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Abstract. In this paper we discuss some properties of operator-compact spaces and

introduce the concept of operator connected spaces.

In [1], Kasahara introduced the concept of an operator associated to a topology and

gave some de�nitions which are equivalent to the usual ones when the operator involved
is the identity operator. We will be using his de�nitions in somewhat modi�ed form and
his results to prove properties similar to the usual ones in General Topology. Introducing

a concept of stable operators with respect to a subset, we can correct a small mistake in
Theorem 6 of [1]. Throughout this paper we consider non-empty topological spaces on

which no separation axioms are assumed unless explicitely stated and the simbol is used
to indicate the end or amission a proof.

De�nition 1. Let (X; �) be a topological space, B be a subset of X and � be an operator
from � to P (X), i.e � : � ! P (X). We say that � is an operator an � if:

(O) U � �(U) for every U 2 � .
We say that the operator � on � is stable with respect to B if:

(S) � induces an operator �B : �B ! P (B) such that �B(U \B) = �(U) \ B for every
U 2 � where �B is the relative topology on B.

For a subset A of a topological space (X; �), the closure of A respect to � and the interior

of A respect to � and the interior of A respect to � are denoted by Cl(A) and Int(A)
respectively. For a subspace (B; �B) of (X; �) and its subset E of (B; �B), the closure of E
respect �B id denoted by ClB(E).

For a dense subset B of (X; �), we have a stable operator with respect to the set B as
follows:

Proposition 1. Let � : � ! P (X) be the closure operator de�ned by �(U) = Cl(U) for
every U 2 � . If a subset B is dense in (X; �), then � satis�es (O1) and it is stable with
respect to B.

Proof. Let U 2 � and let �B(U \B) =ClB(U \B), Then, it is known that if B is dense,

Cl(U)=Cl(U \B) holds for U 2 � . Therefore, � satis�es (O1) and it is stable with respect
to the dense set B because �B(U \B) =Cl(U \B) \B =Cl(U) \B = �(U)\ B hold.

Proposition 2. Let � : � ! P (X) be an operator satisfying the following two properties:
(O1) U � �(U) for every U 2 � ,

(O2) �(;) = ;.
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If � is stable with respect to all of proper closed set of (X; �), then � is the identity
operator.

Proof. Let U 2 � and U 6= ;. Then XnU , say F , is a proper closed set. Now we have that

�(U) \ F = �F (U \ F ) = �F (;) = �F (; \ F ) = �(;) \ F = ; \ F = ; by (S) and (O2).
Then we have �(U) \ (XnU) = ; and hence �(U) � U . By using (O1) it is proved that

U = �(U) for any non-empty U 2 � . Since �(;) = ; by (O2), we proved that �(U) = U for
any U 2 � .

The example 1 shows that there exists a stable and non-identity operation which does

not satisfy the property (O2).

Example 1. Let � : � ! P (X) and �B : �B ! P (B) be operators de�ned by �(U) = X

and �B(U \ B) = B for every U 2 � where B is a subset of X. Then, � satis�esis (O1)
and it is stable with respect to B. However �(;) 6= ;.

Example 2. Let X = R (the set of all real numbers) with usual topology � . Let B = [0; 1]
be a closed interval of X. Then the closure operator � is not the identity and it satis�es
(O1) and (O2). However ClB(U \B) 6= Cl(U)\ B where U = (�1; 0)[

�
1
3
; 1
2

�
.

De�nition 2. ([2])Let (X; �) be a topological space and � be an operator on � . A subset
A of X is said to be �-open if for each x 2 A there exists an �-open neighborhood U of x
such that �(U) � A. A subset B of X is �-closed if its complement XnB is �-open.

Note that the family �� of all �-open sets is a subset of � .

De�nition 3. ([1])Let (X; �) be topological space and � be an operator on � . We say that
(X; �) is �-regular if for every x 2 X and every �-open neighborhood U of x there exists a
�-open neighborhood V of x such that �(V ) � U .

De�nition 4. ([1]) Let (X; �) be topological space and � be an operator on � . We say that
� is a regular operator if for every x 2 X and every pair U; V of �-open neigborhood of x
there exists a �-open neighborhood W of x such that �(W ) � �(U) \ �(V ).

In general the family �� is not a topology, but if � is a regular operator, then �� is a
toplogy on X.

De�nition 5. ([2]) Let (X; �) be a topological space and � be an operator on � . We say
that (X; �) is an �-T2 space if for every pair x; y of distinct points of X there exists �-open
sets U; V such that x 2 U , y 2 V and �(U) \ �(V ) = �.

Clearly if the space (X; �) is �-T2 it is also T2.

De�nition 6. ([2]) Let (X; �) and (Y; ') be two topological space and �; � be operators
on � and ' respectively. We say that a function f : (X; �) ! (Y; ') is (�; �)-continuous
if for each point x 2 X and every '-open neighborhood V of f(x), there exists a �-open
neigborhood U of x such that f(�(U)) � �(V ).
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Theorem 1. Let (X; �) and (Y; ') be two topological spaces and � be an operator on � .
If f : (X; �) ! (Y; ') is (�; id)-continuous map, then f is a continuous map in the usual
sence.

