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ABSTRACT. Let E be areal Banach space with a uniformly convex dual E*, let the modulus of
convexity of E* satisfy g« (€) > Ce? for some ¢ > 2and ' > 0, and let K be a nonempty closed
convex and bounded subset of E. Let T : K — K be a continuous strongly pseudocontractive
mapping. Let {a,} and {8, } be real sequences with 0 < a, < 3, < 1,3, an ,3,',;_1 < oo, and
1/p+1/q=1. Then the sequence {z, } generated by 1 € K,wp41 = (1—apn)en+anTyn, yn =
(I —=Bu)xn + BuTan,n > 1, converges strongly to the unique fixed point of T'. Furtheremore,
error estimates of Mann iteration scheme are given.

1. Introduction. Let E be a Banach space, and K C E. A mapping T : K — K is
called a strong pseudocontraction if there exists ¢ > 1 such that the inequality

[z =yl <L+ r)(z—y) —rt(Tz - Ty)|

holds for all z,y in K and r > 0. If # = 1, then T is called pseudocontractive. A mapping
U with domain D(U) and range R(U) in E is called accretive if the inequality

(1) lz =yl < |z —y + s(Uz — Uyl

holds for every z,y € D(U) and s > 0. U is said to be strongly accretive [2] if U — kI is
accretive for some k > 0. Strongly accretive mappings are sometimes also called strictly
accretive. A mapping 7' is pseudocontractive if and only if (I —T') is accretive [1, Prop. 1].

In [3], Chidume proved that if E is a real Banach space with a uniformly convex dual
E7 and T : K — K is a continuous strongly pseudocontractive map, then Mann’s iteration
sequence ([6]) converges strongly to a fixed point of T. But, he has not solved the question
of whether the Ishikawa iteration method [8] converges for this class of nonlinear maps (see
Remark 5 of [3]).

The main purpose of this paper is to answer this question. We prove the following result:
If E is a real Banach space with a uniformly convex dual E*, the modulus of convexity
of E* satisfies dp+(e) > Ce? for some ¢ > 2 and C' > 0, K is a nonempty closed convex
and bounded subset of £ and T : K — K is a continuous strongly pseudocontractive
map, then the Ishikawa iteration method converges strongly to the unique fixed point of T
Furthermore, error estimates of Mann iteration scheme are given.

2. Preliminaries. Let I be a reflexive Banach space. Then we denote by .J, the
duality map from E to 2E" corresponding to the gauge function o(t) = tP71(p > 1) defined
by

Jow ={f € E": | fllllzll = (x. £). 11 £l = [J«]IP~"}.
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When p = 2,J, is the normalized duality map (see [7, p.126]). The duality map J, can be

xz||P
equivalently defined as the subdifferential of the convex function ®(z) = u, ie.,
p

=07 =l
p
It is known that Jg(Az) = MW~ LJga for all X > 0 and if E* is strictly convex, then Jg is

singlevalued. We shall denote the singlevalued duality map J, by j.
We state the following lemma (see [5, p.313]).

(2) feJore fedd(x)={geE":

> <3_$ag>72 € E}

Lemma. Let E be a real Banach space with a uniformly convex dual E*. Assume that
the modulus of convexity of E* satisfies dg+(€) > Ce? for some ¢ > 2 and C' > 0. Then
duality mapping j : E — E* with gauge function ¢(t) = t*"1(1/p + 1/q = 1) is Holder
continuous with exponent p — 1, i.e, there exists r > 0 such that
®) i = ol < rlle =yl sy € E.

Proof. Let z,y € E. Without loss of generality, we assume that ||z]| = 1 and 0 < |Jy]| < 1.

