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ABSTRACT. In this paper we introduce the concept of n-fold commutative BC' K-algebras
which is a kind of generalization of one of commutative BC'K-algebras, and investigate the
relations among a number of special types of BC K-algebras, and prove the existence of n-
fold commutative BC' K-algebras. Finally we show that if n > 2, the n-fold commutative
BC(C' K-algebraic class does not form a variety.

Asit is well known, the commutative, implicative and positive implicative BC' K -algebraic
classes are three important sub-classes in BC'K-algebras. The generalizing work of these
concepts have been always followed with interest. H. Yutani [12] introduced quasi-commuta-
tive BC'K-algebras and K. TIséki [5] proved its existence. J. Meng and X. L. Xin in [7],
[8] and [9] introduced and discussed commutative, implicative and positive implicative
B('I-algebras, respectively. Langing Chen [1] introduced n-fold positive implicative BC'K -
algebras. Y. Huang and Z. Chen [3] introduced n-fold implicative BC K -algebras recently.
In this paper we shall introduce the concept of n-fold commutative BC' K-algebras which is
another generalization of commutative BC' K -algebraic concept and we shall obtain a few
interesting properties similar to the properties of commutative BC K-algebras.

For the concerned fundamental concepts and properties please refer to [6]. We appoint
exy” = (..((exy)*y)*...) xy, (y occurs n times). For convenience to the following
discussion, let us recall some concepts (see [1], [3] and [4]).

Let X be a BC'K-algebra. Then X is called n-fold positive implicative if there exists a
fixed natural number n such that z % y"! = 2 % y" for all #,y in X. X is called n-fold
implicative if there exists a fixed natural number n such that @ % (y *2™) = @ for all z,y in
X. X is called normal if for any a in X, the set R, = {# € X | # xa = x} is an ideal of X.

Definition 1. A BC K-algebra X is called n-fold commutative if there exists a fixed
natural number n such that for any v,y in X, x xy =z« (y x (y x 2™)).

In the definition, if n =1, by 2 %y = 2 * (y % (y * x)), we have

and hence by the symmetry, z * (z % y) = y % (y *x ) for any =,y in X, that is, X is a
commutative BC' K -algebra.

It is obvious.
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Proposition 1. Let X be a BC'K-algebra and m, n two natural numbers with m > n.
If X is n-fold commutative (n-fold positive implicative, n-fold implicative) then X is m-fold
commutative (m-fold positive implicative, m-fold implicative).

It is the same as n-fold positive implicative and n-fold implicative BC'K-algebras, the
n-fold commutative proper BCI-algebras do not exist.

Theorem 1. Let X be a BC[-algebra and n a natural number. If for all 2,y in X,
there is v xy = 2 % (y * (y * ™)) then X must be a BC'K-algebra.

Proof. The fact that X is a BC' K-algebra is got by
Oxz=0x(wx(xx0")=0x(zxx)=0%x0=0

forall zin X. O

The following equivalent conditions in n-fold commutative BC' K -algebras are the gener-
alization of corresponding equivalent conditions in commutative BC'K-algebras (in detail,

see [10], Theorem 1.5.6).

Theorem 2. Let X be a BCK-algebra. Then the following are equivalent: for any
x,y,zin X,
(1) X is n-fold commutative;
(2) @ ( y) Sy (yxat);
(3) x<zand zxy < zx2a' 1mply r <y
(4) a ,J<,¢ and zxy < zx 2" imply z < y;
(5) x <y implies v < yx (y*xa™).

Proof. (1) <= (2) Suppose that X is n-fold commutative then
that is, (2) holds. Conversely, the inequality z xy < x % (y * (y * 2™)) holding is natural.
Next by (2), ax (yx (yxa™)) <wzx(xx (vxy)) =z xy. Hence xxy = xx (y* (y*x ™)) and
X is n-fold commutative.

2)= @) Izr<zand zxy < zxz" thenz*z=0and (zxy)*(zx2") =0. So by
(2),zxy=(vx(zx2)xy<(zx(zxa")xy=(2xy)*(zx2")=0. Hence 2 < y.

(3) = (4) It is trivial.
(4) = (5) Let # < y and put u = y * (y x 2") then x,u < y and

yru=yx*(yx(yxa")) <yxa".

Thus by (4), < u, Le., v <yx(y*a™).
(5) = (2) By v x (2 % y) < 2, we have y x 2" <y x (% (z xy))”, consequently,

yx(yx(zx(zxy)") <yx*(yxa").
Now by = * (z * y) < y and (5),

Hence o % (z % y) <y x (yx2") and (2) holds. O
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Remark 1. It is more convenient for using the condition (5) to check whether a BC'K-
algebra is n-fold commutative or not.

