the
counter-part to Theorem 3.1. In particular for w(t) ∈ Q(R+), as in Corollary 3.3 we have a simple
inequality which is a generalization of classical Hardy’s inequality:

∫

Ω
|∇u|pWp(δ (x))dx ≥ γ

∫

Ω

|u|pWp(δ (x))
Fη(δ (x))p dx, ∀u ∈W 1,p

0 (Ω;Wp(δ )), (1.8)

where η is a sufficiently small positive number, γ is some positive constant and Fη(δ (x)) = (Fη ◦
δ )(x) is a nonnegative function defined in Definition 2.3. If w = 1, then Fη(t) = t (t ≤ η); η (t ≥ η)
and (1.8) is a well-known Hardy’s inequality having (min(δ (x),η))−p as the Hardy potential, which
is valid for a bounded domain Ω of RN with Lipschitz boundary (cf. [5, 6, 11]). Further if Ω is
convex, then γ = Λp holds for arbitrary 1 < p < ∞ (cf. [12, 14]).

It is worthy to remark that (1.8) is never valid in the case that w(t) ∈ P(R+) by (1.5) (see also
Proposition 3.1 and Proposition 3.2). Nevertheless, in this case we shall establish weighted Hardy’s
inequalities with a switching function in Theorem 3.3 and Corollary 3.3, which correspond to The-
orem 3.1 and its corollaries. We remark that these Hardy’s inequalities with a compact perturbation
are closely relating to the so-called weak Hardy property of Ω. In fact, if w(t) ∈ P(R+), then a con-
stant γ−1 in (3.19) concerns the weak Hardy constant, but in this case the strong Hardy constant is
+∞ ( see [6] for the detail). In [10], we have improved Hardy’s inequalities adopting δ (x)α p ( pow-
ers of the distance δ (x) to the boundary ∂Ω ) as weight functions instead of Wp(δ ). In the present
paper, some inequalities of Hardy type in [2] and [10] will be employed with minor modifications,
especially when 1 < p < 2 (see also [1]).

We remark that our results will be applicable to variational problems with critical Hardy po-
tentials in a coming paper [4] (c.f. [3]) and also applicable to the Caffarelli-Kohn-Nirenberg type
inequalities with non-doubling weights in the coming paper [8].

This paper is organized in the following way: In Section 2 we introduce a class of weight
functions W (R+) and two subclasses P(R+) and Q(R+) together with functions such as Fη(t) and
Gη(t), which are crucial in this paper. Further a notion of admissibilities for P(R+) and Q(R+) is
introduced. In Section 3, the main results are described. The results are divided into two cases (one-
dimensional case and N-dimensional case), which are described in Subsection 3.1 and Subsection
3.2, respectively. Theorem 3.1 and Theorem 3.2 are established in Section 4. Theorem 3.3 together
with Corollary 3.3 are proved in Section 5. The proof of Theorem 3.4 is given in Section 6 and
the proofs of Proposition 3.1 and Proposition 3.2 are given in Section 7. In Appendix the proof of
Lemma 4.6 is provided. Some auxiliary inequalities are also given as Lemma 8.2.

2 Preliminaries First we introduce a class of weight functions which is crucial in this paper.

Definition 2.1. Let us set R+ = (0,∞) and

W (R+) = {w(t) ∈C1(R+) : w(t)> 0, lim
t→+0

w(t) = a for some a ∈ [0,∞]}. (2.1)

In the next we define two subclasses of this rather large space.

Definition 2.2. Let us set

P(R+) = {w(t) ∈W (R+) : w(t)−1 /∈ L1((0,η)) for someη > 0}. (2.2)

Q(R+) = {w(t) ∈W (R+) : w(t)−1 ∈ L1((0,η)) for any η > 0}. (2.3)

Remark 2.1. 1. From Definition 2.1 and Definition 2.2 it follows that W (R+)=P(R+)∪Q(R+)
and P(R+)∩Q(R+) = ϕ .
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)
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2. If w−1 /∈ L1((0,η)) for someη > 0, then w−1 /∈ L1((0,η)) for anyη > 0. Similarly if w−1 ∈
L1((0,η)) for someη > 0, then w−1 ∈ L1((0,η)) for anyη > 0.

3. If w ∈ P(R+), then lim
t→+0

w(t) = 0. Hence by setting w(0) = 0, w is uniquely extended to a

continuous function on [0,∞). On the other hand if w∈Q(R+), then possibly lim
t→+0

w(t)=+∞.

Here we give some fundamental examples:

Example 2.1. 1. e−1/t ∈ P(R+) and e1/t ∈ Q(R+). (See Corollary 3.1.)

2. For p′ = p/(p−1), tα p′ ∈ P(R+) if α ≥ 1/p′ and tα p′ ∈ Q(R+) if α < 1/p′. (See Corollary
3.2 with Wp(t) = w(t)p−1 = tα p.)

3. For α ∈ R, tα e−1/t ∈ P(R+) and tα e1/t ∈ Q(R+).

In the next we define functions such as Fη(t) and Gη(t), which are crucial in considering variants
of the Hardy potential like Fη(δ (x))−p in (1.8).

Definition 2.3. Let µ > 0 and η > 0. For w ∈W (R+), we define the followings:

1. When w ∈ P(R+),

Fη(t;w,µ) =

{
w(t)

(
µ +

∫ η
t w(s)−1 ds

)
, if t ∈ (0,η ],

w(η)µ , if t ≥ η .
(2.4)

Gη(t;w,µ) =

{
µ +

∫ η
t Fη(s;w,µ)−1 ds, if t ∈ (0,η ],

µ , if t ≥ η .
(2.5)

2. When w ∈ Q(R+),

Fη(t;w) =

{
w(t)

∫ t
0 w(s)−1 ds, if t ∈ (0,η ],

w(η)
∫ η

0 w(s)−1 ds, if t ≥ η .
(2.6)

Gη(t;w,µ) =

{
µ +

∫ η
t Fη(s;w)−1 ds, if t ∈ (0,η ],

µ, if t ≥ η .
(2.7)

3. Fη(t;w,µ) and Fη(t;w) are abbreviated as Fη(t). Gη(t;w,µ) is abbreviated as Gη(t).

4. For w ∈W (R+), we define
Wp(t) = w(t)p−1. (2.8)

Remark 2.2. In the definition (2.5), one can replace Gη(t;w,µ) with the more general Gη(t;w,µ ,µ ′)

= µ ′+
∫ η

t Fη(s;w,µ)−1 ds, t ∈ (0,η ]; µ ′, t ≥ η for µ ′ > 0. However, for simplicity this paper uses
(2.5).

Example 2.2. Let w(t) = tα p′ for α ∈ R, 1 < p < ∞ and p′ = p/(p−1).

1. When α > 1/p′, Fη(t) = t/(α p′ − 1) and Gη(t) = µ + (α p′ − 1) log(η/t) provided that
µ = η1−α p′/(α p′ −1).

2. When α = 1/p′, Fη(t) = t(µ + log(η/t)) and Gη(t) = µ − log µ + log(µ + log(η/t)).

3. When α < 1/p′, Fη(t) = t/(1−α p′) and Gη(t) = µ +(1−α p′) log(η/t).
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By using integration by parts we see the followings:

Example 2.3. 1. If either w(t) = e−1/t ∈ P(R+) or w(t) = e1/t ∈ Q(R+), then Fη(t) = O(t2) as
t →+0.

2. Moreover, if w(t) = exp(±t−α) with α > 0, then Fη(t) = O(tα+1) as t →+0. In fact, it holds
that lim

t→+0
Fη(t)/tα+1 = 1/α .

In a similar way we define the following:

Definition 2.4. Let p′ = p/(p−1), µ > 0 and η > 0. For w ∈W (R+) and t ∈ (0,η), we define the
followings:

1. When w ∈ P(R+),

fη(t;w,µ) =

{
µ +

∫ η
t w(s)−1 ds, if t ∈ (0,η ],

µ, if t ≥ η .
(2.9)

gη(t;w,µ) = (p′ fη(t;w,µ))1/p′ , if t > 0. (2.10)

2. When w ∈ Q(R+),

fη(t;w) =

{ ∫ t
0 w(s)−1 ds, if t ∈ (0,η ],∫ η
0 w(s)−1 ds, if t ≥ η .

(2.11)

gη(t;w) = (p′ fη(t;w))1/p′ , if t > 0. (2.12)

3. fη(t;w,µ) and fη(t;w) are abbreviated as fη(t). gη(t;w,µ) and gη(t;w) are abbreviated as
gη(t).

Remark 2.3. 1. We note that for 0 < t < η



d
dt log fη(t) =−Fη(t)

−1, if w ∈ P(R+),
d
dt log fη(t) = Fη(t)

−1, if w ∈ Q(R+),
d
dt logGη(t) =−(Fη(t)Gη(t))−1, if w ∈W (R+),
d
dt Gη(t)−1 = (Fη(t)Gη(t)2)−1, if w ∈W (R+).

(2.13)

By Definition 2.2 and (2.13), we see that Fη(t)−1 /∈ L1((0,η)), (Fη(t)Gη(t))−1 /∈ L1((0,η))
but (Fη(t)Gη(t)2)−1 ∈ L1((0,η)).

2. If w ∈W (R+), then immediately we have liminf
t→+0

Fη(t) = 0 from 1.

Example 2.4. If either w(t) = t2e−1/t ∈ P(R+) or w(t) = t2e1/t ∈ Q(R+), then Fη(t) = O(t2) and
Gη(t) = O(1/t) as t → 0.

Now we introduce two admissibilities for P(R+) and Q(R+).

Definition 2.5. 1. A function w ∈ P(R+) is said to be admissible if there exist positive numbers
η and K such that we have

∫ η

t
w(s)−1 ds ≤ eK/

√
t (0 < t < η). (2.14)
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2. If w−1 /∈ L1((0,η)) for someη > 0, then w−1 /∈ L1((0,η)) for anyη > 0. Similarly if w−1 ∈
L1((0,η)) for someη > 0, then w−1 ∈ L1((0,η)) for anyη > 0.

3. If w ∈ P(R+), then lim
t→+0

w(t) = 0. Hence by setting w(0) = 0, w is uniquely extended to a

continuous function on [0,∞). On the other hand if w∈Q(R+), then possibly lim
t→+0

w(t)=+∞.

Here we give some fundamental examples:

Example 2.1. 1. e−1/t ∈ P(R+) and e1/t ∈ Q(R+). (See Corollary 3.1.)

2. For p′ = p/(p−1), tα p′ ∈ P(R+) if α ≥ 1/p′ and tα p′ ∈ Q(R+) if α < 1/p′. (See Corollary
3.2 with Wp(t) = w(t)p−1 = tα p.)

3. For α ∈ R, tα e−1/t ∈ P(R+) and tα e1/t ∈ Q(R+).

In the next we define functions such as Fη(t) and Gη(t), which are crucial in considering variants
of the Hardy potential like Fη(δ (x))−p in (1.8).

Definition 2.3. Let µ > 0 and η > 0. For w ∈W (R+), we define the followings:

1. When w ∈ P(R+),

Fη(t;w,µ) =

{
w(t)

(
µ +

∫ η
t w(s)−1 ds

)
, if t ∈ (0,η ],

w(η)µ , if t ≥ η .
(2.4)

Gη(t;w,µ) =

{
µ +

∫ η
t Fη(s;w,µ)−1 ds, if t ∈ (0,η ],

µ , if t ≥ η .
(2.5)

2. When w ∈ Q(R+),

Fη(t;w) =

{
w(t)

∫ t
0 w(s)−1 ds, if t ∈ (0,η ],

w(η)
∫ η

0 w(s)−1 ds, if t ≥ η .
(2.6)

Gη(t;w,µ) =

{
µ +

∫ η
t Fη(s;w)−1 ds, if t ∈ (0,η ],

µ, if t ≥ η .
(2.7)

3. Fη(t;w,µ) and Fη(t;w) are abbreviated as Fη(t). Gη(t;w,µ) is abbreviated as Gη(t).

4. For w ∈W (R+), we define
Wp(t) = w(t)p−1. (2.8)

Remark 2.2. In the definition (2.5), one can replace Gη(t;w,µ) with the more general Gη(t;w,µ ,µ ′)

= µ ′+
∫ η

t Fη(s;w,µ)−1 ds, t ∈ (0,η ]; µ ′, t ≥ η for µ ′ > 0. However, for simplicity this paper uses
(2.5).

Example 2.2. Let w(t) = tα p′ for α ∈ R, 1 < p < ∞ and p′ = p/(p−1).

1. When α > 1/p′, Fη(t) = t/(α p′ − 1) and Gη(t) = µ + (α p′ − 1) log(η/t) provided that
µ = η1−α p′/(α p′ −1).

2. When α = 1/p′, Fη(t) = t(µ + log(η/t)) and Gη(t) = µ − log µ + log(µ + log(η/t)).

3. When α < 1/p′, Fη(t) = t/(1−α p′) and Gη(t) = µ +(1−α p′) log(η/t).
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By using integration by parts we see the followings:

Example 2.3. 1. If either w(t) = e−1/t ∈ P(R+) or w(t) = e1/t ∈ Q(R+), then Fη(t) = O(t2) as
t →+0.

2. Moreover, if w(t) = exp(±t−α) with α > 0, then Fη(t) = O(tα+1) as t →+0. In fact, it holds
that lim

t→+0
Fη(t)/tα+1 = 1/α .

In a similar way we define the following:

Definition 2.4. Let p′ = p/(p−1), µ > 0 and η > 0. For w ∈W (R+) and t ∈ (0,η), we define the
followings:

1. When w ∈ P(R+),

fη(t;w,µ) =

{
µ +

∫ η
t w(s)−1 ds, if t ∈ (0,η ],

µ, if t ≥ η .
(2.9)

gη(t;w,µ) = (p′ fη(t;w,µ))1/p′ , if t > 0. (2.10)

2. When w ∈ Q(R+),

fη(t;w) =

{ ∫ t
0 w(s)−1 ds, if t ∈ (0,η ],∫ η
0 w(s)−1 ds, if t ≥ η .

(2.11)

gη(t;w) = (p′ fη(t;w))1/p′ , if t > 0. (2.12)

3. fη(t;w,µ) and fη(t;w) are abbreviated as fη(t). gη(t;w,µ) and gη(t;w) are abbreviated as
gη(t).

Remark 2.3. 1. We note that for 0 < t < η



d
dt log fη(t) =−Fη(t)

−1, if w ∈ P(R+),
d
dt log fη(t) = Fη(t)

−1, if w ∈ Q(R+),
d
dt logGη(t) =−(Fη(t)Gη(t))−1, if w ∈W (R+),
d
dt Gη(t)−1 = (Fη(t)Gη(t)2)−1, if w ∈W (R+).

(2.13)

By Definition 2.2 and (2.13), we see that Fη(t)−1 /∈ L1((0,η)), (Fη(t)Gη(t))−1 /∈ L1((0,η))
but (Fη(t)Gη(t)2)−1 ∈ L1((0,η)).

2. If w ∈W (R+), then immediately we have liminf
t→+0

Fη(t) = 0 from 1.

Example 2.4. If either w(t) = t2e−1/t ∈ P(R+) or w(t) = t2e1/t ∈ Q(R+), then Fη(t) = O(t2) and
Gη(t) = O(1/t) as t → 0.

Now we introduce two admissibilities for P(R+) and Q(R+).

Definition 2.5. 1. A function w ∈ P(R+) is said to be admissible if there exist positive numbers
η and K such that we have

∫ η

t
w(s)−1 ds ≤ eK/

√
t (0 < t < η). (2.14)
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.
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2. A function w ∈ Q(R+) is said to be admissible if there exist positive numbers η and K such
that we have ∫ t

0
w(s)−1 ds ≥ e−K/

√
t (0 < t < η). (2.15)

Definition 2.6. By PA(R+) and QA(R+) we denote the set of all admissible functions in P(R+) and
Q(R+) respectively. We set

WA(R+) = PA(R+)∪QA(R+). (2.16)

Here we give typical examples:

Example 2.5. e−1/t /∈ PA(R+), e1/t /∈ QA(R+) but e−1/
√

t ∈ PA(R+), e1/
√

t ∈ QA(R+).

Verifications:
e−1/t /∈ PA(R+) : For small t > 0, we have

∫ η
t e1/s ds ≥

∫ 2t
t e1/s ds ≥ te1/(2t). But this contradicts to

(2.14) for any K > 0.
e−1/

√
t ∈ PA(R+) : Since e1/

√
s ≤ e1/

√
t (t < s < η), we have

∫ η
t e1/

√
s ds ≤ ηe1/

√
t ≤ eK/

√
t for some

K > 1.
e−1/t /∈ QA(R+) : For 0 < s ≤ t, we have

∫ t
0 e−1/s ds ≤ te−1/t . But this contradicts to (2.15) for any

K > 0.
e−1/

√
t ∈ QA(R+) : For t/2 < s < t, we have

∫ t
0 e−1/

√
s ds ≥

∫ t
t/2 e−1/

√
s ds ≥ (t/2)e−

√
2/

√
s ≥ e−K/

√
t

for some K >
√

2.

Proposition 2.1. 1. Assume that either w ∈ PA(R+) or w ∈ QA(R+). Then there exist positive
numbers η and K such that we have

√
t Gη(t)≤ K t ∈ (0,η). (2.17)

2. Assume that w ∈ W (R+) and w satisfies (2.17) for some positive numbers η and K. Then w
is admissible in the sense of Definition 2.6, that is, w belongs to WA(R+).

Proof:
By integrating (2.13), we have for 0 < t < η




Gη(t) = log
(∫ η

t w(s)−1 ds+µ
)
− log µ +µ, if w ∈ P(R+),

Gη(t) = log
(∫ η

0 w(s)−1 ds
)
− log

(∫ t
0 w(s)−1 ds

)
+µ , if w ∈ Q(R+).

(2.18)

Hence the inequality (2.17) with positive numbers η and K is equivalent to




∫ η
t w(s)−1 ds ≤ µ(eK/

√
t−µ −1) (0 < t < η), if w ∈ PA(R+),

∫ t
0 w(s)−1 ds ≥ eµ ∫ µ

0 w(s)−1 dse−K/
√

t (0 < t < η), if w ∈ QA(R+).

(2.19)

Here we note that for each µ > 0, η > 0 and w ∈ Q(R+) there exist some positive numbers K1, K2
and K3 such that K1 ≤ K2 ≤ K3 and we have




eK1/
√

t ≤ µ(eK2/
√

t−µ −1)≤ eK3/
√

t (0 < t < η)

e−K3/
√

t ≤ eµ ∫ µ
0 w(s)−1 ds e−K2/

√
t ≤ e−K1/

√
t (0 < t < η).

(2.20)

Therefore the assertion is now clear. �

Hardy’s inequalities with non-doubling weights and sharp remainders 7

3 Main results

3.1 Results in the one dimensional case We introduce function spaces to state the results in one
dimensional case:
By Lp((0,η ];Wp) we denote the space of Lebesgue measurable functions with weight Wp(t), for
which

∥u∥Lp((0,η ];Wp) =

(∫ η

0
|u(t)|pWp(t)dt

)1/p

<+∞. (3.1)

By C∞
c ((0,η ]) we denote the set of all C∞ functions with compact supports in (0,η ]. W 1,p

0 ((0,η ];Wp)
is given by the completion of C∞

c ((0,η ]) with respect to the norm defined by

∥u∥W 1,p
0 ((0,η ];Wp)

= ∥u′∥Lp((0,η ];Wp) +∥u∥Lp((0,η ];Wp). (3.2)

Then W 1,p
0 ((0,η ];Wp) becomes a Banach space with the norm ∥ · ∥W 1,p

0 ((0,η ];Wp)
. We also define a

switching function:

Definition 3.1. ( Switching function ) For w ∈W (R+) = P(R+)∪Q(R+) we set

s(w) =

{
−1 if w ∈ P(R+),

1 if w ∈ Q(R+).
(3.3)

We state one-dimensional Hardy’s inequalities with one-sided boundary condition.

Theorem 3.1. (w ∈W (R+))
Assume that 1 < p < ∞, η > 0, µ > 0 and w ∈ W (R+) = P(R+)∪Q(R+). Then we have the
followings:

1. For every u ∈W 1,p
0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0
|u′(t)|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p. (3.4)

Moreover the coefficients Λp and s(w)(Λp)
1/p′ are optimal.

2. There exist positive numbers C =C(w, p,η ,µ) and L = L(w, p,η ,µ) such that for every u ∈
W 1,p

0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0
|u′(t)|pWp(t)dt ≥Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p +C

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 + s(w)L|u(η)|p, (3.5)

where C and L can be taken independent of each u.

The following is a direct consequence from this theorem. We remark that C1
c ((0,η ]) is densely

contained in W 1,p
0 ((0,η ];Wp).

Corollary 3.1. 1. Let 1 < p < ∞, η > 0 and µ > 0. Then, for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (3.6)
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2. A function w ∈ Q(R+) is said to be admissible if there exist positive numbers η and K such
that we have ∫ t

0
w(s)−1 ds ≥ e−K/

√
t (0 < t < η). (2.15)

Definition 2.6. By PA(R+) and QA(R+) we denote the set of all admissible functions in P(R+) and
Q(R+) respectively. We set

WA(R+) = PA(R+)∪QA(R+). (2.16)

Here we give typical examples:

Example 2.5. e−1/t /∈ PA(R+), e1/t /∈ QA(R+) but e−1/
√

t ∈ PA(R+), e1/
√

t ∈ QA(R+).

Verifications:
e−1/t /∈ PA(R+) : For small t > 0, we have

∫ η
t e1/s ds ≥

∫ 2t
t e1/s ds ≥ te1/(2t). But this contradicts to

(2.14) for any K > 0.
e−1/

√
t ∈ PA(R+) : Since e1/

√
s ≤ e1/

√
t (t < s < η), we have

∫ η
t e1/

√
s ds ≤ ηe1/

√
t ≤ eK/

√
t for some

K > 1.
e−1/t /∈ QA(R+) : For 0 < s ≤ t, we have

∫ t
0 e−1/s ds ≤ te−1/t . But this contradicts to (2.15) for any

K > 0.
e−1/

√
t ∈ QA(R+) : For t/2 < s < t, we have

∫ t
0 e−1/

√
s ds ≥

∫ t
t/2 e−1/

√
s ds ≥ (t/2)e−

√
2/

√
s ≥ e−K/

√
t

for some K >
√

2.

Proposition 2.1. 1. Assume that either w ∈ PA(R+) or w ∈ QA(R+). Then there exist positive
numbers η and K such that we have

√
t Gη(t)≤ K t ∈ (0,η). (2.17)

2. Assume that w ∈ W (R+) and w satisfies (2.17) for some positive numbers η and K. Then w
is admissible in the sense of Definition 2.6, that is, w belongs to WA(R+).

Proof:
By integrating (2.13), we have for 0 < t < η




Gη(t) = log
(∫ η

t w(s)−1 ds+µ
)
− log µ +µ, if w ∈ P(R+),

Gη(t) = log
(∫ η

0 w(s)−1 ds
)
− log

(∫ t
0 w(s)−1 ds

)
+µ , if w ∈ Q(R+).

(2.18)

Hence the inequality (2.17) with positive numbers η and K is equivalent to




∫ η
t w(s)−1 ds ≤ µ(eK/

√
t−µ −1) (0 < t < η), if w ∈ PA(R+),

∫ t
0 w(s)−1 ds ≥ eµ ∫ µ

0 w(s)−1 dse−K/
√

t (0 < t < η), if w ∈ QA(R+).

(2.19)

Here we note that for each µ > 0, η > 0 and w ∈ Q(R+) there exist some positive numbers K1, K2
and K3 such that K1 ≤ K2 ≤ K3 and we have




eK1/
√

t ≤ µ(eK2/
√

t−µ −1)≤ eK3/
√

t (0 < t < η)

e−K3/
√

t ≤ eµ ∫ µ
0 w(s)−1 ds e−K2/

√
t ≤ e−K1/

√
t (0 < t < η).

(2.20)

Therefore the assertion is now clear. �
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3 Main results

3.1 Results in the one dimensional case We introduce function spaces to state the results in one
dimensional case:
By Lp((0,η ];Wp) we denote the space of Lebesgue measurable functions with weight Wp(t), for
which

∥u∥Lp((0,η ];Wp) =

(∫ η

0
|u(t)|pWp(t)dt

)1/p

<+∞. (3.1)

By C∞
c ((0,η ]) we denote the set of all C∞ functions with compact supports in (0,η ]. W 1,p

0 ((0,η ];Wp)
is given by the completion of C∞

c ((0,η ]) with respect to the norm defined by

∥u∥W 1,p
0 ((0,η ];Wp)

= ∥u′∥Lp((0,η ];Wp) +∥u∥Lp((0,η ];Wp). (3.2)

Then W 1,p
0 ((0,η ];Wp) becomes a Banach space with the norm ∥ · ∥W 1,p

0 ((0,η ];Wp)
. We also define a

switching function:

Definition 3.1. ( Switching function ) For w ∈W (R+) = P(R+)∪Q(R+) we set

s(w) =

{
−1 if w ∈ P(R+),

1 if w ∈ Q(R+).
(3.3)

We state one-dimensional Hardy’s inequalities with one-sided boundary condition.

Theorem 3.1. (w ∈W (R+))
Assume that 1 < p < ∞, η > 0, µ > 0 and w ∈ W (R+) = P(R+)∪Q(R+). Then we have the
followings:

1. For every u ∈W 1,p
0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0
|u′(t)|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p. (3.4)

Moreover the coefficients Λp and s(w)(Λp)
1/p′ are optimal.

2. There exist positive numbers C =C(w, p,η ,µ) and L = L(w, p,η ,µ) such that for every u ∈
W 1,p

0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0
|u′(t)|pWp(t)dt ≥Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p +C

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 + s(w)L|u(η)|p, (3.5)

where C and L can be taken independent of each u.