(a) If ||| = |ly|]| = 1, then by convexity of E* and condition, we have

(1/2)[ljw + gyl <1 —=dp-(

i = jyll) < 1= Cllje = jyll°
B

p p

On the other hand, since (z —y, j&) >

(orda + u) = () + (g o) + (0 = 9,y = o) + o = o) 2 2 = llo = gllljz = jyll

Hence,
iz = gyl < (1/2C)" " le — )"

(b) If |ly|| < ||z]| = 1, then by (a), we have

(4) [li(ax) = jyll < (1/2C)Hlaw — y[P~",
where o = ||y||. Because l—a = ||z]|—|ly|| < [|lzr—y|l, and 1—a?"! <1—a < (1—a)P" (1 <
p<2),

() = gl = o i = ) = (1= "))+ (1= 07 )|
< lla?="ja = jyll + a7~ (1= a7") < lj(az) — jol + a7 fle = g~

(6) law =ylI’~" = [la(e = y) + (1 = a)(=y)[|""'
< (lafz =yl + @ =)yl <277 a7 o =y~
Thus, using (4), (5) and (6), we get
72 = jyll < (L +1/CP7 Y|l —y[P
The result follows by making » =1+ 1/CP~L,
Remark 1. (a) The modulus of convexity of L,,(1 < p < oo) satisfies d () > Cemax(2p)

for some C' > 0 (see, e.g., [9, 10])
(b) We always have sequences {a, },>1 and {3, },>1 satisfying:

i) 0<a, <8, <1,n>1,
(i) >, an = o0,

(i) Y, anfh !t <o0,¢>2,1/p+1/g=1.
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1

1
For example, let a, = — and 8, = ——+.
n n /P
Main result.

Theorem 1. Let E be a real Banach space with a uniformly convex dual E*, let the
modulus of convexity of E* satisfy dg+(€) > Ce? for some g > 2 and C > 0, and let K be a
nonempty closed convex and bounded subset of E. LetT : K — K be a continuous strongly
pseudocontractive mapping of K into itself. Let {a,},>1 and {3, }.>1 be real sequences
satisfying:

(1) 0<a, <8 <ln>1]
(ii) >, @, =oc and lim 3, =0,
n—0o0
(i) ¥, anfbl <oo0,1/p+1/g=1.

For arbitrary #; € K, define the sequence {x,,}>2, in K by

(7) Tpy1 = (1 - (}”).'Tf,, + arlT? n

(8) Yn = (1 - /Bn)l'n + /BnTI'n: n > 1.
Then {z,} converges strongly to the unique fixed point of 7.

Proof. The existence of a fixed point follows from Deimling [11]. Let z* denote a
fixed point of T. Since T is strongly pseudocontractive, (I — T') is strongly accretive, i.e.,
(1 —k)I — T is accretive, where k = (¢ — 1)/t. It follows that inequality

(9) (I=T)ax—(I-T)y,j(x—y)) = klle—y”

holds for every z,y € K. Indeed, for any s > 0, by (1),

0 lle =y + sl((L= BT = The = (1= KT = T)gllP = flo — oI
<ps{(1—RI-T)x—((1—E)I—-T)y,jlr —y+s[((1—k)I-T)x — ((1—E)I - T)y))

ie.,

0<{((L=FI=T)ax = ((L=k)I =Ty, jlx —y+sl(1L = k) =T)x— ((1L=k)I=T)y)).
Let s — 0. By continuity of j, we obtain (9). So using (3), (8) and (9),
(10)
<Tyn - wa:.j(wn - iL'*)> = <Tyn - Tvl*v./(yn - =L*)>
+ <Tl/n - TTA](‘Tn - T*) - ](yn - ‘T*)>
< (X =E)llyn — 217 + 7| Tyn — Ta*||[|2n — 2" = (yn — 2P
= (1=k)lyn — 2*||F + 7B |2n — Tn||P | Tyn — T
By (2), (3) and (9),
A1) g =271 = N1 = Bu)(on = 2) + BulT — T
< (1 - /Bn)p”l'n - I*Hp +p%3n<T=Ln - Tl'*a./(yn - Ix)>
=(1—-G.)"||en — 27||P + pBn{Tx, — T2, j(1 = B0) (2, — 7))
+pB3{Twn —Tx", j(yn —x%) — (1 — Bn)(zn — 7))
<[ =807 4+ (1 =E)Ba(1 = 8P Ylan — «*||P + pra?||Te, — Ta*||P.
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By (7) and (8)

