Scientiae Mathematicae Vol. 3, No. 3(2000), 445-454 445

A CHARACTERIZATION OF POINTWISE MULTIPLIERS
ON THE MORREY SPACES

EIICHI NAKAI

Received April 28, 2000; revised October 4, 2000

Dedicated to the memory of Professor Hiroaki Takehana

ABSTRACT. Let L, 4. (i = 1,2,3) be Morrey spaces. A function g is called a point-
wise multiplier from L, 4, to Ly, 4,, if the pointwise product fg belongs to L, 4,
for each f € Ly, 4,. We denote by PWM (L, 4,5 Lp,,4,) the set of all pointwise mul-
tipliers from L, 4, to L, 4,. A sufficient condition on p; and ¢; (i = 1,2,3) for
PWM(Lp, 6,5 Lpy,¢5) = Lps 65 Was given in [9]. In this paper, we give a necessary
condition. In connection with these conditions, we also give sufficient conditions for
PWM(Lp, 6,5 Lpy,4,) = {0}-

1. INTRODUCTION

The theory of the Morrey spaces has been developed by many authors, Peetre [10], [11],
Adams [1], Chiarenza and Frasca [3], Mizuhara [4], Arai and Mizuhara [2], etc. We inves-
tigate pointwise multipliers on the Morrey spaces.

Let E and F be spaces of real- or complex-valued functions defined on a set X. A function
g defined on X is called a pointwise multiplier from E to F', if the pointwise product fg
belongs to F for each f € E. We denote by PWM (E, F') the set of all pointwise multipliers
from FE to F.

LP-spaces (0 < p < 00) on a measure space X are complete quasi-normed linear spaces.
If 1 < p < o0, then they are Banach spaces. If X is o-finite, and if 1/p; + 1/p3 = 1/po,
then it is known that

(L.1) PWM(LP(X), LP*(X)) = LP*(X)  and ||gllop = [lgl|Lrs,
where ||g||op is the operator norm of g € PWM (LP'(X), LP? (X)), i.e.
lgllop = inf{8 > 0+ [fgllLre < Bllfllim for all f € L (X)}.

On some assumptions the equalities in (1.1) were generalized to the Morrey spaces
L, 4(X) in [9], where 0 < p < 00, ¢ : X x (0,+00) — (0,400) and X is a space of
homogeneous type. In this paper, we consider the necessity of the assumptions in the case
of ¢ : (0,+00) = (0,+0c0) and X = R™. Many authors studied in this case.

For a € R” and r > 0, let B(a,r) be the ball {z € R" : |z —a| < r}. For a measurable set
E C R", we denote by |E| the Lebesgue measure of E. For 0 < p < oo and ¢ : (0, +00) —
(0, +00), let

Ly s(R") = {f € Li,o(R") : [|fllp.s < +00},

loc

2000 Mathematics Subject Classification. Primary 42B15, 46E30; Secondary 46E35, 42B35.

Key words and phrases. multiplier, pointwise multiplier, Morrey space.

This research was partially supported by the Grant-in-Aid for Scientific Research (C), No. 11640165,
1999, the Ministry of Education, Science, Sports and Culture, Japan.



446 EIICHI NAKAI

where
1 1 1/p
sup — | 577 |f()[Pdr) , 0<p<oo,
1 llp.o = { Blar) (r) <|B(a’ar)| Bla,r)
’ 1

sup —— esssup |f(z)], p = oo.

B(a,r) ¢(T) z€B(a,r)
Then

Loo7¢(Rn) — {0}7 ?nf0<7‘<00 QS(T) - 07

L> (R’n), lnf0<7‘<oo QS(T) >0

If infocrcoo #(r) > 0, then || flloo,6 = || fllze/(infocr<oo ¢(r)).

For ¢(r) = rA=™/P (0 < p < 00, 0 < XA < n), let LP*(R*) = L, 4(R"). Then LP*(R")
is the classical Morrey spaces introduced in [5]. If ¢(r) = r="/P, then L, 4,(R") = LP(R™).
If ¢(r) =1, then L, 4(R™) = L>*(R™).