Example 1. According to Remark 1 we can easily verify that the BC'K-algebra Bs_4_12
(see [10], appendix ) is 3-fold commutative but not 2-fold commutative where the *-opera-
tion of Bs_4_15 is defined by Table 1.

Example 2. Let X = {0,1,2,...,a},a > 4 with the x-operation in Table 2. Then X is
a BC'K-algebra (see [2], Example 1). It is easy to verify that X is 2-fold commutative but
not commutative since 3% (3% 2) =1 # 2 = 2% (2% 3). However X is neither 2-fold positive
implicative nor 2-fold implicative since a x 1> =0 # 1 = a* 1* and 1 % (a % 1%) = 0 # 1.
Noting that z % y* = 0 for any nonzero y in X, we see an interesting fact: for this algebra,
it is 3-fold commutative, 3-fold positive implicative and 3-fold implicative.

[0 1 2 3 4

010 0 0 0 0 0, tr<y

111000 0 » if y =0

212 1.0 1 0 TRy = x—y, ifrx=a

ii ; 1 g 8 1, f0<y<az<a
Table 1 Tablez

Example 3. Theset X = {0,1.2,...} with the %-operation # xy = max{0, z — y} forms
a commutative BC'K-algebra and thus by Proposition 1, X is n-fold commutative for all
natural number n but it is neither n-fold positive implicative nor n-fold implicative, in fact,
pitz=n+landy=1thenazxy "' =0#£1=xxy" andy*(x*xy")=0#y.

Let us discuss the relations among n-fold commutative, n-fold positive implicative and
n-fold implicative BC' K -algebras.

We know that any n-fold implicative BC' K-algebra is n-fold positive implicative but the
inverse is false (see [3]).

Theorem 3. Let X be a BCK-algebra. If X is n-fold implicative then X is n-fold
commutative but the inverse is false.

Proof. Suppose that < y. Since X is n-fold implicative, we have
r=ax(yxa") <yx(yxa")
and so X is n-fold commutative by Theorem 2. But from Example 2 or Example 3, we see
that the inverse is not true. O

Theorem 4. Let X be a BC'K-algebra. Then X is n-fold implicative if and only if X
is both n-fold positive implicative and n-fold commutative.

Proof. It suffices to prove the part ”if 7. Let ,y € X and u = y x 2". Since X is n-fold
positive implicative, u * " = u. So by X n-fold commutative and Theorem 2, we have

x(zx(yxa™))=rx(zxu) <ux(uxz”)=uxu=0.

Likewise @ x (y x 2™) < 2. Hence © % (y x ") = z, as required. O

Let us consider the normality of n-fold commutative BC'K-algebras. First of all, we give
a lemma.
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Lemma 1. Let X be an n-fold commutative BC'K-algebra and z,a € X. Then zxa =z
if and ouly if a * x = a.

Proof. If x xa = x then x x ¢ = x and so since X is n-fold commutative, we have
ax(axx)<zx(zxa”)=xxx =0,

in addition, a * x < a. Hence a * # = a. Exchanging » and a above, we get, the proof of
sufficiency. O

Theorem 5. Every n-fold commutative BCK-algebra X is normal.

Proof. Let a € X. By Lemma 1, the set R, = {z € X | a*x = a}. Clearly 0 € R,. If
z,yxx € Ry, axx=aand ax(yxx)=a. Soa=ax(yxx)= (axzx)x(yrxzx) <axy. Also
axy < a. Henceaxy=a,le., y€ R, We have proved that R, is an ideal of X and X is
normal. O

For the finite BC K -algebras, we have the following equivalent conditions:

Theorem 6. Let X be anonzero finite BC'K-algebra. Then the following are equivalent:

(1) There exists a natural number n such that X is n-fold implicative;

(2) There exists a natural number m such that X is m-fold commutative;

(3) X is normal;

(4) X is a sum of a simple ideal family of X, i.e., X itself regarded as an ideal can be
generated by a simple ideal family of X.

Proof. In the proof we appoint that (A) and (x) denote the ideals generated by the sets
A and {z}, respectively.

(1) = (2) According to Theorem 3, X is m-fold commutative as long as we put m = n.

(2) = (3) It is a direct consequence of Theorem 5.

(3) = (4) By X nonzero finite, it contains at least a simple ideal. Let A be the ideal
generated by all simple ideals of X. We shall prove X = A, otherwise there is A C X
(proper contained). Since X is finite, X — A has at least a minimal element b with respect
to BCI-ordering. Suppose that a is a maximal solution of the inequality z < b, i.e., a <D
with a # b and for any solution ¢, a < ¢ implies a = ¢ then clearly a € A and a # 0. From
this we can see that bxa = b, i.e., b € R, but a ¢ R, since a * a = 0 # a. Note that
a <be R, we see that R, is not an ideal of X, a contradiction with X normal.

