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THE PRODUCTS ON �-PARALINDELOF SPACES
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Abstract. In this paper, we mainly obtain two Tychono� product theorems and one

theorem of �-product on �-paralindelof spaces.

Since K.Nagami [1] researched the product of two paracompact spaces in 1969 a great
advance has been got on with products of topological spaces characterized by covering

properties. Particularly, in recent years, the papers [2,3,4,5,6] are published such that some
properties of products of metacompact (submetacompact, metalindelof) spaces have been
acquired. But, since locally �nite, point �nite, point countable di�er on nature with locally

countable, we have not got any better result on products of paralindelof spaces. In this
paper, we �rst research Tychono� products of �-paralindelof of spaces. Next, we obtain

one result of �-product of �-paralindelof spaces.

In this paper, (U)W ;UjY and N(K) denote, respectively, fU 2U :W\U 6=�g, fU\Y:U 2Ug

and the open neighborhood system of a set K; (U)x and N(x) denote, respectively, (U)fxg
and N(fxg); N and ! are respectively the set of all natural numbers and the countable

in�nite cardinality. For a set A, its closur, interior and cardinality are respectively denoted
by eA, IntA and jAj. And An=fa : a �A and jaj = ng, A<!=

S
fAn : n 2 !g.

De�nition 1 ([8]) A collection U of a topological space X is said to be locally countable
if each x2X there is some W2N(x) such that j(U)W j � !

X is said to be �-paralindelof i� its every open cover U has an open re�nement
S
n2N

Vn

such that Vn is locally countable for each n 2 N. Where we call
S
n2N

Vn is a �-locally
countable open re�niment of U .

De�nition 2 ([9]) A tpoplogical space X is a P-space if for any index 
 and any collection
fU(�1, ..., �n): (�1, ..., �n) 2 
ng by open sets in X such that for each (�1; :::; �n ,

�n+1) 2 
n+1,

U(�1; :::; �n)�U(�1; :::; �n ; �n+1)

there exists a collection fF(�1; :::; �n):(�1; :::; �n)2 
ng by closed sets in X such that
(1) F(�1; :::; �n)�U(�1; :::; �n) For each (�1; :::; �n) 2 
n

(2) For (�1; :::; �n ; :::) 2 !!,
S
fF(�1; :::; �n) : n 2Ng=X if

S
fU(�1; :::; �n) : n 2Ng=X.

De�nition 3 ([1]) Let fFi : i 2 Ng be a sequence of locally �nite closed coverings
satisfying the following condition:

If K1 �K2 �... is a sequence of nonempty closed sets of X such that

Ki �
T
fF2 Fi: x2Fg

for some point x in X and for each i 2N, then
T
fKi : i 2 Ng 6= �. We set

C(x)=
T
f
T
fF2 Fi:x2Fg: i 2Ng

then it is to be noted that every C(x) is closed and countable compact, then X is called a

�-space. Particularly, if C(x) is compact for each x2X, then X is called a strong �-space.
And fF igi2N is respectively called a �-net or a strong �-net.
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De�nition 4 ([5]) Let s=(s�)�2A be a �xed point in Tychono� product
Q
fX�: � 2Ag.

For each x=(x�)�2A 2
Q
fX�: � 2Ag, let Q(x)=f� 2A: x� 6=s�g and de�ne �fX�: � 2

Ag=fx=(x�)�2A: jQ(x)j <!g. We call �fX�: � 2 Ag the �-product of fX�: � 2 Ag and
s the base point of it. And for every a2 A<!,

Q
fX�: � 2 ag � ffs�g: � 2 A-ag is called a

�nite subproduct of �fX�: � 2 Ag.

De�nition 5 Let AF=f
S
B: B 2 A<!g, the collection A is said to be directed if AF

re�nes A.

Lemma 1 ([1]) If X is a strong �-space, then there exists a sequence fF igi2N by locally
�nite closed covers of X and index set 
, satisfying:

(a) Fi=fF(�1; :::; �i): (�1; :::; �i) 2 
ig

(b) For each (�1; :::; �i) 2 
i

F(�1; :::; �i)=
S
fF(�1; :::; �i ; �i+1): �i+1 2 
g

(c) For each x2 X there is (�1; :::; �i ; :::) 2 
! such that

(i) x2 \fF(�1; :::; �i):i 2 Ng

(ii) C(x)=\fF2 Fi: x2 F and i 2 Ng is compact and if U is open in X, C(x)� U, then

there is i 2N such that C(x)�F(�1; :::; �i) �U.

It is easy to prove the following lemma by De�nition 1:

Lemma 2 A topological space X is �-paralindelof i� every directed open cover has a

�-locally countable open re�nement.

The followings are main results in this paper:

Lemma 3 Let < Fi=fFi�: � 2Aig >i2N is a strong �-net of a �-space X, if for each

i 2 N there is a sequence by open collections of X:

< Vni=fVni�: � 2Aig >n2N

such that the following two conditions hold:

(1) Vni is locally countable for each (n; i) 2 N�N

(2) Fi� �
S
n2N

Vni� for each � 2A.

