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ABSTRACT. Let T € B(H) be a bounded linear operator on a complex Hilbert space H.
T is said to be log-hyponormal if T is invertible and log(TT*) < log(T*T). In this
paper we show that log-hyponormal operators have several spectral properties similar
to p-hyponormal operators.

1

1. Introduction. Recently, K. Tanahashi ([24,25]) studied log-hyponormal operators
and showed that Putnam’s inequality holds for log-hyponormal operators. In this paper, we
show that log-hyponormal operators are isoloid and Weyl’s theorem holds for such operators.
Also we introduce the symbols of log-hyponormal operators and give an application.

Let H be a complex Hilbert space and B(H) be the set of all bounded linear operators on
H. For an operator T' € B(H), T is said to be log-hyponormal if T is invertible and satisfies
log(TT*) < log(T*T). T is said to be p-hyponormal for 0 < p < 1 if (TT*)? < (T*T)".
If p =1, T is called a hyponormal operator, and if p = %, T is called a semi-hyponormal
operator. The Lowner-Heinz inequality [18, 19] implies that if 0 < B < A, then B* < A“
for 0 < @ < 1. Hence p-hyponormal operators are g-hyponormal for 0 < ¢ < p. Let T be
an invertible p-hyponormal operator. Then (TT*)? < (T*T)9 for all 0 < ¢ < p. Hence

(IT*) &1 _ (T°1)" &1
q - q

?

and, by letting ¢ — +0, we have
log(TT™) < log(T*T).

Thus invertible p-hyponormal operators are log-hyponormal. Putnam’s inequality of p-
hyponormal operator T is the following :
1
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p
Putnam [23] proved the case p = 1, Xia [26] proved the case 1 < p < 1 and Cho, Itoh [8]
proved the case 0 < p < ]5 If T is invertible, then, by similar arguments as before, we have
the following inequality.

5

log T*T) &log(TT*)|| < —1 r~tdrde.
|| o —
T Jo(T)

Tanahashi [25] proved that this inequality holds for log-hyponormal operators.
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Thus we may consider that log-hyponormal operators are p-hyponormal operators with
p = 0. Tanahashi [24] proved that there is a log-hyponormal operator which is not p-
hyponormal for any p > 0. Hyponormal operators have been studied by many authors and
it is known that hyponormal operators have many interesting properties similar to normal
operators (cf. [22]). Semi-hyponormal operator was defined by Xia [27] and p-hyponormal
operator for 0 < p < % was defined by Aluthge [1, 2]. f-hyponormal operator for an operator
monotone function f was defined by Fujii, Himeji and Matsumoto [13]. Inspiring by the
results due to Ando [3] and Cho and Itoh [8], Tanahashi [23, 24] studied log-hyponormal
operator. ( See [1, 2,6, 7,8,9,12, 13, 21, 27] for properties of p-hyponormal operators. )

Let T = U|T| be the polar decomposition of a log-hyponormal T. Then the operator U
is unitary since T is invertible. For an operator T' we denote the spectrum, the approximate
point spectrum, the kernel and the range of T by o(T), 04(T), N(T') and R(T), respectively.
A point z is in the set 6,,(T) (the normal approximate point spectrum) if there exists a
sequence {z,} of unit vectors such that (T <z)z, — 0 and (Tez)*z, — 0 as n — oo.
It is clear that if T is normal, then o(T') = 0,,4(T).

2. Spectral properties. Aluthge [1] studied the Aluthge transformation = |T|2U|T|*
of p-hyponormal operator T with a polar decomposition T = U|T| where 0 < p < 1 and
U is unitary. He showed that the Aluthge transformation T = |T|%U|T|% is hyponormal if
% <p<1and (p + %)—hyponormal it0<p< % The following theorem on the Aluthge
transformation of log-hyponormal operator was proved in [24], but we will give another
proof.

THEOREM 1 (Proposition 4 of [24]). Let T = U|T| be log-hyponormal. For 0 < s,¢, let

in{s,t
S = [TPUIT|t and p = w Then

(SS)P < TP < (S78)P,
that is, S is p-hyponormal.
For the proof of this theorem, we need the following results.

