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ABSTRACT. We shall introduce a new class “class A” given by an operator inequality
which includes the class of log-hyponormal operators and is included in the class of para-
normal operators. It turns out that our results contain another proof of Ando’s result
[3] which every log-hyponormal operator is paranormal. Moreover we shall introduce
new classes related to class A operators and paranormal operators.

1. Introduction. A capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by T > 0) if (Tx,2) > 0 for all
x € H and also an operator 7' is said to be strictly positive (denoted by T > 0) if T is
positive and invertible.

An operator T is said to be p-hyponormal it (T*T)P > (TT*)? for a positive number p and
log-hyponormal if T' is invertible and log T*T > log TT*. p-hyponormal and log-hyponormal
operators were defined as extensions of hyponormal one, i.e., T*T > TT*, and also they
have been studied by many authors, for instance, [1][2][5][8][13][14][17] and [18]. By the
celebrated Lowner-Heinz inequality “A > B > 0 ensures A* > B® for any o € [0,1]”, every
p-hyponormal operator is g-hyponormal for p > ¢ > 0. And every invertible p-hyponormal
operator is log-hyponormal since logt is an operator monotone function.

? for every unit vector x € H. It has been
studied by many authors, so there are too many to cite their references, for instance, [3][9]
and [15]. Ando [3] proved the following result.

An operator T is paranormal if HTZIH > HTT

Theorem A.1 ([3]). Every log-hyponormal operator is paranormal.

In this paper, firstly we shall introduce a new class “class A” given by an operator
inequality which properly includes the class of log-hyponormal operators and is properly
included in the class of paranormal operators. It turns out that our results contain another
proof of Theorem A.1. Secondly we shall introduce new classes related to class A operators
and paranormal operators. Finally we shall give several examples to show that inclusion
relations among these classes are all proper.
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Key words and phrases. log-hyponormal operator, paranormal operator, chaotic order, order preserving
operator inequality, Hélder-McCarthy inequality.
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2. A subclass of paranormal operators including class of log-hyponormal. We
shall introduce a new class of operators as follows:

Definition 1. An operator T belongs to class A if
T > |T|*. (2.1)

We would like to remark that class “A” is named after the “absolute” values of two
operators [1?] and |T| in (2.1). We call an operator 1" class A operator briefly if 7' belongs
to class A. We obtain the following results associated with class A operators.

Theorem 1.

1) Every log-hyponormal operator is class A operator.
( y log-hyp 1 P

(2) Every class A operator is paranormal operator.

Theorem 1 contains another proof of Theorem A.1. The following theorems and lemma
play an important role in the proofs of the results in this paper.

Theorem B.1 ( [6][10] ). Let A and B be positive invertible operators. Then the following
properties are mutually equivalent:
(i) log A > log B.
(ii) AP > (AT BPA)Z for all p > 0.
(iii) A" > (A BPAz)%r for allp >0 and r > 0.

We remark that equivalence relation between (i) and (ii) is shown in Ando [4].

Theorem B.2 (Hoélder-McCarthy inequality [16] ). Let A be a positive operator.
Then the following inequalities hold for all x € H:

(i) (A", 2) < (AI,I)”HIHZ(I_” for0<r <1.

(ii) (A2, 2) > (Az,z)" .'T:HZ(I_M for r > 1.

As a slightly modification of [[11], Lemma 1], we have the following lemma.

Lemma B.3. Let A and B be invertible operators. Then
(BAA*B*)* = BA(A"B*BA)* ' A*B~

holds for any real number X.

Proof of Lemma B.3. We give a proof of this obvious result for the sake of convenience. Let
BA = UH be the polar decomposition of the invertible operator BA, where U is unitary
and H = |BA|. Then

(BAA™B*)* = (UH*U")* = UH**U"
= BAH 'H**H™'A*B* = BA(H?)*~'4*B~
= BA(A*B*BA)*'A*DB”.
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Hence the proof of Lemma B.3 is complete.

