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ABsTRACT. Miller (1982) stated that, without a proof, if 1 < p < oo and w is in Mucken-
houpt’s Ap-class, then C&5,, (R™) is dense in weighted Sobolev spaces L (R, w(z)dz).
In this paper, we show this property in the case p = 1 which is the critical case. We also
give a proof in the case 1 < p < oo for convenience. Generalizing the case 1 < p < oo,
we can prove the density for Orlicz-Sobolev, Lorentz-Sobolev and Herz-Sobolev spaces

with Ap,-weights.

1. INTRODUCTION

Let 1 < p < oo. For any non-negative integer k, the Sobolev space L¥(R™) is defined

(63 (63

as the space of functions f, with f € LP(R™) and all g—a exist and g—a € LP(R™) in the
x x

weak sense, whenever |a| < k. The Sobolev space L} (R™) is complete with the norm
o f °f
HfHLQZZ pa (@:f )

lo| <k
where || - ||, is the usual norm of LP(R™). It is well known that C5,  (R™), the set of all

Ox®
comp

infinitely differentiable functions with compact support, is dense in L} (R™).

For a weight function w, the weighted Sobolev space L% (w) = L} (R", w(z)dz) is defined
by using LP(w) = LP(R™,w(z)dx) instead of LP(R™). Miller [8] stated that, without a proof,
if 1 < p < oo and w is in Muckenhoupt’s A,-class, then Cg5,,, (R™) is also dense in weighted
Sobolev spaces L (w).

In this paper, we show this property in the case p = 1 which is the critical case (see [9,
6.6 in p.160]). We also give a proof in the case 1 < p < oo for convenience. Generalizing
the case 1 < p < oo, we can prove the density for Orlicz-Sobolev, Lorentz-Sobolev and
Herz-Sobolev spaces with A,-weights.

We give the definition of A, in the next section. Our main results are the following:

Theorem 1.1. Let 1 < p < 00, w € Ay and k is a non-negative integer. Then Cg5, (R™)
is dense in L} (w).

In general, even if f € L'(w), f(- — y) is not necessarily in L'(w). We show in the next
section if f € L'(w) with w € Ay then f(- —y) is in L'(w) a.e. y (see Remark 2.1).
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Let L .(R™) be the set of all locally integrable functions on R". The Hardy-Littlewood

maximal function of f € L{ (R") is defined by

Y ML
Q3 |Q|
where the supremum is taken over all cubes @ containing x.
The case 1 < p < oo in Theorem 1.1 can be generalized as follows. Let E be a subspace
of L .(R™) equipped with a norm or quasi-norm || - || g. Let Ej be the space of all functions
80( (0%
f € E such that a—£ exist in the weak sense and Dpe € E whenever |a] < k. Then the
x x

space Ej is a norm or quasi-norm space with
o°f _
9 8330 - f .
E

o f
e = > (5=
Theorem 1.2. Let k be a non-negative integer and E have the following properties:

x>
la|<k

1. The characteristic functions of all balls in R™ are in E.
2. Ifge E and |f(x)] < |g(z)| a.e., then f € E.
3. If g € E, |fj(z)| < |g(x)] ace. (j =1,2,---) and fj(z) — 0 (j — +00) a.e., then
fi =0 (j — +o0) in E.
If the operator M is bounded on E, then C, (R™) is dense in Ej.

comp

In the next section we prove the theorems. In the third section we state applications of
Theorem 1.2 to Orlicz-Sobolev, Lorentz-Sobolev and Herz-Sobolev spaces with A,-weights.

2. PROOF

First, we give the definition of Muckenhoupt’s A,-class, 1 < p < co. A non-negative
locally integrable function w is said to belong to A,, denoted w € A, if

s (|Q|/ (x)dx) (TCB'/Qw(x)_l/(p_l)dx>pl < 400 (1<p<oo),
s (1 / S(a)ie) (esssup,cqule) ) < 400 (= 1),

where the supremum is taken over all cubes @ in R™.
In the case 1 < p < oo, the operator M is bounded on LP(w) if and only if w € A,. In
the case p = 1, Mw(x) < Cw(x) a.e. x € R™ if and only if w € A;. See [3] for example.
For a function v on R™ and t > 0, we define
1 T
Yi(a) = i (;) :
To prove the theorems, we state two lemmas. For the proof of the first lemma, see [2,

Proposition 2.7] or [9, p.63].

Lemma 2.1. Let ¢ be a function on R™ which is non-negative, radial, decreasing (as a
function on (0,00)) and integrable. Then

§1>113|(¢t « @) < ¢l Mf(z), =eR™

The following is a key lemma to prove Theorem 1.1 in the case p = 1.



DENSITY IN WEIGHTED SOBOLEV SPACES 41

Lemma 2.2. Let 1 < p < oo and ¢ be as in Lemma 2.1. If w € Ay, then there exists a
constant C' > 0 such that

[V * fllerw) < CllfllLew) for fe LP(w),
where C' is independent of t > 0.