The following is a direct consequence from this theorem. We remark that C1
c ((0,η ]) is densely

contained in W 1,p
0 ((0,η ];Wp).

Corollary 3.1. 1. Let 1 < p < ∞, η > 0 and µ > 0. Then, for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (3.6)
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)
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2. Let 1 < p < ∞ and η > 0. Then, for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe(p−1)/t dt ≥ Λp

∫ η

0

|u(t)|pe(p−1)/t dt(
e1/t

∫ t
0 e−1/s ds

)p +
(Λp)

1/p′

(∫ η
0 e−1/s ds

)p−1 |u(η)|p. (3.7)

Definition 3.2. For 1 < p <+∞ and α ∈ R we set

Λα,p =

����
1
p′

−α
����

p

=

����
p−1−α p

p

����
p

. (3.8)

Corollary 3.2. 1. If α > 1/p′, 1 < p < ∞ and η > 0, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|ptα p dt +

(Λα,p)
1/p′

η p−1−α p |u(η)|p ≥ Λα,p

∫ η

0
|u(t)|pt(α−1)p dt. (3.9)

2. If α = 1/p′, 1 < p < ∞, η > 0 and R > e, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pt p−1 dt +

(Λp)
1/p′

(logR)p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|p

tA1(t/η)p dt, (3.10)

where A1(t) = log(R/t) with R > e.

3. If α < 1/p′, 1 < p < ∞ and η > 0, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|ptα p dt ≥ Λα ,p

∫ η

0
|u(t)|pt(α−1)p dt +

(Λα,p)
1/p′

η p−1−α p |u(η)|p. (3.11)

Proof of Corollary 3.2: In Theorem 3.1 we set Wp(t) = w(t)p−1 = tα p. Then w(t) ∈ P(R+) for
α ≥ 1/p′, and w(t) ∈ Q(R+) for α < 1/p′. Noting that R > e and (Λp/Λα,p)

1/p = |α p′ −1|−1, we
set

µ =

{
(Λp/Λα,p)

1/pη(p−1−α p)/(p−1), if α ̸= 1/p′,
logR, if α = 1/p′.

(3.12)

When α ̸= 1/p′ we have

Fη(t) = (Λp/Λα ,p)
1/p t and fη(η) = µ . (3.13)

When α = 1/p′ we have

Fη(t) = t log(Rη/t) and fη(η) = µ. (3.14)

Then the assertions (3.9), (3.10) and (3.11) follow from (3.4).

Remark 3.1. 1. The sharpness of coefficients in theses corollaries 3.1, 3.2 will be seen in Sec-
tion 4 (4.2, Part 1).

2. If u ∈C1
c ((0,∞)), the inequalities (3.7), (3.9) and (3.11) remain valid for η =+∞.

In order to establish Hardy’s inequalities in a bounded domain of RN as an application, we need
a further refinement of the previous results.
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Theorem 3.2. (w ∈WA(R+) = PA(R+)∪QA(R+))
Assume that 1 < p < ∞, µ > 0 and w ∈ WA(R+). If η > 0 is sufficiently small, then there exist
positive numbers C0 =C0(w, p,η ,µ), C1 =C1(w, p,η ,µ) and L = L(w, p,η ,µ) such that for every
u ∈W 1,p

0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0

(
|u′(t)|p − |u(t)|p

Fη(t)
p

(
Λp +

C0

Gη(t)2

))
Wp(t)dt

≥C1

∫ η

0

(
|u′(t)|p + |u(t)|p

Fη(t)
p

(
Λp +

C0

Gη(t)2

))
Wp(t) t dt + s(w)L|u(η)|p,

(3.15)

where C0, C1 and L can be taken independent of each u.

Lastly we state a fundamental result which will be useful in the subsequent.

Proposition 3.1. (w ∈ P(R+))
Assume that w ∈ P(R+) and 1 < p < ∞. Then we have

inf
u∈Vη

∫ η

0
|u′(t)|pWp(t)dt = 0, (3.16)

where Vη = {u ∈C1([0,η ]) : u(0) = 0,u(η) = 1}.

Remark 3.2. The proof will be given in Section 6.

3.2 Results in a domain of RN (N ≥ 2) As an important application of one dimensional Hardy’s
inequalities in the previous section, we describe Hardy’s inequalities in a bounded domain Ω of
RN (N ≥ 2). Let δ (x) := dist(x,∂Ω). For each small η > 0, Ωη denotes a tubular neighborhood of
∂Ω and Ση denotes the boundary of Ω\Ωη , namely

Ωη = {x ∈ Ω : δ (x)< η} and Ση = {x ∈ Ω : δ (x) = η}. (3.17)

For the sake of simplicity, by Wp(δ ), Fη(δ ) and Gη(δ ) we denote Wp(δ (x)), Fη(δ (x)) and Gη(δ (x))
respectively.

The proofs of Theorem 3.3 and Corollary 3.3 will be given in Section 5. Theorem 3.4 will be
proved in Section 6.

Theorem 3.3. ( w ∈WA(R+) ) Assume that Ω is a bounded domain of class C2 in RN. Assume
that 1 < p < ∞ and w ∈WA(R+). Assume that µ > 0 and η is a sufficiently small positive number.
Then, there exist positive numbers C = C(w, p,η ,µ) and L′ = L′(w, p,η ,µ) such that for every
u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω), we have

∫

Ωη

(
|∇u|p −Λp

|u|p

Fη(δ )p

)
Wp(δ )dx ≥C

∫

Ωη

|u|pWp(δ )
Fη(δ )pGη(δ )2 dx

+ s(w)L′
∫

Ση
|u|pWp(δ )dση ,

(3.18)

where dση denotes surface elements on Ση , and C, L′ are independent of each u.

Remark 3.3. We remark that the assumpsion w ∈WA(R+) is needed even if we do not have the first
term involving Gη(t) in the right-hand side. (See also Corollary 3.3).
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2. Let 1 < p < ∞ and η > 0. Then, for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pe(p−1)/t dt ≥ Λp

∫ η

0

|u(t)|pe(p−1)/t dt(
e1/t

∫ t
0 e−1/s ds

)p +
(Λp)

1/p′

(∫ η
0 e−1/s ds

)p−1 |u(η)|p. (3.7)

Definition 3.2. For 1 < p <+∞ and α ∈ R we set

Λα,p =

����
1
p′

−α
����

p

=

����
p−1−α p

p

����
p

. (3.8)

Corollary 3.2. 1. If α > 1/p′, 1 < p < ∞ and η > 0, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|ptα p dt +

(Λα,p)
1/p′

η p−1−α p |u(η)|p ≥ Λα,p

∫ η

0
|u(t)|pt(α−1)p dt. (3.9)

2. If α = 1/p′, 1 < p < ∞, η > 0 and R > e, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pt p−1 dt +

(Λp)
1/p′

(logR)p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|p

tA1(t/η)p dt, (3.10)

where A1(t) = log(R/t) with R > e.

3. If α < 1/p′, 1 < p < ∞ and η > 0, then for every u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|ptα p dt ≥ Λα ,p

∫ η

0
|u(t)|pt(α−1)p dt +

(Λα,p)
1/p′

η p−1−α p |u(η)|p. (3.11)

Proof of Corollary 3.2: In Theorem 3.1 we set Wp(t) = w(t)p−1 = tα p. Then w(t) ∈ P(R+) for
α ≥ 1/p′, and w(t) ∈ Q(R+) for α < 1/p′. Noting that R > e and (Λp/Λα,p)

1/p = |α p′ −1|−1, we
set

µ =

{
(Λp/Λα,p)

1/pη(p−1−α p)/(p−1), if α ̸= 1/p′,
logR, if α = 1/p′.

(3.12)

When α ̸= 1/p′ we have

Fη(t) = (Λp/Λα ,p)
1/p t and fη(η) = µ . (3.13)

When α = 1/p′ we have

Fη(t) = t log(Rη/t) and fη(η) = µ. (3.14)

Then the assertions (3.9), (3.10) and (3.11) follow from (3.4).

Remark 3.1. 1. The sharpness of coefficients in theses corollaries 3.1, 3.2 will be seen in Sec-
tion 4 (4.2, Part 1).

2. If u ∈C1
c ((0,∞)), the inequalities (3.7), (3.9) and (3.11) remain valid for η =+∞.

In order to establish Hardy’s inequalities in a bounded domain of RN as an application, we need
a further refinement of the previous results.
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Theorem 3.2. (w ∈WA(R+) = PA(R+)∪QA(R+))
Assume that 1 < p < ∞, µ > 0 and w ∈ WA(R+). If η > 0 is sufficiently small, then there exist
positive numbers C0 =C0(w, p,η ,µ), C1 =C1(w, p,η ,µ) and L = L(w, p,η ,µ) such that for every
u ∈W 1,p

0 ((0,η ];Wp)∩C((0,η ]), we have

∫ η

0

(
|u′(t)|p − |u(t)|p

Fη(t)
p

(
Λp +

C0

Gη(t)2

))
Wp(t)dt

≥C1

∫ η

0

(
|u′(t)|p + |u(t)|p

Fη(t)
p

(
Λp +

C0

Gη(t)2

))
Wp(t) t dt + s(w)L|u(η)|p,

(3.15)

where C0, C1 and L can be taken independent of each u.

Lastly we state a fundamental result which will be useful in the subsequent.

Proposition 3.1. (w ∈ P(R+))
Assume that w ∈ P(R+) and 1 < p < ∞. Then we have

inf
u∈Vη

∫ η

0
|u′(t)|pWp(t)dt = 0, (3.16)

where Vη = {u ∈C1([0,η ]) : u(0) = 0,u(η) = 1}.

Remark 3.2. The proof will be given in Section 6.

3.2 Results in a domain of RN (N ≥ 2) As an important application of one dimensional Hardy’s
inequalities in the previous section, we describe Hardy’s inequalities in a bounded domain Ω of
RN (N ≥ 2). Let δ (x) := dist(x,∂Ω). For each small η > 0, Ωη denotes a tubular neighborhood of
∂Ω and Ση denotes the boundary of Ω\Ωη , namely

Ωη = {x ∈ Ω : δ (x)< η} and Ση = {x ∈ Ω : δ (x) = η}. (3.17)

For the sake of simplicity, by Wp(δ ), Fη(δ ) and Gη(δ ) we denote Wp(δ (x)), Fη(δ (x)) and Gη(δ (x))
respectively.

The proofs of Theorem 3.3 and Corollary 3.3 will be given in Section 5. Theorem 3.4 will be
proved in Section 6.

Theorem 3.3. ( w ∈WA(R+) ) Assume that Ω is a bounded domain of class C2 in RN. Assume
that 1 < p < ∞ and w ∈WA(R+). Assume that µ > 0 and η is a sufficiently small positive number.
Then, there exist positive numbers C = C(w, p,η ,µ) and L′ = L′(w, p,η ,µ) such that for every
u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω), we have

∫

Ωη

(
|∇u|p −Λp

|u|p

Fη(δ )p

)
Wp(δ )dx ≥C

∫

Ωη

|u|pWp(δ )
Fη(δ )pGη(δ )2 dx

+ s(w)L′
∫

Ση
|u|pWp(δ )dση ,

(3.18)

where dση denotes surface elements on Ση , and C, L′ are independent of each u.

Remark 3.3. We remark that the assumpsion w ∈WA(R+) is needed even if we do not have the first
term involving Gη(t) in the right-hand side. (See also Corollary 3.3).
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.
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Corollary 3.3. Assume that Ω is a bounded domain of class C2 in RN. Assume that 1 < p < ∞ and
w ∈ WA(R+). Assume that µ > 0 and η is a sufficiently small positive number. Then, there exist
positive numbers γ = γ(w, p,η ,µ) and L′ = L′(w, p,η ,µ) such that for every u ∈W 1,p

0 (Ω;Wp(δ ))∩
C(Ω), we have

∫

Ω

(
|∇u|p − γ

|u|p

Fη(δ )p

)
Wp(δ )dx ≥ s(w)L′

∫

Ση
|u|pWp(δ )dση , (3.19)

where dση denotes surface elements on Ση , and γ , L′ are independent of each u.

Moreover we have the followings:

Theorem 3.4. ( w ∈WA(R+) ) Assume that Ω is a bounded domain of class C2 in RN. Assume that
1 < p < ∞, µ > 0 and w ∈WA(R+). Then, the followings are equivalent to each other.

1. There exist positive numbers γ , η and L′ such that the inequality (3.19) is valid for every
u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω).

2. For a sufficiently small η > 0, there exist positive numbers κ , C and L′ such that the inequality
(3.18) with Λp replaced by κ is valid for every u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω).

Proposition 3.2. ( w ∈ P(R+)) Assume that Ω is a bounded domain of class C2 in RN. Assume that
1 < p < ∞ and w ∈ P(R+). Then, for an arbitrary η ∈ (0,supx∈Ω δ (x)) we have

inf
{∫

Ω
|∇u|pWp(δ )dx : u ∈C1

c (Ω),u = 1 on {δ (x) = η}
}
= 0. (3.20)

Remark 3.4. 1. The proof will be given in Section 6 together with Proposition 3.1

2. From this we see that constant functions belong to W 1,p
0 (Ω;Wp(δ )), and hence Hardy’s in-

equality (1.8) never holds when w ∈ P(R+).

4 Proofs of Theorem 3.1 and Theorem 3.2

4.1 Lemmas First we prepare the following fundamental inequalities which are established in
[1] as Lemma 2.1 for X >−1.

Lemma 4.1. 1. For p ≥ 2 we have

|1+X |p −1− pX ≥ c(p)|X |q, for any q ∈ [2, p] and X ∈ R. (4.1)

2. For 1 < p ≤ 2 and M ≥ 1, we have

|1+X |p −1− pX ≥ c(p)

{
Mp−2X2, |X | ≤ M,

|X |p, |X | ≥ M.
(4.2)

Here c(p) is a positive number independent of each X, M ≥ 1 and q ∈ [2, p].

Proof. By Taylar expansion we have (4.1) with q = 2. For p > 1, we note that

lim
X→0

|1+X |p −1− pX
X2 =

p(p−1)
2

, lim
|X |→∞

|1+X |p −1− pX
|X |p

= 1. (4.3)

Therefore (4.1) is valid for any q ∈ [2, p] for a small c(p) > 0. If X > −1, then (4.2) also follows
from Taylar expansion and (4.3). If we choose c(p) sufficiently small, then it remains valid for
X ≤−1. �

Hardy’s inequalities with non-doubling weights and sharp remainders 11

Remark 4.1. C1
c ((0,η ]) is densely contained in W 1,p

0 ((0,η ];Wp). If u ∈ W 1,p
0 ((0,η ];Wp), then

|u| ∈W 1,p
0 ((0,η ];Wp) and ∥u∥W 1,p

0 ((0,η ];Wp)
= ∥|u|∥W 1,p

0 ((0,η ];Wp)
. Therefore, in the proofs of Theorem

3.1 and Theorem 3.2, without the loss of generality we may assume that u ∈C1
c ((0,η ]) and u ≥ 0 in

(0,η).

For u ∈C1
c ((0,η ]) let us set

u(t) = gη(t)v(t), (4.4)

where gη(t) is given by Definition 2.4. Clearly v(t) ∈C1
c ((0,η ]) and u(t)′ = g′η(t)v(t)+gη(t)v′(t).

We define

X(t) =

{ gη (t)
g′η (t)

v′(t)
v(t) = p′Fη(t)

v′(t)
v(t) s(w) if v(t) ̸= 0,

0 if v(t) = 0.
(4.5)

Then we have
u′(t) = g′η(t)v(t)(1+X(t)) , if v(t) ̸= 0. (4.6)

Then it follows immediately from Lemma 4.1 that we have the following.

Lemma 4.2. Assume that η > 0, µ > 0, X = X(t) and w ∈ W (R+). Then, there exists a positive
number c(p) such that we have the followings:

1. If p ≥ 2, then for any u ∈C1
c ((0,η ]) and q ∈ [2, p] we have

∫ η

0
|u′(t)|pWp(t)dt ≥

∫ η

0
|v(t)|p|g′η |p (1+ pX + c(p)|X |q)Wp(t)dt. (4.7)

2. If 1 < p < 2, then for any u ∈C1
c ((0,η ]) and M ≥ 1 we have

∫ η

0
|u′(t)|pWp(t)dt ≥

∫ η

0
|v(t)|p|g′η |p (1+ pX)Wp dt (4.8)

+c(p)
∫ η

0
|v(t)|p|g′η |p

(
Mp−2X2χ{|X |≤M}+ |X |pχ{|X |>M}

)
Wp(t)dt,

where χS(t) denotes a characteristic function of a set S.

Now we prepare the following lemma, recalling a switching function;

s(w) =

{
−1 if w ∈ P(R+),

1 if w ∈ Q(R+).
(4.9)

Lemma 4.3. Assume that η > 0, µ > 0 and w ∈W (R+). Assume that u ∈C1
c ((0,η ]), X = X(t) and

u(t) = gη(t)v(t). Then we have:

1.
|g′η(t)|p−1gη(t)Wp(t) = 1. (4.10)

2.
p|v(t)|p|g′η(t)|pX(t)Wp(t) = s(w)(|v(t)|p)′. (4.11)

3.

|v(t)|p|g′η(t)|pWp(t) = Λp
|u(t)|pWp(t)

Fη(t)p . (4.12)
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Corollary 3.3. Assume that Ω is a bounded domain of class C2 in RN. Assume that 1 < p < ∞ and
w ∈ WA(R+). Assume that µ > 0 and η is a sufficiently small positive number. Then, there exist
positive numbers γ = γ(w, p,η ,µ) and L′ = L′(w, p,η ,µ) such that for every u ∈W 1,p

0 (Ω;Wp(δ ))∩
C(Ω), we have

∫

Ω

(
|∇u|p − γ

|u|p

Fη(δ )p

)
Wp(δ )dx ≥ s(w)L′

∫

Ση
|u|pWp(δ )dση , (3.19)

where dση denotes surface elements on Ση , and γ , L′ are independent of each u.

Moreover we have the followings:

Theorem 3.4. ( w ∈WA(R+) ) Assume that Ω is a bounded domain of class C2 in RN. Assume that
1 < p < ∞, µ > 0 and w ∈WA(R+). Then, the followings are equivalent to each other.

1. There exist positive numbers γ , η and L′ such that the inequality (3.19) is valid for every
u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω).

2. For a sufficiently small η > 0, there exist positive numbers κ , C and L′ such that the inequality
(3.18) with Λp replaced by κ is valid for every u ∈W 1,p

0 (Ω;Wp(δ ))∩C(Ω).

Proposition 3.2. ( w ∈ P(R+)) Assume that Ω is a bounded domain of class C2 in RN. Assume that
1 < p < ∞ and w ∈ P(R+). Then, for an arbitrary η ∈ (0,supx∈Ω δ (x)) we have

inf
{∫

Ω
|∇u|pWp(δ )dx : u ∈C1

c (Ω),u = 1 on {δ (x) = η}
}
= 0. (3.20)

Remark 3.4. 1. The proof will be given in Section 6 together with Proposition 3.1

2. From this we see that constant functions belong to W 1,p
0 (Ω;Wp(δ )), and hence Hardy’s in-

equality (1.8) never holds when w ∈ P(R+).

4 Proofs of Theorem 3.1 and Theorem 3.2

4.1 Lemmas First we prepare the following fundamental inequalities which are established in
[1] as Lemma 2.1 for X >−1.

Lemma 4.1. 1. For p ≥ 2 we have

|1+X |p −1− pX ≥ c(p)|X |q, for any q ∈ [2, p] and X ∈ R. (4.1)

2. For 1 < p ≤ 2 and M ≥ 1, we have

|1+X |p −1− pX ≥ c(p)

{
Mp−2X2, |X | ≤ M,

|X |p, |X | ≥ M.
(4.2)

Here c(p) is a positive number independent of each X, M ≥ 1 and q ∈ [2, p].

Proof. By Taylar expansion we have (4.1) with q = 2. For p > 1, we note that

lim
X→0

|1+X |p −1− pX
X2 =

p(p−1)
2

, lim
|X |→∞

|1+X |p −1− pX
|X |p

= 1. (4.3)

Therefore (4.1) is valid for any q ∈ [2, p] for a small c(p) > 0. If X > −1, then (4.2) also follows
from Taylar expansion and (4.3). If we choose c(p) sufficiently small, then it remains valid for
X ≤−1. �
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Remark 4.1. C1
c ((0,η ]) is densely contained in W 1,p

0 ((0,η ];Wp). If u ∈ W 1,p
0 ((0,η ];Wp), then

|u| ∈W 1,p
0 ((0,η ];Wp) and ∥u∥W 1,p

0 ((0,η ];Wp)
= ∥|u|∥W 1,p

0 ((0,η ];Wp)
. Therefore, in the proofs of Theorem

3.1 and Theorem 3.2, without the loss of generality we may assume that u ∈C1
c ((0,η ]) and u ≥ 0 in

(0,η).

For u ∈C1
c ((0,η ]) let us set

u(t) = gη(t)v(t), (4.4)

where gη(t) is given by Definition 2.4. Clearly v(t) ∈C1
c ((0,η ]) and u(t)′ = g′η(t)v(t)+gη(t)v′(t).

We define

X(t) =

{ gη (t)
g′η (t)

v′(t)
v(t) = p′Fη(t)

v′(t)
v(t) s(w) if v(t) ̸= 0,

0 if v(t) = 0.
(4.5)

Then we have
u′(t) = g′η(t)v(t)(1+X(t)) , if v(t) ̸= 0. (4.6)

Then it follows immediately from Lemma 4.1 that we have the following.

Lemma 4.2. Assume that η > 0, µ > 0, X = X(t) and w ∈ W (R+). Then, there exists a positive
number c(p) such that we have the followings:

1. If p ≥ 2, then for any u ∈C1
c ((0,η ]) and q ∈ [2, p] we have

∫ η

0
|u′(t)|pWp(t)dt ≥

∫ η

0
|v(t)|p|g′η |p (1+ pX + c(p)|X |q)Wp(t)dt. (4.7)

2. If 1 < p < 2, then for any u ∈C1
c ((0,η ]) and M ≥ 1 we have

∫ η

0
|u′(t)|pWp(t)dt ≥

∫ η

0
|v(t)|p|g′η |p (1+ pX)Wp dt (4.8)

+c(p)
∫ η

0
|v(t)|p|g′η |p

(
Mp−2X2χ{|X |≤M}+ |X |pχ{|X |>M}

)
Wp(t)dt,

where χS(t) denotes a characteristic function of a set S.

Now we prepare the following lemma, recalling a switching function;

s(w) =

{
−1 if w ∈ P(R+),

1 if w ∈ Q(R+).
(4.9)

Lemma 4.3. Assume that η > 0, µ > 0 and w ∈W (R+). Assume that u ∈C1
c ((0,η ]), X = X(t) and

u(t) = gη(t)v(t). Then we have:

1.
|g′η(t)|p−1gη(t)Wp(t) = 1. (4.10)

2.
p|v(t)|p|g′η(t)|pX(t)Wp(t) = s(w)(|v(t)|p)′. (4.11)

3.

|v(t)|p|g′η(t)|pWp(t) = Λp
|u(t)|pWp(t)

Fη(t)p . (4.12)
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.
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4.

|v(t)|p|g′η(t)|p|X(t)|2Wp(t) =
4p′

p2 |(v(t)p/2)′|2Fη(t). (4.13)

5.
|v(t)|p|g′η(t)|p|X(t)|pWp(t) = (p′)p−1|v′(t)|pFη(t)p−1. (4.14)

Proof of Lemma 4.3:
Proof of (4.10): By Definition 2.4 (2) we see

g′η = (p′)−1/p( fη)
−1/pw−1s(w). (4.15)

Then we have (4.10).
Proof of (4.11): Using (4.10) together with

p|v|p|g′η |pX = s(w)(|v|p)′|g′η |p−1gη , (4.16)

we have (4.11).
Proof of (4.12): Noting that p+ p′ = pp′ and (p′)−p = Λp, we have

|v|p|g′η |p =
|u|p

gp+p′
η wp

=
|u|p

gpp′
η wp

= Λp
|u|p

F p
η
.

Proof of (4.13): Using (4.15) and 2− (p−2)/(p−1) = p′, we have

|v|p|g′η |p|X |2Wp = |v|p−2(v′)2|g′η |p−2g2
ηWp =

4p′

p2 |(vp/2)′|2Fη .

Proof of (4.14): Using (4.15) and gp
η = (p′ fη)

p−1 we have

|v|p|g′η |p|X |pWp = |v′|pgp
ηWp = (p′)p−1|v′|pF p−1

η .

�

By the definition of Λp we have the following.

Lemma 4.4. Assume that η > 0 and w ∈W (R+). Then we have

∫ η

0
(|v(t)|p)′ dt =

(Λp)
1/p′

fη(η)p−1 |u(η)|p, (4.17)

where v = u/gη and fη(η) = µ , if w ∈ P(R+);
∫ η

0 w(s)−1 ds, if w ∈ Q(R+).

By virtue of Lemma 4.2, Lemma 4.3 and Lemma 4.4, we have the following:

Lemma 4.5. Assume that η > 0, µ > 0, X = X(t) and w ∈ W (R+). Then, there exists a positive
number c(p) such that we have the followings:

1. If p ≥ 2, then for any u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.18)

+d(p)
∫ η

0
|(|v(t)|p/2)′|2Fη(t)dt,

where d(p) = c(p)4p′/p2.

Moreover the last term can be replaced by c(p)(p′)p−1 ∫ η
0 |v′(t)|pFη(t)p−1 dt.
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2. If 1 < p < 2, then for any u ∈C1
c ((0,η ]) and M ≥ 1 we have

∫ η

0
|u′|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.19)

+ c(p)(p′)p−1
∫ η

0
|v′(t)|pFη(t)p−1χ{|X |>M} dt

+Mp−2d(p)
∫ η

0
|(|v(t)|p/2)′|2Fη(t)χ{|X |≤M} dt,

where d(p) = c(p)4p′/p2 and χS(t) denotes a characteristic function of a set S.

