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Abstract. Let E be a real Banach space with a uniformly convex dual E� , let the modulus of

convexity of E� satisfy �E�(�) � C�q for some q � 2 and C > 0, and letK be a nonempty closed

convex and bounded subset of E. Let T : K ! K be a continuous strongly pseudocontractive

mapping. Let f�ng and f�ng be real sequences with 0 � �n � �n < 1;
P

n �n�
p�1
n <1, and

1=p+1=q= 1. Then the sequence fxng generated by x1 2 K;xn+1 = (1��n)xn+�nTyn; yn =

(1� �n)xn + �nTxn; n � 1, converges strongly to the unique �xed point of T . Furtheremore,

error estimates of Mann iteration scheme are given.

1. Introduction. Let E be a Banach space, and K � E. A mapping T : K ! K is
called a strong pseudocontraction if there exists t > 1 such that the inequality

kx� yk � k(1 + r)(x� y)� rt(Tx� Ty)k

holds for all x; y in K and r > 0. If t = 1, then T is called pseudocontractive. A mapping

U with domain D(U) and range R(U) in E is called accretive if the inequality

(1) kx� yj � kx� y + s(Ux� Uy)k

holds for every x; y 2 D(U) and s > 0. U is said to be strongly accretive [2] if U � kI is

accretive for some k > 0. Strongly accretive mappings are sometimes also called strictly
accretive. A mapping T is pseudocontractive if and only if (I � T ) is accretive [1, Prop. 1].

In [3], Chidume proved that if E is a real Banach space with a uniformly convex dual
E�, and T : K ! K is a continuous strongly pseudocontractive map, then Mann's iteration

sequence ([6]) converges strongly to a �xed point of T . But, he has not solved the question
of whether the Ishikawa iteration method [8] converges for this class of nonlinear maps (see

Remark 5 of [3]).

The main purpose of this paper is to answer this question. We prove the following result:

If E is a real Banach space with a uniformly convex dual E�, the modulus of convexity
of E� satis�es �E�(�) � C�q for some q � 2 and C > 0;K is a nonempty closed convex
and bounded subset of E and T : K ! K is a continuous strongly pseudocontractive

map, then the Ishikawa iteration method converges strongly to the unique �xed point of T .
Furthermore, error estimates of Mann iteration scheme are given.

2. Preliminaries. Let E be a re
exive Banach space. Then we denote by J' the

duality map from E to 2E
�

corresponding to the gauge function '(t) = tp�1(p > 1) de�ned
by

J'x = ff 2 E� : kfkkxk = hx; fi; kfk = kxkp�1g:



190 L. LIU

When p = 2; J' is the normalized duality map (see [7, p.126]). The duality map J' can be

equivalently de�ned as the subdi�erential of the convex function �(x) =
kxkp

p
, i.e.,

(2) f 2 J'x() f 2 @�(x) = fg 2 E� :
kzkp

p
�
kxkp

p
� hz � x; gi; z 2 Eg:

It is known that J�(�x) = �p�1J�x for all � � 0 and if E� is strictly convex, then J� is

singlevalued. We shall denote the singlevalued duality map J' by j.
We state the following lemma (see [5, p.313]).

Lemma. Let E be a real Banach space with a uniformly convex dual E�. Assume that

the modulus of convexity of E� satis�es �E�(�) � C�q for some q � 2 and C > 0. Then

duality mapping j : E ! E� with gauge function '(t) = tp�1(1=p + 1=q = 1) is H�older

continuous with exponent p � 1, i.e, there exists r > 0 such that

(3) kjx� jyk � rkx� ykp�1; x; y 2 E:

Proof. Let x; y 2 E. Without loss of generality, we assume that kxk = 1 and 0 < kyk � 1.
(a) If kxk = kyk = 1, then by convexity of E� and condition, we have

(1=2)kjx+ jyk � 1� �E�(kjx� jyk) � 1�Ckjx� jykq:

On the other hand, since hx� y; jxi �
kxkp

p
�
kykp

p
= 0,

hx; jx+ jyi = hx; jxi+ hy; jyi+ hx� y; jy � jxi+ hx� y; jxi � 2� kx� ykkjx� jyk:

Hence,

kjx� jyk � (1=2C)p�1kx� ykp�1:

