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ON EXTENDED BANACH-MAZUR GAMES ON BOOLEAN ALGEBRAS

MAKOTO TAKAHASHI

Received October 24, 1997

Abstract. We extend the Banach-Mazur game on Boolean algebras so that at each

stage player I can play simultaneously many elements. We introduce two games SG(B)

and DG(B). We show that SG(B) is determined for all Boolean algebras and DG(B)

is determined for several Boolean algebras for which ordinary Banach-Mazur game is

undetermined.

1. Introduction. Trans�nite games on Boolean algebras have been an object of research
in set theory. In [6] Jech investigated the Banach-Mazur game G(B)(see x3) of length !

played on a Boolean algebra B between two players I and II where I moves �rst. He proved

that I does not have a winning strategy in G(B) if and only if B is (!;1)-distributive. He
also showed that G is not determined; i.e., there exists a Boolean algebra B such that in

G(B) both players do not have a winning strategy.
Foreman[2] and Levinski[12] extended G to the games of length greater than ! those are

the games of variable length between ! and �(say of potential length �). Both games di�er
in the winning conditions. The length of games depend on the moves the two players make.
Levinski's game of potential length !1 on B, G(B;!1), is easier for I than G(B); i.e.,if I has

a winning strategy in G(B), then I has a winning strategy in G(B;!1). II has no advantage
in G(B;!1). Actually, by using the observation in [7] about Foreman's Theorem [2], it is

easy to see that II has a winning strategy in G(B;!1) if and only if he has one in G(B).
We say that a game is BM-like if it satis�es the same properties for I and II as above.
We do not know whether there exists in ZFC a Boolean algebra B for which G(B;!1) is

not determined. Under V = L, there exists an !2-Suslin tree T which is not essentially
�-closed (see Example 4 below). Then G(B(T ); !1) is not determined where B(T ) is a

completion of T . We will show that :CH+ nondeterminacy of G(�; !1) is consistent to
ZFC. Nondeterminacy of G(�; !1) follows from PFA also.

In this paper, we will introduce two BM-like games SG(B) and DG(B). G is extended
to G(�; !1) by changing the length of the game. We extend G to SG(B) and DG(B) so that
at each stage I can play simultaneously many elements. A play of SG(B) proceeds most

advantageous to I in BM-like games. So it is easy to see by the de�nition that SG(B) is
determined for all Boolean algebras. In DG(B) , I's play is restricted in comparison with

his play in SG(B), but DG(B) is also easier for I than G(B). We will show that I has a
winning strategy for several Boolean algebras for which G is undetermined. However, it
remains open whether DG(B) is determined for all Boolean algebras.

2. Preliminaries. The reader is assumed to be familiar with the basic facts about Boolean
algebras found in [10]. For basic facts about set theory, we refer to [5, 11]. We use the letters

�, �, � for cardinals; the letters �, �, 
, �, �, � for ordinals; the letters A, B for in�nite
Boolean algebras. For a function f , we denote the domain of f by Dom(f) and the image
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of f by Im(f). We denote the �nite Boolean operations by ^B ; _B ;�B , the in�nitary joins

and meets by
W
B and

V
B , the least element by 0B and the greatest element by 1B . �B

is the canonical ordering of B. We shall omit subscripts if there is no confusion. Let B+

denote fb 2 Bjb > 0g. For each b 2 B+ , B�b is the algebra restricted to b. The cardinality

of a set S is denoted by jSj. A separative partially ordered set (P;�) determines uniquely
(up to isomorphism) a complete Boolean algebra B(P ) such that (P;�) is isomorphic to a

dense subset of B(P ). It is called a completion of P . In particular, every Boolean algebra
B has the unique (up to isomorphism) completion. usually consruct a partially ordered
set, and the Boolean algebra is the completion of it. A complete Boolean algebra B is

(�; �)-distributive i� it satis�es the following law:

^

�<�

_

�<�

a�;� =
_

f :�!�

^

�<�

a�;f(�)

A partially ordered set is �-Baire i� its completion is (�;1)-distributive. We say �-Baire
instead of !-Baire. A partially ordered set P is said to be �-closed if every descending

!-sequence of P has a lower bound in P . Two elements a; b of B+ are disjoint if a^b = 0.
A partition of B is a maximal pairwise disjoint family of B. The set of all partitions of B
is denoted by Part(B). A complete Boolean algebra B satis�es the condition P(�; �; �) if

for each a 2 B+ and any partitions P� 2 Part(B�a) (� < �) with jP�j � �, there exists
a function f 2 ��<�P� such that

V
�2X f(�) > 0 for every X � � with jXj < �. Thus,

P(�; �; !) is the �-representability; P(�; �; �+) is the (�; �)-distributivity.