Proof of Lemma 4.5:
Proof of (4.18): This follows from (4.7) of Lemma 4.2, (4.10), (4.11), (4.12), (4.13) of Lemma 4.3
and Lemma 4.4. By using (4.14) instead of (4.13), the alternative inequality follows.
Proof of (4.19): This follows from (4.8) of Lemma 4.2, (4.10), (4.11), (4.12), (4.13), (4.14) of
Lemma 4.3 and Lemma 4.4.

Remark 4.2. From (4.18) with the last term replaced by c(p)(p′)p−1 ∫ η
0 |v′|pF p−1

η dt, we have the
following particular inequality for p ≥ 2:

∫ η

0
|u′|pWp dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.20)

+
d(p)

2

∫ η

0
|(|v(t)|p/2)′|2Fη(t)dt +

c(p)(p′)p−1

2

∫ η

0
|v′(t)|pFη(t)p−1 dt.

4.2 Proof of Theorem 3.1 Part 1: Proof of the inequality (3.4) and its sharpness
Assume that w ∈ W (R+) = P(R+)∪Q(R+). It follows from Lemma 4.5, we clearly have the

inequality (3.4) in Theorem 3.1. Hence we proceed to the proof of optimality of the coefficients Λp

and (Λp)
1/p′ in the right-hand side of (3.4). By the density argument, we can adopt as test functions

uε(t) = fη(t)1/p′+s(w)ε (0 < ε). (4.21)

We note that
u′ε(t) =

(
1/p′+ s(w)ε

)
fη(t)s(w)ε−1/ps(w)w−1. (4.22)

Then the left-hand side becomes
∫ η

0
|u′ε(t)|pWp(t)dt =

(
1/p′+ s(w)ε

)p
∫ η

0
fη(t)s(w)ε p−1w(t)−1 dt

=
(
1/p′+ s(w)ε

)p fη(η)s(w)ε p(pε)−1.

In a similar way the right-hand side becomes

Λp

∫ η

0

|uε(t)|pWp(t)
Fη(t)p dt + s(w)Λ1/p′

p
|uε(η)|p

fη(η)p−1

=
(
1/p′

)p
∫ η

0
fη(t)s(w)ε p−1w(t)−1 dt + s(w)Λ1/p′

p
|uε(η)|p

fη(η)p−1

=
(
1/p′

)p fη(η)s(w)ε p(pε)−1 + s(w)Λ1/p′
p

|uε(η)|p

fη(η)p−1 .
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4.

|v(t)|p|g′η(t)|p|X(t)|2Wp(t) =
4p′

p2 |(v(t)p/2)′|2Fη(t). (4.13)

5.
|v(t)|p|g′η(t)|p|X(t)|pWp(t) = (p′)p−1|v′(t)|pFη(t)p−1. (4.14)

Proof of Lemma 4.3:
Proof of (4.10): By Definition 2.4 (2) we see

g′η = (p′)−1/p( fη)
−1/pw−1s(w). (4.15)

Then we have (4.10).
Proof of (4.11): Using (4.10) together with

p|v|p|g′η |pX = s(w)(|v|p)′|g′η |p−1gη , (4.16)

we have (4.11).
Proof of (4.12): Noting that p+ p′ = pp′ and (p′)−p = Λp, we have

|v|p|g′η |p =
|u|p

gp+p′
η wp

=
|u|p

gpp′
η wp

= Λp
|u|p

F p
η
.

Proof of (4.13): Using (4.15) and 2− (p−2)/(p−1) = p′, we have

|v|p|g′η |p|X |2Wp = |v|p−2(v′)2|g′η |p−2g2
ηWp =

4p′

p2 |(vp/2)′|2Fη .

Proof of (4.14): Using (4.15) and gp
η = (p′ fη)

p−1 we have

|v|p|g′η |p|X |pWp = |v′|pgp
ηWp = (p′)p−1|v′|pF p−1

η .

�

By the definition of Λp we have the following.

Lemma 4.4. Assume that η > 0 and w ∈W (R+). Then we have

∫ η

0
(|v(t)|p)′ dt =

(Λp)
1/p′

fη(η)p−1 |u(η)|p, (4.17)

where v = u/gη and fη(η) = µ , if w ∈ P(R+);
∫ η

0 w(s)−1 ds, if w ∈ Q(R+).

By virtue of Lemma 4.2, Lemma 4.3 and Lemma 4.4, we have the following:

Lemma 4.5. Assume that η > 0, µ > 0, X = X(t) and w ∈ W (R+). Then, there exists a positive
number c(p) such that we have the followings:

1. If p ≥ 2, then for any u ∈C1
c ((0,η ]) we have

∫ η

0
|u′(t)|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.18)

+d(p)
∫ η

0
|(|v(t)|p/2)′|2Fη(t)dt,

where d(p) = c(p)4p′/p2.

Moreover the last term can be replaced by c(p)(p′)p−1 ∫ η
0 |v′(t)|pFη(t)p−1 dt.
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2. If 1 < p < 2, then for any u ∈C1
c ((0,η ]) and M ≥ 1 we have

∫ η

0
|u′|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.19)

+ c(p)(p′)p−1
∫ η

0
|v′(t)|pFη(t)p−1χ{|X |>M} dt

+Mp−2d(p)
∫ η

0
|(|v(t)|p/2)′|2Fη(t)χ{|X |≤M} dt,

where d(p) = c(p)4p′/p2 and χS(t) denotes a characteristic function of a set S.

Proof of Lemma 4.5:
Proof of (4.18): This follows from (4.7) of Lemma 4.2, (4.10), (4.11), (4.12), (4.13) of Lemma 4.3
and Lemma 4.4. By using (4.14) instead of (4.13), the alternative inequality follows.
Proof of (4.19): This follows from (4.8) of Lemma 4.2, (4.10), (4.11), (4.12), (4.13), (4.14) of
Lemma 4.3 and Lemma 4.4.

Remark 4.2. From (4.18) with the last term replaced by c(p)(p′)p−1 ∫ η
0 |v′|pF p−1

η dt, we have the
following particular inequality for p ≥ 2:

∫ η

0
|u′|pWp dt ≥ Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p (4.20)

+
d(p)

2

∫ η

0
|(|v(t)|p/2)′|2Fη(t)dt +

c(p)(p′)p−1

2

∫ η

0
|v′(t)|pFη(t)p−1 dt.

4.2 Proof of Theorem 3.1 Part 1: Proof of the inequality (3.4) and its sharpness
Assume that w ∈ W (R+) = P(R+)∪Q(R+). It follows from Lemma 4.5, we clearly have the

inequality (3.4) in Theorem 3.1. Hence we proceed to the proof of optimality of the coefficients Λp

and (Λp)
1/p′ in the right-hand side of (3.4). By the density argument, we can adopt as test functions

uε(t) = fη(t)1/p′+s(w)ε (0 < ε). (4.21)

We note that
u′ε(t) =

(
1/p′+ s(w)ε

)
fη(t)s(w)ε−1/ps(w)w−1. (4.22)

Then the left-hand side becomes
∫ η

0
|u′ε(t)|pWp(t)dt =

(
1/p′+ s(w)ε

)p
∫ η

0
fη(t)s(w)ε p−1w(t)−1 dt

=
(
1/p′+ s(w)ε

)p fη(η)s(w)ε p(pε)−1.

In a similar way the right-hand side becomes

Λp

∫ η

0

|uε(t)|pWp(t)
Fη(t)p dt + s(w)Λ1/p′

p
|uε(η)|p

fη(η)p−1

=
(
1/p′

)p
∫ η

0
fη(t)s(w)ε p−1w(t)−1 dt + s(w)Λ1/p′

p
|uε(η)|p

fη(η)p−1

=
(
1/p′

)p fη(η)s(w)ε p(pε)−1 + s(w)Λ1/p′
p

|uε(η)|p

fη(η)p−1 .
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)
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Finally we reach to

(
1/p′+ s(w)ε

)p −
(
1/p′

)p ≥ s(w)Λ1/p′
p pε (0 < ε), (4.23)

and this inequality is clear from the convexity. �

Part 2: Proof of the inequality (3.5)
In order to establish the inequality (3.5) in Theorem 3.1 we shall estimate the term involving

|(|v|p/2)′|2Fη from below and use a positive term involving |v′|pF p−1
η to absorb negative error terms.

To this end we need more notations:
For u,v ∈C1

c ((0,η ]), we retain

u(t) = gη(t)v(t) and X(t) =
gη(t)
g′η(t)

v′(t)
v(t)

= p′Fη(t)
v′(t)
v(t)

s(w) (v(t) ̸= 0).

By Remark 4.1, it suffices to assume in the proof that u and v belong to the class G((0,η ]) defined
by the following:

Definition 4.1.
G((0,η ]) = {v ∈C1

c ((0,η ]) : v(t)≥ 0 in (0,η ]}. (4.24)

Definition 4.2. For v ∈ G((0,η ]) and M > 1 we define two subsets of [0,η ] as follows:
{

A(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)| ≤ Mv(t)},
B(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)|> Mv(t)}.

(4.25)

A(v,M) and B(v,M) are sometimes abbreviated as A and B respectively.

Remark 4.3. From Definition 4.1 and Definition 4.2 we see A∪B = [0,η ]. If v(t) ∈ G((0,η ]) and
v(s) = 0 for some s ∈ [0,η), then v′(s) = 0, and hence s ∈ A(v,M) for any M > 0. We note that
the set C(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)| = M|v(t)|} coincides with the set of critical points of

Ψ(t) := log(|v| f±M/p′
η ). Namely, {t ∈ [0,η ] : Ψ′(t) = 0}.

The following lemma will be established in Appendix.

Lemma 4.6. Assume that η > 0, µ > 0, M > 1 and w ∈W (R+). For any v ∈ G((0,η ]) we have the
followings:

1. For A = A(v,M) and B = B(v,M),

∫

A
|(v(t)p/2)′|2Fη(t)dt ≥−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p + 1
4(p′)p−1

∫

A

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

+
1

2(p′)p−1

∫

B

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt − p

2µ

(
p′

M

)p−1 ∫

B
|v′(t)|pFη(t)p−1 dt.

(4.26)

2.

∫ η

0
|(v(t)p/2)′|2Fη(t)dt ≥−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p

+
1

4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt.

(4.27)
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Remark 4.4. The assertion 2 follows from Lemma 8.1 with S = [0,η ]. The inequality (3.5) will
follow from this lemma together with Lemma 4.5.

End of the proof of (3.5): If p ≥ 2, then for any u ∈ G((0,η ]) we have by using (4.27) of Lemma
4.6

∫ η

0
|u′(t)|pWp(t)dt ≥ s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p

+d(p)

(
−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p + 1
4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

)

= s(w)
(Λp)

1/p′

fη(η)p−1

(
1− s(w)

d(p)
2µ

)
|u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p dt

+
d(p)

4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt.

Here we assume that d(p) is so small that d(p)/µ < 1 if w ∈ Q(R+). Then we get (3.5) with



L = (Λp)
1/p′ fη(η)1−p (1− s(w)d(p)/(2µ)) ,

C = d(p)(Λp)
1/p′/4.

(4.28)

If 1 < p < 2, then for any u ∈ G((0,η ]) and M ≥ 1 we have

∫ η

0
|u′|pWp dt ≥ s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p

+ c(p)(p′)p−1
∫

B(v,M)
|v′(t)|pFη(t)p−1 dt +Mp−2d(p)

∫

A(v,M)
|(|v(t)|p/2)′|2Fη dt.

Here c(p) is a positive number independent of each u and d(p) = c(p)4p′/p2. For the last term we
use (4.26) of Lemma 4.6, then we have

∫ η

0
|u′(t)|pWp(t)dt ≥

s(w)(Λp)
1/p′

fη(η)p−1

(
1− s(w)

d(p)Mp−2

2µ

)
|u(η)|p

+Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + c(p)(p′)p−1

(
1− 2

µ(p−1)M

)∫

B(v,M)
|v′(t)|pFη(t)p−1 dt

+
d(p)Mp−2(Λp)

1/p′

2

(
1
2

∫

A(v,M)

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt +

∫

B(v,M)

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

)
.

Then we take a sufficiently large M so that we have 1−2/(µ(p−1)M)> 0 and d(p)Mp−2/(2µ)<
1 if w ∈ Q(R+). Then

∫ η

0
|u′(t)|pWp(t)dt ≥ s(w)L|u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p +C

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt,

where 


L = (Λp)
1/p′ fη(η)1−p

(
1− s(w)d(p)Mp−2/(2µ)

)
,

C = d(p)Mp−2(Λp)
1/p′/4.

(4.29)
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Finally we reach to

(
1/p′+ s(w)ε

)p −
(
1/p′

)p ≥ s(w)Λ1/p′
p pε (0 < ε), (4.23)

and this inequality is clear from the convexity. �

Part 2: Proof of the inequality (3.5)
In order to establish the inequality (3.5) in Theorem 3.1 we shall estimate the term involving

|(|v|p/2)′|2Fη from below and use a positive term involving |v′|pF p−1
η to absorb negative error terms.

To this end we need more notations:
For u,v ∈C1

c ((0,η ]), we retain

u(t) = gη(t)v(t) and X(t) =
gη(t)
g′η(t)

v′(t)
v(t)

= p′Fη(t)
v′(t)
v(t)

s(w) (v(t) ̸= 0).

By Remark 4.1, it suffices to assume in the proof that u and v belong to the class G((0,η ]) defined
by the following:

Definition 4.1.
G((0,η ]) = {v ∈C1

c ((0,η ]) : v(t)≥ 0 in (0,η ]}. (4.24)

Definition 4.2. For v ∈ G((0,η ]) and M > 1 we define two subsets of [0,η ] as follows:
{

A(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)| ≤ Mv(t)},
B(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)|> Mv(t)}.

(4.25)

A(v,M) and B(v,M) are sometimes abbreviated as A and B respectively.

Remark 4.3. From Definition 4.1 and Definition 4.2 we see A∪B = [0,η ]. If v(t) ∈ G((0,η ]) and
v(s) = 0 for some s ∈ [0,η), then v′(s) = 0, and hence s ∈ A(v,M) for any M > 0. We note that
the set C(v,M) = {t ∈ [0,η ] : p′Fη(t)|v′(t)| = M|v(t)|} coincides with the set of critical points of

Ψ(t) := log(|v| f±M/p′
η ). Namely, {t ∈ [0,η ] : Ψ′(t) = 0}.

The following lemma will be established in Appendix.

Lemma 4.6. Assume that η > 0, µ > 0, M > 1 and w ∈W (R+). For any v ∈ G((0,η ]) we have the
followings:

1. For A = A(v,M) and B = B(v,M),

∫

A
|(v(t)p/2)′|2Fη(t)dt ≥−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p + 1
4(p′)p−1

∫

A

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

+
1

2(p′)p−1

∫

B

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt − p

2µ

(
p′

M

)p−1 ∫

B
|v′(t)|pFη(t)p−1 dt.

(4.26)

2.

∫ η

0
|(v(t)p/2)′|2Fη(t)dt ≥−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p

+
1

4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt.

(4.27)
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Remark 4.4. The assertion 2 follows from Lemma 8.1 with S = [0,η ]. The inequality (3.5) will
follow from this lemma together with Lemma 4.5.

End of the proof of (3.5): If p ≥ 2, then for any u ∈ G((0,η ]) we have by using (4.27) of Lemma
4.6

∫ η

0
|u′(t)|pWp(t)dt ≥ s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p

+d(p)

(
−

(Λp)
1/p′

2µ fη(η)p−1 |u(η)|p + 1
4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

)

= s(w)
(Λp)

1/p′

fη(η)p−1

(
1− s(w)

d(p)
2µ

)
|u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p dt

+
d(p)

4(p′)p−1

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt.

Here we assume that d(p) is so small that d(p)/µ < 1 if w ∈ Q(R+). Then we get (3.5) with



L = (Λp)
1/p′ fη(η)1−p (1− s(w)d(p)/(2µ)) ,

C = d(p)(Λp)
1/p′/4.

(4.28)

If 1 < p < 2, then for any u ∈ G((0,η ]) and M ≥ 1 we have

∫ η

0
|u′|pWp dt ≥ s(w)

(Λp)
1/p′

fη(η)p−1 |u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p

+ c(p)(p′)p−1
∫

B(v,M)
|v′(t)|pFη(t)p−1 dt +Mp−2d(p)

∫

A(v,M)
|(|v(t)|p/2)′|2Fη dt.

Here c(p) is a positive number independent of each u and d(p) = c(p)4p′/p2. For the last term we
use (4.26) of Lemma 4.6, then we have

∫ η

0
|u′(t)|pWp(t)dt ≥

s(w)(Λp)
1/p′

fη(η)p−1

(
1− s(w)

d(p)Mp−2

2µ

)
|u(η)|p

+Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p + c(p)(p′)p−1

(
1− 2

µ(p−1)M

)∫

B(v,M)
|v′(t)|pFη(t)p−1 dt

+
d(p)Mp−2(Λp)

1/p′

2

(
1
2

∫

A(v,M)

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt +

∫

B(v,M)

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt

)
.

Then we take a sufficiently large M so that we have 1−2/(µ(p−1)M)> 0 and d(p)Mp−2/(2µ)<
1 if w ∈ Q(R+). Then

∫ η

0
|u′(t)|pWp(t)dt ≥ s(w)L|u(η)|p +Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p +C

∫ η

0

|u(t)|pWp(t)
Fη(t)pGη(t)2 dt,

where 


L = (Λp)
1/p′ fη(η)1−p

(
1− s(w)d(p)Mp−2/(2µ)

)
,

C = d(p)Mp−2(Λp)
1/p′/4.

(4.29)
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.
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4.3 Proof of Theorem 3.2 Let v∈G((0,η ]). Recall that u(t)= gη(t)v(t), u′(t)= g′η(t)v(t)(1+X(t))
(v ̸= 0) and

X(t) =
gη(t)
g′η(t)

v′(t)
v(t)

= p′Fη(t)
v′(t)
v(t)

s(w) (v(t) ̸= 0);0 (v(t) = 0).

Then we have two elementary lemmas.

Lemma 4.7. For any X ∈ R and any M > 1,

|1+X |p ≤

{
(1+M)p, |X | ≤ M,

2p|X |p, |X |> M.
(4.30)

Lemma 4.8. For any M > 1,

|u′(t)|pWp(t)≤

{
Λp(1+M)pu(t)pWp(t)Fη(t)−p, |X(t)| ≤ M,

2pΛ−1/p′
p |v′(t)|pFη(t)p−1, |X(t)|> M.

(4.31)

Proof: Since u′(t) = g′η(t)v(t)(1+X(t)), we get

|u′(t)|pWp(t)≤ |g′η(t)|pv(t)p|1+X(t)|pWp(t).

If |X(t)| ≤ M, then from Lemma 4.7 and (4.12) we get the desired estimate. If |X(t)| ≥ M, then
from Lemma 4.7 and (4.14) we get the desired one. �

By Proposition 2.1 we have the following.

Lemma 4.9. Assume that w is admissible in the sense of Definition 2.6. Then, there are some
positive numbers K and η such that we have for any u ∈C1

c (0,η ])

∫ η

0

u(t)pWp(t)
Fη(t)p t dt ≤ K2

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 . (4.32)

Proof of Theorem 3.2: For a sufficiently small η > 0, temporally we set

QL(u) =
∫ η

0
|u′(t)|pWp(t)dt −Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p − s(w)L|u(η)|p, (4.33)

where L is a positive constant independent of each u, which will be specified later. In order to prove
Theorem 3.2, it suffices to control three terms below by QL(u) :

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 ,

∫ η

0

u(t)pWp(t)
Fη(t)p t dt and

∫ η

0
|u′(t)|pWp(t) t dt.

It follows form Theorem 3.1 (3.5) that we have for D =C−1

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 ≤ D ·QL(u),

where L = L(w, p,η ,µ) is the same constant in (3.5). From this and Lemma 4.9 we also have

∫ η

0

u(t)pWp(t)
Fη(t)p t dt ≤ K2D ·QL(u).
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By using Lemma 4.8 we see that

∫ η

0
|u′(t)|pWp(t) t dt ≤ Λp(1+M)p

∫

|X |≤M

u(t)pWp(t)
Fη(t)p t dt

+2pΛ1/p−1
p

∫

|X |>M
|v′(t)|pFη(t)p−1 t dt.

Then, the first term in the right-hand side can be controlled by the same QL(u). Now we claim that
for some positive number K′

∫

|X |>M
|v′(t)|pFη(t)p−1t dt ≤ K′ ·QL(u), (4.34)

where L = (Λp)
1/p′ fη(η)1−p.

First we assume that p ≥ 2. By (4.18) of Lemma 4.5 with the last term replaced by

c(p)(p′)p−1
∫ η

0
|v′(t)|pFη(t)p−1 dt,

we see that (4.34) is valid, provided that η is sufficiently small (See also Remark 4.2). Secondly
we assume that 1 < p < 2. Then in a similar way the assertion follows from (4.19) of Lemma 4.5.
As a result we have the desired inequality (3.15) for some positive numbers C0,C1 and L which are
independent of each u. �

5 Proofs of Theorem 3.3 and Corollary 3.3 We establish Theorem 3.3 and Corollary 3.3 using
Theorem 3.2.

Proof of Theorem 3.3: Let us prepare some notations and fundamental facts. Define Σ = ∂Ω and
Σt = {x ∈ Ω : δ (x) = t}. Since Σ is is of class C2, there exists an η0 > 0 such that we have a C2

diffeomorphism G : Ωη �→ (0,η)×Σ for any η ∈ (0,η0). By G−1(t,σ)((t,σ) ∈ (0,η0)×Σ) we
denote the inverse of G. Let Ht denote the mapping G−1(t, ·) of Σ onto Σt . This mapping is also a
C2 diffeomorphism and its Jacobian is close to 1 in (0,η0)×Σ. Therefore, for every non-negative
continuous function u on Ωη with η ∈ (0,η0) we have

∫

Ωη
u =

∫ η

0
dt

∫

Σt

udσt =
∫ η

0
dt

∫

Σ
u(Ht(σ))(JacHt)dσ , (5.1)

|JacHt(σ)−1| ≤ ct, for every (t,σ) ∈ (0,η0)×Σ, (5.2)

where c is a positive constant independent of each (t,σ), dσ and dσt denote surface elements on Σ
and Σt respectively. Then we have

∫

Σ
u(Hη(σ))(1− cη)dσ ≤

∫

Ση
udση ≤

∫

Σ
u(Hη(σ))(1+ cη)dσ . (5.3)

Again for the sake of simplicity, we denote Wp(δ (x)) and Fη(δ (x)) by Wp(δ ) and Fη(δ ) respec-
tively, and the symbol dx is often abbreviated. Then we immediately have for v = u(Ht(σ))

∫

Σ
dσ

∫ η

0

����
∂v
∂ t

����
p

(1− ct)Wp(t)dt ≤
∫

Ωη
|∇u|pWp(δ )dx,

∫

Σ
dσ

∫ η

0

|v|pWp(t)
Fη(t)p (1− ct)dt ≤

∫

Ωη

|u|pWp(δ )dx
Fη(δ )p ≤

∫

Σ
dσ

∫ η

0

|v|pWp(t)
Fη(t)p (1+ ct)dt.
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4.3 Proof of Theorem 3.2 Let v∈G((0,η ]). Recall that u(t)= gη(t)v(t), u′(t)= g′η(t)v(t)(1+X(t))
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Then we have two elementary lemmas.

Lemma 4.7. For any X ∈ R and any M > 1,

|1+X |p ≤

{
(1+M)p, |X | ≤ M,

2p|X |p, |X |> M.
(4.30)

Lemma 4.8. For any M > 1,

|u′(t)|pWp(t)≤
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Proof: Since u′(t) = g′η(t)v(t)(1+X(t)), we get
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If |X(t)| ≤ M, then from Lemma 4.7 and (4.12) we get the desired estimate. If |X(t)| ≥ M, then
from Lemma 4.7 and (4.14) we get the desired one. �

By Proposition 2.1 we have the following.

Lemma 4.9. Assume that w is admissible in the sense of Definition 2.6. Then, there are some
positive numbers K and η such that we have for any u ∈C1

c (0,η ])

∫ η

0

u(t)pWp(t)
Fη(t)p t dt ≤ K2

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 . (4.32)

Proof of Theorem 3.2: For a sufficiently small η > 0, temporally we set

QL(u) =
∫ η

0
|u′(t)|pWp(t)dt −Λp

∫ η

0

|u(t)|pWp(t)dt
Fη(t)p − s(w)L|u(η)|p, (4.33)

where L is a positive constant independent of each u, which will be specified later. In order to prove
Theorem 3.2, it suffices to control three terms below by QL(u) :

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 ,

∫ η

0

u(t)pWp(t)
Fη(t)p t dt and

∫ η

0
|u′(t)|pWp(t) t dt.

It follows form Theorem 3.1 (3.5) that we have for D =C−1

∫ η

0

|u(t)|pWp(t)dt
Fη(t)pGη(t)2 ≤ D ·QL(u),

where L = L(w, p,η ,µ) is the same constant in (3.5). From this and Lemma 4.9 we also have

∫ η

0

u(t)pWp(t)
Fη(t)p t dt ≤ K2D ·QL(u).
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By using Lemma 4.8 we see that

∫ η

0
|u′(t)|pWp(t) t dt ≤ Λp(1+M)p

∫

|X |≤M

u(t)pWp(t)
Fη(t)p t dt

+2pΛ1/p−1
p

∫

|X |>M
|v′(t)|pFη(t)p−1 t dt.

Then, the first term in the right-hand side can be controlled by the same QL(u). Now we claim that
for some positive number K′

∫

|X |>M
|v′(t)|pFη(t)p−1t dt ≤ K′ ·QL(u), (4.34)

where L = (Λp)
1/p′ fη(η)1−p.

