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Abstract. The Ando-Hiai inequality says that if A#αB ≤ 1 for a fixed
α ∈ [0, 1] and positive invertible operators A,B on a Hilbert space, then

Ar#αB
r ≤ 1 for r ≥ 1, where #α is the α-geometric mean defined by A#αB =

A
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1
2 . In this note, we generalize it as follows: If A�αB ≤ 1 for

a fixed α ∈ [−1, 0] and positive invertible operators A,B on a Hilbert space,
then Ar#βB

s ≤ 1 for r ∈ [0, 1] and s ∈ [−2αr
−α , 1], where β = αr

αr+(1−α)s and
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1
2 . As an application, we pose operator inequalities

of type of Furuta inequality and grand Furuta inequality. For instance, if
A ≥ B > 0, then A−r� 1+r

p+r
Bp ≤ A holds for p ≤ −1 and r ∈ [−1, 0], where

A�αB = A
1
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1
2 .
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