Proof of Theorem 1.
Proof of (1). Suppose that T is log-hyponormal. T is log-hyponormal iff

log |T|* > log |T*|?.
By the equivalence between (i) and (ii) of Theorem B.1, (2.2) is equivalent to
IT|? > (|T|P|T*|?|T|P)?  for all p > 0.
Put p=1in (2.3), then we have
IT1? > (|T||T**|T))7.
By Lemma B.3 and |T*|> = TT*, (2.4) holds iff
[T > T\ (T TFT) T 7|7
iff
(T*|T|*T)* > T*T.
so that
72| > |V,
that is, T is class A.
Proof of (2). Suppose that T is class A, i.e.,
7% > |T].

Then for every unit vector x € H,

| 72| (T%)*T%x, x)

= (|T*fx, )

(|T%|z,2)* by (ii) of Theorem B.2
(|T)?x, ) by (2.1)

= e

(A\VARY

Hence we have

”TQ.T” > ”TTHZ for every unit vector x € H,

so that T is paranormal.

Whence the proof of Theorem 1 is complete.
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3. Several classes related to class A and paranormal. In this section, we shall discuss
extensions of class A operators and paranormal operators. We shall introduce new classes
of operators as follows:

Definition 2.
(1) For each k > 0, an operator T is class A(k) if

(T | T[Ty P > |72, (3.1)
(2) For each k > 0, an operator T is absolute-k-paranormal if

H|T|kT17H > HTIHIQ‘H for every unit vector x € H. (3.2)

An operator T is class A (resp. paranormal) if and only if T is class A(1) (resp. absolute-
1-paranormal). Now we shall discuss the inclusion relations among these classes.

Theorem 2.

(1) Every log-hyponormal operator is class A(k) operator for k > 0.

(2) Every invertible class A operator is class A(k) operator for k > 1.

(3) Every paranormal operator is absolute-k-paranormal operator for k > 1.

(4) For each k > 0, every class A(k) operator is absolute-k-paranormal operator.

We need the following theorem in order to give a proof of Theorem 2.

Theorem C.1 ([12]). Let A and B be positive invertible operators such that

Bo Bo Lo . . .
AP > (—157 BY A7) %45 holds for fired g > 0 and By > 0. Then the following inequality
holds:

( s B8, _B p p
AP > (ABYA%)s¥7  for all a > g and 3 > f.

Proof of Theorem 2.
Proof of (1). Suppose that T is log-hyponormal. T is log-hyponormal iff
log|T* > log |T™|*. (3.3)

By the equivalence between (i) and (iii) of Theorem B.1, (3.3) is equivalent to

r

|T)*" > (|T"|T**P|T|") 7+ for all p >0 and r > 0. (3.4)

Put p=1and r =k > 0in (3.4), then we have
ITI2* > (|T|*|T*2|T)F) 7T for k > 0. (3.5)
By Lemma B.3 and |T*|> = TT*, (3.5) holds iff
ITI?* > [T/ T(T*|T)P*T) = T*|T|*  for k >0
iff
(T*|T)*T)=7 > T for k >0,
so that T is class A(k) for k > 0.
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Proof of (2). Suppose that T is class A, Le.,

7% > |7

(2.1) holds if and only if

(T*|T[*T)* > T*T.

By Lemma B.3, (2.5) holds iff

iff

T\T|(|T|ITT|T) = |T|T > T*T

7P > (ITIT**|T1)>.

Applying Theorem C.1 to (2.4), we have

k

[T = (TP P for k> 1

By Lemma B.3 and |T*|* = TT*, (3.6) holds iff

iff

TP > | (T TP T) ST for k21

(T*|TPP*T)=7 > |T|> for k> 1,

so that T is class A(k) for k > 1.

393

(2.1)

(2.4)

(3.6)

Proof of (3). Suppose that T is paranormal. Then for every unit vector 2 € H and k > 1,

[IT*T|* = (TP*Te,Tx)
> (|T|2T;L',T;L')kHT;L'H2(]_k) by (ii) of Theorem B.2
e
> ”T17H4k HT'IHZ(] -+ by paranormality of T’
_ ”TmHZ(k‘-l-])'

Hence we have

|“T|le“” > HT;EHk+1 for every unit vector x € H and k > 1,

so that T is absolute-k-paranormal for k& > 1.

