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Abstract. Let T 2 B(H) be a bounded linear operator on a complex Hilbert space H.

T is said to be log-hyponormal if T is invertible and log(TT �) � log(T �T ). In this

paper we show that log-hyponormal operators have several spectral properties similar

to p-hyponormal operators.

1

1. Introduction. Recently, K. Tanahashi ([24,25]) studied log-hyponormal operators

and showed that Putnam's inequality holds for log-hyponormal operators. In this paper, we
show that log-hyponormal operators are isoloid andWeyl's theoremholds for such operators.
Also we introduce the symbols of log-hyponormal operators and give an application.

LetH be a complex Hilbert space and B(H) be the set of all bounded linear operators on

H. For an operator T 2 B(H), T is said to be log-hyponormal if T is invertible and satis�es
log(TT �) � log(T �T ). T is said to be p-hyponormal for 0 < p � 1 if (TT �)p � (T �T )p.

If p = 1, T is called a hyponormal operator, and if p = 1

2
, T is called a semi-hyponormal

operator. The L�owner-Heinz inequality [18, 19] implies that if 0 � B � A, then B� � A�

for 0 < � < 1. Hence p-hyponormal operators are q-hyponormal for 0 < q � p. Let T be
an invertible p-hyponormal operator. Then (TT �)q � (T �T )q for all 0 < q � p. Hence

(TT �)q � I

q
�

(T �T )q � I

q
;

and, by letting q ! +0, we have

log(TT �) � log(T �T ):

Thus invertible p-hyponormal operators are log-hyponormal. Putnam's inequality of p-

hyponormal operator T is the following :



 (T
�T )p � (TT �)p

p





 � 1

�

Z
�(T )

r2p�1drd�:

Putnam [23] proved the case p = 1, Xia [26] proved the case 1

2
� p < 1 and Ch�o, Itoh [8]

proved the case 0 < p < 1

2
. If T is invertible, then, by similar arguments as before, we have

the following inequality.

k log(T �T )� log(TT �)k �
1

�

Z
�(T )

r�1drd�:

Tanahashi [25] proved that this inequality holds for log-hyponormal operators.
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Thus we may consider that log-hyponormal operators are p-hyponormal operators with
p = 0. Tanahashi [24] proved that there is a log-hyponormal operator which is not p-

hyponormal for any p > 0. Hyponormal operators have been studied by many authors and
it is known that hyponormal operators have many interesting properties similar to normal

operators (cf. [22]). Semi-hyponormal operator was de�ned by Xia [27] and p-hyponormal
operator for 0 < p < 1

2
was de�ned by Aluthge [1, 2]. f -hyponormal operator for an operator

monotone function f was de�ned by Fujii, Himeji and Matsumoto [13]. Inspiring by the

results due to Ando [3] and Ch�o and Itoh [8], Tanahashi [23, 24] studied log-hyponormal
operator. ( See [1, 2, 6, 7, 8, 9, 12, 13, 21, 27] for properties of p-hyponormal operators. )

Let T = U jT j be the polar decomposition of a log-hyponormal T . Then the operator U
is unitary since T is invertible. For an operator T we denote the spectrum, the approximate
point spectrum, the kernel and the range of T by �(T ), �a(T ), N(T ) and R(T ), respectively.

A point z is in the set �na(T ) (the normal approximate point spectrum) if there exists a
sequence fxng of unit vectors such that (T�z)xn ! 0 and (T�z)�xn ! 0 as n ! 1.

It is clear that if T is normal, then �(T ) = �na(T ).

2. Spectral properties. Aluthge [1] studied the Aluthge transformation ~T = jT j
1

2U jT j
1

2

of p-hyponormal operator T with a polar decomposition T = U jT j where 0 < p � 1 and

U is unitary. He showed that the Aluthge transformation ~T = jT j
1

2U jT j
1

2 is hyponormal if
1

2
� p � 1 and

�
p+ 1

2

�
-hyponormal if 0 < p � 1

2
. The following theorem on the Aluthge

transformation of log-hyponormal operator was proved in [24], but we will give another
proof.

Theorem 1 (Proposition 4 of [24]). Let T = U jT j be log-hyponormal. For 0 < s; t, let

S = jT jsU jT jt and p =
minfs; tg

s+ t
. Then

(SS�)p � jT j2p � (S�S)p;

that is, S is p-hyponormal.

For the proof of this theorem, we need the following results.

