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ABSTRACT GENERALIZED QUASILINEARIZATION METHOD FOR
COINCIDENCES WITH APPLICATIONS TO ELLIPTIC BOUNDARY
VALUE PROBLEMS
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ABSTRACT. An abstract unified theory of both monotone iterative and generalized quasi-
linearization methods is presented for operator equations of coincidence type in ordered
Banach spaces. Applications are given for strong solutions of semilinear elliptic prob-
lems.

1. INTRODUCTION

In [9], a joint paper with Radu Precup, we develop an abstract theory of the generalized
quasilinearization method for semilinear operator equations of coincidence type, i.e.

(1) Lu=N(u), ue€ D,

in ordered Banach spaces. Our theory contains as a particular case, the monotone iterative
method (see [?, 5, 13, 23]) and, in the same time, is a monotone and nonsmooth version of
Newton method for approximating roots of nonlinear equations. This version unifies some
old ideas, as are presented in abstract setting in [26] (see also the references therein) or
[3, 12, 21, 25], and recent ideas, as they are used in various applications in [14, 15, 18] or
[1, 6, 10, ?, 19, 20, 24]. Tt is worth to mention that when applied to differential equations,
the Newton method is also known as quasilinearization method. A remarkable contribution
in this direction has been the monograph of Bellman and Kalaba [4]. Interesting new
extensions are due to Lakshmikantham [14]. In [8, 9] we give details regarding the history
of the subject and the place of our theory in relation with similar results.

In this paper we apply the abstract theory on the quasilinearization method for strong
solutions of semilinear elliptic problems. We obtain two monotone, LP-convergent sequences
of approximate solutions, which satisfy some corresponding linear problems. We estimate
that the order of convergence is two. Our results complement in some sense, and intersect,
but do not include, the ones existing in the literature, mainly given by Lakshmikantham-
Vatsala in [17] and by Lakshmikantham-Leela in [16]. In a forthcoming paper [7] we intend to
consider also the case of fully nonlinear elliptic boundary value problems. By our knowledge,
the quasilinearization method has not been initialized until now to this kind of problems.

2. ABSTRACT THEORY

In this section we present our abstract theory on quasilinearization, as developed in
[9]. The first result represents a generalization of the monotone iterative technique for
coincidences.
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Theorem 2.1. Let X be an ordered Banach space, Z be an ordered topological linear space,
D a linear subspace of X and ag,Bg € D. Let L : D — Z be a linear operator and N : X — Z
be a mapping. Assume that the following conditions are satisfied:

(i): ao < Bo, Lag < N (ag) and LBo > N (Bo) ;
(ii): for everyu,v € X with ag < u < v < Py, there is a linear operator P (u,v) : X — Z
such that L — P (u,v) : D — Z is bijective with positive inverse,
(2) N () < N (v) = P (u,0) (v — u)
and
(3) —P(u,v)z < —P(a, ) 2
for all o, B,u,v,z € X withayg <a<u<v<8< 0y and z > 0;
(iii): either
(a) the positive cone of X is reqular and the operators
(4) (L_P(a()vﬁo))_l N’ (L_P(O[Oaﬁ(]))_lp(a()aﬂ(])v
(L~ P (a0, )" Pluu), ue X, ag<u<fy

are continuous on [ao, Bo]

or
(b) the positive cone of X is normal and the operators (4) are completely continuous
on [, Bo] -

Then the sequences (o), (Bn) given by the iterative schemes

(5) LanJrl =N (an) + P (Oln, 671) (anJrl - an) 5

(6) L/BnJrl =N (ﬁn) + P (ana 671) (ﬂnJrl - 671)

(n € N) are well and uniquely defined in D. In addition, they are monotonically convergent
in X to the minimal and, respectively, to the mazimal solution in [ag, Bo] of (1).

Remark 2.1. If N and P (u,v) are continuous then the assumption on operators (4) in
(iii) is satisfied if (L — P (c, B0))” " is continuous, in case (a), and if N is bounded and
(L — P (ao,30))"" is completely continuous, in case (b).

