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THE PRODUCTS ON ¢-PARALINDELOF SPACES
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ABSTRACT. In this paper, we mainly obtain two Tychonoff product theorems and one
theorem of o-product on o-paralindelof spaces.

Since K.Nagami [1] researched the product of two paracompact spaces in 1969 a great
advance has been got on with products of topological spaces characterized by covering
properties. Particularly, in recent years, the papers [2,3,4,5.6] are published such that some
properties of products of metacompact (submetacompact, metalindelof) spaces have been
acquired. But, since locally finite, point finite, point countable differ on nature with locally
countable, we have not got any better result on products of paralindelof spaces. In this
paper, we first research Tychonoff products of g-paralindelof of spaces. Next, we obtain
one result of o-product of o-paralindelof spaces.

In this paper, ({)w,U|y and N(K) denote, respectively, {U eld/:WNU #¢}, {UNY:U €ll}
and the open neighborhood system of a set K; (i), and N(x) denote, respectively, (U) ()
and N({x}); N and w are respectively the set of all natural numbers and the countable
infinite cardinality. For a set A, its closur, interior and cardinality are respectively denoted
by A, IntA and |A|. And A"={a:a CA and |a| = n}, A<*=J{A" : n € w}.

Definition 1 ([8]) A collection i of a topological space X is said to be locally countable
if each x€X there is some WeN(x) such that |(U)w] < w

X is said to be o-paralindelof iff its every open cover i/ has an open refinement |J,,c yVa
such that V), is locally countable for each n € N. Where we call |J Vn is a o-locally
countable open refiniment of U.

Definition 2 ([9]) A tpoplogical space X is a P-space if for any index Q and any collection
{U(ar, ., an)t (o1, .., ) € Q"} by open sets in X such that for each (as,...,a,,
Qpi1) € QL

neN

Ulaq, ey )CU (1 eny gy, i1 )
there exists a collection {F(aq, ..., ):i{ag, ...,an )€ Q" } by closed sets in X such that
(1) Flagy ooy 0y )CU (a1, ...y ) For each (aq, ..., ) € Q"
(2) For (o1, ...y, ...) € 0¥, U{F (a1, ...,ap,) : n eN}=Xif J{U(av1,.... 0, ) 1 n EN}=X.
Definition 3 ([1]) Let {F; : i € N} be a sequence of locally finite closed coverings
satisfying the following condition:
If Ky DKy D... is a sequence of nonempty closed sets of X such that
K; c N{Fe F;: xeF}
for some point x in X and for each i €N, then ({K, : i € N} # ¢. We set
C(x)=N{N{Fe Fi:xeF}: i eN}
then it is to be noted that every C(x) is closed and countable compact, then X is called a
Y-space. Particularly, if C(x) is compact for each x€X, then X is called a strong Z-space.
And {F;}icn is respectively called a Y-net or a strong Z-net.
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Definition 4 ([5]) Let s=(s4)aca be a fixed point in Tychonoff product [J[{X,: a €A}
For each x=(Xq)aeca E[[{Xa: a €A}, let Q(x)={a €A: x4 #so} and define o{X,: a €
Ar={x=(x0)aca: |Q(x)| <w}. We call 0{X,: o € A} the o-product of {X,: o € A} and
s the base point of it. And for every a€ A<%, [[{Xq4: a € a} X {{sa}: o € A-a} is called a
finite subproduct of ¢{X,: a € A}.

Definition 5 Let A'={{JB: B € A<“}, the collection A is said to be directed if A
refines A.

Lemma 1 ([1]) If X is a strong Y-space, then there exists a sequence {F; };en by locally
finite closed covers of X and index set €, satisfying:

(a) Fi={F(ay, ..,a;): (ayp,..,a;) € Q1}
(b) For each (ay,...,a;) €
Flag,...,a;)=U{F (a1, ., i, aiqr1): aipq € Q}
(c) For each x€ X there is (aq, ..., j, ...) € Q¥ such that
(i) x€ N{F(ay,...,a;):t € N}

(ii) C(x)=N{Fe F;: x€ F and ¢ € N} is compact and if U is open in X, C(x)C U, then
there is 7 €N such that C(x)CF(aq,...,a;) CU.

It is easy to prove the following lemma by Definition 1:

Lemma 2 A topological space X is g-paralindelof iff every directed open cover has a
o-locally countable open refinement.