A tree is a partially ordered set (T;>T ), such that for each t 2 T , the set fs 2 T js <T tg

of predecessors of t is well-ordered by <T . The order type of fs 2 T js <T tg is denoted by

ht(t; T ). The height of T is the least � such that Levn(T ) = ft 2 T jht(t; T ) = �g = ; and
is denoted by ht(T ). For t 2 T , we denote s <T t with ht(s; T ) = � by tj�. We say that

a tree T is normal if for each t 2 T there is s > t at each greater level less than ht(T ) and
every elements on limit levels are uniquely determined by their sets of predecessors. If T is
a tree and X � ht(T ), then T�X = ft 2 T jht(t; T ) 2 Xg.

3. Games and Examples. Let us recall game G(B) played on a Boolean algebra B which
was �rst studied by Jech [6]. Players I and II alternately play a descending sequence of

elements of B.

I w0 w1 w2 � � �

II b0 b1 b2 � � �

w0 � b0 � w1 � b1 � w2 � b2 � � � �

II wins the game i� 9b > 08i 2 ![bi � b].

If P is a separative partially ordered set, we can de�ne the game G(P ) played on P in
the obvious way. Jech[6] showed

Theorem A ([6]). (1) I (II) has a winning strategy in G(P ) i� I (II) has a winning
strategy in G(B(P )).

(2) I does not have a winning strategy in G(B) i� B is �-Baire.

A Boolean algebra B is called game-closed if II has a winning strategy in G(B). If B has
a dense �-closed subset, then B is game-closed. In [2], Foreman proved that the converse
holds when B has a dense subset of size !1. Vojt�a�s [14] and Veli�ckovi�c [13] showed that

this holds for every B that has a dense subset of size 2@0 . On the contrary, Jech and Shelah
[8] showed that the converse is unprovable in ZFC. Levinski[12] extends the game G(B)

to the game G(B;�) of potential length �. In G(B;�), players I and II alternately play a
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descending sequence <a�>�<� of elements of B. At limit stage II moves �rst.2 I wins the

game i� at some limit stage � II can not move;i.e., ^�<�a� = 0. Levinski [12] showed

Theorem B ([12]). Let � be regular. I does not have a winning strategy in G(B;�) i� B

satis�es the property P(�;1; �).

It is observed in [7] that if B is game-closed, then there exists a partially ordered set Q

such that B+�Q has a dense �-closed subset. By using this observation, it is easy to show
that for a game-closed complete Boolean algebra B, II has a winning strategy in G(B;!1).

Hence we have

Fact. (1) II has a winning strategy in G(B) i� II has a winning strategy in G(B;!1) .
(2) If I has a winning strategy in G(B), then I has a winning strategy in G(B;!1) .

We say that a game G is BM-like if G satis�es the same fact as above. The converse of

(2) does not hold in general. Let S � !1 be a stationary and co-stationary set. Let PS be
the partially ordered set of closed bounded subsets of S under end extension. Since PS is

�-Baire, I does not have a winning strategy in G(B(PS)). On the other hand, PS does not
have a branch of length !1, so that I has a winning strategy in G(B(PS); !1). So G(B;!1)
is a distinct game from G(B).

Proposition 1. It is consistent to ZFC that :CH+ nondeterminacy of G(�; !1).

Proof. We use following lemmas due to Levinski[12] and Veli�ckovi�c [13].

Lemma C ([12]). Let B be a complete ccc Boolean algebra and P be a �-closed partially
ordered set. Then, the completion(in V (B)) C of P satis�es P(!1;1; !1) in V (B).

Lemma D ([13]). Let T be a tree. If II has a winning strategy in G(T ) , then T has a

dense �-closed subset.

