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ABsTrACT. We shall obtain a new characterization of chaotic order in terms of parametric
operator functions via Furuta inequality, which gives a precise estimation of the already known
characterization [4][8] of chaotic order and a parallel result to [11]. Moreover we shall show
some applications of parametric operator functions in [11] and [12] via Furuta inequality, which
are extensions of recent Kamei’s results [15] and [16].

§1 Introduction

In what follows, a capital letter means a bounded linear operator on a Hilbert space H.
An operator T is said to be positive (denoted by T' > 0) if (T'z,2) > 0 for all x € H. Also
an operator T is strictly positive (denoted by T > 0) if T is positive and invertible. The
a-mean is defined by
AfoB = Az (A= "BAT )“

for any « € [0, 1] for positive operators A and B by [17]. Also Af;B is defined by
A B = AT(AT BAT)* Az

for any real number s and for positive invertible operators A and B.

We write A>> B if logA > logB for invertible positive operator A and B, which is called
the chaotic order [4]. It is well knov\n that A > Biff AP > (A% BPA%)® forall p> 0 in (1]
and also A>> B iff Al > (A7 BPA? )p+f for all p,t > 0in [4][8].

Recently E.Kamei [15] has obtained the following excellent result.

Theorem A [15]. If A> B> 0 with A >0, then for eacht <0 andp >4y >6 >1,

(A 50 LBP)@ >(4ft5ﬂm)5—

P=

that is, for each t <0, f(d) = (AfjﬂBp)S 18 1ncreasing for § such thatp > 46 > 1 .
p—t
Very recently we obtained the following which is an extension of Theorem A.

Theorem B [11]. If A> B > 0 with A >0, then for each t <0 andp > 1,
H, (A B,r,s) = AT {Af (AT BPAT s AS oreir AT

18 wncreasing for s such that 1 > s > ;)%i and decreasing for r such that 0 > r > t.
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Corollary C [11]. If A> B > 0 with A > 0, then for each t <0 and p > 1,
(1.1) A>B> (A,st,))i(p,;w > A" e (A BP) > Alfio BP
t) p—t

=5
holds for 0 >r >t and 1 > s > Ilfi
Very recently among others, E.IXamei [16] shows the following interesting result.
Theorem D [16]. If A > B >0, then
(Atn%Bp)% > A"fsu (At s BY)

for>p>12t>0,p#£t, u<0and 3 >6>0.
On the other hand, we obtained the following result via Furuta inequality.
Theorem E [12]. I[f A> B >0 with A > 0, then for each ¢ > 0,t € [0,1] and p > ¢,

Gpat(A B, s) = AT {AF (AT BV AT ) AF O 0o AT
is decreasing for r >t and s > 1 such that (p —t)s > q—t.
We shall show an extension of Theorem D as an application of Theorem E.
§2 Parametric characterization of chaotic order

We shall show the following characterization of chaotic order in terms of a parametric
operator function.

Theorem 2.1. Let A and B be positive invertible operators. Then the following (1), (ii)
and (iil) are mutually equivalent;
(i) A> B (lie., logA > logB).
(i) For each t <0 andp >0,

Foi(A.B.rs) = AT {Af (A5 BPAT )P A5} e A

18 increasing for s such that 1 > s > ;Tt/ and decreasing for r such that 0 > r > t.
(iii) For each 0>r >t and p >0 ,

(2.1) I> A" o Br> A (A't,BP) > A't__ BV

r—t
(p—t)ztr

holds for 1 > s > ];—jt.

Remark 1. We recall that A > B iff A~¢ > (A_TprA_Tt)p;jt for all p > 0 and ¢t < 0,
that is, I > Afj%th for all p > 0 and ¢ < 0 in [4][8], so that the equivalence relation
between (i) and (iii) of Theorem 2.1 shows a precise estimation of this characterization
of chaotic order. Theorem 2.1 can be considered as a parallel result to Theorem B and
Corollary C.

The following Remark 2 is an immediate consequence of Theorem 2.1 and Corollary C.