First we assume that p ≥ 2. By (4.18) of Lemma 4.5 with the last term replaced by

c(p)(p′)p−1
∫ η

0
|v′(t)|pFη(t)p−1 dt,

we see that (4.34) is valid, provided that η is sufficiently small (See also Remark 4.2). Secondly
we assume that 1 < p < 2. Then in a similar way the assertion follows from (4.19) of Lemma 4.5.
As a result we have the desired inequality (3.15) for some positive numbers C0,C1 and L which are
independent of each u. �

5 Proofs of Theorem 3.3 and Corollary 3.3 We establish Theorem 3.3 and Corollary 3.3 using
Theorem 3.2.

Proof of Theorem 3.3: Let us prepare some notations and fundamental facts. Define Σ = ∂Ω and
Σt = {x ∈ Ω : δ (x) = t}. Since Σ is is of class C2, there exists an η0 > 0 such that we have a C2

diffeomorphism G : Ωη �→ (0,η)×Σ for any η ∈ (0,η0). By G−1(t,σ)((t,σ) ∈ (0,η0)×Σ) we
denote the inverse of G. Let Ht denote the mapping G−1(t, ·) of Σ onto Σt . This mapping is also a
C2 diffeomorphism and its Jacobian is close to 1 in (0,η0)×Σ. Therefore, for every non-negative
continuous function u on Ωη with η ∈ (0,η0) we have

∫

Ωη
u =

∫ η

0
dt

∫

Σt

udσt =
∫ η

0
dt

∫

Σ
u(Ht(σ))(JacHt)dσ , (5.1)

|JacHt(σ)−1| ≤ ct, for every (t,σ) ∈ (0,η0)×Σ, (5.2)

where c is a positive constant independent of each (t,σ), dσ and dσt denote surface elements on Σ
and Σt respectively. Then we have

∫

Σ
u(Hη(σ))(1− cη)dσ ≤

∫

Ση
udση ≤

∫

Σ
u(Hη(σ))(1+ cη)dσ . (5.3)

Again for the sake of simplicity, we denote Wp(δ (x)) and Fη(δ (x)) by Wp(δ ) and Fη(δ ) respec-
tively, and the symbol dx is often abbreviated. Then we immediately have for v = u(Ht(σ))

∫

Σ
dσ

∫ η

0

����
∂v
∂ t

����
p

(1− ct)Wp(t)dt ≤
∫

Ωη
|∇u|pWp(δ )dx,

∫

Σ
dσ

∫ η

0

|v|pWp(t)
Fη(t)p (1− ct)dt ≤

∫

Ωη

|u|pWp(δ )dx
Fη(δ )p ≤

∫

Σ
dσ

∫ η

0

|v|pWp(t)
Fη(t)p (1+ ct)dt.

141



HARDY'S INEQUALITIES
WITH NON-DOUBLING WEIGHTS AND SHARP REMAINDERS.

Sci. Math. Japonicae Vol. xx, No. 1 (2***), yyy–zzz 1

HARDY'S  INEQUALITIES
WITH NON-DOUBLING WEIGHTS AND SHARP REMAINDERS.

TOSHIO HORIUCHI

Received November 25, 2021; revised February 16, 2022

ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.

1This research was partially supported by Grant-in-Aid for Scientific Research (No. 20K03670, No. 21K03304).

18 TOSHIO HORIUCHI

Proof of (3.18): Under these consideration, (3.18) is reduced to the following one dimensional
Hardy’s inequality. Setting v(t) = u(Ht(σ)) and v′ = ∂v/∂ t we have

∫ η

0
|v′(t)|pWp(t)(1− ct)dt ≥ Λp

∫ η

0

|v(t)|pWp(t)
Fη(t)p (1+ ct)dt

+C
∫ η

0

|v(t)|pWp(t)
Fη(t)pGη(t)2 (1+ ct)dt + s(w)L′|v(η)|pWp(η)(1+ s(w)cη).

(5.4)

Equivalently we have
∫ η

0

(
|v′(t)|p − |v(t)|p

Fη(t)p

(
Λp +

C
Gη(t)2

))
Wp(t)dt

≥ c
∫ η

0

(
|v′(t)|p + |v(t)|p

Fη(t)p

(
Λp +

C
Gη(t)2

))
Wp(t) t dt

+ s(w)L′|v(η)|pWp(η)(1+ s(w)cη).

(5.5)

Assume that 0 < η ≤ 1/(2c). Then 1− cη ≥ 1/2 and (5.5) clearly follows from Theorem 3.2 with
C0 =C, C1 = c and L = L′Wp(η)(1+ s(w)cη). �

Proof of Corollary 3.3: First we treat the case that w ∈ PA(R+). Assume that Hardy’s inequality
(3.19) does not hold. Then there exists a sequence of functions {uk}⊂W 1,p

0 (Ω;Wp(δ ))∩C(Ω) such
that {

limk→∞

(∫
Ω |∇uk|pWp(δ )dx+

∫
Ση

|uk|pWp(δ )dση

)
= 0,

∫
Ω |uk|pWp(δ )/F p

η (δ )dx = 1 (k = 1,2, · · ·).
(5.6)

For a sufficiently small η > 0, let W 1,p(Ω\Ωη ;Wp(δ )) be given by the completion of C∞(Ω\Ωη)
with respect to the norm defined by

∥u∥W 1,p(Ω\Ωη ;Wp(δ )) = ∥|∇u|∥Lp(Ω\Ωη ;Wp(δ )) +∥u∥Lp(Ω\Ωη ;Wp(δ )).

Since Wp(δ )> 0 in Ω\Ωη , W 1,p(Ω\Ωη ;Wp(δ )) is well-defined and becomes a Banach space with
the norm ∥ ·∥W 1,p(Ω\Ωη ;Wp(δ )). We note that

∫
Ση

|uk|pWp(δ )dση (k = 1,2,3 . . .) is bounded, because

the trace operator T : W 1,p(Ω \Ωη ;Wp(δ )) �→ Lp(Ση ;Wp(η)) is continuous. By Theorem 3.3 we
have ∫

Ω
|∇uk|pWp(δ )dx =

∫

Ωη
|∇uk|pWp(δ )dx+

∫

Ω\Ωη
|∇uk|pWp(δ )dx

≥ Λp

(
1−

∫

Ω\Ωη

|uk|pWp(δ )
F p

η (δ )
dx

)
+

∫

Ω\Ωη
|∇uk|pWp(δ )dx−L′

∫

Ση
|uk|pWp(δ )dση .

Since δ ≥η in Ω\Ωη , by the standard argument we have uk →C (constant) in W 1,p(Ω\Ωη ;Wp(δ ))
as k → ∞. By (5.6) we have C = 0. Hence we see 0 ≥ Λp, and we reach to a contradiction.

Secondly we treat the case that w ∈ Q(R+). In this case we assume that

lim
k→∞

∫

Ω
|∇uk|pWp(δ )dx = 0,

∫

Ω

|uk|pWp(δ )
F p

η (δ )
dx = 1 (k = 1,2, · · ·). (5.7)

Then, by Theorem 3.3 we have
∫

Ω
|∇uk|pWp(δ )dx =

∫

Ωη
|∇uk|pWp(δ )dx+

∫

Ω\Ωη
|∇uk|pWp(δ )dx (5.8)

≥ Λp

(
1−

∫

Ω\Ωη

|uk|pWp(δ )
F p

η (δ )
dx
)
+

∫

Ω\Ωη
|∇uk|pWp(δ )dx+L′

∫

Ση
|uk|pWp(δ )dση .
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Again we have uk → C (constant) in W 1,p(Ω \Ωη ;Wp(δ )) as k → ∞. By (5.7) and (5.8) we have
C = 0. Hence we see 0 ≥ Λp, and this is a contradiction.

�

6 Proof of Theorem 3.4 By virtue of Corollary 3.3 and its proof, it suffices to show the impli-
cation 1 → 2. Since F−1

η /∈ L1((0,η)), for an arbitrary ε > 0 we have Gη(δ )−1 < ε in Ωη provided
that η is sufficiently small. Therefore we assume that C = 0 without the loss of generality.

Here we introduce a Banach space W 1,p
0 (Ωη ;Wp(δ )) which corresponds to W 1,p

0 ((0,η ];Wp) de-
fined in Subsection 3.1. Let C̃∞

c (Ωη) = {u|Ωη : u ∈C∞
c (Ω)}, where by u|Ωη we denote the restriction

of u to Ωη . Let W 1,p
0 (Ωη ;Wp(δ )) be given by the completion of C̃∞

c (Ωη) with respect to the norm
defined by

∥u∥W 1,p
0 (Ωη ;Wp(δ ))

= ∥|∇u|∥Lp(Ωη ;Wp(δ )) +∥u∥Lp(Ωη ;Wp(δ )).

Then, W 1,p
0 (Ωη ;Wp(δ )) is a Banach space with the norm ∥ · ∥W 1,p

0 (Ωη ;Wp(δ ))
. Then we prepare a

lemma on extension:

Lemma 6.1. ( Extension ) Assume that η0 is a sufficiently small positive number. Then for any
η ∈ (0,η0) there exists an extension operator E = E(η) : W 1,p

0 (Ωη ;Wp(δ )) �→ W 1,p
0 (Ω;Wp(δ ))

such that:

1. E(u) = u a.e. in Ωη

2. There exists some positive number C =C(η) such that for any u ∈W 1,p
0 (Ωη ;Wp(δ ))

∥|∇E(u)|∥Lp(Ω;Wp(δ )) ≤C
(
∥|∇u∥|Lp(Ωη/2;Wp(δ )) +∥u∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)
.

Admitting this for the moment, we prove Theorem 3.4. First we treat the case that w ∈ P(R+).
Then we see that Wp/F p

η ∈ L1(0,η). In fact we have
∫ η

0 Wp(t)/Fη(t)p dt = µ1−p/(p−1). Now we
assume that Hardy’s inequality (3.18) with C = 0 does not hold. Then there exists a sequence of
functions {uk} ⊂W 1,p

0 (Ω,Wp(δ ))∩C(Ω) satisfying

{
limk→∞

(∫
Ωη

|∇uk|pWp(δ )dx+
∫

Ση
|uk|pWp(δ )dση

)
= 0,

∫
Ωη

|uk|pWp(δ )/F p
η (δ )dx = 1 (k = 1,2, · · ·).

(6.1)

By wk = uk|Ωη we denote the restriction of uk to Ωη . Then E(wk)∈W 1,p
0 (Ω;Wp(δ )) for k = 1,2, . . ..

On the other hand, it follows from (6.1) that wk = uk →C a.e. in Ωη for some constant C as k → ∞.
From (6.1) we have C = 0. Then, by the assumption 1 and the continuity of the trace operator
T : W 1,p(Ω\Ωη ;Wp(δ )) �→ Lp(Ση ;Wp(δ )) for a small η > 0, we have

1 ≤
∫

Ω

|E(wk)|pWp(δ )
F p

η (δ )
dx (6.2)

≤ γ−1
(∫

Ω
|∇E(wk)|pWp(δ )dx+L′

∫

Ση
|wk|pWp(δ )dση

)

≤ γ−1C′
(
∥|∇uk|∥Lp(Ωη/2;Wp(δ )) +∥uk∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)p
→ 0, as k → ∞,

where C′ is some positive number independent of each uk. But this is a contradiction.
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Proof of (3.18): Under these consideration, (3.18) is reduced to the following one dimensional
Hardy’s inequality. Setting v(t) = u(Ht(σ)) and v′ = ∂v/∂ t we have

∫ η

0
|v′(t)|pWp(t)(1− ct)dt ≥ Λp

∫ η

0

|v(t)|pWp(t)
Fη(t)p (1+ ct)dt

+C
∫ η

0

|v(t)|pWp(t)
Fη(t)pGη(t)2 (1+ ct)dt + s(w)L′|v(η)|pWp(η)(1+ s(w)cη).

(5.4)

Equivalently we have
∫ η

0

(
|v′(t)|p − |v(t)|p

Fη(t)p

(
Λp +

C
Gη(t)2

))
Wp(t)dt

≥ c
∫ η

0

(
|v′(t)|p + |v(t)|p

Fη(t)p

(
Λp +

C
Gη(t)2

))
Wp(t) t dt

+ s(w)L′|v(η)|pWp(η)(1+ s(w)cη).

(5.5)

Assume that 0 < η ≤ 1/(2c). Then 1− cη ≥ 1/2 and (5.5) clearly follows from Theorem 3.2 with
C0 =C, C1 = c and L = L′Wp(η)(1+ s(w)cη). �

Proof of Corollary 3.3: First we treat the case that w ∈ PA(R+). Assume that Hardy’s inequality
(3.19) does not hold. Then there exists a sequence of functions {uk}⊂W 1,p

0 (Ω;Wp(δ ))∩C(Ω) such
that {

limk→∞

(∫
Ω |∇uk|pWp(δ )dx+

∫
Ση

|uk|pWp(δ )dση

)
= 0,

∫
Ω |uk|pWp(δ )/F p

η (δ )dx = 1 (k = 1,2, · · ·).
(5.6)

For a sufficiently small η > 0, let W 1,p(Ω\Ωη ;Wp(δ )) be given by the completion of C∞(Ω\Ωη)
with respect to the norm defined by

∥u∥W 1,p(Ω\Ωη ;Wp(δ )) = ∥|∇u|∥Lp(Ω\Ωη ;Wp(δ )) +∥u∥Lp(Ω\Ωη ;Wp(δ )).

Since Wp(δ )> 0 in Ω\Ωη , W 1,p(Ω\Ωη ;Wp(δ )) is well-defined and becomes a Banach space with
the norm ∥ ·∥W 1,p(Ω\Ωη ;Wp(δ )). We note that

∫
Ση

|uk|pWp(δ )dση (k = 1,2,3 . . .) is bounded, because

the trace operator T : W 1,p(Ω \Ωη ;Wp(δ )) �→ Lp(Ση ;Wp(η)) is continuous. By Theorem 3.3 we
have ∫

Ω
|∇uk|pWp(δ )dx =

∫

Ωη
|∇uk|pWp(δ )dx+

∫

Ω\Ωη
|∇uk|pWp(δ )dx

≥ Λp

(
1−

∫

Ω\Ωη

|uk|pWp(δ )
F p

η (δ )
dx

)
+

∫

Ω\Ωη
|∇uk|pWp(δ )dx−L′

∫

Ση
|uk|pWp(δ )dση .

Since δ ≥η in Ω\Ωη , by the standard argument we have uk →C (constant) in W 1,p(Ω\Ωη ;Wp(δ ))
as k → ∞. By (5.6) we have C = 0. Hence we see 0 ≥ Λp, and we reach to a contradiction.

Secondly we treat the case that w ∈ Q(R+). In this case we assume that

lim
k→∞

∫

Ω
|∇uk|pWp(δ )dx = 0,

∫

Ω

|uk|pWp(δ )
F p

η (δ )
dx = 1 (k = 1,2, · · ·). (5.7)

Then, by Theorem 3.3 we have
∫

Ω
|∇uk|pWp(δ )dx =

∫

Ωη
|∇uk|pWp(δ )dx+

∫

Ω\Ωη
|∇uk|pWp(δ )dx (5.8)

≥ Λp

(
1−

∫

Ω\Ωη

|uk|pWp(δ )
F p

η (δ )
dx
)
+

∫

Ω\Ωη
|∇uk|pWp(δ )dx+L′

∫

Ση
|uk|pWp(δ )dση .
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Again we have uk → C (constant) in W 1,p(Ω \Ωη ;Wp(δ )) as k → ∞. By (5.7) and (5.8) we have
C = 0. Hence we see 0 ≥ Λp, and this is a contradiction.

�

6 Proof of Theorem 3.4 By virtue of Corollary 3.3 and its proof, it suffices to show the impli-
cation 1 → 2. Since F−1

η /∈ L1((0,η)), for an arbitrary ε > 0 we have Gη(δ )−1 < ε in Ωη provided
that η is sufficiently small. Therefore we assume that C = 0 without the loss of generality.

Here we introduce a Banach space W 1,p
0 (Ωη ;Wp(δ )) which corresponds to W 1,p

0 ((0,η ];Wp) de-
fined in Subsection 3.1. Let C̃∞

c (Ωη) = {u|Ωη : u ∈C∞
c (Ω)}, where by u|Ωη we denote the restriction

of u to Ωη . Let W 1,p
0 (Ωη ;Wp(δ )) be given by the completion of C̃∞

c (Ωη) with respect to the norm
defined by

∥u∥W 1,p
0 (Ωη ;Wp(δ ))

= ∥|∇u|∥Lp(Ωη ;Wp(δ )) +∥u∥Lp(Ωη ;Wp(δ )).

Then, W 1,p
0 (Ωη ;Wp(δ )) is a Banach space with the norm ∥ · ∥W 1,p

0 (Ωη ;Wp(δ ))
. Then we prepare a

lemma on extension:

Lemma 6.1. ( Extension ) Assume that η0 is a sufficiently small positive number. Then for any
η ∈ (0,η0) there exists an extension operator E = E(η) : W 1,p

0 (Ωη ;Wp(δ )) �→ W 1,p
0 (Ω;Wp(δ ))

such that:

1. E(u) = u a.e. in Ωη

2. There exists some positive number C =C(η) such that for any u ∈W 1,p
0 (Ωη ;Wp(δ ))

∥|∇E(u)|∥Lp(Ω;Wp(δ )) ≤C
(
∥|∇u∥|Lp(Ωη/2;Wp(δ )) +∥u∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)
.

Admitting this for the moment, we prove Theorem 3.4. First we treat the case that w ∈ P(R+).
Then we see that Wp/F p

η ∈ L1(0,η). In fact we have
∫ η

0 Wp(t)/Fη(t)p dt = µ1−p/(p−1). Now we
assume that Hardy’s inequality (3.18) with C = 0 does not hold. Then there exists a sequence of
functions {uk} ⊂W 1,p

0 (Ω,Wp(δ ))∩C(Ω) satisfying

{
limk→∞

(∫
Ωη

|∇uk|pWp(δ )dx+
∫

Ση
|uk|pWp(δ )dση

)
= 0,

∫
Ωη

|uk|pWp(δ )/F p
η (δ )dx = 1 (k = 1,2, · · ·).

(6.1)

By wk = uk|Ωη we denote the restriction of uk to Ωη . Then E(wk)∈W 1,p
0 (Ω;Wp(δ )) for k = 1,2, . . ..

On the other hand, it follows from (6.1) that wk = uk →C a.e. in Ωη for some constant C as k → ∞.
From (6.1) we have C = 0. Then, by the assumption 1 and the continuity of the trace operator
T : W 1,p(Ω\Ωη ;Wp(δ )) �→ Lp(Ση ;Wp(δ )) for a small η > 0, we have

1 ≤
∫

Ω

|E(wk)|pWp(δ )
F p

η (δ )
dx (6.2)

≤ γ−1
(∫

Ω
|∇E(wk)|pWp(δ )dx+L′

∫

Ση
|wk|pWp(δ )dση

)

≤ γ−1C′
(
∥|∇uk|∥Lp(Ωη/2;Wp(δ )) +∥uk∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)p
→ 0, as k → ∞,

where C′ is some positive number independent of each uk. But this is a contradiction.
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)

2010 Mathematics Subject Classification. Primary 35J70, Secondary 35J60, 34L30, 26D10 .
Key words and phrases. Weighted Hardy’s inequalities, Weak Hardy property, p-Laplace operator with weights.

1This research was partially supported by Grant-in-Aid for Scientific Research (No. 20K03670, No. 21K03304).

20 TOSHIO HORIUCHI

Secondly we treat the case that w ∈ Q(R+). Since
∫ η

0 Wp(t)/Fη(t)p dt = +∞, we see that
Wp/F p

η /∈ L1(0,η). There is a sequence of functions {uk} ⊂W 1,p
0 (Ω;Wp(δ ))∩C(Ω) satisfying

lim
k→∞

∫

Ωη
|∇uk|pWp(δ )dx = 0,

∫

Ωη

|uk|pWp(δ )
F p

η (δ )
dx = 1 (k = 1,2, · · ·). (6.3)

As before we see that uk →C (constant) in Ωη . From (6.3) we have C = 0. Then, by the assumption
1 and the continuity of the trace operator T , we have

1 ≤
∫

Ω

|E(wk)|pWp(δ )
F p

η (δ )
dx (6.4)

≤ γ−1
(∫

Ω
|∇E(wk)|pWp(δ )dx−L′

∫

Ση
|wk|pWp(δ )dση

)
(6.5)

≤ γ−1C′
(
∥|∇uk|∥Lp(Ωη/2;Wp(δ )) +∥uk∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)p
→ 0, as k → ∞,

where C′ is some positive number. But this is a contradiction. �

Proof of Lemma 6.1: Since η is small and δ is Lipschitz continuous, ∂Ωη and ∂Ωη/2 are Lipschitz
compact manifolds. By the standard theory ( Theorem 1 in Section 5.4 of [7] for example ) we have
an extension operator Ẽ : W 1,p(Ωη \Ωη/2;Wp(δ )) �→ W 1,p(Ω \Ωη/2;Wp(δ )) such that Ẽ(u) = u
a.e. in Ωη \Ωη/2, and

∥|∇Ẽ(u)|∥Lp(Ω\Ωη/2;Wp(δ )) ≤C(η)∥u∥W 1,p(Ωη\Ωη/2;Wp(δ )).

Define for u ∈W 1,p
0 (Ωη ;Wp(δ ))

E(u) = u, (x ∈ Ωη/2,); Ẽ(u), (x ∈ Ω\Ωη/2). (6.6)

Then the assertion follows. �

7 Proofs of Propositions 3.1 and 3.2 Proposition 3.1 is known in a more general fashion. In fact
a variant is seen in Maz’ya [13] ( Lemma 2, p144). For the sake of reader’s convenience we give an
elementary verification. We note that Proposition 3.2 is a direct consequence of Proposition 3.1.

Proof of Proposition 3.1: For w ∈ P(R+) and ε ∈ (0,η/2), define

φε = 0 (0 ≤ t ≤ ε);
fη(ε)− fη(t)

fη(ε)− fη(η/2)
(ε ≤ t ≤ η/2); 1 (η/2 ≤ t ≤ η). (7.1)

Noting that fη(ε) = µ +
∫ η

ε 1/w(s)ds →+∞ as ε →+0, we see that
∫ η

0 |φ ′
ε |

pWp(t)dt = ( fη(ε)−
fη(η/2))1−p → 0 as ε → +0. On the other hand we have φε(0) = 0,φε(1) = 1 and hence the
assertion is now clear. Further we note that

∫ η

ε
|φε |p

Wp(t)
Fη(t)p dt ≥

∫ η

η/2

Wp(t)
Fη(t)p dt =

fη(η)1−p − fη(η/2)1−p

p−1
> 0 as ε →+0.

Proof of Proposition 3.2: If a positive number η0 is sufficiently small, then one can assume that
δ ∈ C2(Ωη0), |∇δ | = 1 in Ωη0 and a manifolds {x ∈ Ω;δ = η} is of C2 class for η ∈ (0,η0]. Let
φε be defined by (7.1). By virtue of (5.3) we have

∫

Ωη
|∇φε(δ (x))|pWp(δ (x))dx ≤

∫

Σ
dσ

∫ η

0

��φ ′
ε(t)

��p Wp(t)(1+ ct)dt,

hence the assertion follows from Proposition 3.1.
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8 Appendix

8.1 Proof of Lemma 4.6 Let v ∈ G((0,η ]). We recall that

gη = (p′ fη)
1/p′ , Fη = w fη , Gη = µ +

∫ η

t

ds
Fη(s)

and u = gη ν .

Let us prepare more notations. Let us set

vp/2 = z, z = aφ and a = (Gη)
1/2, (8.1)

where φ is some function in C1((0,η ]) with φ(0) = 0.
Then we have

z′ = φ ′a+φa′ and |z′|2 = (φ ′)2a2 +
1
2
(φ2)′(a2)′+φ2(a′)2.

Noting that a2 = Gη , (a2)′ =−1/Fη and a′ =−1/(2Fη a), we have

|z′|2Fη = (φ ′)2Fη Gη − 1
2
(φ2)′+

φ2

4Fη Gη
≥−1

2
(φ2)′+

φ2

4Fη Gη
,

and we also have

φ2 =
vp

a2 =
up

gp
η Gη

=
1

(p′)p−1
upWp

F p−1
η Gη

.

As a result, we have the following that is valid for any measurable set S ⊂ [0,η ].

Lemma 8.1. Let S be a measurable set contained in [0,η ]. Assume that η > 0, µ > 0 and w ∈
W (R+). For any nonnegative v ∈ G([0,η ])

∫

S
|(v(t)p/2)′|2Fη(t)dt ≥−1

2

∫

S
(φ(t)2)′ dt +

1
4(p′)p−1

∫

S

u(t)pWp

Fη(t)pGη(t)2 dt. (8.2)

Proof of Lemma 4.6: By using Lemma 8.1 with S = [0,η ] we immediately have (4.27). Then we
proceed to (4.26). We assume that A = A(v,M) and B = B(v,M) are defined by Definition 4.2. As
for the first term of the right-hand side, we have

−1
2

∫

A
(φ(t)2)′ dt =−1

2

∫ η

0
(φ(t)2)′ dt +

1
2

∫

B
(φ(t)2)′ dt

=−1
2

φ(η)2 −
∫

B

z(t)2a′(t)
a(t)3 +

∫

B

z(t)z′(t)
a(t)2 .

Moreover we see that:

1.

φ(η)2 =
z(η)2

a(η)2 =
1
µ
|u(η)|p

gη(η)p =
|u(η)|p

µ(p′)p−1 fη(η)p−1 . (8.3)

2.