We assume that the ground model satis�es GCH. Let B be the completion of Fn(!2 �
!; 2). Then B is ccc and 2! = !2 in V (B). Let T be a complete binary tree of height

!1. Obviously T is �-closed. By the assumption, the cardinality of T is !1. Since B

preserves cardinals, jT j = !1 < 2! in V (B). Hence T does not have a dense �-closed subset

in V (B). By Lemma D, II does not have a winning strategy in G(T )3. Hence II does not
have a winning strategy in G(B(T )) in V (B), so that II does not have a winning strategy
in G(B(T ); !1) in V (B). On the other hand, by Lemma C , B(T ) satis�es P(!1;1; !1) in

V (B). Hence I also does not have a winning strategy in G(B(T ); !1) in V (B).

Nondeterminacy of G(�; !1) follows from PFA(Proper Forcing Axiom) also. There exists
a proper �-Baire Boolean algebra B which does not have a dense �-closed subset (see

Example 2). P (!1;1; !1) is equivalent to �-Baire + P (!1;1; !), so that PFA implies that
every proper �-Baire Boolean algebra satis�es P (!1;1; !1). Hence, in B, both players

do not have a winning strategy. algebras. However, games we consider can be de�ned on
partially ordered sets. Let P be a partially ordered set with no least element.

2The de�nition of G(B; �) given here is slightly modi�ed.
3This follows from Foreman's Theorem[2] also.
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3.1. For X � B+, we say that f : X ! B+ is a d-function if f(a) � a for every a 2 X

and that g : X ! P (B+) is a �-ds-function if g(a) � (B�a)+ and 0 < jg(a)j � � for every
a 2 X. A �-ds-function g is said to be a �-pd-function if g(a) is a pairwise disjoint family.

The game SG(B;�) is played as follows: At the beginning, I chooses some a 2 B+.

In the �rst move, I chooses a �-ds-function g0 : fag ! P (B+) and II chooses a d-function
f0 : X0 ! B+ whereX0 =

S
g0(fag) = g0(a). Then I chooses a �-ds-function g1 : f0(X0)!

P (B+) , and II chooses a d-function f1 : X1 ! B+ where X1 =
S
g1(f0(X0)). The game

proceeds like this ad in�nitum. I chooses, as his (n + 1)th move, a �-ds-function gn :
Im(fn�1) ! P (B+) and II chooses , as his (n + 1)th move, a d-function fn : Xn ! B+

where Xn =
S
Im(gn).

Let P: g0; f0; g1; f1; � � � ; gn; fn; � � � be a play of SG(B). A descending sequence fangn2! of
elements of B+ is said to be a path of P if for every n, a2n 2

S
Im(gn) and a2n+1 2 Im(fn).

II wins the play P: g0; f0; g1; f1; � � � ; gn; fn; � � � i� 9a > 08n 2 ![an � a] for every path
fangn2! of P.

In a play of SG(B;�), if we pay attention to a path of the play, then the game proceeds

same as G(B). In particular, SG(B; 1) is G(B). Hence SG(B;�) is a BM-like game. We
denote SG(B; jBj) by SG(B).

Theorem 2. If B has a dense subset of cardinality �, then SG(B;�) is determined. In

particular, SG(B) is determined for every Boolean algebra B.

Proof. Suppose that II does not have a winning strategy in SG(B;�) for some B. Then,
II does not have a winning strategy in G(B). Let D � B+ be a dense subset of cardinality
�. Let us consider the following strategy for I in SG(B;�). At the beginning, I chooses

1B and at his (n + 1)th move, I chooses gn such that gn(a) = fb 2 Djb � ag for every
a 2 Im(fn�1). This strategy is actually a winning strategy for I. Suppose not. Then there

exists a play

P : g0; f0; g1; f1; � � � ; gn; fn; � � �

such that I plays according to above strategy but II wins. We can construct a winning

strategy for II in G(B) as follows: Let a0 be the �rst move of I in G(B). g0(1B) = D, so
that there exists b0 � a0 such that b0 2 g0(1B). II picks a1 = f0(b0). Let a2 be the second
move of I such that a0 � a1 � a2. Then there exists b2 � a2 such that b2 2 g1(a1). II

picks a3 = f1(b2). We continue this ad in�nitum. If I chooses a2n at his n + 1th move,
then there exists b2n � a2n such that b2n 2 gn(a2n�1). II picks a2n+1 = fn(b2n) at his

n+1th move. It is easy to see that fangn2! is a path of P. Since II wins the play , it holds
that 9a > 08n 2 ![an � a]. So II wins the play a0; a1; a2; a3; � � � in G(B). Hence II has a
winning strategy in G(B). But this contradicts to the assumption. Hence I has a winning

strategy in SG(B;�). Therefore SG(B;�) is determined.