Theorem A (the Furuta inequality [15]). Let 0 < p; q; r 2 R and A;B 2 B(H) satisfy

0 � B � A. If p + 2r � (1 + 2r)q and 1 � q, then B
p+2r

q � (BrApBr)
1

q and

(ArBpAr)
1

q � A
p+2r

q .

Theorem B (Theorem of [14]). Let A;B 2 B(H) be invertible positive operators with
logB � logA. Then for every � 2 (0; 1) there exists � 2 (0; 1) such that B� � (e�A)

�

.

Lemma 2. Let T = U jT j be log-hyponormal. For 0 < t < 1, let S = jT jtU jT j1�t and
p = minft; 1� tg. Then S is p-hyponormal.

Proof. For the completeness, we give a proof. By Theorem B, for every � 2 (0; 1) there

exists � 2 (0; 1) such that (e�jT j)� � jT �j� = U jT j�U�. Hence we have

e2��U�jT j�U � e��jT j� � U jT j�U�:
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Let A = e2��U�jT j�U; B = e��jT j� and C = U jT j�U�. Since
2t

�
+ 2

1� t

�
=

2

�
and

(1 + 2 �
1� t

�
)
1

p
=

1

p
+

1� t

p
�
2

�
, from 0 < p � 1� t, we have

2t

�
+ 2 �

1� t

�
� (1 + 2 �

1� t

�
)
1

p
:

By Furuta inequality,

(S�S)p = (e��(1�t)B
1�t

� e�4�tA
2t

� e��(1�t)B
1�t

� )p(1)

= e�2�(1�t)p(B
1�t

� A
2t

� B
1�t

� )p � e�2�(1�t)pB
2p

� :(2)

Similarly, we have, by Furuta inequality, (SS�)p � e�2�tpB
2p

� . Hence we have (S�S)p �

e2�tpjT j2p and (SS�)p � e2�tpjT j2p. Since � 2 (0; 1) is arbitrary, we have (S�S)p �

jT j2p � (SS�)p. That is, S is p-hyponormal.

Proof of Theorem 1. Let r = s+t > 0. Then U jT jr is log-hyponormal and (jT jr)
s

rU(jT jr)1�
s

r =

jT jsU jT jr�s = jT jsU jT jt. Since p = minf s
s+t

; t
s+t
g = minf s

r
; 1� s

r
g, we have that jT jsU jT jt

is p-hyponormal by Lemma 2.

Theorem 3. Let T = U jT j be log-hyponormal. For real numbers s and t, let S = jT jsU jT jt.
Then

�(S) = f rs+tei� : rei� 2 �(T )g:

Proof. Since jT js is normal, by Lemma 3 of [10] it holds that �(S) = �(jT jsU jT jt) =

�(U jT js+t): Hence we only have to prove that �(U jT js) = f rsei� : rei� 2 �(T )g for any
real number s.

First we show the case s > 0. Let 0 � t � 1, T (t) = U jT j1�t+st and �t(re
i�) = r1�t+stei�

for rei� 2 C. Then T (t) is log-hyponormal, T (0) = T and T (1) = S. We can prove that
�na(U jT j

1�t+st) = fr1�t+stei� jrei� 2 �na(T )g by similar arguments in Lemma 4 of [25].

Since �a(T (t)) = �na(T (t)) by Lemma 3 of [25], we have that �(T (t)) = �t(�(T (0))) by
Lemma I.3.1 of [26]. Hence �(U jT js) = f rsei� : rei� 2 �(T )g:

Let s = 0. Then we have to prove that �(U) = f ei� : rei� 2 �(T )g. By taking
cT ( 0 < c) insead of T , we may assume that 0 < log jT j. Let S = U log jT j. Then S

is semi-hyponormal and jSj = log jT j. Since �(U) = fei� j rei� 2 �a(S)g by Theorem
2.3.3 of [26] and �a(S) = f(log �)ei� j �ei� 2 �a(T )g by Lemma 6 of [25], we have that

�(U) = fei� j rei� 2 �a(T )g. Since the boundary of �(T ) is contained in �a(T ) , this
implies that �(U) = fei� j rei� 2 �(T )g.

Next let s < 0. Since �(U jT js) = �(jT jsU) = �((U�jT j�s)�1) and �(U�jT j�s) =
�(jT j�sU�) = �((U jT j�s)�), we have �(U jT js) = f rsei� : rei� 2 �(T )g. So the proof is

complete.

