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SPECTRAL ORDER AND OPERATOR MEANS
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ABSTRACT. Bonsall’s proof of the spectral theorem is regarded as an application of the Kubo-
Ando theory on operator means. Consequently, the Kato theorem for the lattice operations on
the spectral order of positive operators is given a new look in terms of operator means.

1. Introduction. A (bounded linear) operator 4 acting on a Hilbert space H is positive,
say A > 0,if (Az,z) > 0 for all # € H. The usual order A > B among selfadjoint operators
is naturally induced by A — B > 0. Unfortunately, the selfadjoint operators does not form
a complete vector lattice. In 1971, Olson [9] introduced a new order among the selfadjoint
operators, by which it becomes a conditionally complete lattice, cf. also [5]: Let F; (resp.
F,) be the resolution of the identity of 4 (resp. B), Le.,

(1) A:/tdEt and B:/tdFt.

Then the spectral order A < B holds if E; > F; for all t.
In 1979, Kato [5] realized the join A V B of positive operators A and B by

(2) s-lim (A"VB")» = AV B,
where V is the arithmetic mean and s-lim the limit in the strong operator topology. Also

Ando pointed out that the meet of positive invertible operators 4 and B is given by the
harmonic mean !;

(3) s-lim (A" ! B")» = AA B,
where A1 B =2(A~"+ B~")~" if they are invertible; in general,
(4) A!'B=slim.o(A+e)! (B+e)
for A, B > 0, see Kubo-Ando [7].
On the other hand, Olson characterized the spectral order by their powers for positive

operators [9;Theorem 3], cf. also [8] and [10]:
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Theorem O. For positive operators A and B, A < B if and only if

(5) A" < B" forallne N

In addition, several useful properties of the spectral order are given by Uchiyama [11].

In this note, we introduce a harmonic system associated to the harmonic mean and
Olson’s theorem, and prove that every harmonic system contains a resolution of the identity
of each element in it by Bonsall’s observation on the spectral theorem. As a consequence, we
can give an alternative simple proof to (5). Moreover, as an application of (5), we propose
a short proof to Kato’s theorem (2) and (3). The latter clarifies some advantage of the
parallel sum due to Anderson-Trapp [1].

2. Harmonic systems. A subset = of positive operators is called a harmonic system
if = satisfies (i) it contains 1 and is closed in the strong operator topology, (ii) if A € =,
then A" € = for all n € N, and (iii) A, B € Z implies A! B € =.

Here we state the following theorem which is nothing but a disguise of Bonsall’s con-
structive spectral theorem in [3]:

Theorem 1. If a positive operator A with the spectral decomposition (1) belongs to a
harmonic system =, then E]J‘ is contained in =.

As a matter of fact, Bonsall observed that the successive approximation defined by
(6) Appr =242(1+ A2, A=A

converges strongly (monotonically) to Fi-, which is nothing but 4,1 = 1! A and proves
the theorem.

Furthermore one can construct a sequence converging strongly to E;- by replacing 1 to
t*in (6):

(7) Ap1 =242+ A) P =11 (Z2)2, A =4

Namely we reach Olson’s theorem:

Proof of Theorem O. Suppose that A and B have the spectral decompositions (1). We may
assume that A and B are invertible. As in the remark above, Ej- and F;* are approximated
by the sequences {A} and {B}}, defined as in (7), respectively. So we show that A} < B}
for all k,n € N by the induction on k. This is true for & = 1 by the assumption. If it is true
for some k, then

Ap. . Bi. ...
(1+ (Tk)—z)" > (14 (Tl‘)_z)” forall néeN.

Taking the inverse on both sides, we have Ay, | < By, | for all n € N.

In the proof of Theorem O, we approximated E;- by (7). However E; itself is approxi-
mated by

1—A

(8) Aflt—:ﬁ =1! (Ag))2v A(lt) = 1—¢’
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where we assume that ||A[] < |[|B]| < 1 for simplicity. Thus Theorem O is also proved by
(ADY" > (BM)" for all n € N, which follows from

(1=A) "= A" <(1-B) "= (3 BY"

k=0 k=0

Remark. (1) As a simple consequence, the spectral order is reversible in the following
sense as well as the usual one: For positive invertible operators A and B, A < B if and only
if B~ < AL

(2) The complexity of a positive invertible operator A4 is recently introduced in [4] by

9) r(A;x) = lim M

n—o0 n

for a unit vector x € H,

by which the complexity order among positive operators is defined as A <, B if x(A4;2) <
r(B; ) for all unit vectors # € H. It is shown that it coincides with the spectral order and
consequently Theorem O is obtained [4;Theorem 5.1].

3. Kato’s theorem. As an application of Theorem O, we give a simple proof to Kato’s
realization of the join A V B of 4, B > 0 under the spectral order.

Theorem 2. (Kato) For A, B >0, the join A V B is given by
(2) s-lim(A"VB™)= = A V B.
For the sake of convenience, we first cite the Lowner-Heinz inequality;

(10) A > B >0 implies A” > B for « € [0, 1].

L
n

Next we recur the existence of s-lim (A"VB")%. For n > m > 0, the operator concavity of

. m
the function z — x» ensures that

A_1n+Bn - S (‘An)$ +(Bn)% _ 44m+Bm

(> =
so that the Léwner-Heinz inequality (10) implies

‘471 + B" 1 ‘4771 + Bm™ N
(11) (T)" 2 (T)m'

Hence C,, = (A”VB”)% is a bounded nondecreasing sequence, so that D = s-lim (), exists.

Proof of Theorem 2. It suffices to show that A, B < D and D < C for C' = A,B. The
former A < D is ensured by
44]”,” Bk'n
A,/_lk — (A,/_lkn)% S (141471 +Bkn)% — 2%(( _|2_ )ﬁ)k
for all k, n € N and so A* < D* for all k € N by taking n — co.
Next, it C'>= A, B, then C*" > A*" B*" for all k,n € N. Thus we have
441.% _|_Bkn
2

by (10) and so D* < C*, ie., D < C. Hence we have D = AV B.

i = ( )7 < (=t

The above version of Kato’s theorem tells us that the join is described by the arithmetic
mean, the greatest symmetric (operator) mean; accordingly the harmonic mean will be
expected to give the meet since it is the smallest symmetric mean. In the below we give an
analogous proof to Ando’s theorem [2;Lemma 6.15], in which we need the parallel sum by

Anderson-Trapp [1], i.e., 4: B={(A! B).
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Theorem 3. For A, B > 0, the meet A A B is given by

(3)

s-lim (A" ! B”)% = ANAB.

Proof. Put Ac = A+ ¢ for e > 0. By (11), we have for each € > 0

(A" 1 BM)w < (A1 B™)w  if n > m.

Taking € | 0, both sides above converge decreasingly and hence

(A" B")% < (Aam™! B’")# it n >m.

Therefore there exists s-lim (A" ! B”)% =F.

Since A" : B¥" < A*" B for k,n € N, we have

((/—1’”1 . B/cn)ﬁ)lc < A/c./B/c./

so that E¥ < A* BF. This means that £ < A, B.

Next, if 0 < C' < A, B, then CF" < A%" B*" for k,n € N. Since C*" < A" | B*" for

k,n € N, we have CF < ((AFn 1 Bk”)ﬁ)k by (10). Taking n — oc, we have C* < E* for
all k € N, so that C' < E. Hence we have E = AN\ B.
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