The game DG(B;�) is played in the same way as SG(B;�) except that I is restricted

to choose �-pd-functions instead of �-ds-functions. So DG(B;�) is also BM-like and easier
for I than G(B). We denote DG(B; jBj) by DG(B). If P is a partially ordered set, we can
de�ne the game DG(P; �) played on P in the obvious way.

Lemma 3. Let P be a partially ordered set. I has a winning strategy in DG(P; �) i� he

has one in DG(B(P ); �).

Proof. The proof is similar to the proof for G(B). (See [6, p136].)



ON EXTENDED BANACH-MAZUR GAMES ON BOOLEAN ALGEBRAS 173

3.2. There are many Boolean algebras for which I does not have a winning strategy in

G(B) but has a winning strategy in DG(B). However, it remains open whether DG(B) is
determined for all Boolean algebras .

Example 1. Let S be an uncountable subset of !1.We consider the following gameGS(G
�
S)

on S. I and II alternately play an increasing sequence of ordinals in S.

I �0 �2 �4 � � �

II �1 �3 � � �

(�0 � �1 � �2 � �3 � �4 � � � � )

I wins the play GS(G
�
S) i�

S
�i2= S(2 S). It is easy to show that I has a winning strategy

in GS(G
�
S) i� II has a winning strategy in G�S(GS).

Proposition 4. If S is stationary and co-stationary, then neither I nor II has a winning

strategy in GS.

Proof. Since S is stationary and co-stationary, it is enough to show that II does not have
a winning strategy. Suppose that II has a winning strategy �. Then we can show that II
has a winning strategy in G(PS). Given a partial play p0; p1; p2; � � � ; p2i in G(PS),II plays

p2i+1 = p2i[f�(�0; �2; � � � ; �2i)g where �j = max pj . Let p0; p1; p2; � � � be a play according
to the above strategy for II. Since � is a winning strategy, � = [�i 2 S. Hence we have

p =
S
i pi [ f�g 2 PS . Therefore II wins the play above. So II has a winning strategy in

G(PS), but this contradicts to the result of Jech[6].

Theorem 5. I has a winning strategy in DG(B(PS); !1), but does not have one in
SG(B(PS); !).

Proof. Let us consider a strategy for I in DG(PS; !1) as follows. for every b 2 B(PS)
+.

At the beginning I picks ; 2 PS . In the �rst move, I plays a !1-pd-function g0 such

that Im(g0) = ff�gj� 2 Sg � PS which is a pairwise disjoint family in PS . Let fn�1 be
a II 's nth move and Xn�1 =

S
Im(fn�1). Then I plays a !1-pd-function gn such that

Im(gn) = fp [ f�gjp 2 Xn�1;max p < �;� 2 Sg. Suppose that this strategy is not a
winning strategy for I. There exists a play

P: g0; f0; g1; f1; � � � ; gn; fn; � � �

such that

9a > 08n 2 ![an � a] for every path fangn2! of P.

We will show that II has a winning strategy in GS. This contradicts to Theorem 4.

Let �0 2 S be the �rst move of I inGS . Let a0 = f�0g. Then a0 2 Im(g0) = ff�gj� 2 Sg.
II picks �1 = maxf0(a0). Put a1 = f0(a0). Let �2 2 S be the second move of I such that

�2 � �1. Let a2 = a1 [ f�2g. We have a2 2 g1(a1). II picks �3 = maxf1(a2). Put
a3 = f1(a2). We continue this ad in�nitum. When I chooses �2n at his n + 1th move,
a2n = fn�1(a2n�2)[f�2ng 2 gn(a2n�1). Then II picks �2n+1 = maxfn(a2n). fang is a path

of P and II wins the play P, we have 9a > 08n 2 ![an � a]. Hence � =
S
�n =

S
an 2 S.

So II can win in GS according to this strategy.