Theorem 4. Let T = U jT j be log-hyponormal. For s; t > 0, let S = jT jsU jT jt. Then
Tx = rei�x if and only if Sx = rs+tei�x.

Proof. Let Tx = rei�x. Then, by Theorem 11 of [24], it holds that

Ux = ei�x and jT jx = rx:
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Hence it is clear that Sx = rs+tei�x. Next let Sx = rs+tei�x. Then U jT jtx = rs+tei�jT j�sx

and hence it holds thatU jT js+t(jT j�sx) = rs+tei�(jT j�sx). SinceU jT js+t is log-hyponormal,

also by Theorem 11 of [24] we have

U jT j�sx = ei�jT j�sx and jT jt+sjT j�sx = rjT j�sx:

Therefore, it follows jT jx = rx and Ux = ei�x.

So the proof is complete.

Theorem 5. Let T be log-hyponormal. If z is an isolated point of �(T ), then z is an

eigen-value of T . That is, T is isoloid.

Proof. Let S = jT j
1

2U jT j
1

2 . Since �(T ) = �(S), z is an isolated point of �(S). Since, by
Theorem 1, S is semi-hyponormal, z is an eigen-value of S. Hence we have Sx = zx for

some vector x. By Theorem 4, we have Tx = zx. Hence z is an eigen-value of T .

Next we show that Weyl's theorem holds for log-hyponormal operators. For an operator
T , let �00(T ) denote the set of all isolated eigenvalues of �nite multiplicity of T and let

!(T ) denote the Weyl spectrum of T , i.e., !(T ) = \f�(T +K) : K is compactg. Baxley [4]
introduced the following two conditions:

C-1: If fzng is an in�nite sequence of distinct points of the set of all eigenvalues of �nite

multiplicity of T and fxng is any sequence of corresponding normalized eigen-vectors, then
the sequence fxng does not converge.

C-2: If z 2 �00(T ), then T � zI has closed range and dimN(T � zI) = dim(R(T � zI)?).

Baxley [4] proved that if T satis�es the conditions C-1 and C-2, then

!(T ) = �(T ) � �00(T );

that is, Weyl's theorem holds for T .

Theorem 6. Let T be log-hyponormal. Then T satis�es the conditions C-1 and C-2.

Proof. From Theorem 11 of [18] it holds that if Tx = zx, then T �x = �zx. It follows that if

Tx = ax and Ty = by (a 6= b), then (x; y) = 0. Therefore, it is clear that T satis�es C-1.
Let z 2 �00(T ). ThenN(T�zI) is the reducing subspace of U and jT j. Hence we decompose

T = T1
M

T2 on N(T � zI)
M

N(T � zI)?:

Assume that z 2 �(T2). Since �(T ) = �(T1) [ �(T2); z is an isolated point of �(T2). By
Theorem 4, we have a contradiction. Hence z =2 �(T2) and R(T2�zI) = N(T �zI)?. Since

R(T � zI) = R(T2 � zI); R(T � zI) is closed and dimN(T � zI) = dim(R(T � zI)?). So
the proof is complete.

Hence we have the following result:

Theorem 7. Let T be log-hyponormal. Then Weyl's theorem holds for T , that is,

!(T ) = �(T ) � �00(T ):
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Theorem 8. Let T = U jT j be log-hyponormal. And, for s; t > 0, let S = jT jsU jT jt. Then

!(S) = f rs+tei� : rei� 2 !(T ) g:

Proof. By Theorem 7, Weyl's theorem holds for T and by Theorem 0 of [9]. Also, Weyl's

theorem holds for S because S is p-hyponormal, where p =
minfs; tg

s+ t
: By Theorem 3

�(S) = �(U jT js+t) = f rs+tei� : rei� 2 �(T )g:

Since by Theorem 4 it holds that �00(S) = f rs+tei� : rei� 2 �00(T )g, it follows that

!(S) = f rs+tei� : rei� 2 !(T ) g:

Also we have the following spectral mapping theorem of Weyl spectrum. Proof is similar to

the proof of [12]. But for the completeness we will give a proof.

Theorem 9. Let T be log-hyponormal and f be a holomorphic function de�ned in a
neighborhood of �(T ). Then f(!(T )) = !(f(T )) = �(f(T ))� �00(f(T )).