|zt — 27||” < (1 —ap)P||len — &7|)° + pan(Tyn — Ta™, j(wpgr — 7))
= (1= an)P||lvn — 2*||P + pan{Ty, — T, j(xny1 — 27) — (1 — o) (2y, — 7))
pan{Ty, —Ta™, j(1 — ap)(2, — 27))
< (1= a,)?||xn — 2P + prob|| Ty, — Ta*||P
+paa(l = ) Ty = T (e — 7))
< (1= ap)?||lwn —x™||P + pral|| Ty, — Ta*||P
+p(1 = E)an(l —a,)P " yn — 2|
+ prag (L= ) B Ty = Tl = T
< {1 = an)? +pan(l—a,)P 7 [(1 = k) (1= 3,)7
+p(1=k)*Bn(1 = Bo)" ™ YHlan — 7|7
+ pra? || Ty, — Ta*||P + p*r(1 — k)a, (1 — a,)P 7' B2 || T, — Ta™||?
+ pran(1—a,))P7' B2 Ty, — Ta™||||an — Tan||P .

For sufficiently large n, (i) and (ii) implies (1 — k)(1 — 3,)” 4+ p(1 — k)?3,,(1 — 3,,)* !
5 1
1—Fk+ k2 §pk(1 —k)<pk(l—Fk)— (p—1)a, and af, < o, 827" Hence

IN

(1= an)? 4 pon(1 — a,,)p’l[(l — k)1 =B, +p(1— 1.7)2[3”(1 — ’,6,,,/)1)71]

<(1- a,,b)]’71[1 — oy, +poy(1—F+ kz)]

<= (= Daalll = an + pon (1= +4?)]

=1—pk(l —k)a, +(p—1)a2 —p(p—1)a2(1 —k + k?)

<1 =pk(l—F)a, +(p—1)al =1 —an{pk(1 —k) = (p — Day }.
Thus,

E(1-Fk)a, -
p(%m% —a'||P 4+ Man ;7

for some constant M > 0, since K is bounded. The result of the argument now follows as
in [3, 4] to give that {x,} converges strongly to the unique fixed point of 7.

e — a7 <1 -

Theorem 2. Let E,K and T be as in Theorem 1. Then there exists a sequence {C,}
such that the sequence {z,} generated by = € K,

Tp41 = (1 - C’vn,)mn, + C’(I'I,T'rna n Z 1

converges strongly to the unique fixed point v* of T, and the estimate ||, —2*|| < O(1/n'?)
holds.

b= (pr)?/?(diam TK)?/d?, C, = k9/P(h + nk?) and

Proof. Let d = sup ||z — 2"
zeK

dp = 1/[h + (n — 1)k9"/9, where z* and k are as in proof Theorem 1. Then 0 < C, <

1. lim C, =0and >, CF < oo(l/p+1/q = 1). In (11), replacing 3, and y, by C, and

n—od0
Zp+1, respectively, we obtain

|zntr —2%|P <[(1—Cu)? + p(l—k)Cp(l — Cn)p_l]H;L'n —z||P + prC?||Ta, — Tz™||P.
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Since (14 «)” > 1+ pa when p > 1 and o > 0, then

So

(1= Cp)P4+p(1=k)Cr(1=Cp)P = (1= Cn)P[L +p(1 = E)Cp(1 — Cn)7Y
<(1=Co)P1+ (1= k)Cp(1 = Cp) 7P = (1 = kCy)P.

?

lass — a7 < (L= kCo)P = 217 + prC2|Ta, — Ta"|

Next, using the induction, we show that ||z,, —a2*|| < dndh!'? for each n. Indeed, ||z; —a*|| <
d = dih. Now assume |2, — || < dpdh. Then

So

e = & [IP < [(1 = KC,)"df + CLldrh?/"

J .q\ P .
_[(ht (=D 1 LK el
h+ nkd [h+ (n—1)kap/e ~ (h+ nk?)P

AdPhp/1
(h+ nka)r/q o

b, dPhP/,

s |wns1 — 27| € dug1dh'/4. Since d, = O(n~'/9), the error estimate of the theorem is

also established. The proof is complete.

ot

11

Remark 2. If E = Lp and 1 < p < o0, then by Remark 1(a),

|20 — 2| SO~ P~ V/Py <Om~P-V/2) it 1<p<2,
lzn — || < O(n~Y?), if p>2.
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