The followings are main results in this paper:

Lemma 3 Let < F;={F;,: a €A;} >;cn is a strong Y-net of a T-space X, if for each
¢ € N there is a sequence by open collections of X:

< Vni={Vyniat @ €A} >pen

such that the following two conditions hold:

(1) V,.i is locally countable for each (n, 1) € NxIN

(2) Fia € U,en Vnia for each o €A,
Then X is o-paralindelof.

Proof Let U/ be a directed open cover of X. Without loss of generality, we assume that

F,D{NF: FeFr~}
For each ie N, put
Fr ={F € F;: there is U(F)e U such that FC U(F)}

then F* = {J;cn Fi is a closed cover of X.

In fact, for each x€ X, since there is Ue U such that C(x)={((Fi).: ¢ € N} CU, then
there is 1EN such that ()(F;), CU and x€ ((F; ), € F;. Hence F* is a cover of X.

Let F;={F;4: a € B;} for each i € N, where B; C A; and W,,;,=V ;o [NU(F;,) for o €
B;, i€ N. Then W,;={W,;a: a € B;} is locally countable and partly refines I/. By (2),
Fia CUnen Whia for each a € B;. Then [J{Wyi: (n,i) € NxN}is a o-locally countable
open refinement of (/. O

Theorem 4 If {X,: p € N} is a countable family of o-paralindelof strong Y-spaces, then
HpeNXP is a o-paralindelof strong Y-space.

Proof Let < FP={F : a € A} >;cn be a strong Y-net of X, sine X,, is g-paralindelof
and F¥ is a closed cover of X,, for each i€ N, there is a sequence by open collections of X,

<Vi={Viiat o € AT} >pen
such that the following two conditions hold:
(1) Each V!, is locally countable

(2) FY, C Upen Vi, for each a € AY and i,p € N.
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For each p € N and each (i1,...,4p3 k1, ... kp) € NPXNP, let
V(i eoyipi kg kp)=V L x V2, X. x)/p X Hq>qu then

i1 kq ioko Ipig

(3) Each V(i1,....ip: ki, .. kp) is locally countable in X

(4)F Zlalx fo} o, X Hq>p)xq c U{V! L x\':’ ko, X Hq>qu: (k1,....kp) € NV}

Since < F} x FE x. xf’) X Hq>p Wty ip) € NP and p € N> is a strong Y-net of
HpEN X,, by Lemma 3, X= Hpe v X, is a g-paralindelof strong Y-space. [

Theorem 5 Let X be a o-paralindelof P-space. If Y is a paracompact ¥-space, then
XxY is a g-paralindelof space.

Proof Since this proof is essentilly similar to those of [1,Theorem 4.1], we only give a
brief statement.

Let U be a directed open cover of X and

< Fi={F(a, e ai)i(ar, e, a;) € A} >ien

is a X-net satisfying the above Lemma 1. For each ¢ €N, since F; is a locally finite closed
cover of paracompact space Y, there is a locally finite open cover

Hi={H(a1,...,a;):(ay, ..,a;) € Q'}
such that for each (ay,...,a;) € Q!
Flaq,...,0;)CH(an, ..., ;)

For each (aq,...,q;) € Q' we can construct an open collection:

Elar, i )={VaxWi(#£ o) A€ Alar, ..., a;)}
such that the following two conditions hold:

(1) &(a, ..., a4) is a partial refinement of U/

(2) F(a,..,a;)CWy C H(ay, ..., ;) for each A € Alag, ..., ).

Without loss of generality, we assume that £(ayq, ..., ;) is a maximal collection satisfying
the conditions (1) and (2). Obviously, U{&(a1, .y i)t (a1,.y;) € QF and i € N }is an
open cover of XXY. Let V(ay,..,a;)=U{Vi: A €A (ai,....a;)} then

(3) For each (ay,...,a;,a;41) € Q!

Viag,..,ai) CV(aq, ..., aq, ).

Since X is a P-space, it has a collection {C(ay,...,a;): (ay,...,a;)€ Q and i € w} of closed
sets such that

(4) Claq, ... l‘)CV(al a;)

(5) UieNC(' Ly le Uien Viai, .., aq)=X.

Let V(on,...,a;)= {\ At A €A (o, ..., i)}, then

V(o ooy a W{X-Clag, ..., i)}
is an open cover of X and it has a g-locally countable open refinement
Claryenai)=U,en Galar, .. ai)

where (p(ar, ..., a;)={O(m,A): A € Alaq,...,a;)} J{OL} is locally countable and satisfying:
(6) For each n €N and each A € A(aq, ..., ;)

0!, cX-C(ay,....,a;) and O(n, \)CV,
Put
Gulat, e @) )=U{OmA) X [Wa ) H(aq, .yai)]: XA € Alon, ..., i)}
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and Gpi=J{Gn(a1, ..., ;): (1., ;)€ Q}. Then

(7) Gni is locally countable.