Proof of (4). Suppose that T is class A(k) for k > 0, i.e.,

(T*|T)**T)™7 > T2 for k > 0.

Then for every unit vector « € H,

17" T|* = (T*|T]**Te,x)

((TX|T|21“T)1¢17,77,,77)]“+1 by (ii) of Theorem B.2
(|7, 2)* " by (3.1)

e

(AVARY
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Hence we have
TI*Tz| > | Tx kL for every unit vector x € H,

so that T is absolute-k-paranormal for k& > 0.

Whence the proof of Theorem 2 is complete. O

As further extensions of (2) and (3) of Theorem 2, we have the following two results.

Theorem 3. Let T be an invertible class A(k) operator for k> 0. Then
F) = (T TP T) ™
1s wncreasing for 1 > k > 0, and the following inequality holds:
f() >|T)?, i.e., T is class A(l) for 1 > k> 0.

Theorem 4. Let T be an absolute-k-paranormal operator for k > 0. Then for every unit
vector v € H,
1
F(l) = |[|T|'T=| ™
1s wncreasing for 1 > k > 0, and the following inequality holds:

F()> HT1” r.e., T s absolute-l-paranormal for 1 >k > 0.

Theorem 3 states the following: An operator function f(I) asserts that every class A(k)
operator is class A(!) for [ > k > 0. Similarly, Theorem 4 states the following: A function
of norm F(I) asserts that every absolute-k-paranormal operator is absolute-l-paranormal
forl >k > 0.

In order to give a proof of Theorem 3, we need the following theorem which is an extension
of Theorem C.1.

Theorem C.2 ([13]). Let A and B be positive invertible operators such that
8g Bo . X : . . .
Ao > (4% B‘YGA?T) w050 holds for fized ag > 0 and By > 0. Then for fized § > — [y,

_s 8

f(O.’,/B) = A2 (‘AgBa‘AQ)%‘A—TB

is a decreasing function of both o and 3 for a > max{d,«p} and 3 > fy.

Proof of Theorem 3. Suppose that T is class A(k) for k& > 0, i.e.,
J(k) = (T TPAT) =5 > TP (3.1)
By Lemma B.3, (3.1) holds iff
T\ T (T TT | T =5 [T T > 7T
iff
(T2 > (|7 H 7)) F. (3.7)
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By applying Theorem C.2 to (3.7),
—1l/1 ; 4 —1
g = [TI7 (T P17 = |7
is decreasing for | > k > 0. And we have

gty = |17 Py R
= [T R
= T(T*|T|21T)l:r_1lT* by Lemma B.3
= T{TTP'T)ET T
= T{/()}'T".

Hence f(1) is increasing for [ > k > 0. Moreover,

(TITP'T) ™ = f(1) 2 f(k) 2 |T

2
5

that is, T is class A(l) for [ > k > 0. Whence the proof of Theorem 3 is complete.

Proof of Theorem 4. Suppose that T is absolute-k-paranormal for k > 0, i.e.,

T T > ||T |

for every unit vector x € H.

(3.2) holds if and only if

1
F(k)= H|T|kTrH R > HTTH for every unit vector x € H.
Then for every unit vector x € H and any [ such that [ > k > 0, we have

F(i) = |IT)'Te|™
= (|T]'Tx,Tz)7™
- {(|T|2kTm’Tm)%HT'rHM_%)}m by (ii) of Theorem B.2
= (] * ey

(5 ey 5y (32

]|

Hence
F()= H|T|1T1,PHHL1 > ”Tr“ for all unit vector x € H and | > k,

so that T is absolute-l-paranormal for [ > k > 0.