Theorem A (the Furuta inequality [15]). Let 0 < p,q,r € R and A, B € B(H) satisfy
0 < B < A Ifp+2r < (1+42r)gand1 < ¢, then B& < (B"’APB"’)% and

p+2r

(ATBPA")T < AST

Theorem B (Theorem of [14]). Let A, B € B(H) be invertible positive operators with
logB < logA. Then for every § € (0,1) there exists a € (0,1) such that B* < (e’A)".

Lemma 2. Let T = U|T| be log-hyponormal. For 0 < ¢t < 1, let S = |[T]'U|T|'~" and
p =min{t,1 <t}. Then S is p-hyponormal.

Proof. For the completeness, we give a proof. By Theorem B, for every § € (0,1) there
exists a € (0,1) such that (e’|T|)* > |T*|* = U|T|*U*. Hence we have

620156;* T|aL,' Z Ca5|T|a Z L,’|T|acf*'
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Let A = 2YU|T|°U, B = e*°|T|* and C = U|T|*U*. Since ﬁ + 2? = % and

(1+2- ﬂ)lz— 1;_NL-%,fr01110<p < 1 &t, we have | "
%t+2- 15" < (1+2-%)%.

By Furuta inequality,

(1) (st)p (e —6(1— t)B e 40t g 81— z)B—’)p

(2) = BU-Up(BEARBT )P > o 2U-UPRT

Similarly, we have, by Furuta inequality, (S5*)F < e~25tP BF . Hence we have (§*S)r >
2P| T?P and (SS*)P < e¥P|T|?P. Since § € (0,1) is arbitrary, we have (S*S)P >
|T|?r > (SS*)P. That is, S is p-hyponormal.

Proof of Theorem 1. Letr = s+t > 0. Then U|T|" is log-hyponormal and (|T|") = U(
[T)*UT|"~% = |T|*U|T|*. Since p = min{-2

t
! s+t? s+t
is p-hyponormal by Lemma 2.

TIy-f =
= min{2, 12}, we have that [T]°U|T|*

Theorem 3. Let T = U = |T|*;U
Then

o(S) = { e re’ € o(T)}.
Proof. Since |T|® is normal, by Lemma 3 of [10] it holds that q(S) o(|T|FU|T)Y =
a(U|T|**"). Hence we only have to prove that o(U|T|*) = { r*ei? : Y € ¢(T)} for any

real number s.

First we show the case s > 0. Let 0 <t <1, T(¢t) = U|T and 7 (re
for re’’ € C. Then T(t) is log—hyponormaL T(0) =T and T(1) = S. We can prove that
Ona(UT|' 715t = {pl=t+stei® |pei? € g, (T)} by similar arguments in Lemma 4 of [25].
Since 04(T(t)) = ono(T(t)) by Lemma 3 of [25], we have that o(T(t)) = 7 (a(T(0))) by
Lemma L.3.1 of [26]. Hence o(U|T|*) = { r¥e’ : b ecao(T)).

Let s = 0. Then we have to prove that U(L’) = { e : re? € o(T)}. By taking
¢TI (0 < ¢) insead of T, we may assume that 0 < log|T|. Let S = Ulog|T|. Then §
is semi-hyponormal and |S| = log|T|. Since o(U) = {e? | re’ € 0,(S)} by Theorem
2.3.3 of [26] and 0,(S) = {(logp)e® | pe'? € 04,(T)} by Lemma 6 of [25], we have that

o(U) = {e | re!® € 0,(T)}. Since the boundary of o(T) is contained in o,(7T) , this
implies that o(U) = {e! | re'’ € o(T)}.

Next let s < 0. Since o(U|T)*) = o(|T]*U) = o((U*T|*)"') and o(U*|T|"*) =
o(|T)=3U") = o((U|T|~%)%), we have o(U|T|*) = { r*? : re'® € ¢(T)}. So the proof is
complete,

|L-t+st 0y = pl-thsteit

Theorem 4. Let T = U|T| be log-hyponormal. For s,t > 0, let S = |T|°U
T =re'?x if and only if S = r3ttei?y,

T|". Then

Proof. Let Tx = re!’z. Then, by Theorem 11 of [24], it holds that

Uz =2 and |T | = ra.
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Hence it is clear that Sz = r*Teiz. Next let Sz = r3te??2. Then U|T|'z = r*+'e’|T| =52
and hence it holds that U|T|***(|T|~*z) = rs*%e!(|T|*z). Since U|T|*** is log-hyponormal,
also by Theorem 11 of [24] we have

U|T| %z = || %z and |T|"F*|T| 52 = »|T| 5.
Therefore, it follows |T|z = rz and Ur = e'?z.
So the proof is complete.