Proof. The case p = 1: Using ¢(y) = ¢(—y), Lemma 2.1, Mw(z) < Cw(z) a.e. z € R™ and
Fubini’s theorem, we have

Lo r@le@ar< [ ] -l w)w) dys
= [ swi( [ oty orwtoras) dy

(2.1)
S/ LfF @) Y] Mw(y) dy
]Rn

<Cllvls [ £t ds.

The case 1 < p < oco: Using Lemma 2.1 and the boundedness of M on LP(w), we have
the conclusion. (|

Remark 2.1. From (2.1) it follows that

w ([ we-le@as)ar= [ ([ vl - la) o

=[] e =)l o) dys

< Ol fllr -
Let 9 be the Poisson kernel. Then #(y) > 0 for all y € R™. Fubini’s theorem shows that if
f € LY(w) with w € A; then f(- —y) € L}(w) a.e. y.

Proof of Theorem 1.1. Let L} . (w) be the set of all f € L} (w) with compact support.
Then L} ., (w) is dense in L} (w). Let v € Cg,,,(R") be a non-negative, radial and

decreasing function with fRn Y(z) dz = 1. We show that, for all f € Lz,comp(w)v
l|9)¢ *f_f”Li(w) —0 as t—0.

e 0% (b * [) o*f
o ;o _ o
o e
it is enough to show that, for f € LY (w),
(2.2) le = f — f||Lp(w) —0 as t—0.

The case p = 1: Since L, (R™) is dense in L'(w), for € > 0 we can take a function

g € L35, (R™) such that [|f — g[[11(.) < €. Using Lemma 2.2, we have that

comp
e * f — fHLl(w)
< e s f=ve*xgllpie) + e *x g —gllerw) + 19 = fllorw)
<CIf =gl + e x g = gllorw) + lg = fllzrw)
S(CHDe+ v+ g —gllnr(w)-
We note that ¢y * g(x) — g(z) a.e. x as t — 0. From g € L (R") it follows that

comp

|t % glloo < ||g]loo and that supp iy * g is included in a certain ball for 0 < ¢ < 1. Therefore,
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by Lebesgue’s convergence theorem, we have |[¢; * g — g[/z1() — 0 as ¢t — 0. This shows
(2.2).

The case 1 < p < co: We note that ¢ x f(x) — f(z) a.e. x as t — 0. From Lemma 2.1
and the boundedness of M on LP(w) it follows that | * f(x)| < ||[¢]|1 M f(z) a.e. © and

M f € LP(w). Therefore, by Lebesgue’s convergence theorem, we have (2.2). O
Proof of Theorem 1.2. From (1) and (2) it follows that Cgy,,,(R") C Ej. Let Ej comp be

the set of all f € Fj with compact support. Then, using smooth cut-off functions and
the property (3), we have that Ej comp is dense in Ej. Since the operator M is bounded,
we can use the same method as Theorem 1.1 in the case 1 < p < oo, and we have the
conclusion. O

3. APPLICATIONS OF THEOREM 1.2

Weighted Orlicz, Lorentz, Herz spaces, and their generalizations have the properties (1)
and (2). Therefore, in the case that the property (3) holds and the operator M is bounded,
we can apply Theorem 1.2.

For a weight function w and a measurable set Q C R™, let w(Q) = [, w(x) dx and let xq
be the characteristic function of €2.

3.1. Weighted Orlicz-Sobolev spaces. A function ® : [0,+0c] — [0,400] is called a
Young function if ® is convex, lim, 4o ®(r) = ®(0) = 0 and lim, 4o ®(r) = ¢(+00) =
400. Any Young function is increasing. A Young function ® is said to satisfy Ay condition,
denoted ® € Ay, if (2r) < CP(r) for some constant C > 0. If & € Ay, then ¢ satisfies

0<®(r) <400 for 0<r<+oo.

In this case ® is continuous and bijective from [0, +00) to itself. For a Young function &,
the complementary function ® is defined by
B(r) = sup{rs — ®(s) : s > 0}, r>0.

For a Young function ® and a weight function w, let

L?(w) = L*(R™, w(x)dx) = {f : /Rn O (e f(z)]) w(z) dx < 400 for some € > 0} ,

[fllzew) = inf{)\ >0: /n ® (lf()\x”) w(x)de < 1} .

For a Young function ® € Ay | let
. . logha()) log ha(N) D(At)
®)= lim ————=~ = —————= he(N) = —.
i) Pt log A oil)l\gl log A 2(V) iglg D(t)

If ®(r) =P, 1 < p < oo, then L*(w) = LP(w), I fllzew) = Il fllLe(w) and i(®) = p.
If fj — 0in L®(w) as j — +o0, then

/Rn B(f;(@))w(z)dr — 0 as j— +oc.

If and only if ® € Ay, the converse is true. In this case L®(w) has the property (3).

Let ® and ® satisfy A, condition. Then the operator M is bounded on L?(w) if and
only if w € A;g) (see [4, Theorem 2.1.1]).

The weighted Orlicz-Sobolev space LE (w) = LE (R™, w(x)dz) is defined by using L® (w) =
L®(R", w(z)dz) instead of LP(R™).

