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THE SPECTRAL SPACE OF MV{ALGEBRAS IS A STONE SPACE
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Abstract. Let X be an MV-algebra and let Spec(X) be the set of all prime ideals of X. For

any ideal I of X, denote S(I) = fP 2 Spec(X) : I 6� Pg and T (X) = fS(I) : I 2 I(X)g where

I(X) is the set of all ideals of X. On base of the notes [2] and [10] we prove that the spectral

space (Spec(X); T (X)) is a Stone space.

In order to study many value logics by means of algebraic method, C. C. Chang ([6,
7]) introduced MV-algebras. Recently, the algebraic theory of MV-algebras is intensively
studied (see [4], [5] and [9]). M. Palasinski ([17]) and C. S. Hoo and P. V. R. Murty
([10]) introduced topologies on the set of all prime ideals of a commutative BCK-algebra
by di�erent way, respectively. M. Aslam, E. Y. Deeba and A. B. Thaheem ([2]) developed
this theory and applied it to investigate some properties of commutative BCK-algebras.
We know from [16] that MV-algebras are categorically equivalent to bounded commutative
BCK-algebras.

In this note we will discuss relationship between prime ideal space of an MV-algebra and
Stone space.

An algebra (X; �; 0) of type (2, 0) is called a BCK-algebra if it satis�es
(1) ((x � y) � (x � z)) � (z � y) = 0;
(2) (x � (x � y)) � y = 0;
(3) x � x = 0;
(4) 0 � x = 0;
(5) x � y = y � x = 0 implies x = y;

(6) x � y if and only if x � y = 0.
A BCK-algebra satisfying the condition x ^ y = y ^ x, where x ^ y = y � (y � x), is said

to be commutative. If there is an element 1 2 X such that x � 1 = 0 for all x 2 X, then X

is called bounded. For short we call a bounded commutative BCK-algebra an MV-algebra.
Throughout this paper X will always denote an MV-algebra without mentioned otherwise.
We write Nx = 1�x and x_y = N(Nx^Ny). T. Traczyk ([19]) proved that (X;_;^; 0; 1)
is a bounded distributive lattice. A nonempty subset I of X is an ideal ([11]) if it satis�es

(i) 0 2 I;

(ii) x � y; y 2 I implies x 2 I.
Any ideal I satis�es
(iii) x � y and y 2 I imply x 2 I;

(iv) x; y 2 I implies x _ y 2 I.
This shows that an ideal must be a lattice ideal, but the inverse need not hold.
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An ideal I is said to be prime if

(v) x ^ y 2 I implies x 2 I or y 2 I.
The set of all ideals of X is denoted by I(X); the set of all prime ideals of X is denoted

by Spec(X), called the spectrum of X (see [2]). For a subset A of X, we call the least ideal
containing A the generated ideal by A, written (A]. K. Is�eki ([11]) proved that x 2 (A] if
and only if there are a1; a2; :::; an 2 A such that (:::(x � a1) � :::) � an = 0. We write (a] for
(fag]. De�ne S(A) = fP 2 Spec(X) : A 6� Pg. For short denote S(a) instead of S(fag).

Lemma 1 ([2]). The family T (X) = fS(I) : I 2 I(X)g forms a topology on Spec(X).

Because S(A) = S((A]) and, in particular, S(a) = S((a]), we know that T0(X) = fS(a) :
a 2 Xg � T (X).

Lemma 2 ([10]). T0(X) is a base of T (X).

The topological space (Spec(X); T (X)) is called the spectral space of X ([2]).

A ring of sets is a nonempty set R of subsets of a set S such that if A;B 2 R then
A [B 2 R and A \B 2 R (see [3; II.2, De�nition 2]).

In what follows we will prove that T0(X) is a ring of sets.

Proposition 1. For any x; y in X, S(x)[S(y) = S(x_ y) and S(x)\S(y) = S(x^ y),
i.e., T0(X) is a ring of sets.

Proof. By (iii) and (iv) we have

P 2 S(x) [ S(y), P 2 S(x) or P 2 S(y)

, x 62 P or y 62 P

, x _ y 62 P

, P 2 S(x _ y);

so S(x)[ S(y) = S(x _ y). Taking use of properties of prime ideals it follows that

P 2 S(x)\ S(y), P 2 S(x) and P 2 S(y)

, x 62 P and y 62 P

, x ^ y 62 P

, P 2 S(x ^ y);

thus S(x)\ S(y) = S(x ^ y). This completes the proof.

Proposition 2. If A is a compact open subset of (Spec(X); T (X)), then there is x 2 X

such that A = S(x).