Remark 2.2. In particular, if P (u,v) = 0 for every u,v, Theorem 2.1 reduces to the

monotone iterative method for the operator equation Lu = N (u) with an increasing mapping
N. The reader can see that in this case, (i) (b) requires that L=*N is completely continuous.

The next result gives conditions so that («,), (8,) converge quadratically to the unique
solution in [ag, Bo] of (1).
Theorem 2.2. Assume all the assumptions of Theorem 2.1 hold. If
(iv): for every u,v € D with ag < u < v < Py, there exists a mapping R (v,u) : D — Z
such that
(7) N ()= N () = R(v,u) (v —u);
(v): L — R(v,u) is inverse positive, i.e. (L — R(v,u))z > 0 implies z > 0,
then (1) has a unique solution u* in [ao, Bo)-
In addition assume that the following conditions are satisfied:
(vi): (L — P (u, u))f1 1 Z — X is continuous for every u € D, oy < u < Po;
(vii): there exist two constants c1,co > 0 such that
(8) |(R(w, ) = P(a, 8)) 2|z < 1 |lw—alx [z]x +e2la = Blx |z]x
for all o, B,w,z € D, g <o <w < B < fo, 2> 0.
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Then the convergence of (o), (Bn) to u* is quadratic.

Remark 2.3. All the above results are valid if the operator N is defined only on [, Bo]ND,
instead on the whole space X.

As a consequence of Theorem 2.2, we obtain the following abstract version of Laksh-
mikantham’s generalized quasilinearization method for the semilinear operator equation

(1).
Theorem 2.3. Let X be an ordered Banach space, Z be another ordered Banach space, D
a linear subspace of X and ag, By € D. Let L : D — Z be a linear operator and N : X — Z
be a mapping. Assume that the following conditions are satisfied:
(a): a < Bo, Lag < N () and LBy > N (Bo);
(b): N = Ny — Ny, where Ny,No : X — Z are C'-Gateaux differentiable mappings
which are convex on [, Bo], and for every u,v,z € X with agp < u < v < By and
z >0,
Nl(u)z < Nl (v)z, i =1,2;
(¢): L — N{(u) + N} (v) : D — Z are bijective with positive inverse for every u,v €
[, Bo] with u < v orv < u;

(d): either
(1) the positive cone of X is reqular and the operator

(9) (L — Nj (o) + N3 (Bo)) ™

is continuous on [ag, Bo] ,
or
(2) the positive cone of X is normal, the mapping N is bounded and the operator (9)
is completely continuous on [ag, Bo] -
Then (1) has a unique solution u* in [ao, Bo] and the sequences (aw,), (Brn) given by the
iterative schemes

(10) Lapt1 = N (an) + (N1 (an) = N3 (Bn)) (@41 — an)

(11) LBny1 = N (B) + (N] (an) = N3 (Bn)) (Bn+1 = Bn)

(n € N) are well and uniquely defined in D and they are monotonically convergent in X to
u*.

If in addition (L — N' (v))™" : Z — X is continuous for every u € D, ag < u < fBo, and
Ni, N} are Lipschitz on [ao, Bo], then the convergence of (o), (Bn) in X is quadratic.

Remark 2.4. The hypothesis (b) can be replaced by the assumption that N1 and No are

twice uniformly differentiable on every segment of X, the positive cone of Z is normal, and
N/ (u) >0 for every uw € X and i = 1,2 (see [26]).