−
∫

B

z(t)2a(t)′

a(t)3 dt =
1
2

∫

B

z(t)2

a(t)4Fη(t)
dt =

1
2(p′)p−1

∫

B

u(t)pWp(t)
Fη(t)pGη(t)2 dt. (8.4)
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Secondly we treat the case that w ∈ Q(R+). Since
∫ η

0 Wp(t)/Fη(t)p dt = +∞, we see that
Wp/F p

η /∈ L1(0,η). There is a sequence of functions {uk} ⊂W 1,p
0 (Ω;Wp(δ ))∩C(Ω) satisfying

lim
k→∞

∫

Ωη
|∇uk|pWp(δ )dx = 0,

∫

Ωη

|uk|pWp(δ )
F p

η (δ )
dx = 1 (k = 1,2, · · ·). (6.3)

As before we see that uk →C (constant) in Ωη . From (6.3) we have C = 0. Then, by the assumption
1 and the continuity of the trace operator T , we have

1 ≤
∫

Ω

|E(wk)|pWp(δ )
F p

η (δ )
dx (6.4)

≤ γ−1
(∫

Ω
|∇E(wk)|pWp(δ )dx−L′

∫

Ση
|wk|pWp(δ )dση

)
(6.5)

≤ γ−1C′
(
∥|∇uk|∥Lp(Ωη/2;Wp(δ )) +∥uk∥W 1,p(Ωη\Ωη/2;Wp(δ ))

)p
→ 0, as k → ∞,

where C′ is some positive number. But this is a contradiction. �

Proof of Lemma 6.1: Since η is small and δ is Lipschitz continuous, ∂Ωη and ∂Ωη/2 are Lipschitz
compact manifolds. By the standard theory ( Theorem 1 in Section 5.4 of [7] for example ) we have
an extension operator Ẽ : W 1,p(Ωη \Ωη/2;Wp(δ )) �→ W 1,p(Ω \Ωη/2;Wp(δ )) such that Ẽ(u) = u
a.e. in Ωη \Ωη/2, and

∥|∇Ẽ(u)|∥Lp(Ω\Ωη/2;Wp(δ )) ≤C(η)∥u∥W 1,p(Ωη\Ωη/2;Wp(δ )).

Define for u ∈W 1,p
0 (Ωη ;Wp(δ ))

E(u) = u, (x ∈ Ωη/2,); Ẽ(u), (x ∈ Ω\Ωη/2). (6.6)

Then the assertion follows. �

7 Proofs of Propositions 3.1 and 3.2 Proposition 3.1 is known in a more general fashion. In fact
a variant is seen in Maz’ya [13] ( Lemma 2, p144). For the sake of reader’s convenience we give an
elementary verification. We note that Proposition 3.2 is a direct consequence of Proposition 3.1.

Proof of Proposition 3.1: For w ∈ P(R+) and ε ∈ (0,η/2), define

φε = 0 (0 ≤ t ≤ ε);
fη(ε)− fη(t)

fη(ε)− fη(η/2)
(ε ≤ t ≤ η/2); 1 (η/2 ≤ t ≤ η). (7.1)

Noting that fη(ε) = µ +
∫ η

ε 1/w(s)ds →+∞ as ε →+0, we see that
∫ η

0 |φ ′
ε |

pWp(t)dt = ( fη(ε)−
fη(η/2))1−p → 0 as ε → +0. On the other hand we have φε(0) = 0,φε(1) = 1 and hence the
assertion is now clear. Further we note that

∫ η

ε
|φε |p

Wp(t)
Fη(t)p dt ≥

∫ η

η/2

Wp(t)
Fη(t)p dt =

fη(η)1−p − fη(η/2)1−p

p−1
> 0 as ε →+0.

Proof of Proposition 3.2: If a positive number η0 is sufficiently small, then one can assume that
δ ∈ C2(Ωη0), |∇δ | = 1 in Ωη0 and a manifolds {x ∈ Ω;δ = η} is of C2 class for η ∈ (0,η0]. Let
φε be defined by (7.1). By virtue of (5.3) we have

∫

Ωη
|∇φε(δ (x))|pWp(δ (x))dx ≤

∫

Σ
dσ

∫ η

0

��φ ′
ε(t)

��p Wp(t)(1+ ct)dt,

hence the assertion follows from Proposition 3.1.
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8 Appendix

8.1 Proof of Lemma 4.6 Let v ∈ G((0,η ]). We recall that

gη = (p′ fη)
1/p′ , Fη = w fη , Gη = µ +

∫ η

t

ds
Fη(s)

and u = gη ν .

Let us prepare more notations. Let us set

vp/2 = z, z = aφ and a = (Gη)
1/2, (8.1)

where φ is some function in C1((0,η ]) with φ(0) = 0.
Then we have

z′ = φ ′a+φa′ and |z′|2 = (φ ′)2a2 +
1
2
(φ2)′(a2)′+φ2(a′)2.

Noting that a2 = Gη , (a2)′ =−1/Fη and a′ =−1/(2Fη a), we have

|z′|2Fη = (φ ′)2Fη Gη − 1
2
(φ2)′+

φ2

4Fη Gη
≥−1

2
(φ2)′+

φ2

4Fη Gη
,

and we also have

φ2 =
vp

a2 =
up

gp
η Gη

=
1

(p′)p−1
upWp

F p−1
η Gη

.

As a result, we have the following that is valid for any measurable set S ⊂ [0,η ].

Lemma 8.1. Let S be a measurable set contained in [0,η ]. Assume that η > 0, µ > 0 and w ∈
W (R+). For any nonnegative v ∈ G([0,η ])

∫

S
|(v(t)p/2)′|2Fη(t)dt ≥−1

2

∫

S
(φ(t)2)′ dt +

1
4(p′)p−1

∫

S

u(t)pWp

Fη(t)pGη(t)2 dt. (8.2)

Proof of Lemma 4.6: By using Lemma 8.1 with S = [0,η ] we immediately have (4.27). Then we
proceed to (4.26). We assume that A = A(v,M) and B = B(v,M) are defined by Definition 4.2. As
for the first term of the right-hand side, we have

−1
2

∫

A
(φ(t)2)′ dt =−1

2

∫ η

0
(φ(t)2)′ dt +

1
2

∫

B
(φ(t)2)′ dt

=−1
2

φ(η)2 −
∫

B

z(t)2a′(t)
a(t)3 +

∫

B

z(t)z′(t)
a(t)2 .

Moreover we see that:

1.

φ(η)2 =
z(η)2

a(η)2 =
1
µ
|u(η)|p

gη(η)p =
|u(η)|p

µ(p′)p−1 fη(η)p−1 . (8.3)

2.

−
∫

B

z(t)2a(t)′

a(t)3 dt =
1
2

∫

B

z(t)2

a(t)4Fη(t)
dt =

1
2(p′)p−1

∫

B

u(t)pWp(t)
Fη(t)pGη(t)2 dt. (8.4)
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ABSTRACT. In the present paper we shall establish N-dimensional Hardy’s inequalities with 
non-doubling weight functions of the distance δ (x) to the boundary ∂ Ω, where Ω is a C2 class 
bounded domain of RN (N ≥ 1). This work is essentially based on one-dimensional weighted 
Hardy’s inequalities with one-sided boundary condition and sharp remainders. As weights we 
admit rather general ones that may vanish or blow up in infinite order such as e−1/t or e1/t at 
t = 0 in one-dimensional case. 1

1 Introduction In the present paper, we shall begin with introducing one-dimensional weighted
Hardy’s inequalities with sharp remainders under one-sided boundary condition. As weights we
shall deal with the so-called non-doubling weights in addition to usual doubling ones. Then we shall
establish N-dimensional weighted Hardy’s inequalities with non-doubling weights of the distance
δ (x) := dist(x,∂Ω) to the boundary ∂Ω, where Ω is a C2 class bounded domain of RN (N ≥ 2). A
positive continuous function w(t) on (0,∞) is said to be a doubling weight if there exists a positive
number C such that we have

C−1w(t)≤ w(2t)≤Cw(t) (0 < t < ∞), (1.1)

where C is independent of each t ∈ (0,∞). When w(t) does not possess this property, w(t) is said to
be a non-doubling weight in the present paper. In one-dimensional case we typically treat a weight
function w(t) that may vanish or blow up in infinite order such as e−1/t or e1/t at t = 0. In such
cases the limit of ratio w(t)/w(2t) as t →+0 may become 0 or +∞, and hence they are regarded as
non-doubling weights according to our notion.

Definition 1.1. Let 1 < p < ∞ and set p′ = p/(p−1). Λp denotes the one-dimensional Hardy best
constant defined by

Λp =
1

(p′)p =

(
1− 1

p

)p

.

Let η > 0. By C1
c ((0,η ]) we denote the set of all C1 functions with compact supports in (0,η ].

Then one-dimensional Hardy’s inequalities with one-sided boundary condition in this paper are
typically represented by the followings.

Proposition 1.1. Assume that 1 < p < ∞, µ > 0 and η > 0.
1. For every u ∈C1

c ((0,η ]) we have

∫ η

0
|u′(t)|pe−(p−1)/t dt +

(Λp)
1/p′

µ p−1 |u(η)|p ≥ Λp

∫ η

0

|u(t)|pe−(p−1)/t dt(
e−1/t

(∫ η
t e1/s ds+µ

))p . (1.2)
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3. Noting that zz′ = pvp−1v′/2, |v| ≤ p′|v′|Fη/M in B and Gη ≥ µ , we have

����
∫

B

z(t)z′(t)
a(t)2 dt

����≤
p
2

∫

B

(
p′
M |v′(t)|Fη(t)

)p−1
|v′|

Gη(t)
dt

≤ p
2µ

(
p′

M

)p−1 ∫

B
|v′(t)|pFη(t)p−1 dt.

Finally we get the desired inequality (4.26) which proves Lemma 4.6. �

8.2 Auxiliary inequalities in the noncritical case If we restrict ourselves to the case that w ∈
Q(R+), then Hardy’s inequality (8.6) follows from the next simple lemma which is provided in [5]
for p = 2 and Wp = w = 1.

Lemma 8.2. ( w ∈ Q(R+)) Assume that f ∈ C([0,η ])∩C1((0,η ]) is a monotone nondecreasing
function such that f (η)≤ 1. Assume that 1 < p < ∞ and w ∈ Q(R+). Then for every u ∈C1

c ((0,η ]),
we have

∫ η

0

(
|u′(t)|p −Λp

|u(t)|p

Fη(t)p

)
Wp(t)dt ≥

∫ η

0

(
|u′(t)|p −Λp

|u(t)|p

Fη(t)p

)
Wp(t) f (t)dt. (8.5)

In particular we have ∫ η

0
|u′(t)|pWp(t)dt ≥ Λp

∫ η

0

|u(t)|p

Fη(t)p Wp(t)dt. (8.6)

Proof of Lemma 8.2: Without loss of generality we assume that f ≥ 0, f (η) = 1, and u ≥ 0. Define
g = 1− f . Then g ≥ 0 and g′ ≤ 0. Noting that u ∈C1

c ((0,η ]) and

d
dt

(∫ t

0

1
w(s)

ds
)1−p

= (1− p)
Wp(t)
Fη(t)p ,

by integration by parts we have

(p−1)
∫ η

0

u(t)pWp(t)
Fη(t)p gdt

=
∫ η

0
u(t)p

(∫ t

0

1
w(s)

ds
)1−p

g′(t)dt + p
∫ η

0
u(t)p−1u′(t)g(t)

(∫ t

0

1
w(s)

ds
)1−p

dt.

Since g′ =− f ′ ≤ 0 and g ≥ 0,

1
p′

∫ η

0

u(t)pWp(t)
F p

η (t)
g(t)dt ≤

∫ η

0
u(t)p−1u′(t)g(t)

(∫ t

0

1
w(s)

ds
)1−p

dt.

By Hölder’s inequality, we have

∫ η

0
u(t)p−1u′(t)g(t)

(∫ t

0

1
w(s)

ds
)1−p

dt

≤
(∫ η

0

u(t)pWp(t)
Fη(t)p g(t)dt

)1/p′ (∫ η

0
|u′(t)|pWp(t)g(t)dt

)1/p

.
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Hence we have

1
p′

(∫ η

0

u(t)pWp(t)
Fη(t)p g(t)dt

)1/p

≤
(∫ η

0
|u′(t)|pWp(t)g(t)dt

)1/p

.

Using g = 1− f and the definition of Λp, we have (8.5). �
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3. Noting that zz′ = pvp−1v′/2, |v| ≤ p′|v′|Fη/M in B and Gη ≥ µ , we have

����
∫

B

z(t)z′(t)
a(t)2 dt

����≤
p
2

∫

B

(
p′
M |v′(t)|Fη(t)

)p−1
|v′|

Gη(t)
dt

≤ p
2µ

(
p′

M

)p−1 ∫

B
|v′(t)|pFη(t)p−1 dt.

Finally we get the desired inequality (4.26) which proves Lemma 4.6. �
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for p = 2 and Wp = w = 1.

Lemma 8.2. ( w ∈ Q(R+)) Assume that f ∈ C([0,η ])∩C1((0,η ]) is a monotone nondecreasing
function such that f (η)≤ 1. Assume that 1 < p < ∞ and w ∈ Q(R+). Then for every u ∈C1

c ((0,η ]),
we have

∫ η

0

(
|u′(t)|p −Λp

|u(t)|p

Fη(t)p

)
Wp(t)dt ≥

∫ η

0

(
|u′(t)|p −Λp

|u(t)|p

Fη(t)p

)
Wp(t) f (t)dt. (8.5)

In particular we have ∫ η

0
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Proof of Lemma 8.2: Without loss of generality we assume that f ≥ 0, f (η) = 1, and u ≥ 0. Define
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ABSTRACT. In this article, we introduce and study (weak) precompactness and local (weak) precom-
pactness within the construct of preuniform convergence spaces and uniformly continuous maps. In
this construct, the concepts of (weak) compactness and local (weak) compactness were previously 
investigated by Preuß (2010). We provide a comprehensive implication scheme between all before-
mentioned concepts of compactness in the realm of preuniform convergence spaces. We also establish
the relationship between the concept of (weak) precompactness when applied to quasiuniform spaces
and existing concepts for quasiuniform spaces, such as totally boundedness and Cauchy-boundedness.
We prove Tychonoffs theorem with respect to (weakly) precompact and locally (weakly) precompact 
preuniform convergence spaces. Moreover, it turns out that the construct of all locally precompact 
preuniform convergence spaces (and uniformly continuous maps) is a topological universe. Finally,
we prove that one needs not to distinguish between locally (weakly) compact and (weakly) compactly 
generated resp. locally (weakly) precompact and (weakly) precompactly generated preuniform con-
vergence spaces. Our findings can be considered as generalizations of known theorems in the realm
of quasiuniform spaces and semiuniform convergences spaces.
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1. INTRODUCTION

Common concepts such as compactness, precompactness, its localizations and (pre) compact 
generation were already introduced and studied in the construct SUConv of semiuniform conver-
gence spaces and uniformly continuous maps by Preuß [5, 4, 3]. In contrast to the construct SU-
Conv, the construct PUConv of preuniform convergence spaces and uniformly continuous maps 
also covers non-symmetric topological constructs (see [6] for an overview). Preuniform conver-
gence spaces do not only have an underlying symmetric Kent-convergence space but also an un-
derlying generalized convergence space. Moreover, there are two kinds of Cauchy-filters. For this 
reason, additional concepts of compactness can be obtained: weak compactness, weak precompact-
ness, its localizations and weak precompact generation.

(Weak) compactness and local (weak) compactness were already investigated by Preuß [7] in 
the realm of (fuzzy) preuniform convergence spaces. In this article, however, we focus on (weak) 
precompactness, local (weak) precompactness, (weak) compact generation and (weak) precompact 
generation in preuniform convergence spaces. We provide a comprehensive implication scheme be-
tween all concepts of compactness mentioned before. Moreover, we prove Tychonoffs theorem with 
respect to (weakly) precompact and locally (weakly) precompact preuniform convergence spaces. 
It also turns out that the construct LPC-PUConv of all locally precompact preuniform convergence 
spaces and uniformly continuous maps is a topological universe. Finally, we prove that one needs 
not to distinguish between locally (weakly) compact and (weakly) compactly generated resp. lo-
cally (weakly) precompact and (weakly) precompactly generated preuniform convergence spaces.
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2 Roland Pilous

All findings can be considered as generalizations of respective theorems by Preuß [4, 5] in the realm
of SUConv which is a (bireflective and bicoreflective) subconstruct of PUConv (cf. [6]).

Since the construct QUnif of quasiuniform spaces and uniformly continuous maps is a (bire-
flective) subconstruct of PUConv (cf. [6]), it is possible to consider a quasiuniform space as a
preuniform convergence space. Beside totally boundedness, Cauchy-boundedness (in the sense of
Koppermann [2]) and precompactness (in the sense of Fletcher and Lindgren [1]) are well known
concepts in the realm of quasiuniform spaces. Therefore, we also establish the relationship between
the concept of (weak) precompactness when applied to quasiuniform spaces and these existing con-
cepts. It turns out that some previous findings in the realm of quasiuniform spaces can be considered
as special cases of the respective theorems proved in this article.

The terminology of this article corresponds to [5].

2. PRELIMINARIES

Definition 2.1. 1. A preuniform convergence space is a pair (X ,JX ), where X is a set and JX ⊂
F(X ×X), i.e., JX is a set of filters on X ×X , such that the following conditions are satisfied:

UC1 ẋ× ẋ ∈ JX for all x ∈ X
UC2 G ∈ JX whenever F ∈ JX and G ⊃ F
The elements of JX are called uniform filters. A map f : (X ,JX )→ (X ′,JX ′) is called uniformly

continuous provided that ( f × f )(F)∈JX ′ for all F ∈JX . The construct of preuniform convergence
spaces and uniformly continuous maps is denoted by PUConv.

2. A preuniform convergence space is called uniform limit space provided that the following is
satisfied:

UC3 F ∈ JX implies F−1 ∈ JX

UC4 F ∈ JX and G ∈ JX implies F ∩G ∈ JX

UC5 F ∈ JX and G ∈ JX implies F ◦G ∈ JX , provided that F ◦G �= /0 for all F ∈ F and G ∈ G.

Definition 2.2. Let X be a set and W a filter on X ×X . An uniform space is a pair (X ,W) provided
that the following is satisfied:

U1 ∆ ⊂W for all W ∈W
U2 W−1 ∈W for all W ∈W
U3 For all W ∈W there is a V ∈W such that V 2 ⊂W .
A pair (X ,W) which only satisfies U1 and U3 is called a quasiuniform space. The elements of

W are called neighborhoods. A map f : (X ,W) −→ (X ′,W′) between (quasi-) uniform spaces is
called uniformly continuous provided that ( f × f )−1[W ′] ∈W for all W ′ ∈ W′.

Remark 2.1. A quasiuniform space (X ,W) can be considered as a preuniform convergence space
(x, [W]) with [W] = {F ∈ F(X ×X) : F ⊃W}.

Definition 2.3. 1. Let X be a set. A generalized convergence space is a pair (X ,q), where q ⊂
F(X)×X , such that the following is satisfied:

C1 (ẋ,x) ∈ q for all x ∈ X
C2 (F ,x) ∈ q and G ⊃ F imply (G,x) ∈ q.

(F ,x) ∈ q is also denoted by F q−→ x and F is said to converge to x. A map f : (X ,q)−→ (X ′,q′)
between generalized convergence spaces is called continuous provided that ( f (F), f (x))∈ q′ for all
(F ,x) ∈ q.

2. Let (X ,JX ) be a preuniform convergence space. Then (X ,qJX ) is called its underlying gen-
eralized convergence space, where qJX = {(F ,x) ∈ F(X)× X : ẋ×F ∈ JX}. A filter F on X
preconverges to x iff (F ,x) ∈ qJX .
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3. A generalized convergence space (X ,q) is called Kent-convergence space provided that the
following is satisfied

C3 (F ∩ ẋ,x) ∈ q iff (F ,x) ∈ q.
A Kent-convergence space is called symmetric, provided that from (F ,x) ∈ q and y ∈

⋂
F it

follows that (F ,y) ∈ q.
4. Let (X ,JX ) be a preuniform convergence space. Then (X ,qγJX

) is called its underlying
symmetric Kent-convergence space, where qγJX

= {(F ,x) ∈ F(X)×X : F ∩ ẋ×F ∩ ẋ ∈ JX}. A
filter F on X converges to x iff (F ,x) ∈ qγJX

.

Definition 2.4. 1. Let X be a set. A filter space is a pair (X ,γ), where γ ⊂ F(X), such that the
following is satisfied:

F1 ẋ ∈ γ for all x ∈ X
F2 F ∈ γ and G ⊃ F imply G ∈ γ
The elements of γ are called Cauchy-filters. Fil denotes the construct of filter spaces (and

Cauchy-continuous maps), where a map f : (X ,γ)−→ (X ′,γ ′) between filter spaces is called Cauchy-
continuous provided that f (F) ∈ γ ′ for all F ∈ γ .

2. Let (X ,JX ) be a preuniform convergence space. Then (X ,γJX ) is called its underlying filter
space, where γJX = {F ∈ F(X) : F ×F ∈ JX}. Moreover (X ,ΓJX ) is called the induced filter
space (by JX ), where ΓJX = {F ∈ F(X) : it exists G ∈ F(X) such that G×F ∈ JX}.

3. Let (X ,JX ) be a preuniform convergence space. It is called Fil-determined provided that
JX = {F ∈ F(X ×X) : there is some G ∈ γJX such that G×G ⊂ F}.

4. Let (X ,γ) be a filter space. Then (X ,Jγ) is called the corresponding preuniform convergence
space, where Jγ = {F ∈ F(X ×X) : it exists G ∈ γ such that G×G ⊂ F}.

Definition 2.5. Let (X ,JX ) be a preuniform convergence space.
1. (X ,JX ) is called complete, provided that every filter in γJX converges.
2. (X ,JX ) is called precomplete, provided that every filter in ΓJX preconverges.
3. (X ,JX ) is called weakly complete, provided that every ultrafilter in γJX converges.
4. (X ,JX ) is called weakly precomplete, provided that every ultrafilter in ΓJX preconverges.
5. (X ,JX ) is called compact provided that its underlying symmetric Kent convergence space

(X ,qγJX
) is compact, i.e., provided that every ultrafilter on X converges.

6. (X ,JX ) is called weakly compact provided that its underlying generalized convergence space
(X ,qJX ) is compact, i.e., provided that every ultrafilter on X preconverges.

Proposition 2.1. 1. Every compact preuniform convergence space (X ,JX ) is weakly compact.
2. Every (weakly) compact preuniform convergence space is weakly (pre-)complete.

Proof. 1. The proposition follows immediately from qγJX
⊂ qJX (because (F∩ ẋ)×(F∩ ẋ)⊂ ẋ∩F

for every Filter F on X and x ∈ X).
2. i. Let U be an ultrafilter in γJX . It exists x ∈ X such that (U ,x) ∈ qγJX

. Consequently,
U ⊃ U ∩ ẋ ∈ γJX . ii. Let U be an ultrafilter in ΓJX . It exists x ∈ X such that (U ,x) ∈ qJX , i.e.,
ẋ×U ∈ JX . �

Remark 2.2. 1. qγJX
⊃ qJX does not generally apply [6, Remark 2.10]).

2. However, not every compact preuniform convergence space is complete [5, Remark 4.3.2.12])
and not every weakly compact preuniform convergence space is precomplete: Let X be an uncount-
able infinite set. We define JX = {F ∈ F(X ×X) : it exists an ultrafilter U on X and x ∈ X such that
F ⊃ ẋ×U}∪{F ∈ F(X ×X) : F ⊃ G×G}, where G = {U ⊂ X : X \U is finite}. Then (X ,JX ) is
weakly compact but the ΓJX -Cauchyfilter G does not converge in (X ,qJX ).
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All findings can be considered as generalizations of respective theorems by Preuß [4, 5] in the realm
of SUConv which is a (bireflective and bicoreflective) subconstruct of PUConv (cf. [6]).

Since the construct QUnif of quasiuniform spaces and uniformly continuous maps is a (bire-
flective) subconstruct of PUConv (cf. [6]), it is possible to consider a quasiuniform space as a
preuniform convergence space. Beside totally boundedness, Cauchy-boundedness (in the sense of
Koppermann [2]) and precompactness (in the sense of Fletcher and Lindgren [1]) are well known
concepts in the realm of quasiuniform spaces. Therefore, we also establish the relationship between
the concept of (weak) precompactness when applied to quasiuniform spaces and these existing con-
cepts. It turns out that some previous findings in the realm of quasiuniform spaces can be considered
as special cases of the respective theorems proved in this article.

The terminology of this article corresponds to [5].

2. PRELIMINARIES

Definition 2.1. 1. A preuniform convergence space is a pair (X ,JX ), where X is a set and JX ⊂
F(X ×X), i.e., JX is a set of filters on X ×X , such that the following conditions are satisfied:

UC1 ẋ× ẋ ∈ JX for all x ∈ X
UC2 G ∈ JX whenever F ∈ JX and G ⊃ F
The elements of JX are called uniform filters. A map f : (X ,JX )→ (X ′,JX ′) is called uniformly

continuous provided that ( f × f )(F)∈JX ′ for all F ∈JX . The construct of preuniform convergence
spaces and uniformly continuous maps is denoted by PUConv.

2. A preuniform convergence space is called uniform limit space provided that the following is
satisfied:

UC3 F ∈ JX implies F−1 ∈ JX

UC4 F ∈ JX and G ∈ JX implies F ∩G ∈ JX

UC5 F ∈ JX and G ∈ JX implies F ◦G ∈ JX , provided that F ◦G �= /0 for all F ∈ F and G ∈ G.

Definition 2.2. Let X be a set and W a filter on X ×X . An uniform space is a pair (X ,W) provided
that the following is satisfied:

U1 ∆ ⊂W for all W ∈W
U2 W−1 ∈W for all W ∈W
U3 For all W ∈W there is a V ∈W such that V 2 ⊂W .
A pair (X ,W) which only satisfies U1 and U3 is called a quasiuniform space. The elements of

W are called neighborhoods. A map f : (X ,W) −→ (X ′,W′) between (quasi-) uniform spaces is
called uniformly continuous provided that ( f × f )−1[W ′] ∈W for all W ′ ∈ W′.