(3.8)
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Next we show that F'(I) is increasing for [ > k > 0. For every unit vector € H and any
m and [ such that m > 1>k >0,

m

> (TP Ta, Ta)® | T2~} 2555 by (i) of Theorem B.2
S T e o R sy
> {17V Te]| |7 T T T by (3.8)
= |77 ™
= F().
Hence F'(I) is increasing for I > k > 0. Whence the proof of Theorem 4 is complete. O
An operator T is normaloid if HT” H = HT |” for all positive integers n. It is known that

every paranormal operator is normaloid [9][15]. As a generalization of this result, we obtain
the following Theoren 5.

Theorem 5. If an operator T s absolute-k-paranormal for some k > 0, then T is nor-
maloid.

Proof of Theorem 5. In case T is absolute-k-paranormal for some 0 < k < 1, T is paranormal
by Theorem 4, so that T is normaloid as shown in [9] and [15]. So we consider only the case
of k£ > 1. Suppose T is absolute-k-paranormal for some k > 1, i.e.,

H |T|kT,77H > HT,er-H for every unit vector x € H, (3.2)
and we may assume that HT” = 1 without loss of generality. We remark HT" H < ”T“ﬂ =1.
By (3.2), we have

[z < izl < i - il < 172 < 7)) < 1

for every unit vector » € H,

that is,

7]

1

Let {z;} be a sequence of unit vectors such that

< ”TQT” < ”7” for all » € H. (3.9)

|1 T = 1. (3.10)
Put 2 = z; in (3.9), then we have
k+1
Tx;
Ly

So ||T%2;]| = 1 by (3.10) and (3.11), that is | 72| = 1 = | T|".
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Now suppose that
||T"_2;’L'j|| — 1 and ||T"_].17j|| —1 forn>2. (3.12)

Put  =T" ?z; in (3.9), then we have

(A i i
0 || Tx|| < [|T" ;|- 3.13
HT}'},—gm.ij’ - ” L ” - ” € H ( )
So HT”;ij — 1 by (3.12) and (3.13), that is ”T”H =1= HTH”

Consequently ”T”H =1= HT”” for all positive integers n by induction. Therefore the
proof is complete, O

4. Examples. In this section, we shall give a characterization of absolute-k-paranormal
operators. And by using this characterization, we shall give several examples showing that
inclusion relations among the classes discussed in this paper are all proper.

Ando [3] proved the following Theorem D.1.

Theorem D.1 ([3). | An operator T is paranormal if and only if
T2T? —2XT*T 4+ X2 >0  for all X > 0.

As a generalization of Theorem D.1, we have the following characterization of absolute-
k-paranormal operators.

Theorem 6. For each k > 0, an operator T s absolute-k-paranormal if and only of

T*|TPP*T — (k + DNYTP? + EXTL >0 for all X > 0.

In fact Theorem 6 implies Theorem D.1 putting £ = 1 in Theorem 6.

We cite the following well-known lemma in order to give a proof of Theorem 6.

Lemma D.2. Let a and b be positive real number. Then

a b < Xa+pb for X >0 and > 0 such that A+ p = 1.

Proof of Theorem 6. Suppose that T is absolute-k-paranormal for k& > 0, i.e.,
H |T|kT¢’| > HT:L'H/CJrl for every unit vector x € H. (3.2)
(3.2) holds iff
17| =7 || > ||| for all 2 € H
iff

(T*|T|2kTa7,17)k#H(w,w)k+?1 > (|T]*x,x) forallz € H. (4.1)
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By Lemma D.2,

k

<§) k (T*|T|2'”'ngr,gzr)}k+rl ANz, x)} T

11 K (4.2)
< ——(T|T*Ta,x —— N2,z
< e 4 )
for all v € H and all A > 0,
so (4.1) ensures the following (4.3) by (4.2).
11 - k ,
——— (T T|* T2, x —Xaz,2) > (| TPz, x
for all € H and all A > 0.
THTP T2, 2) | 7
Conversely, (4.1) follows from (4.3) by putting A = {(|(7|—7)T7T)} . (In case
(T*|T|**Tz,2) = 0, let A = 0.) Hence (4.3) holds if and only if
THTP*T — (k 4+ DAMT2 + kAT >0 for all A > 0,
so that the proof is complete. O

The following Proposition 7 is obtained by easy calculations, so we omit to describe these
calculations.

oo

Proposition 7. Let K = 69 H, where H,=2H. For given positive operators A, B on H,
n—=-—o0

define the operator Ty g on K as follows:

oo
oy o
SEIE

Tap=

where D shows the place of the (0,0) matriz element. Then the following assertions hold:

(1) Ta, g is log-hyponormal if and only if A and B are invertible and
log A >log B.