3. APPLICATIONS TO ELLIPTIC PROBLEMS

Let 1 < p < 00,  be a C? bounded domain of R*. We denote by M, the space of n x n
real matrices; | - |, is the euclidean norm in R”. The Sobolev spaces W2 (£2) and W, ()
are as defined in [2]. We denote by B the following linear elliptic operator in nondivergence
form

" 0%u " ou

ij=1
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where L = (I;;) € C(Q,M,), I = (l;) € L>®(Q,R"), and

7 l(@)6g > plel? Ve e, EeR™M
ij=1

We consider the semilinear elliptic problem

(13) ue WP(Q)NW,P(Q), —Bu = f(x,u), forae zeQ
where f: Q x R — R is Carathéodory.
We will work in the presence of lower and upper solutions.
Definition 3.1. o is a lower solution of (13) if
ag € W2P(Q) N Wy P(Q), —Bag < f(z,a0), for ae. x e
Whenever the oposite inequality holds for By, we say that By is an upper solution.

We study the approximate solutions for (13) given by the following iterative schemes.

(14) _Ba""rl = f(‘rv O[n) + P(Z‘,O{n, ﬂn) (an+1 - an)
(15) —BBny1 = f(xvﬂn) + P(‘ra anvﬁn) (ﬁn+1 - 6n) .

Our main result states that, under some additional assumptions on f, these schemes give
monotone and quadratically convergent sequences of approximate solutions. As conse-
quences we obtain two results. One contains similar ideas to those used by Lakshmikantham
et al. (see [18, 10, 17]) as regards the conditions for the nonlinear part and the form of the
function P in the iterative schemes. The basic condition for f is some convexity, and P is
given in terms of derivatives of f. The second consequence of our main result use for P an
expression in terms of divided differences and it can be used when f is not differentiable.

In what follows, for two functions ay, Sy € LP(2) with ap < By, we consider the order
interval [ag, Bo] given by

[ag, Bo] = {u € LP(Q) : ag(x) <u(z) < fo(z) for ae. x € Q}.
The next theorem is the main result of this section.

Theorem 3.2. Let f: Q2 xR — R be a Carathéodory function. Assume that

(i): there exist ag and [y a lower and, respectively, an upper solution of (13) with cy <

Bo a.e. in Q and f(-,a0(-)), f(-,Bo(:)) € LP(Q);
(ii): there exists a Carathéodory function P:Q x R? — R such that

(16) f($7u) Sf(x,v)—P(x,u,v) (U—U)
for ap () <u<v < By (), ae in Q. Also, there exists a real number My > 0 such
that

(17) 0 < —P(z,u,v) < —=P(z,a,0) < M

forag(z) <a<u<v<B<b(x), ae in;

Then the sequences (a,) and (B,) given by the iterative schemes (14) and (15) are well
and uniquely defined in W2P(Q) N W, P(Q), are monotone and converge in the LP -norm
to the minimal and respectively mazimal solution of (13) in the order interval [ag, o) -

If in addition the following conditions are satisfied
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(iii): there exists a Carathéodory function b: Q x R? — R such that
(18) f(xau) 2 f(x,v) _b(xavvu) (’U—’LL)

for ap (z) <u<wv<Gy(x), ae in;
(iv): 0 < =b(t,v,u) < My for all ap(z) < u < v < Bo(z) a.e. in Q, and for some
M, > 0.
then (13) has a unique solution in the order interval [ag, Bol.
Moreover, the next condition

(v): there exist two constants c1,ca > 0 such that
(19) b(x,u, ) = P(z,0,0) < ea(u — @) + co(f — )

Jorag(z) <a<u<B<Bo(x), ae inQ,

assures that the convergence of (o) and (B,) in LP(Q) is quadratic.

Proof. We divide the proof into several steps.
1) All hypotheses of Theorem 2.1 are fulfilled.
Using notations of Theorem 2.1, let us consider