The function space L, 4(R") is a complete quasi-normed linear space. If 1 < p < oo,
then it is a Banach space.

A function 6 : (0, +00) — (0, +00) is said to be almost increasing (almost decreasing) if
there exists a constant C' > 0 such that 6(r) < C6(s) (0(r) > Cl(s)) for r < s.

If inf,<, ¢(t) = 0 for some r > 0, then L, 4(R") = {0}. Let inf,<, ¢(¢) > 0 for every r > 0
and ¢ (r) = infy<, #(t). Then 1 is decreasing and L, 4(R") = L, 4(R") with equivalent
norms.

If inf;>, ¢(t)t"/P = 0 for some r > 0, then L, 4(R") = {0}. Let inf;>, ¢(£)t"/? > 0 for
every r > 0 and 9 (r) = r~"/?inf,>, ¢(t)t"/P. Then (r)r"/? is increasing and L, ,(R") =
L, +(R™) with equivalent norms.

To consider pointwise multipliers from L,, 4, (R™) to L,, 4,(R™), we may assume that ¢;
(i = 1,2) are almost decreasing and ¢;(r)r™/?* (i = 1,2) are almost increasing.

If ¢ is almost decreasing and ¢)(r)r”/ P is almost increasing, then ¢ satisfies

1 _ o)
(1.2) 1 < o) <A for
where A > 0 is independent of r,s > 0.

In the case of ¢ : (0,+00) = (0,400) and X = R", Theorems 2.1, 2.2 and 2.3 in [9] can

be stated as follows:

1
- <
5 =

Slw

<2,

Theorem 1.1. Let 0 < py < p; < 00 and 1/py +1/ps = 1/pa. Suppose that ¢; (i = 1,2)
are almost decreasing. Let ¢z = ¢o/pr. If ¢1(r)r™/Pt and ¢2p2/”1/¢)1 (¢p2/ b1 when p1 =
p2 = 00, 1/¢1 when py < py = 00) are almost increasing, and if lim i[r)lf ¢3(r) > 0, then

r—

(1-3) PWM(LPhd)l (]Rn)v Ly, .4, (]Rn)) = Lpg, 05 (]Rn)

Moreover, the operator norm of g € PWM(Ly, ¢, (R"), Ly, 4,(R™)) is comparable to
19llps,5- If $2P2/P1 [y = 1, then the operator norm is equal to 191 ps. s -

Remark 1.1. If ¢y (r)r™/P' and ¢2p2/”1/¢1 are almost increasing, so are ¢o(r)r™/?> and
@3 (r)rm/Ps.

In this paper, we show that the almost increasingness of ¢2p2/”1/¢)1 is a necessary and
sufficient condition for (1.3) when ps < pi, and that if p2 > p; or if liminf, o ¢3(r) = 0
then

PWM(LP1,¢1 (]Rn)7 LP2,¢2 (]Rn)) = {0}
It turns out that Theorem 1.1 holds without the condition liminf,_,o ¢3(r) > 0 in the case
of ¢ : (0, +00) — (0, 4+00).
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We state main results in the next section. Section 3 is for the preliminaries. In section
4 we give proofs of the results.
The letters C' will always denote a positive constant, not necessarily the same one.
For functions 6,k : (0, +00) — (0, 4+00), we denote 0(r) ~ k(r) if there exists a constant
C > 0 such that

C79(r) < k(r) <CH(r), r>0.

2. MAIN RESULTS

Theorem 2.1. Let 0 < py < p1 < 00. Suppose that ¢; (i =1,2) are almost decreasing and
that ¢;(r)r™/Pi (i = 1,2) are almost increasing. Then

PWM(LP1,¢1 (]Rn)7 LP2,¢2 (]Rn)) = LP3,¢3 (]Rn)7

if and only if ¢2p2/p1/¢1 (¢p2/d1 when p1 = ps = 00, 1/¢1 when py < p1 = 00) is almost
increasing, where 1/ps = 1/p2 — 1/p1 and ¢35 = ¢2/d1. In this case, the operator norm of
g € PWM(L,, 4, (R"), Ly, 6, (R™)) is comparable to ||g||ps,és-

Remark 2.1. When p; = ps = 00, ¢5(r) = ¢;(r)r™/Pi (i = 1,2) are almost decreasing and
almost increasing, i.e. ¢; ~ @2 ~ 1 and ¢o/¢; is almost increasing. When py < p; = o0,
$1(r) = ¢1(r)r™/Pt is almost decreasing and almost increasing, i.e. ¢; ~ 1 and 1/¢; is
almost increasing.

