Scientiae Mathematicae Vol. 1, No. 2(1998), 247—255 247

ON THE ABSOLUTE CONVERGENCE OF LACUNARY FOURIER
SERIES OF SEVERAL VARIABLES

NAOKO OGATA
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ABSTRACT. In this paper, we consider concerning absolute convergence of the lacunary
Fourier series of several variables

)~y emet ™

meEA

where a lattice point set A satisfies some gap conditions. We generalize the result of
[2;Theorem] in the case of several variables.

1. Introduction.
Let f(z) € L(T) (T = [-m,7]). Let
(L.1) Z (an, cosngx + by, sinngz)
k=1

be the Fourier series of f with an infinity of gap (ng,ng+1), where {n;} (k € N) is a strictly
increasing sequence of natural numbers.

A strictly increasing sequence {ny} (k € N) of natural numbers is said to satisfy
the condition By if sup,, Ra(n) is finite, where Ra(n) denotes the number of different rep-
resentations of an integer n in the form

n = e1Ng, + 2N, (e1,82 = £1;np,,np, € {Nt})

(cf. [1; Vol.II, p.248]). It is known that any Hadamard gap sequence {n;} satisfies the
condition By [1;Vol.IT,p.234].

In 1980, J.R.Patadia and V.M.Shah [3] have proved the following theorem concerned
with absolute convergence of lacunary Fourier series.

Theorem A. [3; Theorem 1]. Let E C T be a set of positive measure. Let
{nt} (k € N) be a strictly increasing sequence satisfying the gap condition Bo. If

> (w2 1 B)\”
16222(7\/% ><oo 0<pB<1),
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then for the Fourier series (1.1) of f € L*(T),

oo

>~ (lam | + 16 ]*) < o0,

k=1

where

w6, f,E) = o { </E |f(xz+h) = flz— h)|2da:> } .

Following Theorem B, we generalized 3 power stated in the hypothesis and the result
in Theorem A to an increasing and concave function.

Theorem B. [2; Theorem]. Let p(u) defined for uw > 0 be an increasing and
concave function with p(0) =0 and let a sequence {ny} (k € N) of natural numbers satisfy
the gap condition Bo. Let E C T be a set of positive measure. If

0 w<2>(i_:, E)
;ap —\/E < 00,

then for the Fourier series (1.1) of f € L*(T),

(oo}

k=1

Furthermore, we extend Theorem B in the case of d-dimension.
Let f(x) € L(T?) (T = [-,x]). It’s Fourier series is
(1.2) Fx) ~ Y cme™
meEA

where A is a lattice point set.

Definition. A lattice point set A is said to satisfy the gap condition Ba, if for any
s#0,

f{mm’):m'-m=s, m#m’', mm' e A} < M,

where § is the number of pairs (m, m’) and M is a positive integer.

Let non-negative number |m| = vmi2+ -+ my?> where m = (my,---,mq) and
Ap={me A; [m| <k}

Theorem. Let o(u) defined for u > 0 be an increasing and concave function with
©(0) = 0 and let E C T? be a set of positive measure. Suppose that a lattice point set A
satisfies the gap condition Bo and that there exists a strictly increasing integer sequence
{ni} such that $ {m € A; m € A, \ A, } <N where Nis a positive integer. If

i@ _W(Q) (flj':%’f’E) < 00,

k=1
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then for the Fourier series (1.2) of f € L?(T?),

> lleml) < oo,

meA

where

w?(5, f,B) = sup, { (/E |f(x+u) — f(x— u)ﬁlx)é} :

Remark 1. There exists the lattice point set A with the gap condition Bs which does
not satisfy the gap condition jj{m EA;meA \Ank} < N for any strictly increasing
integer sequence {ny}.

N1

Remark 2. In the case of 1-dimension, the gap condition § {m €EA;meA,,,, \Ank} <
N is not necessary.

2. Proof of Theorem.

To prove Theorem, we need several lemmas.

Lemma 1. [2; Lemma 2]. When m > 2 (m € N), the following two conditions

are equivalent.
w® <n2“1 1 E)
k]

=1
(I Zkl ¢ - < 00,

T
k=1 B km

o [w® (il’f’ E)
(II) o| ———2L | <.