X =7 =1P(Q), D=W2PQ)n W),

Lu=—=Bu, N(u)= f(-,u(-)), Qu,v)z = P(,u(-),v()))z,
for u,v € DN oy, Bo] with u < v, and z € D.
The linear operator Q(u,v) is well defined and continuous between D and LP(f), since the
function P is Carathéodory and satisfies some boundedness condition (17), which assure
that P(-,u(-),v(:)) € L*>(2). The fact that the nonlinear operator N is well defined and
continuous between the set {u € D : ag <u < fp} and LP(Q2) follows by the inequality
(16) and the Lebesgue dominated convergence theorem.
It is easy to see that hypothesis (i), relations (2) and (3) of Theorem 2.1 are valid. Also, for
every u,v € D with ap < u < v < [y, the mapping L — Q(u,v) from D to LP(Q), in fact

w+— —Bw —I(-)w, where l(z) = P(z,u(z),v(x)) <0, a.e. in

is bijective, with positive and continuous inverse ([11], Theorem 9.15 and Lemma 9.17). Let
us remember that the positive cone of LP(Q) is regular. Let us notice now that, with these
notations, relations (14)-(15) coincide with (5)-(6).
We apply now Theorem 2.1 and deduce that the sequences («,,) and (8,) given by the
iterative schemes (14) and (15) are well and uniquely defined in W2?(€2) N Wy ?(Q), are
monotone and converge in the LP -norm to the minimal and respectively maximal solution
of (13) in the order interval [ag, Go] -

2) The solution is unique in [ao, Bol.
Let us denote by u, the minimal solution, by u* the maximal solution and also put l,(z) =
b(x,u*(x),us(x)). Using (18) and the above notations, we obtain that —Bu, > —Bu* —
Li(z)(u* — uy) ae. in Q. Then

—Buy — L (x)ux > —Bu* — l.(z)u*, ae. in Q,
where [, € L*°(Q2) and [, () < 0. The weak maximum principle implies that u, > u*. But
u. < u*. Hence, u, = u* and the solution is unique in [ag, Bp], indeed.

3) The convergence is quadratic.
Let us denote

anU*_an andqn:ﬁn_U*~
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Using (16), (17), (18), (14) and (19) we obtain the following inequalities.

_Bpn+1 _P(‘raU*aU*)pn-'rl S _Bpn+1 _P(x’an;ﬁn)pn—kl
-P (Oén, ﬂn)pn - f (x, an) + f (xaU*)

< (b(z,u",an) — P(x,0m,Bn)) Pn
< clpi + c2(Bn — an)pn

= c1p2 + ca(qn + Pn)Pn

< csph + gy

Whenever p?, ¢2 € LP(2), using that the linear operator —B — P(-,u*,u*)I has a bounded
inverse, we obtain that

IPrtillze < Cillpalze + Collan||Lo-
O
The next theorem is a consequence of the previous one and contains similar ideas to
those used by Lakshmikantham et al. (see [18, 10, 17]) as regards the conditions for the
nonlinear part and the form of the function P in the iterative schemes. The basic condition
for f is some convexity, and P is given in terms of derivatives of f.

Theorem 3.3. Let f: QxR — R be a Carathéodory function and oy, By be a lower and, re-
spectively, an upper solution of (13), such that ag < By a.e. inQ and f(-,a0()), f(-, Bo(:)) €
Lr(Q).

Assume that f = f1 — fo where f1, fo : @ x R — R are Carathéodory, fi(x,-) and faoz,-)
are C* on R and convex on [ag(z), Bo(x)] for a.a. x € Q. In addition, assume that %(x, )
and %(a@ -) are Lipschitz on [ag(x), Bo(x)] with Lipschitz constants not depending on x,

and of of
_M< 2 _ )2
M= du () du

for all u,v € [ag(x), Bo()] and for a.a. x € Q.