Then X is �-paralindelof.

Proof Let U be a directed open cover of X. Without loss of generality, we assume that

Fi � f
T
F : F 2 F

<!

i
g

For each i2 N, put

F�

i
= fF 2 Fi: there is U(F)2 U such that F� U(F)g

then F� =
S
i2N

F�

i
is a closed cover of X.

In fact, for each x2 X, since there is U2 U such that C(x)=
T
f
T
(Fi)x: i 2 Ng �U, then

there is i2N such that
T
(Fi)x �U and x2

T
(F�

i
)x 2 F

�

i
. Hence F� is a cover of X.

Let F�

i
=fFi�: � 2 Big for each i 2 N, where Bi � Ai and Wni�=Vni�

T
U(Fi�) for � 2

Bi, i2 N. Then Wni=fWni�: � 2 Big is locally countable and partly re�nes U . By (2),
Fi� �

S
n2N

Wni� for each � 2 Bi. Then
S
fWni: (n; i) 2 N�Ng is a �-locally countable

open re�nement of U . �

Theorem 4 If fXp: p 2 Ng is a countable family of �-paralindelof strong �-spaces, thenQ
p2N

Xp is a �-paralindelof strong �-space.

Proof Let < F
p

i
=fFp

i�
: � 2 Ap

i
g >i2N be a strong �-net of Xp, sine Xp is �-paralindelof

and F
p

i
is a closed cover of Xp for each i2 N , there is a sequence by open collections of Xp:

< V
p

ik
=fVp

ik�
: � 2 Ap

i
g >k2N

such that the following two conditions hold:

(1) Each Vp
ik

is locally countable

(2) F
p

i�
�
S
k2N

V
p

ik�
for each � 2 A

p

i
and i; p 2 N .
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For each p 2 N and each (i1; :::; ip ; k1; :::; kp) 2 Np�Np, let

V(i1; :::; ip ; k1; :::; kp)=V
1
i1k1

� V2
i2k2

�...�Vp
ipik

�
Q
q>p

Xq, then

(3) Each V(i1; :::; ip ; k1; :::; kp) is locally countable in X

(4) F1
i1�1

�...�Fp
ip�p

�
Q
q>p

Xq �
S
fV1

i1k1�1
�...�Vp

ipkp�p
�
Q
q>p

Xq: (k1; :::; kp) 2 Npg.

Since < F1
i1
� F2

i2
�...�Fp

ip
�
Q
q>p

Xq:(i1; :::; ip) 2 Np and p 2 N> is a strong �-net ofQ
p2N

Xp, by Lemma 3, X=
Q
p2N

Xp is a �-paralindelof strong �-space. �

Theorem 5 Let X be a �-paralindelof P-space. If Y is a paracompact �-space, then
X�Y is a �-paralindelof space.

Proof Since this proof is essentilly similar to those of [1,Theorem 4.1], we only give a
brief statement.

Let U be a directed open cover of X and

< Fi=fF(�1; :::; �i):(�1; :::; �i) 2 
ig >i2N

is a �-net satisfying the above Lemma 1. For each i 2N, since Fi is a locally �nite closed
cover of paracompact space Y, there is a locally �nite open cover

Hi=fH(�1; :::; �i):(�1; :::; �i) 2 
ig

such that for each (�1; :::; �i) 2 
i

F(�1; :::; �i)�H(�1; :::; �i)

For each (�1; :::; �i) 2 
i, we can construct an open collection:

�(�1; :::; �i)=fV��W�(6= �): � 2 �(�1; :::; �i)g

such that the following two conditions hold:

(1) �(�1; :::; �i) is a partial re�nement of U

(2) F(�1; :::; �i)�W� � H(�1; :::; �i) for each � 2 �(�1; :::; �i).

Without loss of generality, we assume that �(�1; :::; �i) is a maximal collection satisfying

the conditions (1) and (2). Obviously,
S
f�(�1; :::; �i): (�1; :::; �i) 2 
i and i 2 N g is an

open cover of X�Y. Let V(�1; :::; �i)=
S
fV�: � 2 � (�1; :::; �i)g then

(3) For each (�1; :::; �i ; �i+1) 2 
i+1

V(�1; :::; �i) �V(�1; :::; �i ; �i+1).

Since X is a P-space, it has a collection fC(�1; :::; �i): (�1; :::; �i)2 
i and i 2 !g of closed

sets such that

(4) C(�1; :::; �i)�V(�1; :::; �i)

(5)
S
i2N

C(�1; :::; �i)=X if
S
i2N

V(�1; :::; �i)=X.