Remark 2.1. A quasiuniform space (X ,W) can be considered as a preuniform convergence space
(x, [W]) with [W] = {F ∈ F(X ×X) : F ⊃W}.

Definition 2.3. 1. Let X be a set. A generalized convergence space is a pair (X ,q), where q ⊂
F(X)×X , such that the following is satisfied:

C1 (ẋ,x) ∈ q for all x ∈ X
C2 (F ,x) ∈ q and G ⊃ F imply (G,x) ∈ q.

(F ,x) ∈ q is also denoted by F q−→ x and F is said to converge to x. A map f : (X ,q)−→ (X ′,q′)
between generalized convergence spaces is called continuous provided that ( f (F), f (x))∈ q′ for all
(F ,x) ∈ q.

2. Let (X ,JX ) be a preuniform convergence space. Then (X ,qJX ) is called its underlying gen-
eralized convergence space, where qJX = {(F ,x) ∈ F(X)× X : ẋ×F ∈ JX}. A filter F on X
preconverges to x iff (F ,x) ∈ qJX .
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3. A generalized convergence space (X ,q) is called Kent-convergence space provided that the
following is satisfied

C3 (F ∩ ẋ,x) ∈ q iff (F ,x) ∈ q.
A Kent-convergence space is called symmetric, provided that from (F ,x) ∈ q and y ∈

⋂
F it

follows that (F ,y) ∈ q.
4. Let (X ,JX ) be a preuniform convergence space. Then (X ,qγJX

) is called its underlying
symmetric Kent-convergence space, where qγJX

= {(F ,x) ∈ F(X)×X : F ∩ ẋ×F ∩ ẋ ∈ JX}. A
filter F on X converges to x iff (F ,x) ∈ qγJX

.

Definition 2.4. 1. Let X be a set. A filter space is a pair (X ,γ), where γ ⊂ F(X), such that the
following is satisfied:

F1 ẋ ∈ γ for all x ∈ X
F2 F ∈ γ and G ⊃ F imply G ∈ γ
The elements of γ are called Cauchy-filters. Fil denotes the construct of filter spaces (and

Cauchy-continuous maps), where a map f : (X ,γ)−→ (X ′,γ ′) between filter spaces is called Cauchy-
continuous provided that f (F) ∈ γ ′ for all F ∈ γ .

2. Let (X ,JX ) be a preuniform convergence space. Then (X ,γJX ) is called its underlying filter
space, where γJX = {F ∈ F(X) : F ×F ∈ JX}. Moreover (X ,ΓJX ) is called the induced filter
space (by JX ), where ΓJX = {F ∈ F(X) : it exists G ∈ F(X) such that G×F ∈ JX}.

3. Let (X ,JX ) be a preuniform convergence space. It is called Fil-determined provided that
JX = {F ∈ F(X ×X) : there is some G ∈ γJX such that G×G ⊂ F}.

4. Let (X ,γ) be a filter space. Then (X ,Jγ) is called the corresponding preuniform convergence
space, where Jγ = {F ∈ F(X ×X) : it exists G ∈ γ such that G×G ⊂ F}.

Definition 2.5. Let (X ,JX ) be a preuniform convergence space.
1. (X ,JX ) is called complete, provided that every filter in γJX converges.
2. (X ,JX ) is called precomplete, provided that every filter in ΓJX preconverges.
3. (X ,JX ) is called weakly complete, provided that every ultrafilter in γJX converges.
4. (X ,JX ) is called weakly precomplete, provided that every ultrafilter in ΓJX preconverges.
5. (X ,JX ) is called compact provided that its underlying symmetric Kent convergence space

(X ,qγJX
) is compact, i.e., provided that every ultrafilter on X converges.

6. (X ,JX ) is called weakly compact provided that its underlying generalized convergence space
(X ,qJX ) is compact, i.e., provided that every ultrafilter on X preconverges.

Proposition 2.1. 1. Every compact preuniform convergence space (X ,JX ) is weakly compact.
2. Every (weakly) compact preuniform convergence space is weakly (pre-)complete.

Proof. 1. The proposition follows immediately from qγJX
⊂ qJX (because (F∩ ẋ)×(F∩ ẋ)⊂ ẋ∩F

for every Filter F on X and x ∈ X).
2. i. Let U be an ultrafilter in γJX . It exists x ∈ X such that (U ,x) ∈ qγJX

. Consequently,
U ⊃ U ∩ ẋ ∈ γJX . ii. Let U be an ultrafilter in ΓJX . It exists x ∈ X such that (U ,x) ∈ qJX , i.e.,
ẋ×U ∈ JX . �

Remark 2.2. 1. qγJX
⊃ qJX does not generally apply [6, Remark 2.10]).

2. However, not every compact preuniform convergence space is complete [5, Remark 4.3.2.12])
and not every weakly compact preuniform convergence space is precomplete: Let X be an uncount-
able infinite set. We define JX = {F ∈ F(X ×X) : it exists an ultrafilter U on X and x ∈ X such that
F ⊃ ẋ×U}∪{F ∈ F(X ×X) : F ⊃ G×G}, where G = {U ⊂ X : X \U is finite}. Then (X ,JX ) is
weakly compact but the ΓJX -Cauchyfilter G does not converge in (X ,qJX ).

151



(WEAK) PRECOMPACTNESS AND LOCAL (WEAK) PRECOMPACTNESS
IN PREUNIFORM CONVERGENCE SPACES

Scientiae Mathematicae Japonicae 00, No. 0(0000), 000–000 1

(WEAK) PRECOMPACTNESS AND LOCAL (WEAK) PRECOMPACTNESS
IN PREUNIFORM CONVERGENCE SPACES.

ROLAND PILOUS

Received November 4, 2021  Revised February 20, 2022

ABSTRACT. In this article, we introduce and study (weak) precompactness and local (weak) precom-
pactness within the construct of preuniform convergence spaces and uniformly continuous maps. In
this construct, the concepts of (weak) compactness and local (weak) compactness were previously 
investigated by Preuß (2010). We provide a comprehensive implication scheme between all before-
mentioned concepts of compactness in the realm of preuniform convergence spaces. We also establish
the relationship between the concept of (weak) precompactness when applied to quasiuniform spaces
and existing concepts for quasiuniform spaces, such as totally boundedness and Cauchy-boundedness.
We prove Tychonoffs theorem with respect to (weakly) precompact and locally (weakly) precompact 
preuniform convergence spaces. Moreover, it turns out that the construct of all locally precompact 
preuniform convergence spaces (and uniformly continuous maps) is a topological universe. Finally,
we prove that one needs not to distinguish between locally (weakly) compact and (weakly) compactly 
generated resp. locally (weakly) precompact and (weakly) precompactly generated preuniform con-
vergence spaces. Our findings can be considered as generalizations of known theorems in the realm
of quasiuniform spaces and semiuniform convergences spaces.

Dedicated to the memory of my great teacher Gerhard Preuß (1940 – 2011).

1. INTRODUCTION

Common concepts such as compactness, precompactness, its localizations and (pre) compact 
generation were already introduced and studied in the construct SUConv of semiuniform conver-
gence spaces and uniformly continuous maps by Preuß [5, 4, 3]. In contrast to the construct SU-
Conv, the construct PUConv of preuniform convergence spaces and uniformly continuous maps 
also covers non-symmetric topological constructs (see [6] for an overview). Preuniform conver-
gence spaces do not only have an underlying symmetric Kent-convergence space but also an un-
derlying generalized convergence space. Moreover, there are two kinds of Cauchy-filters. For this 
reason, additional concepts of compactness can be obtained: weak compactness, weak precompact-
ness, its localizations and weak precompact generation.

(Weak) compactness and local (weak) compactness were already investigated by Preuß [7] in 
the realm of (fuzzy) preuniform convergence spaces. In this article, however, we focus on (weak) 
precompactness, local (weak) precompactness, (weak) compact generation and (weak) precompact 
generation in preuniform convergence spaces. We provide a comprehensive implication scheme be-
tween all concepts of compactness mentioned before. Moreover, we prove Tychonoffs theorem with 
respect to (weakly) precompact and locally (weakly) precompact preuniform convergence spaces. 
It also turns out that the construct LPC-PUConv of all locally precompact preuniform convergence 
spaces and uniformly continuous maps is a topological universe. Finally, we prove that one needs 
not to distinguish between locally (weakly) compact and (weakly) compactly generated resp. lo-
cally (weakly) precompact and (weakly) precompactly generated preuniform convergence spaces.

1991 Mathematics Subject Classification. 18A40, 18D15, 54A05, 54A20, 54D30, 54D45, 54E05, 54E15 .
Key words and phrases. preuniform convergence space, quasiuniform space, compactness, precompactness, totally

boundedness, Cauchy-boundedness.
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3. Weak compactness and compactness are equivalent concepts in Fil-determined preuniform
convergence spaces and in uniform limit spaces.

Definition 2.6. 1. A preuniform convergence space (X ,JX ) is called locally (weakly) compact
provided that every filter F ∈JX contains a (weakly) compact subset of the product space (X ,JX )×
(X ,JX ).

2. A preuniform convergence space is called diagonal provided that the filter (∆X ) generated by
the diagonal ∆X = {(x,x) : x ∈ X} of X ×X is contained in JX whenever the filter (∆X ) exists.

Note that every quasiuniform space (X ,W) is diagonal since ∆X ⊂W for all W ∈W , i.e., (∆X )⊃
W .

Proposition 2.2. Let (X ,JX ) be a locally (weakly) compact preuniform convergence space. Then
its underlying symmetric Kent-convergence space (X ,qγJX

) (resp. its underlying generalized con-
vergence space (X ,qJX )) is locally compact.

Proof. [7, Proposition 3.7]. �

However, the underlying topological space of a locally compact preuniform convergence space
needs not to be locally compact. For instance, the preuniform convergence space belonging to RN

t
is locally compact but the topological space RN

t is not locally compact.
Local compactness of a convergence space (a preuniform convergence space that is generated by

its convergent filters, i.e. JX = {F ∈ F(X ×X) : it exists (G,x) ∈ qγJX
such that F ⊃ G ×G}) is

equivalent to local compactness of its underlying symmetric Kent-convergence space [5, Proposition
6.2.1.6]). Moreover, local weak compactness of a preconvergence space (a preuniform convergence
space that is generated by its preconvergent filters, i.e. JX = {F ∈ F(X ×X) : it exists (G,x) ∈
qJX such that F ⊃ ẋ×G}) is equivalent to local compactness of its underlying generalized conver-
gence space [7, Proposition 3.12].

The inverse implication in the Proposition above does not generally apply. For instance, the
uniform space Ru of all real numbers is not locally compact but its underlying symmetric Kent-
convergence space is locally compact.

Proposition 2.3. 1. Every (weakly) compact preuniform convergence space is locally (weakly)
compact.

2. A diagonal preuniform convergence space is (weakly) compact iff it is locally (weakly)
compact.

Proof. 1. Let F ∈ JX . X is a subspace of (X ,JX ) and therefore (weakly) compact. Then the
subspace X ×X of (X ,JX )× (X ,JX ) is also (weakly) compact because of [7, Corollary 2.12]).

2. Let (X ,JX ) be diagonal and locally (weakly) compact. Because (∆X ) ∈ JX , it holds by
assumption that there is a compact subset K of (X ,JX )× (X ,JX ) such that K ⊃ ∆X . Since X =
p1[∆X ] ⊂ p1[M] ⊂ X and [7, Corollary 2.15], (X ,JX ) is (weakly) compact, where p1 : (X ,JX )×
(X ,JX )→ (X ,JX ) is the projection in the first component. �

This means that (weak) compactness and locally (weak) compactness are equivalent concepts in
the realm of quasiuniform spaces (considered as preuniform convergence spaces).

3. (WEAK) PRECOMPACTNESS

Definition 3.1. A preuniform convergence space is called precompact provided that its underlying
filter space (X ,γJX ) is precompact, i.e., provided that every ultrafilter on X belongs to γJX . It
is called weakly precompact provided that the induced filter space (X ,ΓJX ) is precompact, i.e.,
provided that every ultrafilter on X belongs to ΓJX .
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Proposition 3.1. 1. Every precompact preuniform convergence space is weakly precompact.
2. Every (weakly) compact preuniform convergence space is (weakly) precompact.
3. A preuniform convergence space is (weakly) compact iff it is (weakly) precompact and weakly

(pre-) complete. Since every (pre-) complete preuniform convergence space is weakly (pre-) com-
plete, it holds that every (pre-) complete precompact preuniform convergence space is (weakly)
compact.

Proof. 1. Let U be an ultrafilter on X . Then U ∈ γJX , i.e., U ×U ∈ JX , and consequently U ∈ ΓJX .
2. Let U be an ultrafilter on X . It exists x ∈ X such that (U ,x) ∈ qγJX

(resp. (U ,x) ∈ qJX ).
Consequently U ∩ ẋ ∈ γJX (resp. ẋ×U ∈ JX ). It follows U ∈ γJX (resp. U ∈ ΓJX ).

3. “⇒”. This follows from 2. and Proposition 2.1. “⇐”. Let U be an ultrafilter on X and (X ,JX )
a (weakly) precompact and weakly (pre-) complete preuniform convergence space. It is U ∈ γJX

(resp. U ∈ ΓJX ) because of (weak) precompactness. Since (X ,JX ) is weakly (pre-) complete, it
follows that U (pre-) converges. �

The inverse implication of assertions 1 and 2 are not generally true. With respect to assertion 1
we provide a counterexample in Remark 3.1. Note that precompactness and weak precompactness
are equivalent concepts in uniform limit spaces and Fil-determined preuniform convergence spaces.

In quasiuniform spaces, totally boundedness, precompactness and Cauchy-boundedness are known
concepts, for instance see [1] and [2]. In the following, we establish the relationship between these
concepts and the concepts introduced in this article.

Theorem 3.1. Let (X ,W) be a quasiuniform space. Then the following is equivalent:
1. (X , [W]) is precompact.
2. (X ,W) is totally bounded, i.e., for every ultrafilter U on X and every neighborhood W ∈W it

exists U ∈ U such that U ×U ⊂W .
3. The bicoreflection (X ,W∗) of (X ,W) with respect to Unif is totally bounded.
4. The bicoreflection (X ,W∗) of (X ,W) with respect to Unif is precompact in the sense of

Fletcher and Lindgren, i.e., for all W ∈W∗ it exists a finite subset F of X such that W [F ] = X .
5. Every ultrafilter U on X is a W∗-Cauchy-filter, i.e., for all W ∗ ∈ W∗ exists a x ∈ X such that

W ∗(x) ∈ U .
6. For all W ∈W it exists a finite subcover A of X such that A×A ⊂W for all A ∈ A.
7. For all C ∈ µW = {C ⊂ P(X) : (

⋃
C = X and ∃W ∈W : ∀x ∈ X : ∃C ∈ C such that W (x)⊂C)}

it exists a finite subset B ⊂ C, such that B ∈ µW , i.e., every quasiuniform cover of X has a finite
quasiuniform subcover.

Proof. The logical scheme of the proof is as follows:

(1) �� �� (2)

��

(3)�� (4)��

(5) �� (6) �� (7)

��

(1) ⇔ (2). Both says that U ×U ⊃W for every ultrafilter U on X .
(2) ⇒ (5). Let U be an ultrafilter on X and W ∗ ∈W∗, i.e., it exists W ∈W such that W ∗ ⊃ (W ∩

W−1). By assumption, it exists U ∈ U such that U ×U ⊂ W . Then it holds U ⊂ (W ∩W−1)(x) ⊂
W ∗(x) for all x ∈U . Hence, W ∗(x) ∈ U .

(5) ⇒ (6). Let W ∈W . We can choose a symmetrical neighborhood V ∈W∗ such that V ◦V ⊂W .
First case: It exists a finite subset F ⊂ X with W [F ] = X . Then A = {V (x) : x ∈ X} is a finite
subcover such that V (x)×V (x)⊂W for all V (x) ∈ A. Second case: For every finite subset F ⊂ X
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3. Weak compactness and compactness are equivalent concepts in Fil-determined preuniform
convergence spaces and in uniform limit spaces.

Definition 2.6. 1. A preuniform convergence space (X ,JX ) is called locally (weakly) compact
provided that every filter F ∈JX contains a (weakly) compact subset of the product space (X ,JX )×
(X ,JX ).

2. A preuniform convergence space is called diagonal provided that the filter (∆X ) generated by
the diagonal ∆X = {(x,x) : x ∈ X} of X ×X is contained in JX whenever the filter (∆X ) exists.

Note that every quasiuniform space (X ,W) is diagonal since ∆X ⊂W for all W ∈W , i.e., (∆X )⊃
W .

Proposition 2.2. Let (X ,JX ) be a locally (weakly) compact preuniform convergence space. Then
its underlying symmetric Kent-convergence space (X ,qγJX

) (resp. its underlying generalized con-
vergence space (X ,qJX )) is locally compact.

Proof. [7, Proposition 3.7]. �

However, the underlying topological space of a locally compact preuniform convergence space
needs not to be locally compact. For instance, the preuniform convergence space belonging to RN

t
is locally compact but the topological space RN

t is not locally compact.
Local compactness of a convergence space (a preuniform convergence space that is generated by

its convergent filters, i.e. JX = {F ∈ F(X ×X) : it exists (G,x) ∈ qγJX
such that F ⊃ G ×G}) is

equivalent to local compactness of its underlying symmetric Kent-convergence space [5, Proposition
6.2.1.6]). Moreover, local weak compactness of a preconvergence space (a preuniform convergence
space that is generated by its preconvergent filters, i.e. JX = {F ∈ F(X ×X) : it exists (G,x) ∈
qJX such that F ⊃ ẋ×G}) is equivalent to local compactness of its underlying generalized conver-
gence space [7, Proposition 3.12].

The inverse implication in the Proposition above does not generally apply. For instance, the
uniform space Ru of all real numbers is not locally compact but its underlying symmetric Kent-
convergence space is locally compact.

Proposition 2.3. 1. Every (weakly) compact preuniform convergence space is locally (weakly)
compact.

2. A diagonal preuniform convergence space is (weakly) compact iff it is locally (weakly)
compact.

Proof. 1. Let F ∈ JX . X is a subspace of (X ,JX ) and therefore (weakly) compact. Then the
subspace X ×X of (X ,JX )× (X ,JX ) is also (weakly) compact because of [7, Corollary 2.12]).

2. Let (X ,JX ) be diagonal and locally (weakly) compact. Because (∆X ) ∈ JX , it holds by
assumption that there is a compact subset K of (X ,JX )× (X ,JX ) such that K ⊃ ∆X . Since X =
p1[∆X ] ⊂ p1[M] ⊂ X and [7, Corollary 2.15], (X ,JX ) is (weakly) compact, where p1 : (X ,JX )×
(X ,JX )→ (X ,JX ) is the projection in the first component. �

This means that (weak) compactness and locally (weak) compactness are equivalent concepts in
the realm of quasiuniform spaces (considered as preuniform convergence spaces).

3. (WEAK) PRECOMPACTNESS

Definition 3.1. A preuniform convergence space is called precompact provided that its underlying
filter space (X ,γJX ) is precompact, i.e., provided that every ultrafilter on X belongs to γJX . It
is called weakly precompact provided that the induced filter space (X ,ΓJX ) is precompact, i.e.,
provided that every ultrafilter on X belongs to ΓJX .
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Proposition 3.1. 1. Every precompact preuniform convergence space is weakly precompact.
2. Every (weakly) compact preuniform convergence space is (weakly) precompact.
3. A preuniform convergence space is (weakly) compact iff it is (weakly) precompact and weakly

(pre-) complete. Since every (pre-) complete preuniform convergence space is weakly (pre-) com-
plete, it holds that every (pre-) complete precompact preuniform convergence space is (weakly)
compact.

Proof. 1. Let U be an ultrafilter on X . Then U ∈ γJX , i.e., U ×U ∈ JX , and consequently U ∈ ΓJX .
2. Let U be an ultrafilter on X . It exists x ∈ X such that (U ,x) ∈ qγJX

(resp. (U ,x) ∈ qJX ).
Consequently U ∩ ẋ ∈ γJX (resp. ẋ×U ∈ JX ). It follows U ∈ γJX (resp. U ∈ ΓJX ).

3. “⇒”. This follows from 2. and Proposition 2.1. “⇐”. Let U be an ultrafilter on X and (X ,JX )
a (weakly) precompact and weakly (pre-) complete preuniform convergence space. It is U ∈ γJX

(resp. U ∈ ΓJX ) because of (weak) precompactness. Since (X ,JX ) is weakly (pre-) complete, it
follows that U (pre-) converges. �

The inverse implication of assertions 1 and 2 are not generally true. With respect to assertion 1
we provide a counterexample in Remark 3.1. Note that precompactness and weak precompactness
are equivalent concepts in uniform limit spaces and Fil-determined preuniform convergence spaces.

In quasiuniform spaces, totally boundedness, precompactness and Cauchy-boundedness are known
concepts, for instance see [1] and [2]. In the following, we establish the relationship between these
concepts and the concepts introduced in this article.

Theorem 3.1. Let (X ,W) be a quasiuniform space. Then the following is equivalent:
1. (X , [W]) is precompact.
2. (X ,W) is totally bounded, i.e., for every ultrafilter U on X and every neighborhood W ∈W it

exists U ∈ U such that U ×U ⊂W .
3. The bicoreflection (X ,W∗) of (X ,W) with respect to Unif is totally bounded.
4. The bicoreflection (X ,W∗) of (X ,W) with respect to Unif is precompact in the sense of

Fletcher and Lindgren, i.e., for all W ∈W∗ it exists a finite subset F of X such that W [F ] = X .
5. Every ultrafilter U on X is a W∗-Cauchy-filter, i.e., for all W ∗ ∈ W∗ exists a x ∈ X such that

W ∗(x) ∈ U .
6. For all W ∈W it exists a finite subcover A of X such that A×A ⊂W for all A ∈ A.
7. For all C ∈ µW = {C ⊂ P(X) : (

⋃
C = X and ∃W ∈W : ∀x ∈ X : ∃C ∈ C such that W (x)⊂C)}

it exists a finite subset B ⊂ C, such that B ∈ µW , i.e., every quasiuniform cover of X has a finite
quasiuniform subcover.

Proof. The logical scheme of the proof is as follows:

(1) �� �� (2)

��

(3)�� (4)��

(5) �� (6) �� (7)

��

(1) ⇔ (2). Both says that U ×U ⊃W for every ultrafilter U on X .
(2) ⇒ (5). Let U be an ultrafilter on X and W ∗ ∈W∗, i.e., it exists W ∈W such that W ∗ ⊃ (W ∩

W−1). By assumption, it exists U ∈ U such that U ×U ⊂ W . Then it holds U ⊂ (W ∩W−1)(x) ⊂
W ∗(x) for all x ∈U . Hence, W ∗(x) ∈ U .

(5) ⇒ (6). Let W ∈W . We can choose a symmetrical neighborhood V ∈W∗ such that V ◦V ⊂W .
First case: It exists a finite subset F ⊂ X with W [F ] = X . Then A = {V (x) : x ∈ X} is a finite
subcover such that V (x)×V (x)⊂W for all V (x) ∈ A. Second case: For every finite subset F ⊂ X
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ABSTRACT. In this article, we introduce and study (weak) precompactness and local (weak) precom-
pactness within the construct of preuniform convergence spaces and uniformly continuous maps. In
this construct, the concepts of (weak) compactness and local (weak) compactness were previously 
investigated by Preuß (2010). We provide a comprehensive implication scheme between all before-
mentioned concepts of compactness in the realm of preuniform convergence spaces. We also establish
the relationship between the concept of (weak) precompactness when applied to quasiuniform spaces
and existing concepts for quasiuniform spaces, such as totally boundedness and Cauchy-boundedness.
We prove Tychonoffs theorem with respect to (weakly) precompact and locally (weakly) precompact 
preuniform convergence spaces. Moreover, it turns out that the construct of all locally precompact 
preuniform convergence spaces (and uniformly continuous maps) is a topological universe. Finally,
we prove that one needs not to distinguish between locally (weakly) compact and (weakly) compactly 
generated resp. locally (weakly) precompact and (weakly) precompactly generated preuniform con-
vergence spaces. Our findings can be considered as generalizations of known theorems in the realm
of quasiuniform spaces and semiuniform convergences spaces.

Dedicated to the memory of my great teacher Gerhard Preuß (1940 – 2011).

1. INTRODUCTION

Common concepts such as compactness, precompactness, its localizations and (pre) compact 
generation were already introduced and studied in the construct SUConv of semiuniform conver-
gence spaces and uniformly continuous maps by Preuß [5, 4, 3]. In contrast to the construct SU-
Conv, the construct PUConv of preuniform convergence spaces and uniformly continuous maps 
also covers non-symmetric topological constructs (see [6] for an overview). Preuniform conver-
gence spaces do not only have an underlying symmetric Kent-convergence space but also an un-
derlying generalized convergence space. Moreover, there are two kinds of Cauchy-filters. For this 
reason, additional concepts of compactness can be obtained: weak compactness, weak precompact-
ness, its localizations and weak precompact generation.

(Weak) compactness and local (weak) compactness were already investigated by Preuß [7] in 
the realm of (fuzzy) preuniform convergence spaces. In this article, however, we focus on (weak) 
precompactness, local (weak) precompactness, (weak) compact generation and (weak) precompact 
generation in preuniform convergence spaces. We provide a comprehensive implication scheme be-
tween all concepts of compactness mentioned before. Moreover, we prove Tychonoffs theorem with 
respect to (weakly) precompact and locally (weakly) precompact preuniform convergence spaces. 
It also turns out that the construct LPC-PUConv of all locally precompact preuniform convergence 
spaces and uniformly continuous maps is a topological universe. Finally, we prove that one needs 
not to distinguish between locally (weakly) compact and (weakly) compactly generated resp. lo-
cally (weakly) precompact and (weakly) precompactly generated preuniform convergence spaces.
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holds W [F ] �= X . Then B = {X \W [F ] : F is a finite subset of X} is the base of a filter on X . Let
U be an ultrafilter that is finer then B. Then it is X \W (x) ∈ U for all x ∈ X . This contradicts the
premise and, hence, the second case can be excluded.