Proof. Let x 2 X and V an ' open neighborhood of f(x). Since f is an (�; id)-continuous,
there exists a � -open neighborhood U of x such that f(�(U)) � V: But since U � �(U), we

have that f(U) � f(�(U)) � V , which implies that f is continuous.

Theorem 2. Let (X; �), (Y; ') and (Z; ) be topological spaces and �, �, 
 be operators on
� , ' and  respectively. If f : (X; �) ! (Y;  ) is (�; �)-continuous and g : (Y; ')! (Z; )

is (�; 
)-continuous map, then g � f is (�; 
)-continuous.

De�nition 7. ([1]) Let (X; �) be a topological space and � be an operator on � . A subset K
of X is said to be �-compact if for every �-open cover � of K, there exists a �nite collection
fC1; : : : ; Cng of � such that K �

Sn

i=1 �(Ci).

It is easy to see that every compact subset K of X is �-compact for each operator � on
� . Howerver if (X; �) is �-compact and (X; �) is �-regular, then (X; �) is compact.

Theorem 3. Let (X; �) be a topological space, A be a subset of X, K be a subset of A and
� be an operator on � . If A is �-compact and K is �-closed, then K is �-compact.

Proof. Let � be a � -open covering of K. Since K is �-closed, then XnK is �-open and
therefore for every x 2 AnK there exists a � -neighborhood Vx such that �(Vx) � XnK.
In this way we obtain that � = � [ fVx : x 2 AnK and �(Vx) � XnKg is a � -open

cover of A. Since A is �-compact there exists a �nite collection fU1; U2; : : : ; Ung of �
such that A �

Sn

i=1 �(Ui). Since �(Vx) � XnK for x 2 AnK, there exists a subcollection

fUi1; Ui2; : : : ; Uijg � fU1; : : : ; Ung where j � n such that fUi1; Ui2; : : : ; Uijg � � and

therefore K �
Sj

k=1 � �(Uik). So K is �-compact.

Corollary 1. Let (X; �) be a topological space, K be a subset of X and � be an operator
on � . If (X; �) is �-compact and K is �-closed, then K is �-compact.

Proof. The proof follows if we take X = A in the theorem 3.

In the above corollary the hypothesis that K is �-closed is necessary as we show in the
following example.

Example 3. Let N be the set of all natural numbers with the discrete topology � , and let
i0 be a �xed odd number. We de�ne � : � ! P (N) as follows:

�(fng) =

8<
:

f2i : i 2 Ng if n is an even number
f2i+ 1 : i 2 Ng if n = i0
fng if n is an odd number 6= io

and �(A) = N for the rest.

Notice that N is �-compact, Nnfi0g is a closed set but is not �-closed and Nnfi0g is

not �-compact.

Theorem 4. Let (X; �) be a topological space and � be regular operator on � . If X is �-T2
and K � X is �-compact, then K is �-closed.
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Proof. We need to prove that XnK is �-open. So let x0 2 XnK. For each y 2 K, there

exists � -open neighborhoods Uy and Vy such that x0 2 Uy, y 2 Vy and �(Uy) \ �(Vy) = ;:
In this way we construct an open cover � = fVy : y 2 Kg of K. Since K is �-compact, there

exists a �nite collection fVy1 ; : : : ; Vyng of � such that

K �

n[
i=1

�(Vy
i
):

Let U =
Tn

i=1Uyi . We can see that U is a � -open neigborhood of x0, but it does not have
to happen that �(U) � XnK. Here we need the regularity of � to achieve our purpose.

Since Uy1 ; : : : ; Uyn are � -open neighborhoods of x0, then using the regularity of � there

exists a � -open neighborhood W of x0, such that W � �(W ) � XnK: This implies that
XnK is �-open, and hence K is �-closed.

Theorem 5. Let (X; �) be a topological space, K be a subset of X and � be operator on
� which is stable with respect to K. If (X; �) is �-compact and K is �-closed, then K is
�K-compact.

Proof. Let � = fU�g�2I an open cover of K by �K-open sets. Lets �� � � be the sets of

all � -open sets such that for each V 2 ��, V \K 2 �. Since XnK is � -open, we can take
a � -open cover of XnK say 	 = fWx 2 � : �(Wx) � XnK;x 2 XnKg. Then the collection

�� [ 	 is a � -open cover of X. Since X is �-compact, we have two �nite subcollections
fV1; : : : ; Vng � �� and fW1; : : : ;Wmg � 	 such that

X =

(
n[
i=1

�(Vi)

)[8<
:

m[
j=1

�(Wj)

9=
; :

Then

K=

(
n[
i=1

�(Vi) \K

)[8<
:

m[
j=1

�(Wj)\K

9=
;=

(
n[
i=1

�K(Vi \K)

)
=

n[
i=1

�K(Ui);

since �(Wj)\K = � for j = 1; 2; : : : ;m and � is stable with respect to K. Therefore K is

�K -compact.