Now suppose that I has a winning strategy � in SG(B(PS); !). We will show that I has

a winning strategy in GS. This contradicts to Theorem 4. Let g0 = �(<>), Dom(g0) = fqg

and �0 = minf� 2 Sj8p 2 g0(q)[maxp � �]g. Since jg0(q)j � !, �0 exists. I chooses �0 at
his �rst move in GS . Let �1 2 S be II 's �rst move. Put f0(p) = p [f�1g for every p 2 g0(q)

and g1 = �(f0). Then there exists � 2 S such that 8p 2 g0(q)[maxg1(p[f�1g) � �]. Let �2
be such least �. I chooses �2 at his second move in GS . We continue this and get the play

P: g0; f0; g1; f1; � � � ; gn ; fn; � � � where I plays according to � . Since � is a winning strategy
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in SG(B(PS); !), for some path fang in P, fang does not have a lower bound in PS ;i.e.,

sup
S
n2! an2= S. By the de�nition of fn above, we have sup

S
n2! an =

S
n2! �n, so that I

wins in the play �0 � �1 � �2 � �3 � �4 � � � � . Hence I has a winning strategy in GS .

Example 2. Let L = (C�)�2S be a ladder on S � Lim(!1);i.e.C� is a co�nal subset of �
of order type ! for each limit ordinal � 2 S. Let PL be a partially ordered set as follows:

p 2 PL i� p is a closed bounded subset of !1 and C�\ p is �nite for every � 2 S. We de�ne
an ordering on PL by end extension. PL is proper and �-Baire (see [1, p96]) but does not

have a dense �-closed subset.

Now we consider the game GL which is a variant of G�S. I and II alternately play a

increasing sequence f�igi2! of ordinals smaller than !1 . I wins the play i� � =
S
�i 2 S

and jC� \ f�igi2!j = !.

Proposition 6. If S is stationary, then neither I nor II has a winning strategy in GL.

Proof. By Proposition 4 and the remark of the de�nition of G�S, I does not have a winning
strategy in G�S . In GL, I and II do not necessarily play an element of S ,but it is easy to see

that I also does not have a winning strategy in GL. Suppose that II has a winning strategy
� in GL. We will show that II has a winning strategy in G(B(PL)) . Then, by the fact that

PLdoes not have a �-closed dense subset and Lemma D, we have a contradiction.

Suppose that p0; p1; � � � ; pk 2 PL and every pi+1 is an end extension of pi. We de�ne an

ordinal o(p0; p1; � � � ; pk) as follows: Let q0 = p0 and qi+1 = pi+1npi for i = 1 � � � k, and let
Xk = q0 � q1 � � � � � qk. Note that for every �� = (�0; � � � �k) 2 Xk, �0 < � � � < �k. Put

o(p0; p1; � � � ; pk) = supf�(��) j �� 2 Xkg. Then o(p0; p1; � � � ; pk) < !1. Let us consider a
strategy � for II in G(PL) which is de�ned by �(p0; p1; � � � ; pk) = pk [ fo(p0; p1; � � � ; pk)g 2
PL. Suppose that � is not a winning strategy. Then, there is a play that II plays according

to � but I wins. Let p0; p1; � � � be a I 's move in this play. Let � = sup
[

n<!

pn. Since I wins

this play, p =
[

n<!

pn [ f�g2=PL. Hence there exists � 2 S such that jC� \ pj = !. Since

C� is a co�nal subset of � of order type !, if 
 < �, then jC� \ 
j < !. Hence we have

� = � 2 S and jC� \
[

n<!

pnj = !. Let C� \
[

n<!

pn = f
0; 
1; 
2; � � � g such that 
i < 
i+1

for every i < !. There is ni < ! such that 
i 2 qni . Without loss of generality, we can

assume that ni's are distinct and moreover 
i 2 qi for every i < !. Note that , for every
i < !, there exists ��i 2 Xi such that ��i enumerates elements of C� \ pi. Then, we have


0 < �(
0) � o(p0) � 
1 < �(
0; 
1) � o(p0; p1) � 
2 < � � � :

Since � = sup
[

n<!

pn =
[

n<!

o(p0; p1; � � � ; pn) =
[

n<!


n and � is a winning strategy for II in

GL, we have jC� \ f
0; 
1; � � � gj < !. This is a contradiction.

Theorem 7. I has a winning strategy in DG(B(PL); !1), but does not have in

SG(B(PL); !).

Proof. The proof goes on similar to the proof of Theorem 5 by using above theorem.