(6) ⇒ (7). Let C be a quasiuniform cover, i.e., particularly it exists W ∈W such that there is a
C ∈ C for all x ∈ X with W (x) ⊂ C. As required, for every W there is a finite cover A of X with
A×A ⊂ W for all A ∈ A. For every A ∈ A choose xA ∈ A. Let CA denote an element of cover C
such that A ⊂W (xA)⊂CA. Then B = {CA : A ∈ A} is a finite subcover of C. This subcover is also
quasiuniform: Let x ∈ X . It exists A ∈ A with x ∈ A. Then it is W (x) ⊂ W 2(xA) ⊂ CA (note that,
on the one hand, for (x,y) ∈ W and (xA,x) ∈ W it holds (xA,y) ∈ W 2 and, on the other hand, it is
A×A ⊂W ⊂W 2 ⊂ (CA ×CA)

2 =CA ×CA).
(7) ⇒ (4). Let W ∈W∗. Then {W (x) : x ∈ X} is a cover of X which is quasiuniform (W (x) ⊂

W (x) for all x ∈ X). As required, it exists a finite quasiuniform subcover {W (xi) : xi ∈ X , i ≤ n}. It
follows X =

⋃n
i=1 W (xi) =W [

⋃n
i=1{xi}] =W [F ] where F :=

⋃n
i=1{xi}.

(4) ⇒ (3). Let W ∈W ∗ and U be an ultrafilter on X . We choose V ∈W∗ such that V 2 ⊂W . As
required, it exists a finite subset F of X with V [F ] = X . From X =V [F ] =

⋃
y∈F V (y) ∈ U it follows

that there is x ∈ F with V (x)∈U (because U is an ultrafilter). Moreover, it is V (x)×V (x)⊂V 2 ⊂W
from which follows the assertion.

(3) ⇒ (2). Let (X ,W∗) be totally bounded. The assertion follows easily from W ⊂W∗. �

Proposition 3.2. Let (X ,W) be a quasiuniform space. Then (X , [W]) is weakly precompact iff
(X ,W) is Cauchy-bounded (in the sense of R. D. Koppermann), i.e., every ultrafilter is D-Cauchy
(which means that for every ultrafilter U there is a filter F on X such that F ×U ⊃W).

This means that the concept of (weak) precompactness is a reasonable generalization of the
concept of totally boundedness (Cauchy-boundedness).

Proposition 3.3. Every weakly precompact quasiuniform space is precompact in the sense of
Fletcher and Lindgren.

Proof. Let (X ,W) be a weakly precompact quasiuniform space and let U be an ultrafilter on X .
By assumption, it is U ∈ Γ[W], i.e., there is a filter F on X such that F ×U ⊃ W . Consequently,
for every W ∈ W there is F ∈ F and U ∈ U with F ×U ⊂ W . Now we choose x ∈ F (F is non-
empty). Then it is (F ×U)(x) =U ⊂W (x), i.e., W (x) ∈ U . Therefore, (X ,W) is precompact in the
sense of Fletcher and Lindgren: Let us assume there is a W ∈W such that W (F) �= X for all finite
subsets F ⊂ X . Then B = {X \W [F ] : F is a finite subset of X} is base of a filter on X . Let U be an
ultrafilter which is finer than B. Now we obtain (X \W (y))∈U for all y∈ X . This is a contradiction:
Following the argumentation above we can find x ∈ X for every U such that W (x) ∈ U . �

Remark 3.1. 1. The inverse implication is not generally true. It is possible to construct a precom-
pact quasiuniform space in the sense of Fletcher and Lindgren which is not Cauchy-bounded [2,
Example 8]).

2. A weakly precompact preuniform convergence space is not generally precompact: Let X =R,
x ∈ X fix, Wx = ∆∪ {(x,y) : y ∈ R} and Wx = (Wx) the quasiuniformity induced by Wx. Since
W (x) = R for all W ∈ Wx, (X ,Wx) is precompact in the sense of Fletcher and Lindgren. Let
U be an ultrafilter on X . Then W (x) ∈ U for all W ∈ Wx. Define F = ẋ. It follows F ×U ⊃
Wx. Therefore, (X ,Wx) is weakly precompact. However, the quasiuniform space (X ,Wx) is not
precompact because the bicoreflection of Wx is given by (∆) which is not precompact in the sense
of Fletcher and Lindgren.

3. The subsequent diagram summarizes the implications of the concepts for quasiuniform spaces
as discussed above (FL-precompact is the abbreviation for precompact in the sense of Fletcher and
Lindgren):

(Weak) Precompactness and Local (Weak) Precompactness in Preuniform Convergence Spaces 7

precompact

��

�� weakly precompact

��
totally bounded

��

��

��

Cauchy-bounded

��

��
FL-precompact

The inverse implications are not generally true (unless the concepts are restricted to uniform spaces).

Proposition 3.4. The construct PC-PUConv of precompact preuniform convergence spaces and
uniformly continuous maps is a bireflective subconstruct of PUConv.

Proof. Let (X ,JX ) be a preuniform convergence space. Then 1X : (X ,JX ) −→ (X ,J ′
X ) is the de-

sired bireflection with respect to PC-PUConv, where J ′
X = JX ∪ {G ∈ F(X × X) : it exists an

ultrafilter U on X such that G ⊃ U ×U}. �

Proposition 3.5. A preuniform convergence space (X ,JX ) is (weakly) precompact iff for every
filter F on X there is a filter G ∈ γJX (resp. G ∈ ΓJX ) such that F ⊂ G.

Proposition 3.6. Let (X ,JX ) and (X ′,JX ′) be preuniform convergence spaces. Moreover, let
f : (X ,JX ) −→ (X ′,JX ′) be a surjective uniformly continuous map. Then (X ,JX ) (weakly) pre-
compact implies (X ′,JX ′) (weakly) precompact.

Proof. Let F ∈ F(X ′). Then f−1(F) ∈ F(X) ( f surjective) and, as required, there is a G ∈ γJX

(resp. a G ∈ ΓJX ) such that G ⊃ f−1(F). Since f : (X ,γJX ) −→ (X ′,γJX ′ ) is Cauchy-continuous
(resp. f : (X ,ΓJX ) −→ (X ′,ΓJX ′ ) Cauchy-continuous) it holds f (G) ∈ γJX ′ (resp. f (G) ∈ ΓJX ′ ).
Moreover, f (G)⊃ f ( f−1(F)) = F . Now the assertion follows from Proposition 3.5. �

Theorem 3.2 (Tychonoff). Let ((Xi,JXi))i∈I a family of non-empty preuniform convergence spaces.
Then the product ∏i∈I(Xi,JXi) is (weakly) precompact iff (Xi,JXi) is (weakly) precompact for all
i ∈ I.

Proof. 1. Precompactness: The assertion follows from Proposition 3.4 and 3.6.
2. Weak Precompactness: “⇐”. Proposition 3.6. “ ⇒”. Let (Xi,JXi) be weakly precompact for

every i ∈ I. Denote ∏i∈I(Xi,JXi) by (X ,JX ). We shall prove that for every ultrafilter U on X there
is a filter F on X such that F ×U ∈ JX . Now let U be an ultrafilter. By assumption, for all i ∈ I
there is a filter Fi on Xi such that Fi × pi(U) ∈ JXi , where pi : ∏i∈I Xi → Xi denote the projection
in the i-th component. Denote F = ∏i∈I Fi. Then it is F ×U ∈ JX because pi × pi(F ×U) =
pi(∏i∈I Fi)× pi(U) = Fi × pi(U) ∈ JXi for all i ∈ I (note JX initial). �

Because (weak) precompactness is a generalization of the concept of totally boundedness (Cauchy-
boundedness), Theorem 3.2 can be considered as a generalisation of respective theorems by Fletcher
& Lindgren [1] and Koppermann [2, Theorem 10]. Moreover, it can be considered as a generaliza-
tion of the respective proposition by Preuß with respect to semiuniform convergence spaces [5,
Proposition 6.2.1.9].

4. LOCAL (WEAK) PRECOMPACTNESS

The following definition is similar to the respective definition for filter spaces.

Definition 4.1. 1. A preuniform convergence space (X ,JX ) is called locally (weakly) precom-
pact provided that every filter F ∈ JX contains a (weakly) precompact subset of the product space
(X ,JX )× (X ,JX ).
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holds W [F ] �= X . Then B = {X \W [F ] : F is a finite subset of X} is the base of a filter on X . Let
U be an ultrafilter that is finer then B. Then it is X \W (x) ∈ U for all x ∈ X . This contradicts the
premise and, hence, the second case can be excluded.

(6) ⇒ (7). Let C be a quasiuniform cover, i.e., particularly it exists W ∈W such that there is a
C ∈ C for all x ∈ X with W (x) ⊂ C. As required, for every W there is a finite cover A of X with
A×A ⊂ W for all A ∈ A. For every A ∈ A choose xA ∈ A. Let CA denote an element of cover C
such that A ⊂W (xA)⊂CA. Then B = {CA : A ∈ A} is a finite subcover of C. This subcover is also
quasiuniform: Let x ∈ X . It exists A ∈ A with x ∈ A. Then it is W (x) ⊂ W 2(xA) ⊂ CA (note that,
on the one hand, for (x,y) ∈ W and (xA,x) ∈ W it holds (xA,y) ∈ W 2 and, on the other hand, it is
A×A ⊂W ⊂W 2 ⊂ (CA ×CA)

2 =CA ×CA).
(7) ⇒ (4). Let W ∈W∗. Then {W (x) : x ∈ X} is a cover of X which is quasiuniform (W (x) ⊂

W (x) for all x ∈ X). As required, it exists a finite quasiuniform subcover {W (xi) : xi ∈ X , i ≤ n}. It
follows X =

⋃n
i=1 W (xi) =W [

⋃n
i=1{xi}] =W [F ] where F :=

⋃n
i=1{xi}.

(4) ⇒ (3). Let W ∈W ∗ and U be an ultrafilter on X . We choose V ∈W∗ such that V 2 ⊂W . As
required, it exists a finite subset F of X with V [F ] = X . From X =V [F ] =

⋃
y∈F V (y) ∈ U it follows

that there is x ∈ F with V (x)∈U (because U is an ultrafilter). Moreover, it is V (x)×V (x)⊂V 2 ⊂W
from which follows the assertion.

(3) ⇒ (2). Let (X ,W∗) be totally bounded. The assertion follows easily from W ⊂W∗. �

Proposition 3.2. Let (X ,W) be a quasiuniform space. Then (X , [W]) is weakly precompact iff
(X ,W) is Cauchy-bounded (in the sense of R. D. Koppermann), i.e., every ultrafilter is D-Cauchy
(which means that for every ultrafilter U there is a filter F on X such that F ×U ⊃W).

This means that the concept of (weak) precompactness is a reasonable generalization of the
concept of totally boundedness (Cauchy-boundedness).

Proposition 3.3. Every weakly precompact quasiuniform space is precompact in the sense of
Fletcher and Lindgren.

Proof. Let (X ,W) be a weakly precompact quasiuniform space and let U be an ultrafilter on X .
By assumption, it is U ∈ Γ[W], i.e., there is a filter F on X such that F ×U ⊃ W . Consequently,
for every W ∈ W there is F ∈ F and U ∈ U with F ×U ⊂ W . Now we choose x ∈ F (F is non-
empty). Then it is (F ×U)(x) =U ⊂W (x), i.e., W (x) ∈ U . Therefore, (X ,W) is precompact in the
sense of Fletcher and Lindgren: Let us assume there is a W ∈W such that W (F) �= X for all finite
subsets F ⊂ X . Then B = {X \W [F ] : F is a finite subset of X} is base of a filter on X . Let U be an
ultrafilter which is finer than B. Now we obtain (X \W (y))∈U for all y∈ X . This is a contradiction:
Following the argumentation above we can find x ∈ X for every U such that W (x) ∈ U . �

Remark 3.1. 1. The inverse implication is not generally true. It is possible to construct a precom-
pact quasiuniform space in the sense of Fletcher and Lindgren which is not Cauchy-bounded [2,
Example 8]).

2. A weakly precompact preuniform convergence space is not generally precompact: Let X =R,
x ∈ X fix, Wx = ∆∪ {(x,y) : y ∈ R} and Wx = (Wx) the quasiuniformity induced by Wx. Since
W (x) = R for all W ∈ Wx, (X ,Wx) is precompact in the sense of Fletcher and Lindgren. Let
U be an ultrafilter on X . Then W (x) ∈ U for all W ∈ Wx. Define F = ẋ. It follows F ×U ⊃
Wx. Therefore, (X ,Wx) is weakly precompact. However, the quasiuniform space (X ,Wx) is not
precompact because the bicoreflection of Wx is given by (∆) which is not precompact in the sense
of Fletcher and Lindgren.

3. The subsequent diagram summarizes the implications of the concepts for quasiuniform spaces
as discussed above (FL-precompact is the abbreviation for precompact in the sense of Fletcher and
Lindgren):
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precompact

��

�� weakly precompact

��
totally bounded

��

��

��

Cauchy-bounded

��

��
FL-precompact

The inverse implications are not generally true (unless the concepts are restricted to uniform spaces).

Proposition 3.4. The construct PC-PUConv of precompact preuniform convergence spaces and
uniformly continuous maps is a bireflective subconstruct of PUConv.

Proof. Let (X ,JX ) be a preuniform convergence space. Then 1X : (X ,JX ) −→ (X ,J ′
X ) is the de-

sired bireflection with respect to PC-PUConv, where J ′
X = JX ∪ {G ∈ F(X × X) : it exists an

ultrafilter U on X such that G ⊃ U ×U}. �

Proposition 3.5. A preuniform convergence space (X ,JX ) is (weakly) precompact iff for every
filter F on X there is a filter G ∈ γJX (resp. G ∈ ΓJX ) such that F ⊂ G.

Proposition 3.6. Let (X ,JX ) and (X ′,JX ′) be preuniform convergence spaces. Moreover, let
f : (X ,JX ) −→ (X ′,JX ′) be a surjective uniformly continuous map. Then (X ,JX ) (weakly) pre-
compact implies (X ′,JX ′) (weakly) precompact.

Proof. Let F ∈ F(X ′). Then f−1(F) ∈ F(X) ( f surjective) and, as required, there is a G ∈ γJX

(resp. a G ∈ ΓJX ) such that G ⊃ f−1(F). Since f : (X ,γJX ) −→ (X ′,γJX ′ ) is Cauchy-continuous
(resp. f : (X ,ΓJX ) −→ (X ′,ΓJX ′ ) Cauchy-continuous) it holds f (G) ∈ γJX ′ (resp. f (G) ∈ ΓJX ′ ).
Moreover, f (G)⊃ f ( f−1(F)) = F . Now the assertion follows from Proposition 3.5. �

Theorem 3.2 (Tychonoff). Let ((Xi,JXi))i∈I a family of non-empty preuniform convergence spaces.
Then the product ∏i∈I(Xi,JXi) is (weakly) precompact iff (Xi,JXi) is (weakly) precompact for all
i ∈ I.

Proof. 1. Precompactness: The assertion follows from Proposition 3.4 and 3.6.
2. Weak Precompactness: “⇐”. Proposition 3.6. “ ⇒”. Let (Xi,JXi) be weakly precompact for

every i ∈ I. Denote ∏i∈I(Xi,JXi) by (X ,JX ). We shall prove that for every ultrafilter U on X there
is a filter F on X such that F ×U ∈ JX . Now let U be an ultrafilter. By assumption, for all i ∈ I
there is a filter Fi on Xi such that Fi × pi(U) ∈ JXi , where pi : ∏i∈I Xi → Xi denote the projection
in the i-th component. Denote F = ∏i∈I Fi. Then it is F ×U ∈ JX because pi × pi(F ×U) =
pi(∏i∈I Fi)× pi(U) = Fi × pi(U) ∈ JXi for all i ∈ I (note JX initial). �

Because (weak) precompactness is a generalization of the concept of totally boundedness (Cauchy-
boundedness), Theorem 3.2 can be considered as a generalisation of respective theorems by Fletcher
& Lindgren [1] and Koppermann [2, Theorem 10]. Moreover, it can be considered as a generaliza-
tion of the respective proposition by Preuß with respect to semiuniform convergence spaces [5,
Proposition 6.2.1.9].

4. LOCAL (WEAK) PRECOMPACTNESS

The following definition is similar to the respective definition for filter spaces.

Definition 4.1. 1. A preuniform convergence space (X ,JX ) is called locally (weakly) precom-
pact provided that every filter F ∈ JX contains a (weakly) precompact subset of the product space
(X ,JX )× (X ,JX ).
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ABSTRACT. In this article, we introduce and study (weak) precompactness and local (weak) precom-
pactness within the construct of preuniform convergence spaces and uniformly continuous maps. In
this construct, the concepts of (weak) compactness and local (weak) compactness were previously 
investigated by Preuß (2010). We provide a comprehensive implication scheme between all before-
mentioned concepts of compactness in the realm of preuniform convergence spaces. We also establish
the relationship between the concept of (weak) precompactness when applied to quasiuniform spaces
and existing concepts for quasiuniform spaces, such as totally boundedness and Cauchy-boundedness.
We prove Tychonoffs theorem with respect to (weakly) precompact and locally (weakly) precompact 
preuniform convergence spaces. Moreover, it turns out that the construct of all locally precompact 
preuniform convergence spaces (and uniformly continuous maps) is a topological universe. Finally,
we prove that one needs not to distinguish between locally (weakly) compact and (weakly) compactly 
generated resp. locally (weakly) precompact and (weakly) precompactly generated preuniform con-
vergence spaces. Our findings can be considered as generalizations of known theorems in the realm
of quasiuniform spaces and semiuniform convergences spaces.

Dedicated to the memory of my great teacher Gerhard Preuß (1940 – 2011).

1. INTRODUCTION

Common concepts such as compactness, precompactness, its localizations and (pre) compact 
generation were already introduced and studied in the construct SUConv of semiuniform conver-
gence spaces and uniformly continuous maps by Preuß [5, 4, 3]. In contrast to the construct SU-
Conv, the construct PUConv of preuniform convergence spaces and uniformly continuous maps 
also covers non-symmetric topological constructs (see [6] for an overview). Preuniform conver-
gence spaces do not only have an underlying symmetric Kent-convergence space but also an un-
derlying generalized convergence space. Moreover, there are two kinds of Cauchy-filters. For this 
reason, additional concepts of compactness can be obtained: weak compactness, weak precompact-
ness, its localizations and weak precompact generation.

(Weak) compactness and local (weak) compactness were already investigated by Preuß [7] in 
the realm of (fuzzy) preuniform convergence spaces. In this article, however, we focus on (weak) 
precompactness, local (weak) precompactness, (weak) compact generation and (weak) precompact 
generation in preuniform convergence spaces. We provide a comprehensive implication scheme be-
tween all concepts of compactness mentioned before. Moreover, we prove Tychonoffs theorem with 
respect to (weakly) precompact and locally (weakly) precompact preuniform convergence spaces. 
It also turns out that the construct LPC-PUConv of all locally precompact preuniform convergence 
spaces and uniformly continuous maps is a topological universe. Finally, we prove that one needs 
not to distinguish between locally (weakly) compact and (weakly) compactly generated resp. lo-
cally (weakly) precompact and (weakly) precompactly generated preuniform convergence spaces.
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2. A preuniform convergence space (X ,JX ) is called t-regular provided that for all uniform
filters F ∈ JX it holds that the filter F t generated by the filter base of all closed elements of F is
contained in JX .

Proposition 4.1. Let (X ,JX ) be a locally (weakly) precompact preuniform convergence space.
Then its underlying filter space (X ,γJX ) (resp. the induced filter space (X ,ΓJX )) is locally precom-
pact.

Proof. 1. Let F ∈ γJX . It follows F×F ∈JX and, by assumption, there is a precompact set P such
that there is a F ∈ F with P ⊃ F ×F . Due to Proposition 3.6 p1[P] ∈ F is precompact in (X ,JX )
and, hence, also in (X ,γJX ), where p1 denotes the projection in the first component.

2. Let F ∈ ΓJX . Then there is a filter G on X such that G ×F ∈ JX . By assumption, there
is a weakly precompact set P such that there is a G ∈ G and a F ∈ F with P ⊃ G×F . Due to
Proposition 3.6 p2[P] ∈ F is weakly precompact in (X ,JX ) and, hence, precompact in (X ,ΓJX ),
where p2 denotes the projection in the second component. �

This means that local (weak) compactness is well-defined with respect to the underlying (the
induced) filter space.

Proposition 4.2. Let (X ,γ) be a filter space and (X ,Jγ) the corresponding preuniform convergence
space. Then it holds that (X ,Jγ) is locally precompact iff (X ,γ) is locally precompact.

Proof. (1) ⇒ (2): See Proposition 4.1. (2) ⇒ (1): Let G ∈Jγ . Then there is a F ∈ γ with F×F ⊂G.
By assumption, there is a precompact set P ∈ F in (X ,γ) and, hence, in (X ,Jγ). This implies P×P
is precompact in (X ,Jγ)× (X ,Jγ) (Theorem 3.2) and belongs to G. �

Proposition 4.3. 1. Every (weakly) precompact preuniform convergence space is locally (weakly)
precompact.

2. Every diagonal preuniform convergence space is (weakly) precompact iff it is locally (weakly)
precompact.

3. Every locally precompact preuniform convergence space is locally weakly precompact.

4. Every locally (weakly) compact preuniform covergence space (X ,JX ) is locally (weakly)
precompact. The inverse implication holds, if (X ,JX ) is weakly (pre)complete.

5. Let (X ,JX ) be a t-regular and weakly complete preuniform convergence space. Then (X ,JX )
is locally compact iff it is locally precompact.

Proof. 1. This can be verified similarly to Proposition 2.3 1.

2. This can be verified similarly to Proposition 2.3 2.

3. This follows from Proposition 3.1 1.

4. The first assertion follows from Proposition 3.1 2. and the second assertion from 3.1 3.

5. Due to 4. it remains to prove that every t-regular and weakly complete locally precompact
space (X ,JX ) is locally compact: Let F ∈ JX . Due to t-regularity it is F t ∈ JX . By assumption,
there is a precompact subset H of (X ,JX )× (X ,JX ) such that H ∈ F t , i.e., H ⊃ F for a closed
F ∈ F t . It follows from Proposition 3.4 that F is precompact. Because closed subspaces of weakly
complete preuniform convergence spaces are also weakly complete, it follows that F is also weakly
complete and therefore compact. �

The subsequent diagrams summarize the implications between (weak) compactness, (weak) pre-
compactness and its localizations:
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loc. comp. ��

��

loc. precomp.

��

comp. ��

��

��

precomp.

��

��

loc. weakly comp. �� loc. weakly precomp.

weakly comp. ��

��

weakly precomp.

��

Under the following conditions the inverse implications apply (where ∗ stands for “Fil-determined”
or for “uniform limit space” and ∆ stands for “diagonal”).

loc. comp.
∆

��

loc. precom.
t-regular and weakly complete��

∆

��
comp. precomp.

weakly complete��

loc. weakly comp.

∆

��

∗

��

loc. weakly precomp.
∆ and weakly precomplete��

∆

��

∗

��

weakly comp.

∗

��

weakly precomp.
weakly precomplete��

∗

��

Proposition 4.4. The construct LPC-PUConv (of locally precompact preuniform convergene spaces
and uniformly continuous maps) and the construct LWPC-PUConv (of all locally weakly precom-
pact preuniform convergence spaces and uniformly continuous maps) are bicoreflective subcon-
structs of PUConv.

Proof. Let (X ,JX ) be a preuniform convergence space. Then 1X : (X ,J ′
X )→ (X ,JX ) is the desired

bicoreflection, where J ′
X = {F ∈JX : it exists a (weakly) precompact subset K of (X ,JX )×(X ,JX )

such that K ∈ F}. �

Theorem 4.1 (Tychonoff). Let ((Xi,JXi))i∈I a non-empty family of preuniform convergence spaces.
The product ∏i∈I(Xi,JXi) is locally (weakly) precompact iff (Xi,JXi) is locally (weakly) precom-
pact for all i ∈ I and (weakly) precompact for all but finitely many i ∈ I.

Proof. “⇐”. Denote ∏i∈I(Xi,JXi) by (∏i∈I Xi,JX ). Let F ∈ JX . It follows (pi × pi)(F) ∈ JXi ,
where pi : ∏i∈I Xi → Xi denotes the projection in the i-th component. By assumption, there exist
finitely many elements i1,. . . ,in in I such that (Xi,JXi) is (weakly) precompact for all i∈ I\{i1,. . . in}
and such that there is a (weakly) precompact set Hi ∈ (pi × pi)(F) for all i ∈ {i1,. . . ,in}. We denote
Hi =Xi×Xi for all i∈ I\{i1,. . . in}. It follows that j(∏i∈I Hi)∈ j(∏i∈I(pi× pi)(F))⊂F is (weakly)
precompact, where j : ∏i∈I(Xi×Xi)→ (∏i∈I Xi)×(∏i∈I Xi) denotes the canonical isomorphism (use
Proposition 3.6 and Theorem 3.2).