Proof. Let F0 be the set of all Fredholm operators of index zero. Let p(z) be an arbitrary

polynomial. Let � 2 C and

� � p(z) = a0

nY
j=1

(�j � z):

Since T is log-hyponormal, it holds ind(T � z) � 0 as N(T � z) � N((T � z)�) by Lemma
3 of [24]. Moreover the commutativity of factors in polynomials, Corollary 1.3.4 of [5] and
Theorem 3.2.7 of [5],

� =2 !(p(T )) () �� p(T ) = a0

nY
j=1

(�j � T ) 2 F0 () �j � T 2 F0 for all j = 1; :::; n

() �j =2 !(T ) for all j = 1; :::; n () � =2 p(!(T )):

Hence

!(p(T )) = p(!(T )):

Therefore, it holds that

f(!(T )) = !(f(T ))

for a holomorphic function de�ned in a neighborhood of �(T ) by Theorem 2 of [20]. Since
T is isoloid by Theorem 5, we have

f(�(T )� �00(T )) = �(f(T ))� �00(f(T )):

by Lemma of [17]. Hence the proof is complete.

3. Polar symbols of log-hyponormal operators. First for a pair of operators (T; S),

a point (z;w) 2 C2 is in the joint approximate point spectrum ��(T; S) if there exists a
sequence fxmg such that

(T � z)xm ! 0 and (S � w)xm ! 0 as m ! 1:

For a unitary operator U we de�ne operators S�U (T ) by
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S
�
U (T ) = s - lim

n!�1
U�nTUn:

If T = U jT j is p-hyponormal with unitary U , then S�U (jT j
2p) exist (cf. [26]). The operators

S
�
U (jT j

2p) are called the polar symbols of jT j. Let T(k) = UfkS+U (jT j
2p)+(1�k)S�U (jT j

2p)g
1

2p

for every 0 � k � 1. Then it holds that �(T ) =
[

0�k�1

�(T(k)) (cf. [7]). Next let T = U jT j

be log-hyponormal. We can �nd out c > 0 such that logjcT j � 0. Since then S = U logjcT j is
semi-hyponormal, there exist the polar symbols S�U (jcT j). And it holds that S�U (logjcT j) =

logc + S�U (logjT j). For 0 � k � 1, the operator Tk is de�ned by

Tk = UexpfkS+U (logjT j) + (1� k)S�U (logjT j)g:

The operator Tk is called the generalized polar symbol of T . Then we have the following

Theorem 10. Let T = U jT j be log-hyponormal. Then

�(T ) =
[

0�k�1

�(Tk):

Proof. Let logjT j � 0 and let S = U logjT j. Since then S is semi-hyponormal, by Theorem
4.4.1 of [26] it holds that

�(S) =
[

0�k�1

�(S(k));

where S(k) = UfkS+U (jSj) + (1 � k)S�U (jSj)g = UfkS+U (logjT j) + (1 � k)S�U (logjT j)g. Let

rei� 2 C with r 6= 0. Since then, for every k 2 [0; 1], S(k) is normal,

rei� 2 �(T ) , (logr)ei� 2 �(S) by Lemma 6 of [25]

, 9k 2 [0; 1] ; (logr)ei� 2 �(S(k)) = �na(S(k)) , 9k 2 [0; 1] ; (ei�; logr) 2 ��(U; jS(k)j)

, 9k 2 [0; 1] ; (ei�; r) 2 ��(U; jTkj) , 9k 2 [0; 1] ; rei� 2 �(Tk):

Since T and Tk are invertible for every k (0 � k � 1), we have

�(T ) =
[

0�k�1

�(Tk):

If logjT j � 0, then we choose c > 0 such that logjcT j � 0. Then

(cT )k = expfkS+U (logjcT j) + (1� k)S�U (logjcT j)g

= c � expfkS+U (logjT j) + (1� k)S�U (logjT j)g = c � Tk:

Hence the proof is complete.

Finally, we give an application of the theorem above. Let T = U jT j be log-hyponormal.

For 0 � k � 1, let Rk = expfkS+U (logjT j) + (1� k)S�U (logjT j)g. Then U and Rk commute.
Hence ��(U;Rk) is non-empty for every k (0 � k � 1). The Xia spectrum �X(U; jT j) of a

log-hyponormal operator T = U jT j is de�ned by

�X(U; jT j) =
[

0�k�1

��(U;Rk):
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Then we have the following theorem.