Example 3. In [3], Gregory constructed a tree TW of height !1 which is �-Baire but if
2! < 2!1 , then B(TW ) does not satis�es P (!1; !1; !1). Hence I has a winning strategy in

G(B(TW ); !1) under 2
! < 2!1 . TW is constructed from W 2 !1 (! 2) and a function F such

that the following condition are satis�ed.
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(1) Dom(F ) � <!1 (! 2)(=
[

�<!1

func�(! 2));

(2) Im(F ) � <!1 (! 2);
(3) if f 2 Dom(F ), then Dom(F (f)) = Dom(f) + 1;
(4) if f 2 Dom(F ), then F (f��) = F (f)�(�+ 1) for all � � Dom(f).

(5) 8
 < !18f 2

+1 (! 2)8t : countable subset of 
 (! 2)[8k 2 t[F (k) � f ]

and there are 2!many h 2 
 (! 2)such that h is a union of element of t

�! 9h 2 
 (! 2)[h is a union of element of t and F (h) = f ].;
(6) TW = ff jF (f) �Wg.

Lemma 8. If t � TW �
 is countable and there are 2! many h 2 
 (! 2) such that h is a
union of element of t, then there exists h 2 
 (! 2)nTW such that h is a union of element of

t.

Proof. Let f 2 
+1 (! 2) be such that f�
 =W�
 but F (
) 6=W (
). Since t � TW�
, 8k 2

t[F (k) �W�
]. Hence by the condition 5 above , we have 9h 2 
 (! 2)[h is a union of t and
F (h) = f * W ]. Therefore , there exists h 2 
 (! 2)nTW such that h is a union of element
of t.

Using this lemma, we can easily show the following

Theorem 9. I has a winning strategy in DG(TW ; 2).

Example 4. Let T be an !2-Suslin tree. We say that T is essentially �-closed if there is
a club C � !2 such that T �C is �-closed. In [9], Jensen constructed an !2-Suslin tree TG
which is not essentially �-closed under V=L. Later Gregory[4] showed that there exists an

!2-Suslin tree under GCH +�!1 . We will show that I has a winning strategy in DG(T; 2).

Let E � !2 be stationary and (C�j� 2 Lim(!2)) satisfy �!1(E). Let (
�(�)j� < ��)
be the monotone enumeration of C�. Then the !2-Suslin tree T is de�ned such that the

following conditions are satis�ed[9].

(1) T � !2 and T is normal;
(2) T0 = f0g;

(3) 8x 2 T�[x has two successors in T�+1];
(4) 8x 2 T8y 2 T [x <T y �! x < y(as an ordinal)];
(5) 8� 2 Lim(!2)8x 2 T�9y <T x8� < ��[ht(y) � 
�(�) �!

8z 2 T
�(�+1)[xj
�(�) <T z �! xj
�(�+1) � z(as an ordinal)]].

Theorem 10. I has a winning strategy in DG(T; 2).

Proof. Note that W = f�jT �� � �g is club in !2. We describe a strategy for I. At the

beginning, I picks 0. In the �rst move, I plays a 2-pd-function g0 such that Im(g0) = f�0; �1g

where �0 6= �1 and �0; �1 2 TminW . Let fn�1 be a II 's nth move and Xn =
S
Im(fn�1).

Then I plays a 2-pd-function gn such that Im(gn) =
S
ff��^0; ��^1gj� 2

n 2; ��^0 6= ��^1 2

Tmin(Wn supXn)
; fn�1(��) <T ��^i for i 2 f0; 1gg. Suppose that this strategy is not a

winning strategy for I. Then, there exists a play P: g1; f1; g2; f2; � � � ; gn; fn; � � � such that

8u 2 ! 29�u 2 T�8n 2 ![�u�n <T �u] where � = supf��j� 2
<! 2g. Note that cof(�) = !.

For every �u(u 2 ! 2), let yu 2 T be an element which satis�es condition 5. By the
Pigeonhole Principle, there are X � ! 2 with jXj = 2!, � < ��,� 2

<! 2 such that yu <T

�� <T �u and ht(yu) � 
�(�) � ht(��) for every u 2 X. Then, for every u; v 2 X and
� > �, we have �uj
�(�) = �v j
�(�). Hence, by the normality of T , we have �u = �v for

every u; v 2 X, a contradiction.
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