(ii) For each k>0, T4 g is class A(k) if and only if

(BA%* B)7T > B2,

(iii) T4 p ts class A if and only if
(BA’B)? > B2

(iv) For each k>0, T4 g is absolute-k-paranormal if and only if

BAB — (k+ D)A*BZ 4+ kA1 >0 for all X > 0.
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(v) Ta g is paranormal if and only if

BA?’B —2\AB?> 4+ X> >0 for all A\ > 0.

By using Proposition 7, we can give several examples to show that inclusion relations
among these classes are all proper.

oo

Example 8. Let K = @ H, where H, = R2. For given positive matrices A, B on
n=-—00

R, define the operator Ty p on K as (4.4) in Proposition 7. Then we have the following

examples.

We remark that the trace of a matrix X denotes tr X and the determinant of a matrix
X denotes det X.

(1) An exzample of non-log-hyponormal, class A operator.

2 2
(177 _ (10
A= (7 5) and B = (0 4> .

Fujii, Furuta and Wang [7] shows that log A # log B and 4* > (AB‘ZA)% hold together. On
the other hand, 42 > (ABZA)% holds iff (BAZB)% > B? holds by Lemma B.3. Therefore

T4 p is non-log-hyponormal but class A by (i) and (iii) of Proposition 7.

Let

(2) An ezample of non-class A, class A(2), paranormal operator.

Let
2 0\ .. (3 =2
A_<O 2\/%) and B—<_2 3>
Then
2t oo (017472, —3.1798...
(BA™B)? B_<—3.1798... 11.770... )

Eigenvalues of (BA2B)? — B? are 12.585... and —0.64001..., so that (BA2B)% 7 B*. So

1
2
T4 p is non-class A by (iii) of Proposition 7.
On the other hand,

(BAB)Y — B? = ( 3.9481... —8.6943...) '

—8.6943... 21.128...
Eigenvalues of (BA'B)3 — B? are 24.760... and 0.31608. ... so that (BA*B)s > B2. So
T4 p is class A(2) by (ii) of Proposition 7.

Furthermore, for A > 0, define X7 () as follows:

- 2 =7
X, (\) = BA’B —2\B? + \! = (404 26\ + A 576 + 24 )

—576 + 24\ 844 — 26\ + \?
Put p1(A) = tr X1(\) and ¢ (A) = det X1(A), then
pi(A) =207 — 52\ 4 1248
=2(A—13)*4910>0
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and
q1(\) = (404 — 26X 4 \?)(844 — 26\ + \?) — (=576 + 24))?
= At = 52)% + 13487 — 4800 + 9200.
By calculation,
gL (N) = 4N% — 15602 4 2696\ — 4800
= 4(A — 2)(A\? = 37\ 4 600)

37\* 1031
:4@_2){@—7‘) +T}'

So ¢i(A) = 0iff A = 2, that is, ¢1(A) > ¢1(2) = 4592 > 0 for all A > 0. Hence X;(N\) >0
for all A > 0 since tr X1(X) = p1(A) > 0 and det X;(X) = ¢1(A) > 0 for all A > 0. Therefore
T4 p is paranormal by (v) of Proposition 7.

(3) An example of non-class A(2), absolute-2-paranormal operator.

Let
(4 0\T _1/1+V3 1-V3
A_<0 20) and B_Z(l—\/§ 1+ v3)

T

Then

L ; - 5 289...
(BA4B)5—I§’2:( 0.0091543... 0.44289 >

0.44289. .. 1.2774. ..