Then the sequences (o) and (By) given by the iterative schemes

(t,v) <0

~Baner = (w00 + (L ) = G200, ) (ane - an),
BB = £ 0.00)+ (G (an) = S0, ) (Bur - 50

are well and uniquely defined in W2P(2) N Wol’p(Q), and converge monotonically and
quadratically in LP(SY) to the unique solution of (13) in [ao, Bo) -

Proof. Apply Theorem 3.2 for P(t,u,v) = b(t,u,v) = %(t, u) — %(t, v). The differentia-
bility of fi(x,-) and fa(z,-) and their convexity on [ag(z), Bo(z)] imply that the following
relations hold

0f1 df1

filz,v) = 5~ (2,0) (0 —w) < fi(t,u) < filz,0) = o= (2, u)(0 —w),
—fa(z,v) + %(a@u)(v —u) < fo(z,u) < —fo(z,v) + %(xﬂ))(v —u),

for all ap(z) < u < v < Fo(x). By summing up these inequalities, we obtain relation (16)
and (18). Relation (17) is also valid, since the derivative of a convex function is monotone
increasing. Now it is clear that the hypotheses (i)-(iv) of Theorem 3.2 are fullfiled. It
remains to prove (v). This is valid, indeed as follows by the next inequalities. We use that
f1 and f5 are convex and have Lipschitz derivatives on [ag(z), Bo(z)].
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bru0) = Pl f) = (mu) ~ D (r,0) ~ D2 (.00 + P2 ()

c(u—a)+c(f—a),
for all ap(z) < a <wu < B < By(t). This completes the proof. O

IA

The second consequence of our main result use for P an expression in terms of divided
differences and it can be used when f is not differentiable.

For a function g : [¢,d] — R and two given points u,v € [¢,d], u # v, we let the divided
difference of g on points u, v be defined by
g(u) —g(v)
lg; u,v] = =————.
u—v
Recall if the function g is convex, then (by Jensen’s inequality),

(20) (95 u,v] < [g5u, w] < [g;v,w]
whenever c < u <ov <w <d.

Theorem 3.4. Let f : Q@ x R — R be a continuous function and ag, By € C() be a
lower and, respectively, an upper solution of (13), such that ag < [y a.e. in Q and
fGoa0(), f(,B0()) € LP(Q). Let a_1,0-1 € C(Q) such that a_i(z) < ap(zr) and
Bo(x) < B-1(x) for each x € Q.

Assume that f = f1 — fo where f1, fo : Q@ xR — R are Carathéodory, f1(t,-) and fa(t,-) are
convez on [a_1(z), Bo(x)] and respectively on [ao(x), B_1(2)] for a.a. x € Q. In addition,
assume that

-M < [fi(z,); o ( )su] = [fa(z,);v, -1 ()]
—M < [fi(z,-);0,8-1(2)] = [fa(z,); a1 (2), u]
for all ap(z) <u <v < Fox andfor a.a. ¢ €.
Then the sequences (a,) and (By) given by the iterative schemes
_BanJrl = f (LC, an) + ([fl; a_1, an] - [fQ;ﬂfla 671]) (anJrl - an) )
—BBni1 = f(z,6n) + ([fr;a—1, 0] — [f2; -1, Bn]) (Bnt1 — Bn)

are well and uniquely defined in W2P(Q) N W, *(2), and converge monotonically in LP(52)
to the unique solution of (13) in [, Bo] -

<0,
<0,

Proof. Apply Theorem 3.2 for
P(x,u,v) = [fi(z,"); a—1(x),u] — [fa(z,); v, B-1(2)],
b(x,v,u) = [fi(z,);v, B-1(2)] = [fo(z,); a—1(2), u] -

Using inequlities (20) we have

[fl(xv');af (z), } [fl( )i u ] [f2(xa )5 v, B l(x)] [ 2(, );u,v],
[fl( ) ( ) ] [ (xa )7 (:C),Oz]
[fa(z,);v, B-1(2)] < [fa(=,); B, B-1(2)],

whenever a_1(z) < ap(z) < a <u < v < < fo(x) < B-1(x). Whence, by summing up
the first two inequalities and the last two ones, we obtain (16) and (17), respectively.
Using again (20) we obtain

fi(z,-);u, 0] < [fi(z,);v, B-1], [folz,);a—1(x),u] < [folz,-);u,v]

whenever ag(t) <u < v < Fy(t). Whence, by summing up we get (18). O
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