Proof. Since A is open and T0(X) is a base of T (X), there is fx� : � 2 Bg � X such
that A = [fS(x�) : � 2 Bg: Using compactness of A and Proposition 1, we have a �nite
subset f�1; �2; :::; �ng of B satisfying

A = S(x�1)[ S(x�2) [ ::: [ S(x�n) = S(x�1 _ x�2 _ ::: _ x�n);

proving the proposition.

We will need the notion of lattice-�lters and some results.
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De�nition 1 ([1]). Let (X; �; 0) be a commutative BCK-algebra. A nonempty subset
D of X is called a lattice-�lter of X if it satis�es:
(D1) x � y; x 2 D imply y 2 D,
(D2) x; y 2 D implies x ^ y 2 D.

For a nonempty subset A of X, < A > denote the least lattice-�lter containing A, called
the lattice-�lter generated by A.

Lemma 3 ([1]). Let X be a commutative BCK-algebra and A a nonempty subset of X.

Then

< A >= fx 2 X : a1 ^ a2 ^ ::: ^ an � x for some a1; a2; :::; an 2 Ag:

C. S. Hoo and P. V. R. Murty gave the prime ideal theorem in BCK- algebras as follows.

Lemma 4 ([10]). Suppose A is a nonempty subset of X and ^-closed. Let I be an ideal

of X and I \A = ;. Then there is a prime ideal P of X such that I � P and A \ P = ;.

The following result is important for compactness of spectral space.

Proposition 3. Let A and B be nonempty subsets of X. If \fS(a) : a 2 Ag �
[fS(b) : b 2 Bg, then there are nonempty �nite subsets A0 � A and B0 � B such that

\fS(a) : a 2 A0g � [fS(b) : b 2 B0g.

Proof. At �rst we prove < A > \(B] 6= ;: If not, then by Lemma 4 there exists
P 2 Spec(X) such that (i) < A > \P = ; and (ii) (B] � P . The statement (i) shows
that for all a 2 A, we have a 62 P , i.e., P 2 S(a); hence P 2 \fS(a) : a 2 Ag: On the
other hand the statement (ii) shows that for all b 2 B, we get b 2 P , i.e., P 62 S(b), and
so P 62 [fS(b) : b 2 Bg. This contradicts to \fS(a) : a 2 Ag � [fS(b) : b 2 Bg. Hence
< A > \(B] 6= ;: Choose a 2< A > \(B]. By Lemma 3, a 2< A > implies that there are
a1; a2; :::; an 2 A such that a1^a2^:::^an � a, and hence S(a1^a2^:::^an) � S(a). Taking
use of Proposition 1 and induction, we know S(a1^a2^ :::^an) = S(a1)\S(a2)\ :::\S(an),
therefore

(7) S(a1) \ S(a2) \ ::: \ S(an) � S(a):
It follows from a 2 (B] that there are b1; b2; :::; bm 2 B such that (:::(a � b1) � :::) � bm = 0.
We assert that

(8) S(a) � S(b1) [ ::: [ S(bm):
In fact, if P 2 S(a) then a 62 P 2 Spec(X): Suppose P 62 S(b1) [ ::: [ S(bm); that is,

P 62 S(bi) (i = 1; :::;m). Then bi 2 P (i = 1; :::;m), and so a 2 P . This is a contradiction.
This proves that (8) holds. By (7) and (8) we have

S(a1)\ ::: \ S(an) � S(b1) [ ::: [ S(bm);

proving the proposition.

This proposition is a base of compactness of spectral space. It has some interesting
corollaries.

Corollary 4 ([10]). Every S(a) is a compact open subset of Spec(X).

Proof. It follows from taking A = fag in Proposition 3.

Combining Proposition 2 we have
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Corollary 5. An open subset O of Spec(X) is compact if and only if there is a 2 X

such that O = S(a).

Corollary 6. The spectral space Spec(X) is compact.

Proof. It is easy to see that Spec(X) = S(1), so we take a = 1 in Corollary 4 to obtain
Spec(X) being compact.

Corollary 7. The family of compact open subsetes of Spec(X) is a ring of sets and is a

base of X.

Proof. This is a consequence of Lemma 2 and Proposition 1.

In order to mention our main result we need the following.

De�nition 2 ([3]). A Stone space is a topological space X satisfying:

(S1) X is a T0-space,

(S2) The family of compact open subsets of X is a ring of sets and a base for X,

(S3) If fXs : s 2 Sg and fYt : t 2 Tg are nonempty families of nonempty compact open
sets and \fXs : s 2 Sg � [fYt : t 2 Tg then there exist �nite nonempty subsets
S0 � S and T0 � T such that \fXs : s 2 S0g � [fYt : t 2 T0g.

Combining Lemma 2, Corollary 6 and Proposition 3, we obtain the main result.

Theorem. The spectral space (Spec(X); T (X)) is a Stone space.
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