(4) = (1) Asz >xxy>ax*xy?>... for any z,y in X, the fact that X is finite implies
that there exists a natural number n such that X is n-fold positive implicative. Next, in
fact, the condition (4) is clearly equivalent to that X is generated by the atoms of X where
a is called an atom if & € {a) and » # 0 imply (z) = {(a). Now, for any nonzero element x in
X, we denote A = {a <z |ais an atom of X} and B = {a £ 2 | a is an atom of X} U {0}
then we can easily verify that (z) = (A4), (z) N (B) = {0} and X = (BU {z}). As X is
n-fold positive implicative, we have (y*2™)xz = yxz" for all y in X. Thus yxz" € (B) by
X = (BU{z}). Then x x (z * (yx2™)) < z, yxx™ imply x x (z* (yxx™)) € (z) N (B) = {0},
that is, @ x (x * (y*x2™)) = 0. Also v x (y * 2™) < z. We have z % (y * 2") = x and (1)
holds. O

According to (5) of Theorem 2 and (4) of Theorem 6 and the appendix in [10] entitled
Complete Classification Tables of BC K-algebras with Order n < 5 and Its Ideals, we can
easily verify the n-fold commutatity of a BC'K-algebra with order n < 5. The calculating
results are listed in the following:

There are altogether ten 2-fold commutative but not commutative BC' K -algebras and
they are By 3 | and B5_4_ ¢,k =1,2,3,4,5,6,7,8,9.
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There is only one 3-fold commutative but not, 2-fold commutative BC K -algebra and it
is Bs_4_12.
There are no 4-fold commutative BC' K -algebras with order n < 5.

Let us consider the existence of n-fold commutative BC K -algebras.

Theorem 7. There exists an (n + 1)-fold commutative but not n-fold commutative
BC K-algebra for any natural number n.

Proof. The set X ={0,1,2,...,n} with the %-operation defined by u*v = max{0,u —v}
for all u,v in X forms a commutative BC K -algebra with order n+1. We make an extension
from X to X = X U {a,b} where the x-operation on X is defined by Table 3 (in which u, v
are in X) and its operation table is listed in Table 4.

We shall prove that X is an (n + 1)-fold commutative BC K-algebra but not n-fold
commutative. By Theorem I1.1.6 in [10] and (5) of Theorem 2, it suffices to verify that the
following conditions hold:

(1) ((xxy)*(x*xz))x(zxy)=0;

(2) ax(0xy)=ua;

(3) zxy=0and yx2x =0 imply z = y;

(4) 2 <y implies @ < y * (y*2™") and there exist z,y in X such that < y but the
inequality = <y * (y % ™) does not hold.

wx v = max{0,u — v},

0, ifu=20
uxa = ,
u—1, ifu#0 "
a, itu=0
axu = ,
1, ifuz#0
uxb=0,
{b, fu=0
bxu = . ,
n—u+1, ifu#0
axa=axb=bxb=0,
bxa=n.
Table 3
x | 0 1 2 3 n—1 n a b
0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
2 2 1 0 0 0 0 1 0
3 3 2 1 0 0 0 2 0
n—1/n—-1 n—2 n—3 n—4 0 0 n=2 0
n n n—1 n—2 n-—3 1 0 n=1 0
a a 1 1 1 1 1 0 0
b b n n—1 n—2 2 1 n 0
Table 4

It is easy to see from Table 4 that (2) and (3) hold. In order to prove (1) we replace the
left side of equality (1) by the symbol (zyz), that is, (zyz) = ((z x y) * (z % 2)) x (z x y),
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and suppose that the elements u,v,w are in X and z,y are in X. Then the following are

obvious: (wvw) = (Ozy) = (xby) = (way) = (wyz) = (yoz) = 0. The remainder to verify is
the following nine kind of cases:

(auv) = (uav) = (uva) = (buv) = (uvb) = (aub) = (uab) = (bau) = (bua) = 0.
Case 1: (auv) = 0. If u = 0 then it suffices to verify the case that v # 0, in fact,
(auv) = (ax1l)xv=1%0v=0.
If u # 0 then when v =0, (auv) =1%a=1—1=0 and when v # 0,
(auv) = (1% 1) * (vxu) =0.
Case 2: (uav) = 0. It suffices to verify the case that u # 0. If v =0,
(uav) = ((u— 1) u) x 0 = 0.