Let V(�1; :::; �i)= fV�: � 2 � (�1; :::; �i)g, then

V(�1; :::; �i)
S
fX-C(�1; :::; �i)g

is an open cover of X and it has a �-locally countable open re�nement

�(�1; :::; �i)=
S
n2N

�n(�1; :::; �i)

where �n(�1; :::; �i)=fO(n,�): � 2 �(�1; :::; �i)g
S
fO0

n
g is locally countable and satisfying:

(6) For each n 2N and each � 2 �(�1; :::; �i)

O0

n
�X-C(�1; :::; �i) and O(n,�)�V�

Put

Gn(�1; :::; �i)=
S
fO(n,�)�[W�

T
H(�1; :::; �i)]: � 2 �(�1; :::; �i)g
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and Gni=
S
fGn(�1; :::; �i): (�1; :::; �i)2 
ig. Then

(7) Gni is locally countable.

It is easy to prove the following:

(8)
S
fGni: (n; i) 2 N�Ng is an open cover of X�Y

Then
S
fGni: (n; i) 2 N�Ng is a �-locally countable open re�nement of U . So, X�Y is

a �-paralindelof space. �

Corollary If a space X is a �-paralindelof P-space and Y is a meterizable space, then

X�Y is a �-paralindelof.

Now, we research �-product of �-paralindelof spaces.

Theorem 6 Let X=�fX� : � 2 Ag. If every �nite subproduct of X is �-paralindelof and
X is normal, then X is �-paralindelof.

Proof Let U be an open cover, we construct by induction a sequence fGnm: (n;m) 2
! � !g of the collections of open subsets of X and a sequence fOn: n 2 !g of open subsets

such that

(1) Each Gnm is a locally countable partial re�nement of U

(2) Xn �On �
eOn � SfSGim: i � n;m 2 !g, where Xn=fx2 X: jQ(x)j � ng.

Put U0 2 U such that s2 U0, then there is O0 2 N(s) such that

s2 O0 �
eO0 �U0

and let G0m=fU0g. Then fG0m:m 2 !g and fO0g satisfy (1) and (2). Assume that we have

constructed fGim:i � n and m 2 !g and fOigi�n satisfying (1) and (2). For each a 2An+1,
since Ya is �-paralindelof, UjYa has a �-locally countable open re�nement

S
m2!

H0

am

For each m 2 N, let Ham=fH
0 � eOn: H0 2 H0

am
g, then

(a) Ham is a partial open re�nement of U

(b) Yn-
S
f
S
Gim: i � n and m2 !g �

S
Ham �Ya- eOn

For each H2 Ham, there is U(H)2 U such that H�U(H). Let

Vam=fp
�1
a
(H)
T
U(H): H2 Hamg

where pa: X7�!Ya as the following for each x=(x�)�2A,

(pa(x))� =

�
x�; � 2 a

s�; � 2 A� a

(c) Each Vam is a locally countable partial open re�nement of U

(d) Ya-
S
f
S
Gim:i � n and m 2 !g �

S
m2!

(
S
Vam) �p

�1
a
(Ya- eOn)

De�ne Gn+1;m=
S
fVam:a 2A

n+1g for each m 2 N. Then

(e) Xn+1-
S
f
S
Gim:i � n and m 2 !g �

S
m2!

(
S
Gn+1;m)

The induction is completed if the following is proved

(f) Each Gn+1;m is a locally countable partial re�nement of U

In fact, by [5, Lemma 2], fp�1
a
(Ya- eOn): a 2An+1g is locally �nite. Then for each x2X

there is Ox 2 N(x) such that

jfa 2An+1: Ox

T
p�1
a
(Ya- eOn) 6= �gj < !

Let

fa 2An+1: Ox

T
p�1
a
(Ya- eOn) 6= �g= fa0; a1; :::; akg

where k 2 !.

For each i�k and m 2 !, by (c), there is W(x; ai;m) 2 N(x) such that
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j(Vaim)W(x;ai;m)j � !.

Put

W(x,m)=Ox

T
[
T
fW(x; ai;m): i� kg]

then W(x;m) 2 N(x) and j(Gn+1;m)W (x;m)j � !, i.e., Gn+1;m is locally countable. And by

(c) it is a partial re�nement of U .
Since X is normal, by (e), there is On+1 2 N(Xn+1) such that

Xn+1 �On+1 �
eOn+1 �

S
f
S
Gim: i � n + 1;m 2 !g

The induction is completed.
By (b),

X=
S
n2!

Xn �
S
f
S
Gnm: (n;m) 2 ! � !g �X.

Hence, f
S
Gnm: (n;m) 2 ! � !g is a �-locally countable open re�nement of U . �

The following example shows that the above Theorem 5 doesn't hold if Y is not �-space.

Example There is separable metric space and Y a �rst countable separable lindelof
space, but X�Y is not �-paralindelof.

In [8, 6.11 Example], X is a separable metric space and Y a �rst countable separable
lindelof space, but X�Y is not submetacompact.

New, we show that X�Y is not �-paralindelof.

Since Y=R with the topology generated by �
S
�, where � is the usual topology in

R, then Y is a regular separable lindelof space. If X�Y is �-paralindelof, then it is a

metalindelof space. By the regular separable propety of both X and Y, X�Y is regular
separable metalindelof space. Hence, X�Y is regular lindelof. This implies that X�Y is
submetacompact, since a regular lindelof space is paracompact. This is a contradiction. �
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