It is easy to prove the following;:

(8) U{Gni: (n,i) € NxN} is an open cover of XxY

Then J{Gni: (n,i) € NxN} is a o-locally countable open refinement of I{. So, XxY is
a o-paralindelof space. O

Corollary If a space X is a g-paralindelof P-space and Y is a meterizable space, then
XxY is a o-paralindelof.

Now, we research g-product of g-paralindelof spaces.

Theorem 6 Let X=c{X,, : a € A}. If every finite subproduct of X is o-paralindelof and
X is normal, then X is o-paralindelof.

Proof Let &/ be an open cover, we construct by induction a sequence {Gpm: (n,m) €
w X w} of the collections of open subsets of X and a sequence {O,,: n € w} of open subsets
such that

(1) Each G, is a locally countable partial refinement of I/

(2) X, €O, C O, CU{UGim: i < n,m € w}, where X,,={x€ X: |Q(x)| < n}.

Put Uy € U such that s€ Uy, then there is Og € N(s) such that

SE O[) C 60 CUO

and let Gom={Up}. Then {Gom:m € w} and {Og} satisfy (1) and (2). Assume that we have
constructed {G;,,:i < n and m € w} and {0, };<,, satisfying (1) and (2). For each a €A™ T
since Y, is o-paralindelof, /|Y, has a o-locally countable open refinement | J H

For each m € N, let Hgpm={H' — O,,: H' € H/,.}, then

(a) Ham 18 a partial open refinement of I/

D) Y- U{UGim: i <nand m€ w} C U Ham CYo-Oy

For each HE Hgm, there is U(H)e U such that HCU(H). Let

mew

Vam={P§1(H)nU(H) HE Hﬂm}

where p,: XY, as the following for each x=(x4)aca,

Sey € A—ua

(Pa())a = { Tay @ €a

(¢) Each Vg is a locally countable partial open refinement of I/

(d) Yo-U{U Gimii < nand m € w} C U, e, (U Vam) Cp;l(Ya-(}n)

Define Gyi1 m=U{Vam:a €A"T1} for each m € N. Then

(e) Xps1-U{UGimti <nand m e w} C Uneo (U Got1,m)

The induction is completed if the following is proved

(f) Each Gpy1,m is a locally countable partial refinement of ¢/

In fact, by [5, Lemma 2], {p;l(Ya-(jn): a €A™} is locally finite. Then for each x€X
there is O, € N(x) such that

{a €A™ 0, pg ' (YarOn) # 0} < w
Let
{a €A™ 0, Npy '(Ya-0,) # éY= {ag, a1, ..., a1}

where k € w.
For each i<k and m € w, by (¢), there is W(x,a;,m) € N(x) such that
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|(me)‘/V“:r,ui,m)| S w.
Put
W(x,m)=0, N[M{W(z,ai,m): i<k}
then W(z,m) € N(x) and |(gn+1,m)w<r‘m)| < w, i.e., Gpy1m is locally countable. And by
(c) it is a partial refinement of U.
Since X is normal, by (e), there is O,,41 € N(X,,41) such that

Xnt1 COnt1 C Opgt ClUH{UGim: i <n+1,m € w}
The induction is completed.

By (b),

X=U,eoXn CUUGnm: (n.m) € w x w} CX.
Hence, {U Gnm: (n,m) € wx w} is a a-locally countable open refinement of /. O

The following example shows that the above Theorem 5 doesn’t hold if Y is not Y-space.

Example There is separable metric space and Y a first countable separable lindelof
space, but XXY is not g-paralindelof.

In [8, 6.11 Example], X is a separable metric space and Y a first countable separable
lindelof space, but XxY is not submetacompact.

New, we show that XxY is not o-paralindelof.

Since Y=R with the topology generated by 7|Jp, where 7 is the usual topology in
R, then Y is a regular separable lindelof space. If XXY is o-paralindelof, then it is a
metalindelof space. By the regular separable propety of both X and Y, XxY is regular
separable metalindelof space. Hence, XxY is regular lindelof. This implies that XxY is
submetacompact, since a regular lindelof space is paracompact. This is a contradiction. O
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