(b) If kyk < kxk = 1, then by (a), we have

(4) kj(�x)� jyk � (1=2C)p�1k�x � ykp�1;

where � = kyk. Because 1�� = kxk�kyk � kx�yk, and 1��p�1 � 1�� � (1��)p�1(1 <

p � 2),

�p�1kjx� jyk = k�p�1(jx� jy)� (1� �p�1)(jy) + (1� �p�1)(jy)k(5)

� k�p�1jx� jyk+ �p�1(1� �p�1) � kj(�x)� jyj + �p�1kx� ykp�1;

k�x� ykp�1 = k�(x� y) + (1� �)(�y)kp�1(6)

� (k�(x� y)k+ (1� �)kyk)p�1 � 2p�1�p�1kx� ykp�1:

Thus, using (4), (5) and (6), we get

kjx� jyk � (1 + 1=Cp�1)kx� ykp�1:

The result follows by making r = 1 + 1=Cp�1.

Remark 1. (a) The modulus of convexity of Lp(1 < p <1) satis�es �Lp(�) � C�max(2;p)

for some C > 0 (see, e.g., [9, 10])
(b) We always have sequences f�ngn�1 and f�ngn�1 satisfying:

(i) 0 � �n � �n < 1; n � 1,

(ii)
P

n �n =1,

(iii)
P

n �n�
p�1
n <1; q � 2; 1=p+ 1=q = 1.
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For example, let �n =
1

n
and �n =

1

n1=p
.

Main result.

Theorem 1. Let E be a real Banach space with a uniformly convex dual E�, let the
modulus of convexity of E� satisfy �E�(�) � C�q for some q � 2 and C > 0, and let K be a

nonempty closed convex and bounded subset of E. Let T : K ! K be a continuous strongly

pseudocontractive mapping of K into itself. Let f�ngn�1 and f�ngn�1 be real sequences

satisfying:

(i) 0 � �n � �n < 1; n � 1,]

(ii)
P

n �n =1 and lim
n!1

�n = 0,

(iii)
P

n �n�
p�1
n <1; 1=p+ 1=q = 1.

For arbitrary x1 2 K, de�ne the sequence fxng
1
n=1 in K by

(7) xn+1 = (1� �n)xn + �nTyn

(8) yn = (1� �n)xn + �nTxn; n � 1:

Then fxng converges strongly to the unique �xed point of T .

Proof. The existence of a �xed point follows from Deimling [11]. Let x� denote a
�xed point of T . Since T is strongly pseudocontractive, (I � T ) is strongly accretive, i.e.,

(1� k)I � T is accretive, where k = (t� 1)=t. It follows that inequality

(9) h(I � T )x� (I � T )y; j(x� y)i � kkx� ykp

holds for every x; y 2 K. Indeed, for any s > 0, by (1),

0 � kx� y + s[((1� k)I � T )x� ((1� k)I � T )y]kp � kx� ykp

� psh((1� k)I � T )x� ((1� k)I � T )y; j[x� y + s[((1� k)I � T )x� ((1� k)I � T )y]i

i.e.,

0 � h((1� k)I � T )x� ((1� k)I � T )y; j[x� y + s[(1� k)I � T )x� ((1� k)I � T )y]i:

Let s! 0. By continuity of j, we obtain (9). So using (3), (8) and (9),

hTyn � Tx�; j(xn � x�)i = hTyn � Tx�; j(yn � x�)i

(10)

+ hTyn � Tx�; j(xn � x�)� j(yn � x�)i

� (1� k)kyn � x�kp + rkTyn � Tx�kkxn � x� � (yn � x�)kp�1

= (1� k)kyn � x�kp + r�p�1n kxn � Txnk
p�1

kTyn � Tx�k:

By (2), (3) and (9),

kyn � x�kp = k(1� �n)(xn � x�) + �n(Txn � Tx�)kp(11)

� (1� �n)
p
kxn � x�kp + p�nhTxn � Tx�; j(yn � x�)i

= (1� �n)
p
kxn � x�kp + p�nhTxn � Tx�; j(1� �n)(xn � x�)i

+ p�hTxn � Tx�; j(yn � x�)� j(1� �n)(xn � x�)i

� [(1� �n)
p + (1� k)�n(1� �n)

p�1]kxn � x�kp + pr�pnkTxn � Tx�kp:
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By (7) and (8)