Eigenvalues of (BAA'B)% — B? are 1.4151 ... and —0.14687. .., so that (BAA'B)% * B?. So
T4 p is non-class A(2) by (ii) of Proposition 7.

On the other hand, for A > 0, define X5(\) as follows:

24 — 8/3 — 612 + 273 —12 4+ 3)2
—12 4 3)\? 24 + 8¢/3 — 602 + 2)\3

X,(\) = BA'B-3)\*B* 4+ 2)\* = (
Put pa(A) = tr Xa(\) and g2(A) = det X(A), then
pa(N) = 4\* —12)\% 4+ 48
and
G2(A) = (24 — 8V3 — 62 + 20)(24 + 8V/3 — 612 + 2\*) — 64
=45 — 2407 4+ 270" 4+ 9607 — 21677 4 240.
We easily obtain p2(A) > 0 for all A > 0. And we have
(N) = 24X° — 1200" + 108\ 4 288A% — 432
= 122(X — 2)(2X\% — 607 — 3\ + 18).

So ¢4(A) = 0 iff A = 0,2 since 2A* — 6A% —3X 4+ 18 > 0 for all A > 0 by an easy calculation,
that is, ¢2(A) > @(2) = 64 > 0 for all A > 0. Hence X3(X) > 0 for all A > 0 since
tr Xo(A) = p2(A) > 0 and det X2(X) = ¢2(N) > 0 for all A > 0. Therefore T4  is absolute-
2-paranormal by (iv) of Proposition 7.

(4) An exzample of non-paranormal, absolute-2-paranormal operator.
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11 2 0
4,4_(1 3> andB_<0 0).

Then for A > 0, define X3(X) as follows:

— 2
Xs(A):BAZB_2/\B2+)\2:(8 SA+ A 0)‘

0 A2

Put A =4 in (4.5), then
8

- _ (- 0
X;(4) = ( 0 16) # 0.

So T4, p is non-paranormal by (v) of Proposition 7.
On the other hand, for A > 0, define X4(\) as follows:

80— 1222 +2X% 0 )

X4(A) = BA'B —3)\?B? 4+ 2)% = < 0 2)3

By an easy calculation, 80 — 12A% + 2% > 0 for all A > 0. So X4(\) > 0 for all A > 0, that

is, T4 p is absolute-2-paranormal by (iv) of Proposition 7. O

Example 9. There exists a non-absolute-k-paranormal for any k > 0 and normaloid oper-
ator.
Let
1 0 0
T=10 0 O
01 0

Then HT" ” = HTH” for all positive integers n by an easy calculation. However, the relation

H|T|kTIH > HTf”kH does not hold for the unit vector ex = (0,1,0) since

1 00
IT*T=(0 0 0
0 0 0
Hence T is non-absolute-k-paranormal for any k > 0. a

5. Remarks.
Remark 1. We shall show the relation between k-hyponormal operators and class A (k)
operators.

Proposition 10. For each k > 0, every k-hyponormal operator is class A(k).

In case of invertible operators, this proposition is easily obtained since every k-hyponormal
operator is log-hyponormal and every log-hyponormal operator is class A(k) by (1) of The-
orem 1.

Proof of Proposition 10. Suppose T is k-hyponormal for k& > 0, i.e., (T*T)* > (TT*)*.
k-hyponormality ensures the following inequality.

T*(T*T)*T > T*(TT*)"T. (4.6)
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By Lemma B.3, (5.1) is equivalent to
THTPPRT > |12+ (4.7)
Applying Léwner-Heinz inequality to (5.2), we have
(T*TP*T)™ = TP,
that is, T' is class A(k). O
If an operator T satisfies (5.1), T is said to be k-quasihyponormal. Particularly the class
of 1-quasihyponormal operators is called quasihyponormal. By the proof of Proposition 10,

the class of k-quasihyponormal operators includes the class of k-hyponormal operators and
is included in the class of class A(k) operators.

Remark 2. The following diagram expresses the inclusion relations among the classes
discussed in this paper.
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