“⇒”. Let Fi ∈ JXi for all i ∈ I. Then ∏i∈I Fi is a filter on ∏i∈I(Xi ×Xi) and, hence, j(∏i∈I Fi)
is a filter on (∏i∈I Xi)× (∏i∈I Xi). Because (pi × pi)( j(∏i∈I Fi)) = p′i(∏i∈I Fi) = Fi ∈ JXi for all
i ∈ I, it holds that j(∏i∈I Fi) ∈ JX (JX initial), where p′i : ∏i∈I(Xi × Xi) → Xi × Xi denotes the
projection in the i-th component for all i ∈ I. By assumption, there is a (weakly) precompact set
K ∈ j(∏i∈I Fi). Due to Proposition 3.6 (pi × pi)(K) ∈ (pi × pi)( j(∏i∈I Fi)) = p′i(∏i∈I Fi) = Fi
is (weakly) precompact for all i ∈ I. Consequently, (Xi,JXi) is locally (weakly) precompact for all
i∈ I. Moreover, it holds K ⊃ j(∏i∈I Fi) , where Fi ∈Fi for all i∈ I and Fi =Xi×Xi for all but finitely
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Proof. 1. This can be verified similarly to Proposition 2.3 1.

2. This can be verified similarly to Proposition 2.3 2.

3. This follows from Proposition 3.1 1.

4. The first assertion follows from Proposition 3.1 2. and the second assertion from 3.1 3.

5. Due to 4. it remains to prove that every t-regular and weakly complete locally precompact
space (X ,JX ) is locally compact: Let F ∈ JX . Due to t-regularity it is F t ∈ JX . By assumption,
there is a precompact subset H of (X ,JX )× (X ,JX ) such that H ∈ F t , i.e., H ⊃ F for a closed
F ∈ F t . It follows from Proposition 3.4 that F is precompact. Because closed subspaces of weakly
complete preuniform convergence spaces are also weakly complete, it follows that F is also weakly
complete and therefore compact. �

The subsequent diagrams summarize the implications between (weak) compactness, (weak) pre-
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(Weak) Precompactness and Local (Weak) Precompactness in Preuniform Convergence Spaces 9

loc. comp. ��

��

loc. precomp.

��

comp. ��

��

��

precomp.

��

��

loc. weakly comp. �� loc. weakly precomp.

weakly comp. ��

��

weakly precomp.

��

Under the following conditions the inverse implications apply (where ∗ stands for “Fil-determined”
or for “uniform limit space” and ∆ stands for “diagonal”).

loc. comp.
∆

��

loc. precom.
t-regular and weakly complete��

∆

��
comp. precomp.

weakly complete��

loc. weakly comp.

∆

��

∗

��

loc. weakly precomp.
∆ and weakly precomplete��

∆

��

∗

��

weakly comp.

∗

��

weakly precomp.
weakly precomplete��

∗

��
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such that K ∈ F}. �

Theorem 4.1 (Tychonoff). Let ((Xi,JXi))i∈I a non-empty family of preuniform convergence spaces.
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pact for all i ∈ I and (weakly) precompact for all but finitely many i ∈ I.

Proof. “⇐”. Denote ∏i∈I(Xi,JXi) by (∏i∈I Xi,JX ). Let F ∈ JX . It follows (pi × pi)(F) ∈ JXi ,
where pi : ∏i∈I Xi → Xi denotes the projection in the i-th component. By assumption, there exist
finitely many elements i1,. . . ,in in I such that (Xi,JXi) is (weakly) precompact for all i∈ I\{i1,. . . in}
and such that there is a (weakly) precompact set Hi ∈ (pi × pi)(F) for all i ∈ {i1,. . . ,in}. We denote
Hi =Xi×Xi for all i∈ I\{i1,. . . in}. It follows that j(∏i∈I Hi)∈ j(∏i∈I(pi× pi)(F))⊂F is (weakly)
precompact, where j : ∏i∈I(Xi×Xi)→ (∏i∈I Xi)×(∏i∈I Xi) denotes the canonical isomorphism (use
Proposition 3.6 and Theorem 3.2).

“⇒”. Let Fi ∈ JXi for all i ∈ I. Then ∏i∈I Fi is a filter on ∏i∈I(Xi ×Xi) and, hence, j(∏i∈I Fi)
is a filter on (∏i∈I Xi)× (∏i∈I Xi). Because (pi × pi)( j(∏i∈I Fi)) = p′i(∏i∈I Fi) = Fi ∈ JXi for all
i ∈ I, it holds that j(∏i∈I Fi) ∈ JX (JX initial), where p′i : ∏i∈I(Xi × Xi) → Xi × Xi denotes the
projection in the i-th component for all i ∈ I. By assumption, there is a (weakly) precompact set
K ∈ j(∏i∈I Fi). Due to Proposition 3.6 (pi × pi)(K) ∈ (pi × pi)( j(∏i∈I Fi)) = p′i(∏i∈I Fi) = Fi
is (weakly) precompact for all i ∈ I. Consequently, (Xi,JXi) is locally (weakly) precompact for all
i∈ I. Moreover, it holds K ⊃ j(∏i∈I Fi) , where Fi ∈Fi for all i∈ I and Fi =Xi×Xi for all but finitely
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ABSTRACT. In this article, we introduce and study (weak) precompactness and local (weak) precom-
pactness within the construct of preuniform convergence spaces and uniformly continuous maps. In
this construct, the concepts of (weak) compactness and local (weak) compactness were previously 
investigated by Preuß (2010). We provide a comprehensive implication scheme between all before-
mentioned concepts of compactness in the realm of preuniform convergence spaces. We also establish
the relationship between the concept of (weak) precompactness when applied to quasiuniform spaces
and existing concepts for quasiuniform spaces, such as totally boundedness and Cauchy-boundedness.
We prove Tychonoffs theorem with respect to (weakly) precompact and locally (weakly) precompact 
preuniform convergence spaces. Moreover, it turns out that the construct of all locally precompact 
preuniform convergence spaces (and uniformly continuous maps) is a topological universe. Finally,
we prove that one needs not to distinguish between locally (weakly) compact and (weakly) compactly 
generated resp. locally (weakly) precompact and (weakly) precompactly generated preuniform con-
vergence spaces. Our findings can be considered as generalizations of known theorems in the realm
of quasiuniform spaces and semiuniform convergences spaces.

Dedicated to the memory of my great teacher Gerhard Preuß (1940 – 2011).

1. INTRODUCTION

Common concepts such as compactness, precompactness, its localizations and (pre) compact 
generation were already introduced and studied in the construct SUConv of semiuniform conver-
gence spaces and uniformly continuous maps by Preuß [5, 4, 3]. In contrast to the construct SU-
Conv, the construct PUConv of preuniform convergence spaces and uniformly continuous maps 
also covers non-symmetric topological constructs (see [6] for an overview). Preuniform conver-
gence spaces do not only have an underlying symmetric Kent-convergence space but also an un-
derlying generalized convergence space. Moreover, there are two kinds of Cauchy-filters. For this 
reason, additional concepts of compactness can be obtained: weak compactness, weak precompact-
ness, its localizations and weak precompact generation.

(Weak) compactness and local (weak) compactness were already investigated by Preuß [7] in 
the realm of (fuzzy) preuniform convergence spaces. In this article, however, we focus on (weak) 
precompactness, local (weak) precompactness, (weak) compact generation and (weak) precompact 
generation in preuniform convergence spaces. We provide a comprehensive implication scheme be-
tween all concepts of compactness mentioned before. Moreover, we prove Tychonoffs theorem with 
respect to (weakly) precompact and locally (weakly) precompact preuniform convergence spaces. 
It also turns out that the construct LPC-PUConv of all locally precompact preuniform convergence 
spaces and uniformly continuous maps is a topological universe. Finally, we prove that one needs 
not to distinguish between locally (weakly) compact and (weakly) compactly generated resp. lo-
cally (weakly) precompact and (weakly) precompactly generated preuniform convergence spaces.

1991 Mathematics Subject Classification. 18A40, 18D15, 54A05, 54A20, 54D30, 54D45, 54E05, 54E15 .
Key words and phrases. preuniform convergence space, quasiuniform space, compactness, precompactness, totally

boundedness, Cauchy-boundedness.
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many i ∈ I. Therefore Xi ×Xi = Fi = p′i(∏i∈I Fi) = (pi × pi)( j(∏i∈I Fi)) ⊂ (pi × pi)[K] ⊂ Xi ×Xi
can be obtained for all but finitely many i ∈ I, i.e., Xi×Xi = (pi× pi)[K] is (weakly) precompact for
all but finitely many i ∈ I �

Proposition 4.5. LPC-PUConv is closed under the formation of subspaces.

Proof. Let (X ,JX )∈ be a locally precompact preuniform convergence space and (A,JA) a subspace
of X . Let F ∈JA. It follows (i× i)(F) ∈JX (JA initial), where i : A → X denotes in inclusion map.
By assumption, there is a precompact subset K of (X ,JX )× (X ,JX ) such that K ∈ (i × i)(F).
Therefore, the subspace K ∩ (A×A) of (K,JK) is precompact (Proposition 3.4) and it is K ∩ (A×
A) ∈ F . �

Theorem 4.2. LPC-PUConv is a topological universe.

Proof. 1. LPC-PUConv is cartesian closed: According to Proposition 4.4, LPC-PUConv is a
bicoreflective subconstruct of PUConv. Furthermore, LPC-PUConv is closed under the formation
of finite products (Theorem 4.1). Now the assertion follows from the fact that PUConv is cartesian
closed and topological [6, Proposition 1.2]).

2. LPC-PUConv is extensional: This follows from the fact that PUConv is extensional (see
[6]), that LPC-PUConv is closed under the formation of subspaces (Proposition 4.5) and that it is a
bicoreflective subconstruct of PUConv (Proposition 4.4). �

Theorem 4.2 can be considered as a generalization of the respective theorem by Preuß with
respect to semiuniform convergence spaces [4, Theorem 3.12]).

Theorem 4.3. The construct LWPC-PUConv is cartesian closed and topological.

Proof. This can be verified similarly to 1. in the proof of Theorem 4.2. �

5. (WEAK) COMPACT AND (WEAK) PRECOMPACT GENERATION

Definition 5.1. 1. A preuniform convergence space (X ,JX ) is called (weakly) compactly gen-
erated provided that JX is the final PUConv-structure with respect to the family ( ji : (Ki,JKi)
→ (X ,JX ))i∈I of inclusion maps of all (weakly) compact subsets of (X ,JX ).

2. A preuniform convergence space (X ,JX ) is called (weakly) precompactly generated provided
that JX is the final PUConv-structure with respect to the family ( ji : (Ki,JKi) → (X ,JX ))i∈I of
inclusion maps of all (weakly) precompact subsets of (X ,JX ).

Compact generation and weak compact generation resp. precompact generation and weak pre-
compact generation are equivalent concepts in uniform limit spaces and in Fil-determined preuni-
form convergence spaces.

Theorem 5.1. A preuniform convergence space is (weakly) compactly generated iff it is locally
(weakly) compact.

Proof. “⇒”. (X ,JX ) is (weakly) compactly generated, i.e., JX = {F ∈ F(X ×X) : (∃i ∈ I and
Fi ∈ JKi such that F ⊃ ( ji × ji)(Fi))} (Ki from Definition 5.1). Let F ∈ JX . By assumption,
there is i ∈ I and Fi ∈ JKi such that F ⊃ ( ji × ji)(Fi). Consequently, the (weakly) compact set
( ji × ji)(Ki ×Ki) = Ki ×Ki belongs to F .

“⇐”. Let (X ,JX ) be a locally (weakly) compact preuniform convergence space and let J ′
X be

the final PUConv-structure with respect to the family ( ji : (Ki,JKi)→ (X ,JX ))i∈I of all inclusion
maps of all (weakly) compact subsets of (X ,JX ). We have to show that JX ⊂ J ′

X . Let F ∈ JX .
By assumption, there is a (weakly) compact set K′ ∈ F . W.l.o.g. let K′ be symmetric (K′−1 and
(K′ ∪K′−1) = (K′ ∪K′−1)−1 ∈F are (weakly) compact when K′ is (weakly) compact). Denote K =
p1[K′], where p1 : X ×X → X is the projection in the first component. Then K is (weakly) compact

(Weak) Precompactness and Local (Weak) Precompactness in Preuniform Convergence Spaces 11

(see [7, Corollary 2.15]). Let jK : K → X be the inclusion map. Because K′ ⊂ K ×K and, hence,
(K ×K)∩F ∈ F for all F ∈ F , it exists FK = ( jK × jK)−1(F) and it holds ( jK × jK)(FK) = F .
Consequently, FK ∈ JK and F ∈ J ′

X . �

Theorem 5.2. A preuniform convergence space is (weakly) precompactly generated iff it is locally
(weakly) precompact.

Proof. This can be verified similarly to Theorem 5.1. �

Theorems 5.1 and 5.2 can be considered as generalizations of the respective theorems by Preuß
with respect to semiuniform convergence spaces [5, Theorems 6.2.1.14 and 6.2.2.18] (previously
published in [3] and [4]). It follows that (weakly) compactly generated preuniform convergence
space can be described by axioms – in contrast to the situation of compactly generated topological
spaces [5, Remark 6.2.1.16].
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can be obtained for all but finitely many i ∈ I, i.e., Xi×Xi = (pi× pi)[K] is (weakly) precompact for
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of X . Let F ∈JA. It follows (i× i)(F) ∈JX (JA initial), where i : A → X denotes in inclusion map.
By assumption, there is a precompact subset K of (X ,JX )× (X ,JX ) such that K ∈ (i × i)(F).
Therefore, the subspace K ∩ (A×A) of (K,JK) is precompact (Proposition 3.4) and it is K ∩ (A×
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Proof. 1. LPC-PUConv is cartesian closed: According to Proposition 4.4, LPC-PUConv is a
bicoreflective subconstruct of PUConv. Furthermore, LPC-PUConv is closed under the formation
of finite products (Theorem 4.1). Now the assertion follows from the fact that PUConv is cartesian
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published in [3] and [4]). It follows that (weakly) compactly generated preuniform convergence
space can be described by axioms – in contrast to the situation of compactly generated topological
spaces [5, Remark 6.2.1.16].
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4’.  4. in Japanese for Japanese authors 
5. ISMS membership number 
6. E-mail address   
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Submission to the SCMJ 
 
In September 2012, the way of submission to Scientiae Mathematicae Japonicae 
(SCMJ) was changed.  Submissions should be sent electronically (in PDF file) to the 
editorial office of International Society for Mathematical Sciences (ISMS).  
 
(1) Preparation of files and Submission 

a. Authors who would like to submit their papers to the SCMJ should make 
source files of their papers in LaTeX2e using the ISMS style file (scmjlt2e.sty) 
Submissions should be in PDF file compiled from the source files.  Send the 
PDF file to s1bmt@jams.jp . 

b. Prepare a Submission Form and send it to the ISMS.  The required items to 
be contained in the form are:  

  1. Editor’s name whom the author chooses from the Editorial Board 
(http://www.jams.or.jp/hp/submission_f.html )and would like to take in 
charge of the paper for refereeing.  

2. Title of the paper.   
3. Authors’ names.   
4. Corresponding author’s name, e-mail address and postal address (affiliation).  
5. Membership number in case the author is an ISMS member.   
 
Japanese authors should write 3 and 4 both in English and in Japanese.  
 
At http://www.jams.or.jp/hp/submission_f.html, the author can find the 
Submission Form. Fulfill the Form and sent it to the editorial office by pushing 
the button “transmission”.  Or, without using the Form, the author may send 
an e-mail containing the items 1-5 to s1bmt@jams.jp 

 
(2) Registration of Papers 

When the editorial office receives both a PDF file of a submitted paper and a 
Submission Form, we register the paper.  We inform the author of the 
registration number and the received date.  At the same time, we send the PDF 
file to the editor whom the author chooses in the Submission Form and request 
him/her to begin the process of refereeing. (Authors need not send their papers to 
the editor they choose.) 
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Call for ISMS Members 
 

Call for Academic and Institutional Members 
 

Discounted subscription price: When organizations become the Academic and Institutional 
Members of the ISMS, they can subscribe our journal Scientiae Mathematicae Japonicae at the 
yearly price of US$225.  At this price, they can add the subscription of the online version upon 
their request.    

 
Invitation of two associate members: We would like to invite two persons from the 

organizations to the associate members with no membership fees. The two persons will enjoy 
almost the same privileges as the individual members.  Although the associate members 
cannot have their own ID Name and Password to read the online version of SCMJ, they can 
read the online version of SCMJ at their organization. 

 
To apply for the Academic and Institutional Member of the ISMS, please use the following 

application form. 
 
----------------------------------------------------------------------------------------------------------- 
 

Application for Academic and Institutional Member of ISMS 
Subscription of SCMJ 

Check one of the two. 

 

□Print               □Print ＋ Online 

(US$225)                 (US$225) 

University (Institution) 

 

 

Department 

 

 

Postal Address 

where SCMJ should be 

sent 

 

E-mail address 

 

 

Person in charge 

Name: 

Signature: 

 

Payment 

Check one of the two. 
□Bank transfer        □Credit Card (Visa, Master) 

Name of Associate Membership 

1.  

 

2.  
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Call for Individual Members 

 
We call for individual members.  The privileges to them and the membership dues are shown 

in “Join ISMS !” on the inside of the back cover. 
 

 
 Items required in Membership Application Form 
   

1. Name 
2. Birth date 
3. Academic background 
4. Affiliation 
5. 4’s address 
6. Doctorate 
7. Contact address 
8. E-mail address 
9. Special fields 
10. Membership category (See Table 1 in “Join ISMS !”) 
 

Individual Membership Application Form 
 
1. Name 
 

 

 
2. Birth date 
 

 

3. 
Academic background 
 

 

 
4. Affiliation 
 

 

 
5. 4’s address 
 
 

 

 
6. Doctorate 
 

 

 
7. Contact address 
 
 

 

  
8.  E-mail address 
 

 

 
9.  Special fields 
 

 

10.  
Membership 

    category 
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Contributions (Gift to the ISMS) 
We deeply appreciate your generous contributions to support the activities of our 

society. 
The donation are used (1) to make medals for the new prizes (Kitagawa Prize, 
Kunugi Prize, and ISMS Prize),  (2) to support the IVMS at Osaka University 
Nakanoshima Center, and (3) for a special fund designated by the contributors. 
 
Your remittance to the following accounts of ours will be very much appreciated. 

 
(1)  Through a post office, remit to our giro account ( in Yen only ): 

         No. 00930-1-11872, Japanese Association of Mathematical Sciences (JAMS ) 
   or send International Postal Money Order (in US Dollar or in Yen) to our 

address: 
       International Society for Mathematical Sciences 

         2-1-18 Minami Hanadaguchi, Sakai-ku, Sakai, Osaka 590-0075, Japan 
 
(2)   A/C 94103518, ISMS 

CITIBANK, Japan Ltd., Shinsaibashi Branch 
           Midosuji Diamond Building 
           2-1-2 Nishi Shinsaibashi, Chuo-ku, Osaka 542-0086, Japan 
 

 
 

******************************************************************************** 
Payment Instructions: 

Payment can be made through a post office or a bank, or by credit card. Members may 
choose the most convenient way of remittance. Please note that we do not accept payment by 
bank drafts (checks). For more information, please refer to an invoice. 
 

Methods of Overseas Payment: 
Payment can be made through (1) a post office, (2) a bank, (3) by credit card, or (4) 
UNESCO Coupons.  

Authors or members may choose the most convenient way of remittance as are shown below. 
Please note that we do not accept payment by bank drafts (checks). 
(1) Remittance through a post office to our giro account No. 00930-1-11872 or send 
International Postal Money Order to our postal address (2) Remittance through a 
bank to our account No. 94103518 at Shinsaibashi Branch of CITIBANK (3) Payment 
by credit cards (AMEX, VISA, MASTER or NICOS), or (4) Payment by UNESCO 
Coupons. 
 

Methods of Domestic Payment: 
Make remittance to: 

(1) Post Office Transfer Account - 00930-3-73982 or  
(2) Account No.7726251 at Sakai Branch, SUMITOMO MITSUI BANKING 
CORPORATION, Sakai, Osaka, Japan. 
All of the correspondences concerning subscriptions, back numbers, individual and 
institutional memberships, should be addressed to the Publications Department, 
International Society for Mathematical Sciences. 
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Join ISMS ! 
ISMS Publications: We published Mathematica Japonica (M.J.) in print, 

which was first published in 1948 and has gained an international reputation in 
about sixty years, and its offshoot Scientiae Mathematicae (SCM) both online 
and in print. In January 2001, the two publications were unified and changed to 
Scientiae Mathematicae Japonicae (SCMJ), which is the “21st Century New 
Unified Series of Mathematica Japonica and Scientiae Mathematicae” and 
published both online and in print.  Ahead of this, the online version of SCMJ 
was first published in September 2000.  The whole number of SCMJ exceeds 270, 
which is the largest amount in the publications of mathematical sciences in 
Japan. The features of SCMJ are: 
1) About 80 eminent professors and researchers of not only Japan but also 20 

foreign countries join the Editorial Board. The accepted papers are 
published both online and in print. SCMJ is reviewed by Mathematical 
Review and Zentralblatt from cover to cover. 

2) SCMJ is distributed to many libraries of the world. The papers in SCMJ 
are introduced to the relevant research groups for the positive exchanges 
between researchers. 

3) ISMS Annual Meeting: Many researchers of ISMS members and 
non-members gather and take time to make presentations and discussions 
in their research groups every year. 

 
The privileges to the individual ISMS Members:  
(1) No publication charges 
(2) Free access (including printing out) to the online version of SCMJ 

 (3) Free copy of each printed issue  
 
The privileges to the Institutional Members:  
Two associate members can be registered, free of charge, from an institution.  

 
 
Table 1: Membership Dues for 2013 
Categories Domestic Overseas Developing 

countries 
1-year Regular 
member 

     ￥6,000  US$75 ,  €55 US$45,  €33 
 

1-year Student 
member 

     ￥4,000 US$50,  €37 US$30,  €22 
Life member* Calculated  

as below* 
       NA    NA 

 
Honorary member     Free        Free    Free 

 
 
* Regular member between 63 - 73 years old can apply the category. 
   (73－age ) × ¥3,000 
Regular member over 73 years old can maintain the qualification and the 
privileges of the ISMS members, if they wish. 
 
Categories of 3-year members were abolished. 
  
 

INTERNATIONAL SOCIETY FOR MATHEMATICAL SCIENCES
Scientiae Mathematicae Japonicae, Notices from the ISMS

The International Society for Mathematical Sciences (ISMS) is an international soci-
ety consisting of mathematical scientists throughout the world.

The main activities of the ISMS are to publish (1) the (print and online) journal
Scientiae Mathematicae Japonicae (SCMJ) and (2) Notices from the ISMS and to
hold assembly meeetings in Japan and international internet meetings (distance
symposium) of mathematical sciences (IVMS) accessible from all over the world.

SCMJ is the 21st Century New Unified Series of Mathematica Japonica (MJ) and
Scientiae Mathematicae (SCM). MJ was first published in 1948 and was one of the
oldest mathematical journals in Japan. SCM was an online and print journal started in
1998 in celebration of the semi-centurial anniversary and received 26000 visits per month
from 50 countries in the world. SCMJ contains original papers in mathematical sciences
submitted from all over the world and receives 38000 visits per month now. Not only
papers in pure and applied mathematics but those devoted to mathematical statistics,
operations research, informatics, computer science, biomathematics, mathematical eco-
nomics and other mathematical sciences are also welcome. The journal is published in
January, March, May, July, September, and November in each calendar year.

The ISMS has enhanced the journal, begining from July 1995, by including excel-
lent Research-Expository papers in the section “International Plaza for Mathematical
Sciences ” as well as original research papers. The section provides papers dealing with
broad overviews of contemporary mathmatical sciences, written by experts mainly at
our invitation. Papers shedding lights on open problems or new directions or new break-
throughs for future research are especially welcome.

As is shown in the Editorial Board of SCMJ, we have invited many distin-
guished professors of 20 countries as editors, who will receive and referee the papers
of their special fields with their high standard.

Beginning from 2007, we make the online version of SCMJ more readable and conve-
nient to the readers by adding the specialized contents. By this, the readers can access
to the online version, in which the papers appear in the order of acceptance, from (i)
the contents of the printed version, and (ii) the specialized contents of a volume. From
2007, the subscription fee of the printed version plus the online version of SCMJ becomes
lower and the same of the printed version only. Therefore, the subscribers of the printed
version can read the online version without no additional cost.

For benefit of the ISMS members, we publish ”Notices from the ISMS” 6 times a year.
We are enhancing it by adding interesting articles, including book reviewing, written by
eminent professors.

The ISMS has set up a videoconferencing system (IVMS) which can connect up
to twenty sites of a reserch group in the same or different countries in the world.
Using this system, speakers of the session can write on a white board or an OHP sheet
or use PowerPoint. On the other hand participants can ask questions or make comments
from any connected site in the world. All these are performed similarly to the traditional
meetings.

To connect with our system, you can use your own videoconferencing system only if
it satisfies the International Telecommunication Union-Technical Committee Standards
(ITU-T Standard).

Copyright Transfer Agreement

A copyright transfer agreement is required before a paper is published in this journal.
By submitting a paper to this journal, authors are regarded to certify that the manuscript
has not been submitted to nor is it under consideration for publication by another journal,
conference proceedings or similar publication.

For more information, please visit http://www.jams.or.jp.

Copyright Copyright c©2014 by International Society for Mathematical Sciences.
All rights reserved.

Categories Domestic Overseas Developing 
countries

1-year� Regular
member ￥8,000  US$80 ，Euro75  US$50， Euro47

1-year� Students 
member ￥4,000  US$50 ，Euro47  US$30 ，Euro28

Life member* Calculated
as below*  US$750 ，Euro710  US$440， Euro416

Honorary member Free Free Free

Membership Dues for ２０１9

　(Regarding submitted papers,we apply above presented new fee after April 15 in 
2015 on registoration date.) * Regular member between 63 - 73 years old can apply 
the category.
(73－age ) × ￥3,000
Regular member over 73 years old can maintain the qualification and the privileges 
of the ISMS members, if they wish.

Categories of 3-year members were abolished.
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