Remark 2. Let A and B be positive invertible operators. Then the following parallel
results (1)and (ii) hold;

(i) A> B < foreacht<0andp>1,

(2.2) AU > [AF(AT BPAT ) AR oo > AY(AT BPAT)r Af
holds for 0 >r >t and 1> s > ;)%;,

(ii) A> B (ie., logA > logB)<=> for ecach t <0 and p > 0 ,

—i

(2.3) ATt > (A5 (AT BPAT AT )T > AT(AS BPAT )T AS
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holds for0 > r >t and 1 > s> ;D_TIT'
§3 Proofs of the results in §2
We cite the following results to give a proof of Theorem 2.1.

3

Theorem F (Furuta inequality) [6] . P A+rg=p+r
=1
If A> B >0, then for each r >0 ! \\\\ P=q
. r L1 r L \\
(i) (B2 APB7)Y > (B*BYB=)% §‘
N
N
and N
(1, 1|
(i)  (ASAPA%)7 > (ATBPA%)s
hold for p > 0 and ¢ > 1 with (1+7r)g > p+r. (0, 1)
Figure
Theorem F ensures the famous Lowner-Heinz inequality when we put » = 0 in (i) or

(ii) of Theorem F; A > B > 0 ensures A® > B® for any « € [0,1]. Alternative proofs of
Theorem F are given in [3][14] and one page elementary proof is in [7]. It is shown in [18]
that the domain drawn for p ¢ and r in Fugure is the best possible one for (i) and (ii) of
Theorem F.

Lemma 1 [9]. Let A be invertible operator and let B be positive invertible operator. For

any real number X\,
(ABA")* = AB*(B7 A*AB7)*~' B3 A"

Lemma 2 [4][8].

(i) If A> B, then for a fited ¢ >0 and t <0
Fy(p) = (AT BrA7)i=

18 decreasing for p > q.
(ii) A> B iff A'> (ATBPAS)FT  for all p >0 and t > 0.

Lemma 3. If C > D > 0, then the following inequality holds for p > q > 1 and
0>r>t

l1—t4r

Cl=1+r > (O DICT )= > {CF (CF DPCT )= CF b mrer
Proof of Lemma 3. As logt is operator monotone function, that is, C' > D > 0 ensures
C' > D, so that by (i) of Lemma 2 we have the following (3.1) for p > ¢>1and t <0

(3.1) C3 DIC > (CF DrC )i,

Multiplying C'% on the both sides of (3.1), we have

(3.2) C= DICS > C3(CT DPCT )OS for 0> 1 > 1.
Then we have

(3.3) Cl-t4r > (O DICHT ) retr

> (C3(CFDrCF )iyt for 0> r > t,
where the first inequality follows by (ii) of Theorem F and the second one follows by applying
Lowner-Heinz inequality to (3.2) since ;:;i: € [0,1].
Proof of Theorem 2.1. (i) = (ii).
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(a) Proof of the result that Fy, (A, B.r,s) is increasing for s.

A > B ensures the following (3.4) for p > ¢ >0 and t <0
(3.4) AT BIAT > (A= "BrPAT )P g by (i) of Lemma 2.
Multiplying A3 on the both sides of (3.4), we have

(3.5) F(AT BPAT ) AT for 0> 1 > t.
Then we have
(3.6) ATt > (A BIAT )T

> {AF (AT BPAT )i A5}t for 0> r > ¢,

where the first inequality follows by (ii) of Lenund 2 and the second one follows by applying
Lowner-Heinz inequality to (3.5) since €[0,1]. In (3.6) put C' = A™ ' and

q— t+7‘

D ={A:(A% “BrA L)? =t }7 77 . Then C > D > 0 by (3.6), so that by Lemma 3 for
p1 > q > 1and 0> ry > t;, we have