Lemma 2. Let E C T? be a set of positive measure and a lattice point set A sat-
isfy the gap condition Bs f{(m,m') :m'—m=s, m#m’' , mm’' € A} < M for any
s # 0 where M is a positive integer. For a constant A\ > 1, there exists a natural number
v =v(E,\, A) which has the following property; for any trigonometoric series

P(x) = Z eme™  such that Z |Cm|2 <000,

meEA meA

[m|>v

we have

|E| 2 / 2
— cm| < P(x)|"dx .
v 2 Il < [ 1PGO)

meEA
|m|>v

Proof of Lemma 2. Suppose that Ay = {m € A;|m| <k}, Pr(x) = Z cme™*, and
meAg
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1\¢ S
Y = <2—> / XEe(x)ei™*dx. Then we have
m Td
[ inere = [ (Z Cme’ )(Z m"‘> dx
E meA, m' €Ay,

= Z Z cmcmr/ eilm’ —m)xgx

meA, m' €Ay

|E| Z |cm| + (27) Z Z CmCm Ym'-m = 1+ J.

meAy meAr m'EAy

m#m/

As for the term J, we have

|J| < (271-)(1 Z Z |cmcm’||7m’—m|

meAr m'EAg
m#m/’

N=

1

2
< (25 ewt) [ £ 5 bl
meA, m'EAy :i[::/ m’'EAy
1
= (Z |cm|> Z Z |'7m’fm|2
meA; meAy m/EAg
m#m/
1
2
() (5.5 )
meAyg s m'—
1
2
= ( > leml > (Z s” £{(m,m’) : m' —m = S}>
meAy S
1
2
< ! ( Z |cm|2> <M2|’YS|2>
meA; s

Owing to Z |75|2 < 00, there exists a positive number p > 0 such that

d A—1
@m)*| MY |l < =18l

[s|>p

Since there exists a natural number v such that min {|m; — ms|} > p for any m;, m, €
A (Jmy |, jmy| > v, m; # my), we get

A—-1
et Y deal | (M el <SEIE Y el

meAy s|>p meA,

|m[>v |m|>v
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Therefore,

|E| 2 / 2
— cm| < Py (x)|"dx .
w > lenl” < [ 1P

meAy,
Im|>v

This inequality follows from Z lem|” < 00, even if Pi(x) is infinite series P(x).
meA
This completes the proof of Lemma, 2.

Lemma 3. When d > 2 (d € N), we have
d
3 (Ll 2 it (v3) 7 (12 - 1)
Foaid2 [ de > m V3 v
> (2 y- v 7
/0:0(51110) /t:o 11" sini cos )it > T (T) ( > ,
where p € N.

Proof of Lemma 3.
lml

(L
/ (sin )" / 71| sin(t cos 8)|* dtdd
6=0 t=0

[%]TA’(COS 9)
= / sm0 — / vd_1| sinv|2dvd0
(cos®) v=0

wly

> / (sin §)* /[%l]ﬂvd_1|sinv|2dvd0
v=0
[m[y _ =z

> ( ) ( ] 1) /o;(sinﬁ)dﬂdﬂ
|m|y x -2

. () ( ] 1) /{;(%a)d d9

_ W_?(z)“<¢3>“ (-1

12\2 2 d(d—1)

In the previous estimate, we use

\ml]

S
/ vl 1|SIHU| dv = Z ﬁ . d_1|Sin’U|2dU
v Jj—

=0

[\ml

(5] i1 i 1 -1
(G- D 2" o2, T (J—Dm
]2:; <72 6o, |sinv|“dv = 1 Z 5

i=1

Y%

T /m\4-1 [%]_1 ’
e

4 d

This completes the proof of Lemma, 3.
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Lemma 4. If |m| > 2p (p € N), then

3d+1

/ |sinm-u|2du > d47rT .
ul<f 9(4v/3p) d(d — 1) T (42)

Proof of Lemma 4. Using Lemma 3,

|sinm - u|2du
lul<Z

27 b T %
= / / / / |sin(jm| r cos6;)[*
0d—1:0 9d72:0 01:0 r=0

P (sin 61)? 2 (sin 62)* 2 - - - sin Og_odrdfy - - - dfg_1

1 2m ™ ™ ™ 4 z 4
> —d/ / sinﬁd,g/ (sinOd,g)z---/ (sinBy) 73/ (sinf;)*?
lm|® Jo,_1=0 Jo,_»=0 04_3=0 02=0 0,=0

|m|

/ ’ =Y sin(t cos 0y)|* dtdby - - - dfy_y
t=0
1 27 ™ ™ ™
Z I / / sin 0d_2/ (Sin 0d—3)2 .. / (Sin 62)6173
pd ([M] + 1) 0q—1=0J0g_2=0 fqg_3=0 f>=0
P
H [
/ (sin ;)42 / =Y sin(t cos 0 )| dtdb; - - - dfg_y
0 t