Remark 2.2. In general, from Lemma 3.1 it follows that

PWM(LPhd)l (]Rn)v LP2,¢2 (]Rn)) ) LP37¢3 (]Rn)

Theorem 2.2. Suppose that ¢1 is almost decreasing, that ¢1(r) = +oo as r — 0 and that
01 (7')7“"/"1 is almost increasing. If 0 < p; < pa < 00, then

PWM(LP1,¢1 (R™), Ly, 6o (R")) = {0}

Lemma 2.3. Let 0 < p1,ps < 00. Suppose that ¢y is almost decreasing and that ¢, (7‘)1“"/191
is almost increasing. If iminf, o ¢2(r)/é1(r) =0, then

PWM(Lm,d)l (]Rn)a LP2,¢2 (]Rn)) = {0}
Remark 2.3. If
PWM(LP1,¢1 (]Rn)7 LP2,¢2 (]Rn)) = {0})

then there is a function f € L,, 4, (R™) such that f ¢ L,, 4,(R™), since a constant function
1 is not a pointwise multiplier.

For the classical Morrey spaces LP*(R"), we have the following.
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Corollary 2.4. Let 0 <p; < oo and 0 < \; <n (i =1,2). Then

PWM (LP2M (R™), LP>**(R™))

= {0}, p1 < p2,

= {0}, p1 =p2 and A1 < Mg,

= L>®(R"), p1 =p2 and A\; = Ag,

2 {0}, P1 = P2 and A\ > )\2,

= {0}, p1>p2 and n+ (A —n)p2/p1 < Az,

= L>=(R"), p1 >p2 and Ay =n+ (A —n)p2/p1,

= L322 (R™), py >pe and A\ < Xy <n+ (A —n)p2/p1,
2 LPA3(RY), pr>p2 and Aipa/pr < A2 < A,

2 L (R™),  p1>p2 and X2 = \ip2/p1,

(2 {0}, p1>p2 and A2 < Aip2/p1,

where ps = p1p2/(p1 — p2) and A3 = (p1A2 — p2A1)/(p1 — p2).

3. PRELIMINARIES

We state lemmas to prove the theorems.

Lemma 3.1 ([9]). Let 0 < px < py <00, 1/p1 +1/p3 = 1/ps and ¢1¢3 = ¢o. Then

1 9llp2.6s < N Fllpr .61 [191lps.05-
Lemma 3.2 ([9]). Let 0 < p < co. Suppose that ¢ satisfies (1.2) and ¢(r)r™/? is almost
increasing. If supp f C B(a,r) and if
1
sup BN |f(x)|P dx /p<M

B(b,s)CB(a,3r) ¢(S) |B(b7 S)| B(b,s) N ’

then
feL,s(R") and |fllpe <CM,

where C' > 0 independent of f, B(a,r) and M.

Lemma 3.3. Let 0 < p < 00, ¢ be almost decreasing and ¢)(r)r"/” be almost increasing. If
f is the characteristic function of the ball of radius r > 0, then

1

| £l ~ o)

Proof. For all balls B(b,s) C B(a,3r), we have

1/p
1 1 )
o) <|B<b,s>| Jyo 70 d”“”) <96 <80

By Lemma 3.2 we obtain the desired result. O
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Lemma 3.4. Let 0 < p < o0, ¢ be almost decreasing and gb(r)r"/p be almost increasing.
Let {B(aj,r;)}32 be balls and {f;}32, be functions such that