Theorem 5. Let T be log-hyponormal. If z is an isolated point of ¢(T'), then =z is an
eigen-value of T'. That is, T is isoloid.

1. 1 . . . . .

Proof. Let S = |T|zU|T|z. Since o¢(T) = o(S5), = is an isolated point of ¢(5). Since, by
Theorem 1, S is semi-hyponormal, z is an eigen-value of S. Hence we have Sz = zz for
some vector x. By Theorem 4, we have Tx = zz. Hence 2 is an eigen-value of 7.

Next we show that Weyl’s theorem holds for log-hyponormal operators. For an operator
T, let 71'00(T) denote the set of all isolated eigenvalues of finite multiplicity of T" and let
w(T) denote the Weyl spectrum of T, i.e., w(T) = N{o(T+ K) : K is compact}. Baxley [4]
introduced the following two conditions:

C-1: If {z,} is an infinite sequence of distinct points of the set of all eigenvalues of finite
multiplicity of T and {x,} is any sequence of corresponding normalized eigen-vectors, then
the sequence {z,} does not converge.

C-2: If z € mo(T), then T <=1 has closed range and dimN(T 1) = dim(R(T <=1)"1).

Baxley [4] proved that if T satisfies the conditions C-1 and C-2, then
uJ(T) = O'(T) <~ TF(]()(T),
that is, Weyl’s theorem holds for T

Theorem 6. Let T be log-hyponormal. Then T satisfies the conditions C-1 and C-2.

Proof. From Theorem 11 of [18] it holds that if Ta = zx, then Tz = zx. It follows that if
Tz =ax and Ty = by (a # b), then (x,y) = 0. Therefore, it is clear that T satisfies C-1.
Let z € mgo(T). Then N(T'e=I) is the reducing subspace of U and |T'|. Hence we decompose

T=T @ I on N(Te:I) @ NTe=I)'.

Assume that z € o(T3). Since o(T) = a(T1) U o(T3),z is an isolated point of ¢(T3). By
Theorem 4, we have a contradiction. Hence » ¢ o(Ty) and R(T» &zI) = N(T &=I)*. Since
R(T &z1) = R(Ty &=I), R(T ©zI) is closed and dimN(T &2I) = dim(R(T <=zI)1). So
the proof is complete.

Hence we have the following result:

Theorem 7. Let T be log-hyponormal. Then Weyl’s theorem holds for T, that is,

uJ(T) = O'(T) <~ TF(]()(T).
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Theorem 8. Let T'=U

T| be log-hyponormal. And, for s, > 0, let S = |T|*U|T|". Then

w(S) = {rittet® ¢ re'® e w(T) ).

Proof. By Theorem 7, Weyl’s theorem holds for T and by Theorem 0 of [9]. Also, Weyl’s

i t
vl f} By Theorem 3
1t

a(8)=o(UIT|"T") ={ pottet? o peif g a(T)}.

theorem holds for S because S' is p-hyponormal, where p =

Since by Theorem 4 it holds that mg(S) = { e : rel? € mo(T)}, it follows that

w(S) = {re ¢ re’ e w(T) ).

Also we have the following spectral mapping theorem of Weyl spectrum. Proof is similar to
the proof of [12]. But for the completeness we will give a proof.

Theorem 9. Let T be log-hyponormal and f be a holomorphic function defined in a

neighborhood of o(T'). Then f(w(T)) = w(f(T))=o(f(T)) emuw(f(T)).