a1 =1t L=t 4r

ry—t;  _1=titr ooy -t —t
D= )41*f1+7‘1 Z{CYT(CTDVIC Z )Pl fl( }41 i1 ¥ry

ri—tg
P

(3.7) C'7htm > (C
In (3.7), put

q—t+r ¢ —t+r
= = —
pr r—t @ r—t
forp>qg>q >0. Then p;1 > ¢ > 1. Alsoput ry =#; = d ; < 0. Then
r—
O o 43 q—t ¢ —t

pr—t q—t

and
qg—1

DVt = AB(AT BPAT )it A%,

Therefore (3.7) implies

t r

C>D>{AS[AT A (AT BPAT )it A5 AT A5 —err,

that is,

t, 4=t - r—t - —t N

(3.8) ATt > {AF (AT BPAT ) Fr AV > {AF(AT BPAT )57 A J o,
forp>q¢g>¢ >0and 0 > r > t. Replacing s = Z%; and and s’ = g in (3.8), then
1>s>s > p_Tt, since p > ¢ > ¢’ > 0, so the proof of (a) is complete by (3.8).

(b) Proof of the result that F, (A, B,r,s) is decreasing for r.

We recall the following (3.9) by applying Léwner-Heinz theorem to (3.8)
(3.9) Av > {A3 (ATT# B’)ATTt)SAf}m forr—t>u>0

Put D = (AT BPA7T )5, Then

Fpi(A.B,rs) = AT {AF (AT BPAT )P A3 )0 AT
= D(DA" D)WD by Lemma 1

—t—(p—t)s

+
ID{(DA'D) Lp f)<+r }(p Datrtu [)

u r —t—(p=t)s
= D{DA3 (A2 D?A3)G=0s#r A2 D} p=0+++v D by Lemma 1
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r r _—t=(p=t)s
> D(DA5A”44ED) —Detrtu D
= D(DA™4D)T et D
= [),[(AA,B,T—i—’[/_/s)_/

where the last inequality follows by (3.9) and Léwner-Heinz theorem since m%

[—1,0] and finally taking inverses on the both sides. So the proof of (b) is complete.
Whence the proof of (i) = (ii) is complete.

€

(ii) = (iil). Assume (ii). Then for each t < 0 and p > 0, F}, (A, B,r,s) is increasing

for s such that 1 > s > ])__t[ and decreasing for r such that 0 > r > ¢, so that for each ¢t <0
and p >0,

Fp!t(‘A,B,t, 1) 2 prt(‘A,B,T', 1) Z ijt(iA,B,,‘, é) 2 Fp!t(‘A,B,T' ;t)

> p—t

holds for 0 > r >tand 1> s > ];Ttt, that is,

r—t

A7l > AT (AT BP AT )i T AT

> AT {AF (AT BPAT ) AT} Tm 0 AT
> (AT BPAT )7 .
Multiplying A? on both sides of the inequalities stated above, we have (iii).
(iii) = (i). Assume (iii). Then I > A'f -« B? holds for each t < 0 and p > 0, that is,
A=l > (AT BPAT )7
holds for each ¢ < 0 and p > 0 and this is equivalent to A > B by (ii) of Lemma 2. Whence
the proof of Theorem 2.1 is complete.

§4 Hp;(A,B,r,s) in Theorem A and F), (A, B,r,s) in Theorem 2.1

We cite the following Theorem G which interpolates Theorem F and the inequality
equivalent to the main result of log majorization by Ando-Hiai [2].

Theorem G [5][9]. If A > B >0 with A >0, then for each t €[0,1] and p > 1,
Gpi(A B,r.s)= AT {AS (AT BPAT ) A5} oo i AT
18 decreasing for both r and s such that r >t and s > 1 .

We remark that Theorem 2.1 is parallel result to Theorem B and Theorem G and the
operator function Hy (A, B,r, s) in Theorem B is the same form as G (4, B, r, s) in The-
orem G, that is, F}, (A, B,r,s) in Theorem 2.1 is a slightly variation of Hy (A, B,r,s) in
Theorem B and we can see a nice contrast of the ranges of the parameters ¢, r and s in
Theorem B, Theorem G and Theorem 2.1 , that is, one of Theorem B is

(4.1) t<0,p>1,1>s>

L=t and 0>r>t
p—t

one of Theorem G is
(4.2) tel0,1],p>1,s>1andr >t

one of Theorem 2.1 is
(4.3) th,pz(),1232{—_2&11(1027“27?.