1=0 =0

;ﬁ(g)“«g)”([i‘l)d

2 d(d—1)

27w T T T
/ / sinf4_» / (sinB4_3)% - - / (sin62)* 2dfy - - - dfg_1
04—1=0J04_2=0 04—3=0 62=0

=) e\ e
> 2 (9)

In the previous estimate, we use

2m ™ ™ ™
/ / sinfy_» / (sin Hd,g)Q - / (sin 02)d_3d92 -eedfgq
04_1=0J04_5=0 04-_3=0 65=0

- (o) o(34) a2

- (QW)F(l)F(%)F(%)F(%)'_‘1“(%2)1;(%) (QW)(F(%) R

EI (50
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H

(1

]—1d 1\ ¢
([]+1;d> (g) (jm| > 2p) .

This completes the proof of Lemma, 4.

and

SIEIRES

Lemma 5. Let E C T? be a set of positive measure and a lattice point set A sat-
isfy the gap condition Ba. When ¢y, = 0 (lm| < v) where v is as in Lemma 2, we get the
following inequality;

2
Z |Cm| <0Ew ( 7f7 > )

meA
|m|>q

9(4v3)"d(d — 1) T (452)
16/ (§+1)

where C = and ¢ € N.

Proof of Lemma 5. In Lemma 2, putting P(x) = f(x +u) — f(x —u), we get

E
| | Z |em]’| sinm - ul® /|fx—|— flx—u)|dx,

meA
|m|>v

where ¢y, is the Fourier coefficient of f. Integrating the both sides with respect to u over
lul <% (p € N) and using Lemma 4,

1675 |E| )
d d—1\ A Z [eml|
9(4v3p) d(d - 1) T (42) e
|E| 2 . 2
< 4— |¢m| |sinm - u|”du
A ,;A lul<z
|m|>2p
< [ A e w = s wiax au
luj<=
3
< 7< > sup/|fx+u (x—u)|2dx}
L(§+1) {u<"
< wi ()« (re)
T T(¢+1)\p p

Therefore,

93 dd-DT (5 A <7r )2

|m|2>2p

This completes the proof of Lemma 5.

Lemma 6. (Jensen’s inequality concerning concave function) Let ¢(u) defined for
u > 0 be an increasing and concave function with p(0) = 0. For any infinite sequence
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of non-negative numbers x1,x2,- - , Tk, -+ and any infinite sequence of positive numbers
Ji,Joy oy Ik, oo, we get the following inequality;

> Trp(xr) > Jixk
k=1 _ < o k=1

> >
k=1

k=1

)

where each series in the above inequality converges.
By using lemmas, we shall prove Theorem.

Proof of Theorem.

Y )= Y elem)=332 Y slem)

meA J=1meAn;, \An; =1 k=1

IN
NE
.Mg
w|'—‘
™
S
=
g

EmeAnHl\An]. |
ﬁ{m €EAmeA,, \An].}

NE
.M8

IN
=
WK
.Mg
w|’_‘
AS)
™
7

k=1 ]:[k%] J meAn]-+1\An]'
oo 1
> >~ 1 Zj:[ké] 77 EmeAnH_l\An]. |cm|
< VY| & e e
k=1 i=[ %] j=[k3] 7

IN
()
=
™
f:\:’

N
Wi
NE
w| =
™
o
g

2k3

IN
o
=
WK
¥
AS)
i
()
M8
c:| =
N
M8
™
o
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(S

IA
D
=
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i.a
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WK
™
£
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D
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%H
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AS)

=1 3N 1

= 6NY o |2y =] Y leml
s O VES s,

k3]

-
@

=1 1 27
< 6NY o |C w? | — f,E
i1 k3 Vi3 ")
=1 1 27
S 0”2_280 - w(2) —7f7E <007
= ke Vs n[k%]
N
where (' =2* % and C"" = 6N max(1,C") .

Therefore, owing to Lemma 1 with m = 3, the proof of Theorem completes.
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