B(aj,rj) C B(ao,r0),
supp f; C B(aj,7;/3),
1 filler < erg(ro)r™/,
1 fillp.e < c2,

B(ai,ri) N B(aj,rj) =0 for i,j=1,2,---;i#j.

fOT j:1727"'7

Then f =372 fj is in Ly o(R) and [|fll.s < Cler + c2).-

Proof. For any ball B(a,r) C B(ag,3rop), let
Ji ={j € N: B(a,r) N B(aj,r;/3) # 0,r;/3 <},
Jo = {.7 eN: B(avr) ﬂB(aj,rj/S) 7é @,Tj/?) > T})

and
P 1/p
1 1

L= — | —— i d , t=1,2.
50 \ By | 2 @) 2] o

If j € Ji, then B(a;,r;/3) C B(a,3r). It follows that
U B(aj,r;/3) C B(a,3r) and Z (r;/3)™ < (3r)™.
JE JjE€S1

Hence

1/p

1 /.
<o Fi(@)P do
) wauz sy O

1/p

c19(ro)
=760 Wawz” =cor

If j € Js, then B(a,r) C B(aj,rj), i.e. J; has only one element. Hence
1/p
Lo | G@Pdz)  <lfillpe <e
2 < — i < fillp,o < ca.
=507 \IB@n) Joam e

By Lemma 3.2 we have || f||,,4 < C(c1 + ¢2). O

4. PROOFS

First, we state a proof of Lemma 2.3.

Proof of Lemma 2.3. There are positive numbers {r;}$2, such that
r; — 0 and (]52(7"]')/(1)1(7"]') -0 as j— +oo.

If g € PWM(L,, 4, (R"), Ly, 6, (R")), then the closed graph theorem shows that g is a
bounded operator. For any a € R, let f be the characteristic function of the ball B(a,r;).
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By Lemma 3.3 we have

1 1/p2
B lg(z)["* dzx < @2(r)l1£9llps,
(|B<a,rj>| o 21 llss
< , < o 221) j
< G2(7)[ fllps,61l9llop < Sllgllop =0 as j = +oo.
¢1(rj)
Therefore g(a) =0 a.e. a € R”. O

Let I(a,r) be the cube {x € R™ : |z; —a;| < r/2,i=1,2,--- ,n} whose edges have length
r and are parallel to the coordinate axes.

Proof of Theorem 2.1. If liminf, .o ¢3(r) > 0, then the sufficiency follows from Theo-
rem 1.1. If liminf, ,o¢3(r) = 0, then Lp, 4,(R*) = {0}. From Lemma 2.3 it follows
that

PWM(LPhd)l (R™), Lps,40 (R")) = Lps,65 (R™).

If ¢2p2/”1 /&1 is not almost increasing, then, for all k € N, there are positive real numbers
rr and s such that

sp <7p  and ¢2(5k)pz/p1/¢1(sk) > 4k/p2¢2(7“k)p2/p1/¢1(7“k)-
Let ;
Tk 2 (re)P2/"
= | —F 1
e [5k¢2(3k)p2/" T
where [a] denotes the integer part of the positive real number «. By almost increasingness
of ¢2(r)r™/?2 and by almost decreasingness of @2, we have

To (ri P2/
4.1 ~
( ) mg 3k¢2 (Sk)pz/n )
(4.2) Tk S 6cosy  for some ¢p > 0.

mg
Let O € R™ be the origin. We divide the cube I(O, ) into m;™ sub-cubes I(by, ;, 7t /my):
F=1,2,- ,m", e

my"

I(O,T‘k) = U I(bk,jark/mk),

=1
I(bk’i,rk/mk)o n I(bk’j,rk/mk)o =0 for ¢ 75 7,
where I(b,r)° is the interior of I(b,r). Let

o s(@) = ¢3(cosk), x € B(bg,j,cok),
hi 0, x & B(bg j,cok),

mg” oo 1 1/1’2
gh=_ Gkj» 9= (Z 2—k(gk)p2> :
j=1 k=1

We show
g€ PWM(LP1,¢1 (]Rn)7 LP2,¢2 (]Rn)) \ LP3,¢3 (]Rn)