At this point we would like to point out a small mistake in Theorem 6 of [1]. In fact, in
[1:Th. 6] �K : �K ! P (K) satisfying �K (G\K) = �(G)\K with G 2 � , is not necessarily

well de�ned in some cases as follows: Let � be an operator on � de�ned as �(G) = Cl(G)
for every G 2 � and X = R with the usual topology �; �(G) = Cl(G) for every G 2 � and

K = [0; 1]. If G= ( 1
4
; 1
2
) [ (1; 2) and G0 = (�1; 0)[ ( 1

4
; 1
2
), we have on one hand

�(G) \K =

��
1

4
;
1

2

�
[ [1; 2]

�
\K =

�
1

4
;
1

2

�
[ f1g

and on the other hand

�(G0) \K =

�
1

4
;
1

2

�
[ f0g;

which indicates that �K is not well de�ned. Then Theorem 6 of [1] can be stated as follows.

Theorem 6. Let (X; �) be a topological space and K be a subset of X. Let � be an operator
on � and stable with respect to K. Then K is �-compact if and only if K is �K compact.

Proof. It is the same as in [1].
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Theorem 7. Let K be a subset of X and let � : � ! P (X) and �K : �K ! P (K) be
operators satisfying the following properties:

(S 0) �K(V \K) � �(V ) \ K for any open set V of X such that V \K 6= ;. If K is
�K-compact in (K; �K), then K is �-compact.

Proof. Let C be an open cover of K. Then fG \KjG 2 Cg � �K is a cover of K and so
there exists a �nite subfamily fG1; G2; : : : ; Gng of C such that K = [ni=1�K(Gi \ K) �

[ni=1�(Gi) \K � [ni=1�(Gi). Therefore, K is �-compact.

In the following examples, the setsK and operations � and �K satisfy the condition (S 0)

in Theorem 20.

Example 4. Let K be an open set in (X; �). Then, any operation � : � ! P (X) satisfying
(O1) induces an operation �K : �K ! P (K) as follows: �K(V \K) = �(V \K) \K for
each V 2 � . Moreover, if � is monotone, (i.e., �(A) � �(B) for sets A and B such that
A � B), �K(V \K) � �(V )\K for each V 2 � . Therefore, the condition (S 0) is satis�ed.

Example 5. Let K be a preopen set of (X; �), that is, K � Int(Cl(K)) holds by de�nition.
Let � : � ! P (X) be the Interior-Closure operation, i.e, �(V ) = Int(Cl(V )) and �K(V \
K) = IntK (ClK(V \K)) for every set V 2 � . Then, it is known that Int(Cl(V \K))\K =
IntK(ClK(V \K)) holds if K is preopen in (X; �). Therefore, the condition (S 0) is satis�ed,
that is, �K(V \K) = Int(Cl(V \K)\K) � Int(Cl(V ))\K = �(V )\K for each V 2 � .

Theorem 8. The �nite union of �-compact subsets of X is �-compact.

In the end of this paper, we conclude operator-connected spaces.

De�nition 8. Let (X; �) be a topological space and � be an operator on � . X is said to
be �-connected if there is not function f : (X; �) ! f0; 1g which is (�; id)-continuous and
onto.

Theorem 9. Let (X; �) be a topological space and � be an operator on � . If X is connected
then it is �-connected.

Proof. The proof is straightforward from Theorem 1 and De�nition 8.

Theorem 10. Let (X; �) and (Y; � 0) be topological spaces and �; � be operator on � and
� 0 respectively. If f : (X; �) ! (Y; � 0) is an onto (�; �)-continuous function and (X; �) is
�-connected, then (Y; � 0) is �-connected.

Proof. If there exists a function g : (Y; � 0) ! f0; 1g wich is (�; id)-continouos, then by
Theorem 12, g � f : (X; �) ! f0; 1g is (�; id)-continuous, which implies that X is not

�-connected.

Theorem 11. Let (X; �) be a topological space and � be operator on � such that the com-
posite operator � � � is well de�ned and � � � = �. If (X; �) is �-connected, then there are
not �-open sets U; V such that �(U) and �(V ) are open and form a partition of X. If in
addition � is additive, then the converse is also true.
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Proof. Let U and V be open sets that �(U) and �(V ) form an open partition of X.

De�ne f : X ! f0; 1g as follows

f(x) =

�
0 if x 2 �(U)
1 if x 2 �(V );

f is an onto map and (�; id)-continuous. Then X is not �-connected.
Now suppose that there exists f : X ! f0; 1g such that f is onto and (�; id)-continuous.

Let x 2 f�1(0), then there exists an open set Vx such that f(�(Vx)) = f0g.

So, the set U =
[

x2f�1(0)

�(Vx) = f�1(0).

We claim that �(U) = U: In fact,

�(U) = �

0
@ [
x2f�1(0)

�(Vx)

1
A = �

0
@�

0
@ [
x2f�1(0)

Vx

1
A
1
A

= �

0
@ [
x2f�1(0)

Vx

1
A =

[
x2f�1(0)

�(Vx) = U:

Also since f is continuous, we have that �(U) is open. Now if we proceed in similar way

with f�1(1), we get an open set V such that �(V ) = V and they form an open partition of
X.
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