The form of the operator function Hy, (A, B,r,s) in Theorem B is very important in
order to research several problems associated with operator functions and several examples
of its importance can be found in [5][9][10][12] and [13].
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§5 An application of another parametric operator function.
In this chapter, we shall show an extension of Theorem D by using Theorem E.

Theorem 5.1. If A > B > 0 with A >0, then for each ¢ >0, t €[0,1] and p >t ,

q

{AF(AT BPAT S AS ) ot > AT {AF (AT BPAT )5 A5} oo 4T
holds for r >t and s > 1 such that (p—t)s > q —t.
Theorem 5.2. If A > B > 0 with A >0, then for each ¢ >0, t € [0,1] and
p > maz{q,t} ,
(i) B9 > {A% (A% BP A ) A% Gt
t—r r —t —t r g—ttr t—r
> A7 {A? (A7 BPA=7 PA7 } -0 A7

4+ g—t+r P
= NCEnET: AT

(i) BY> A (AT Br'A
2 ‘At; r—t t—r

AT AT BPAT AR G AT
hold for r >t and s > 1.
Theorem 5.3. If A > B > 0 with A >0, then for each q,t € [0,1] and p > max{q,t} ,
(i) A9 > B9 > {A3 (AT BPAT ) A%} Tt
> AT AF (AT BP AT ) AT} O 0o AT
and e
(if) AT> BI> AT (AT BP AT )i AT
> ‘At; t—y

"

(A5 (AT BrAT ) A Terr A
hold for r >t and s > 1.

When we replace 8 = (p—t)s+t, u=t—r <0 and § = g in Theorem 5.1, Theorem
5.2 and Theorem 5.3 become the following Theorem 5.1°, Theorem 5.2” and Theorem 5.3’
respectively.

Theorem 5.1°. If A> B >0 with A > 0, then for each t € [0, 1]
(A4, BP)? > AV sy (Ao BY)

p—t

forpg>p>t,p#Et,u<0and3>6>0.

Theorem 5.2°. If A> B > 0 with A > 0, then for each t € [0,1]

(i) BY > (A= BP)F > A% gou (A'702 BY)
and . /
(if) BY > A" smu BP > A" 4o (A'120 BY)

hold for 3> p>maz{d,t} ,p#t, u<0.
Theorem 5.3°. If A> B > 0 with A > 0, then for each 4.t € [0,1]

(i) A% > B> (A'35BP)F > At (Ao BY)
and ) )
(ii) A°> B° > A% s-u BP > A"fs-u (A"t 5. BP)

hold for 3 > p > max{d,t} ,p#t, u<0.

We remark that Theorem 5.1° easily implies Theorem D.
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Proof of Theorem 5.1. Theorem E ensures G, (A, B,t,s) > G}, 4:(A, B,r,s) for
each ¢ >0, t € [0,1] and p > ¢, that is,

t—r —t t—nr

(5.1) ASGpy (A Bt 5)AS > AT {AF (AT BPAT )P AT} T A'S

holds for » > ¢ and s > 1 such that (p —t)s > ¢ — t. Then we have Theorem 5.1 by refining
(5.1).

Proof of Theorem 5.2.
(1) Theorem E ensures G ¢ +(A, B,t,1) > Gp 4.1(A, B, t,s) > Gp (A, B,r,s) under condi-
tions in Theorem 5.2, that is, (i) holds.
(ii) Theorem E ensures G ¢+(A,B,t,1) > Gpq:(A,B,1,1) > Gp4+(A, B,r,s) under con-
ditions in Theorem 5.2, that is, (ii) holds.

Proof of Theorem 5.3. We have onlt to apply Lowner-Heinz theorem to Theorem 5.2.

Acknowledgment. We would like to express our cordial thanks to Professor E.Kamei
for sending his interesting papers [15] and [16] to us.
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