kxn+1 � x�kp � (1� �n)
p
kxn � x�kp + p�nhTyn � Tx�; j(xn+1 � x�)i

= (1� �n)
p
kxn � x�kp + p�nhTyn � Tx�; j(xn+1 � x�)� j(1� �n)(xn � x�)i

p�nhTyn � Tx�; j(1� �n)(xn � x�)i

� (1� �n)
p
kxn � x�kp + pr�pnkTyn � Tx�kp

+ p�n(1� �n)
p�1

hTyn � Tx�; j(xn � x�)i

� (1� �n)
p
kxn � x�kp + pr�pnkTyn � Tx�kp

+ p(1� k)�n(1� �n)
p�1

kyn � x�kp

+ pr�n(1� �n)
p�1�p�1n kTyn � Tx�kkxn � Txnk

p�1

� f(1� �n)
p + p�n(1� �n)

p�1[(1� k)(1� �n)
p

+ p(1� k)2�n(1� �n)
p�1]gkxn � x�kp

+ pr�pnkTyn � Tx�kp + p2r(1� k)�n(1� �n)
p�1�pnkTxn � Tx�kp

+ pr�n(1� �n)
p�1�p�1n kTyn � Tx�kkxn � Txnk

p�1:

For su�ciently large n, (i) and (ii) implies (1 � k)(1 � �n)
p + p(1 � k)2�n(1 � �n)

p�1
�

1� k + k2;
1

2
pk(1� k) < pk(1� k)� (p� 1)�n and �pn � �n�

p�1
n . Hence

(1� �n)
p + p�n(1� �n)

p�1[(1� k)(1� �n)
p + p(1� k)2�n(1� �n)

p�1]

� (1� �n)
p�1[1� �n + p�n(1� k + k2)]

� [1 � (p� 1)�n][1 � �n + p�n(1� k + k2)]

= 1� pk(1� k)�n + (p� 1)�2n � p(p� 1)�2n(1� k + k2)

� 1� pk(1� k)�n + (p� 1)�2n = 1� �nfpk(1� k)� (p� 1)�ng:

Thus,

kxn+1 � x�kp � [1�
pk(1� k)�n

2
]kxn � x�kp +M�n�

n�1
n

for some constant M > 0, since K is bounded. The result of the argument now follows as
in [3, 4] to give that fxng converges strongly to the unique �xed point of T .

Theorem 2. Let E;K and T be as in Theorem 1. Then there exists a sequence fCng

such that the sequence fxng generated by x1 2 K,

xn+1 = (1�Cn)xn +CnTxn; n � 1

converges strongly to the unique �xed point x� of T , and the estimate kxn�x
�
k � O(1=n1q)

holds.

Proof. Let d = sup
x2K

kx � x�k; h = (pr)q=p(diam TK)q=dq, Cn = kq=p(h + nkq) and

dn = 1=[h + (n � 1)kq]1=q, where x� and k are as in proof Theorem 1. Then 0 < Cn <

1; lim
n!1

Cn = 0 and
P

nC
p
n < 1(1=p + 1=q = 1). In (11), replacing �n and yn by Cn and

xn+1, respectively, we obtain

kxn+1 � x�kp � [(1�Cn)
p + p(1� k)Cn(1�Cn)

p�1]kxn � x�kp + prCp
nkTxn � Tx�kp:
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Since (1 + �)p � 1 + p� when p > 1 and � > 0, then

(1�Cn)
p + p(1� k)Cn(1� Cn)

p�1 = (1� Cn)
p[1 + p(1� k)Cn(1� Cn)

�1]

� (1� Cn)
p[1 + (1� k)Cn(1� Cn)

�1]p = (1� kCn)
p:

So,
kxn+1 � x�kp � (1� kCn)

p
kxn � x�kp + prCp

nkTxn � Tx�kp:

Next, using the induction, we show that kxn�x
�
k � dndh1q for each n. Indeed, kx1�x

�
k �

d = d1h. Now assume kxn � x�k � dndh. Then

kxn+1 � x�kp � [(1� kCn)
pdpn + Cp

n]d
php=q

=

��
h+ (n� 1)kq

h+ nkq

�p
1

[h+ (n� 1)kq]p=q
+

kq

(h+ nkq)p

�
dphp=q

=
dphp=q

(h+ nkq)p=q
= d

p
n+1d

php=q:

So, kxn+1 � x�k � dn+1dh
1=q. Since dn = O(n�1=q), the error estimate of the theorem is

also established. The proof is complete.

Remark 2. If E = Lp and 1 < p <1, then by Remark 1(a),

kxn � x�k � O(n�(p�1)=p) � O(n�(p�1)=2); if 1 < p < 2;

kxn � x�k � O(n�1=2); if p � 2:
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