Corollary 3.1. Let ® and d satisfy Ao condition, w € Ay, and k be a non-negative
integer. Then C. (R™) is dense in LE(w).

comp
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3.2. Weighted Lorentz-Sobolev spaces. Let w be a weight function. For a measurable
function f, the distribution function w(f,s) and the rearrangement f*(t) with respect to
the measure w(x)dx are defined by

w(f,s) =w{z e R":|f(x)] >s}):/ w(z)dx, fors>0,

{zeR™:|f(z)[>s}
f (@) =inf{s > 0:w(f,s) <t}, fort>0.

The weighted Lorentz space L®9 (w) = L®P9)(R™, w(zx)dz) is defined to be the set of all f
such that || f|| o) < 0o, where

oo 1/q
(2/ t(q/p)l(f*(t))th> , 0<p<oo, 0<qg<oo,
[flleeow) =4 \PJo
suptl/pf*(t)7 0<p<oo, g=cc.

t>0

If 0 < p=gq < oo, then LW (w) = LP(w) and || fll o) = IfllLow)-
If there exists a function g with lim;_, 4 g*(¢) = 0 such that
Tm fi(0) =0 and |f(@)] < lg@)] ae. € R,
J—T 00
then
lim f;"(t)=0 and f;"(t) <g*(t), t>0.

oo
Actually, for all s > 0, we have
X{yern:|f;(u)[>5} (2) < X{yerni|g(y)|>s} (@) ae. z € R,
and  w(g,s) < +00, i.e. X{yern:|g(y)>s} € L' (W)
By Lebesgue’s convergence theorem, we have w(f;,s) — 0 (j — +o0) for all s > 0.
If g € L9 (w) with 0 < p < 0o, then lim;_ 4 ¢g*(t) = 0. Therefore, if 0 < p < oo and
0 < ¢ < o0, then L9 (w) has the property (3).

Let 1 <p<oo,1<q< 00, w€ Ay, Then the operator M is bounded on L®(w) (see
[1, Theorems 3 and 4]).

The weighted Lorentz-Sobolev space L,(Cp D (w) = L,(Cp (R, w(z)dx) is defined by using
L®:9) (w) = LP9(R”, w(z)dr) instead of LP(R™).
Corollary 3.2. Let 1 < p < o0, 1< ¢q < oo, w e Ay, and k is a non-negative integer.
Then Césyp (R™) is dense in L,(f’q) (w).

3.3. Weighted Herz-Sobolev spaces. Let By = B(0,2%) for k € Z and Ry = By \ By_1.
Let a € R, 0 < p,q < 00, wy and we be weight functions.

The homogeneous weighted Herz space K &P (w1, w2) is defined to be the set of all f such
that [|f[| goor(yy w,) < 00, Where

o0

1/p
||f||I.(§"p(w17w2) = ( Z wl(Bk)ap/n|fXRk“Z£4(w2)> ’

k=—o0
with the usual modifications when p = co and/or ¢ = oc.
The non-homogeneous weighted Herz space K¢P(wy,ws) is defined to be the set of all f
such that || f|| ko r(w, w,) < 00, Where

0 1/p
||f||K;¥’p(w1,uJ2) = <w1 (BO)ap/anXBgHiq(wz) + Z w1 (Bk)ap/n”fXRk |iq(w2)> s
k=1
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with the usual modifications when p = co and/or ¢ = oc.

If o =0and 0 < p = ¢ < oo, then Kg‘*p(wl,wg) = Kz‘}"p(wl,wz) = LP(wq) and
11l o (or wn) = I e (@rw2) = 11l Lp (-

If 0 < p,q < oo, then Kg"q(wl,wg) and K;"9(w1,ws) have the property (3).

If a, p, ¢, w1 and wo satisfy the assumption in the next corollary, then the operator M
is bounded on Kg’q(wl,wz) and on Kp%(wi,ws) (see [5, Theorem 1]). Actually, Professor
Lu pointed out

1\4f(96)§08up—1n/| |f(2)| dy
|f ()]

<Cs L g

< bup/y Y

>0 —z|<r |y - x|n
cof V@l
re [y —2|"

The weighted Herz-Sobolev space an’,f(wl,wg) and K'P(wi,w2) is defined by using
Kg“’p(wl,wz) and K{"P(wy,ws), respectively, instead of LP(R™).

Corollary 3.3. Letw) € 4,, , w2 € 4,,,, 0 <p <00, 1<g<o0andk is a non-negative
integer, where wy and ws satisfy either of the following,

(i) w1 =wsa, 1 <qu,, <qand —nqu,/q < aqu, <n(l —qu,/q),
(il) 1 < qu, <00, 1 <qu, <qand 0 < aqu, <n(l—qu,/q)-

Then C5,(R™) is dense in K:f(wl,wg) and in K'Y (w1, wa).

In the case wi(z) = wa(z) = 1, we denote K;f(wl,wz) and K} (w1, w2) by ';l,}f(R")
and K\'(R"), respectively. Tt is known that Cg,,,(R") is dense in Kz’,f(]R") and in

comp

Gk R")if0<p<oo,1<g<oo,0<a<n(l-1/g)andk is a non-negative integer ([6,
Proposition 2.1]).
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