If v # 0 then when u < v, (uav) = ((u—1)%0)* (v —1) = (u—1) % (v — 1) = 0 and when
u > v,

(uav) = ((u— D) x(u—v))x(v—1)=((u—1)x (v—1)) % (u—v)
=((u—-1)—(v—1)*x(u—v)=(u—v)x(u—v)=0.

Case 3: (uva) = 0. We need only to check the case that u # 0. If v = 0 then
(wwa) = (usx(u—1))xa=1xa=1-1=0.

If v # 0 then (uva) = (uxv)x (u—1))x1=0x1=0.
Case 4: (buv) = 0. If u = 0 then it suffices to verify that v # 0, in fact,

(buv)=(bx(n—v+1))xsv=m—(n—v+1)+1)xv=vkv=0.
If w # 0 then when v =0, (buv) = ((n—u+1)%b) x0 =0 and when v # 0, if u < v then
(buv)=((n—u+Dxn—v+1))*x(vxu)=((n—u+1l)—(n—v+1))*x(v—u)=0

and if u > v then (buv) = (n—u+1)x(n—v+1))x0=0.
Case 5: (uvb)=0.If v =0, (uvb) = (ux0)xb=0.If v #£0,

(uvb) = ((uxv)*0)x (n—v+1)=0.
Case 6: (aub) =0. If v =0, (aub) = (ax0)xb=0. If u #0,
(aub) = (1%0)* (n—u+1)=0.
Case 7: (uab) = 0. It suffices to verify the case that u # 0, in fact,

(uab) = ((u—1) % 0) xn =0.
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Case 8: (bau) =0.If u =10, (bau) = (n*b)*x0=0. If u #0,
(bau)=(nx(n—u+1)x(u—1)=n—-(n—u+1))*x(u—1)=(u—1)*(u—1)=0.

Case 9: (bua) =0.If u =0, (bua) = (bxn)xa=(n—-n+1)xa=1xa=1—-1=0. If
uZ0, (bua)=((n—u+1)xn)*x1=0%x1=0.

So far we have proved that X is a BC K-algebra.

Let us prove (4). It is easy to check that for any x,y in X, if # < y and # # a then
@ = yx(y*a) and hence v < yx(yxa™t1). On the other hand, for the case # = a, the solutions
satisfying the inequality < y are y = a and y = b, and it is trivial that z < yx* (y*2" ") if
r=aandy=a. If r =a and y =b then we have bxa* =n—k+1, k=1,2,... ,n,n+1,
and hence
k, if 1 <k <n,

b*(b*ak):{b ifh=n+1

From this we see that a < bx (bxa""") but not a < b* (b* a™). We have already proved
that X is an (n + 1)-fold commutative BC'K-algebra but not n-fold commutative. O

Finally let us consider the problem whether the n-fold commutative BC K -algebraic class
forms a variety or not.

A. Worniski in [11] proved that the algebra (X;*,0) of type (2,0) is a BC' K-algebra but
it can not be defined by a set of identities in which X = NUAUB, N ={0,1,2,3,... },
A={a,|n €N} and B={b, | n € N}, and the *-operation is defined as follows: for all
m,n in N,

m *n = max{0,m —n},
Nk apm =nxby, =0,
Uy * N = Umyn,
b xn = bm+na
Ay % Opy = by, x by, = Mm% n,
an % by =bp % ay, =(m+1)%xn.
Since the commutative BC' K -algebras can be defined by a set of identities, X is not com-
mutative. We shall prove that X is n-fold commutative for all n > 2. It suffices to prove
that X is 2-fold commutative by Proposition 1. Observing the feature of x-operation, by
(5) of Theorem 2, we need only to verify that the following four inequalities hold: for all
m,n in N,
(1) m <n*((n*m)xm) where m < n;
(2) m <ayx ((a, *m)xm);
(3) G <y % ((an * @) * @y, ) where n < m;
(4) am < by x ((by % am) * ay,) where n +1 < m.
The verification is as follows:

(1) It is trivial.

(2)m<2m=(n+42m)*n = ay *Antom = Gn * (Appm * M) = an * ((an *m) *m).

(3) First it is obvious that (a,, * @y, ) * @, = 0. Next since n < m, a,, x a, = nxm =0,
Le., an, < an. Hence ay < ap = ap %0 = ay, % ((ag * am) * ap,).

(4) Tt is also obvious that (b, % )*apy = 0. Next if n4+1 < m, apnxb, = (n+1)xm =0,
ie., dy, < by. Therefore a,, <b,, = b, % ((by * ap,) * ayy ).

Summarizing the above facts, we obtain the following theorem.

Theorem 8. The n-fold commutative BC' K -algebeaic class with n > 2 dose not form a
variety.
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