Theorem 11. Let T = U jT j be log-hyponormal. Then

rei� 2 �(T ) if and only if (ei�; r) 2 �X(U; jT j):

Proof. By Theorem 10 we have �(T ) =
[

0�k�1

�(Tk). Since Tk = URk is a normal operator,

by the spectral mapping theorem of the joint approximate point spectrum (cf. [6],[11],[25])
we have

rei� 2 �(URk) if and only if (ei�; r) 2 ��(U;Rk):

Hence we have that rei� 2 �(T ) if and only if (ei�; r) 2 �X(U; jT j). So the proof is complete.

References

1. A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integr. Equat. Oper. Th. 13(1990), 307-315.

2. A. Aluthge, Some generalized theorems on p-hyponormal operators, Integr. Equat. Oper. Th. 24(1996),

497-501.

3. A. Ando, Operators with a norm condition, Acta Sci. Math. 33(1972), 169-178.

4. J. V. Baxley, Some general conditions implying Weyl's Theorem, Rev. Roum. Math. Pures Appl.

16(1971), 1163-1166.

5. S. R. Caradus, W. E. Pfa�enberger and B. Yood, Calkin Algebras and Algebras of Operators on Banach

Spaces, Dekker, 1974.

6. M. Ch�o, Spectral properties for p-hyponormal operators, Glasgow Math. J. 36(1994), 117-122.

7. M. Ch�o and M. Itoh, On spectra of p-hyponormal operators, Integr. Equat. Oper. Th. 23(1995), 287-293.

8. M. Ch�o and M. Itoh, Putnam's inequality for p-hyponormal operators, Proc. Amer. Math. Soc.,

123(1995), 2435-2440.

9. M. Ch�o, M. Itoh and S. �Oshiro, Weyl's theorem holds for p-hyponormal operators, Glasgow Math. J.

39(1997), 217-220.

10. M. Ch�o, I. H. Jeon, I. B. Jung, J. I. Lee and K. Tanahashi, Joint spectra of n-tuples of generalized

Aluthge transformations, preprint.

11. R. Curto, On the connectedness of invertible n-tuples, Indiana Univ. Math. J. 29(1980), 393-406.

12. B. P. Duggal, The Weyl spectrum of p-hyponormal operators, Integr. Equ. Oper. Th. 29(1997), 197-201.

13. M. Fujii, C. Himeji and A Matsumoto, Theorems of Ando and Saito for p-hyponormal operators, Math.

Japonica 39(1994), 595-598.

14. M. Fujii, J. Jiang and E. Kamei, Characterization of chaotic order and its application to Furuta in-

equality, Proc. Amer. Math. Soc. 125(1997), 3655-3658.

15. T. Furuta, A � B � 0 assures (BrApBr)
1
q � B

p+2r

q and A
p+2r

q � (ArBpAr)
1
q for r � 0; q � 1 with

(1 + 2r) � p+ 2r, Proc. Amer. Math. Soc. 101(1987), 85-88.

16. T. Huruya, A note on p-hyponormal operators, Proc. Amer. Math. Soc. 125(1997), 3617-3624.

17. W. Y. Lee and S. H. Lee, A spectral mapping theorem for the Weyl spectrum, Glasgow Math. J.

38(1996), 61-64.

18. E. Heinz, Beitr�age zur St�orungstheorie der Spektralzerlegung, Math. Ann., 123(1951), 415-438.

19. K. L�owner, �Uber monotone Matrixfunktionen, Math. Z., 38(1934), 177-216.

20. K. K. Oberai, On the Weyl spectrum II, Illinois J. Math. 21(1977), 84-90.

21. S. M. Patel, A note on p-hyponormal operators for 0 < p < 1, Integr. Equat. Oper. Th. 21(1995),498-

503.

22. C. R. Putnam, Commutation properties of Hilbert space operators, Springer-Verlag, 1967.

23. C. R. Putnam, An inequality for the area of hyponormal spectra, Math. Z. 116(1970), 323-330.

24. K. Tanahashi, On log-hyponormal operators, Integr. Equat. Oper. Th. (to appear).

25. K. Tanahashi, Putnam's inequality for log-hyponormal operators, preprint.

26. D. Xia, Spectral Theory of Hyponormal Operators, Birkh�auser 1983.

27. T. Yoshino, The p-hyponormality of the Aluthge transform, Inter. Infor. Sci. 3(1997), 91-93.



230 MUNEO CH�O� AND KÔTARÔ TANAHASHI��
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