Proof. Let Fy be the set of all Fredholm operators of index zero. Let p(z) be an arbitrary
polynomial. Let A € C' and
Aep(z) =ag H(/\j &z).
j=
Since T is log-hyponormal, it holds ind(T ©z) < 0 as N(T ©z) C N((T ©2)*) by Lemma

3 of [24]. Moreover the commutativity of factors in polynomials, Corollary 1.3.4 of [5] and
Theorem 3.2.7 of [5],

Agw(p(T) < Aep(T)=a [[(\j&T) €Fo < \joT €F forallj=1,...n
j=1
= N ¢wT) forallj=1,...n <= X¢pw(T)).
Hence
w(p(T)) = p(w(T)).
Therefore, it holds that
f((T) = «(HT))
for a holomorphic function defined in a neighborhood of ¢(T) by Theorem 2 of [20]. Since
T is isoloid by Theorem 5, we have

f(o(T) &mo(T)) = a(f(T)) &7 (f(T)).

by Lemma of [17]. Hence the proof is complete.

3. Polar symbols of log-hyponormal operators. First for a pair of operators (T, .5),
a point (z,w) € C? is in the joint approximate point spectrum o, (7, S) if there exists a
sequence {x,,} such that

(T ez)tym — 0and (S ©w)r, — 0asm — oo.

For a unitary operator U we define operators S%(T) by
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SE(T)=s- lim UT"TU".
n—+oo
If T = U|T| is p-hyponormal with unitary U, then Sﬁ(|T|2p) exist (cf. [26]). The operators
SE(|T|?P) are called the polar symbols of |T|. Let Tiky = U{SE(IT?P)+(16k)S; (IT*P) %
for every 0 < k < 1. Then it holds that o(T') = U o(Tiry) (cf. [7]). Next let T' = U|T)|
0<k<1
be log-hyponormal. We can find out ¢ > 0 such that log|cT| > 0. Since then S = Ulog|cT| is
semi-hyponormal, there exist the polar symbols S[jf( cT|). And it holds that 8?5(10g|CT|) =
loge + S (log|T|). For 0 < k < 1, the operator T, is defined by

Ti = Uexp{kSH(loglT]) + (1 &k)S5(loglT])}.

The operator T}, is called the generalized polar symbol of T. Then we have the following
Theorem 10. Let T = U|T| be log-hyponormal. Then

o(T) = U o (Ty).

0<k<1

Proof. Let log|T| > 0 and let S = Ulog|T|. Since then S' is semi-hyponormal, by Theorem
4.4.1 of [26] it holds that

a(8) = LJ o(Sk))-
0<k<1
where Sy = U{ES(|S]) + (1 ©k)S, (|S])} = U{kS (log|T|) + (1 &k)S, (log|T|)}. Let
re’’ € C with r # 0. Since then, for every k € [0, 1], Sk is normal,
re’’ € o(T) & (logr)e” € a(S) by Lemma 6 of [25]
& Jke0,1]; (logre' e o(Siy) = ona(Swy) & Ik €[0.1]: (¢' logr) € o,(U, 1Sty ])
& Fkel0,1]; (e r) e (U |Tk]) & FIke0,1]; re’? € o(Ty).

Since T and T}, are invertible for every k (0 < k < 1), we have

oT)= |J o(Tw).

0<k<1

If log|T| < 0, then we choose ¢ > 0 such that log|cT| > 0. Then

(cT)y, = exp{kS?}(log

cT|)+ (1 ek)S; (logleT|) }
= c-exp{kS(log|T|) + (1 ©k)S; (log|T|)} = c- T.

Hence the proof is complete.

Finally, we give an application of the theorem above. Let T' = U|T| be log-hyponormal.
For 0 < k < 1, let Ry = exp{kS: (log|T)|) + (1 ©k)S;; (log|T|)}. Then U and R;, commute.
Hence (U, Ry,) is non-empty for every k (0 < k < 1). The Xia spectrum ox (U, |T|) of a
log-hyponormal operator T = U|T| is defined by

7)) = |J ox(U.Re).

0<k<1

ax ([J,
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Then we have the following theorem.

Theorem 11. Let T = U|T| be log-hyponormal. Then
re’ € ¢(T) if and only if ('?,r) € ox(U,|T)).

Proof. By Theorem 10 we have o(T) = U o(T}). Since T}, = URy, is a normal operator,
0<k<1

by the spectral mapping theorem of the joint approximate point spectrum (cf. [6],[11],[25])

we have

re'’ € o(URy,) if and only if (¢'’,r) € o, (U, Ry).

Hence we have that re’ € o(T) if and only if (¢!?,r) € ox (U,

T|). So the proof is complete.
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