We note that
supp gr,; C B(br,j,7r/(6ms)),
B(bk,j, i/ (2my)) C I(br,j,r/mk).
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For all f € L,, 4, (R™), by Holder’s inequality, (1.2) and (4.1) we have

(4.3) I gk.jllLre

1/p1 1/ps
(S, com @I d2) ™ (J cony ki @)P2de) ™ when py > po
- 1/P1
(fB(bk‘j,cosk) |f ()| da:) ¢3(cosk) when p; = p»
< b1(cosk)|B(bk,jr cosi) [P || Fllps,o0 &3 (cosi)|B(br.j, cosi)|/P2 when py > ps
b1 (cosi)|B(b,j,coi)| /P2 || fllpy o0 #3(cosk) when p; = p»

= ¢ (cosk)| B(br.j» cosi) |22 (| fllpy 61
~ ¢2(sk) 8™ 72| fllpr,on ~ G2 (1) (a /1) P2 || fllpy 60 -

By Lemma 3.1 and Lemma 3.3 we have

||fgk,j||l)27¢2 < ||f||p1,¢1||gk,j||p3,¢3 < C||f||1)17¢1'

By Lemma 3.4 we have fgg is in Lp, ¢, and || fgk|lps,62 < Col|fllpr,¢- This implies
/ | (@)gi()[”* dx < |B(a, )| ($(r)Coll fllp,.¢,)"  for each ball -~ B(a,r).
B(a,r)

From Beppo-Levi’s theorem it follows that

o] (oo}

> Sl @a@l = f@= Y o)

k=1 k=1

converges a.e. ¢ € B(a,r) and
/( : | (@)g(2)[”* dw < |B(a, )| (§(r)Collfllp..6,)"  for each ball  B(a,r).
B(a,r

Hence we have
||fg||1)2,¢2 < CO||f||p1,¢1;

and
g€ PWM(LP1,¢1 (]Rn)) LP2,¢2 (]Rn))

On the other hand, since supp gx C B(O, /nry/2),

1 1 | (x)|p3 dr o
bs /2 \IBO, Vire/21 Jso s

1
Qk/pz Gk (1‘)

p3 1/ps3
> 1 L dx
= ¢3(vnre/2) \ |B(O,vnri/2)| JBo,var./2)

_ _Gs(se) (masi)™/P* (mkswz(sk)m/n)n/m G2 (s1)"2/7 /1 (1)
2k /P2 oy (1) (71, )/ P T2 (rg)P2/n 2k/P2 oo (P2 /71 [ 1 (1)
> 2F/P2 forall k € N, when p; > po,
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and

1

PR esssup {g(z) : @ € B(O,v/nr;,/2)}

> messsup {Qk%gk(m) ‘T € B(O,\/ﬁrk/Q)}
o 3(sk)  _  Palsk)/1(sk)
22y (r)  2K/P2hs (1) /1 (rk)

> kP2 forall k€N, when p; = po.

This shows g ¢ Ly, ¢, (R™). O

Remark 4.1. If {r;}7, in the above proof is bounded, then the support of g is compact.

Proof of Theorem 2.2. Let {sx};>, be positive real numbers such that s > sp11 (K =
1,2,---) and s — 0 as k — +o0. Let

Iy = [(¢1(Sk)p1/"8k)_l] +1, mp = [¢1(Sk)p1/"] +1.

Then, by the almost increasingness of ¢ (r)r™/?' and the almost decreasingness of ¢, we
have

-1
Iy ~ (¢1(5k)p1/n8k) . my ~ oy (s)P ™

Hence
(4.4) é1(1/ (Lemr) ) [ ~ ¢ (se)Pr il ~ 1
(4.5) ¢1(1/(Lemr))P? g™ ~ ¢r(sk)7? s ™"

~ ¢1(sp)P2 Pt = +o0 as k — +oo.
For any fixed ap € R", we divide the cube I(ag,1) into Ix" sub-cubes I(by ;,1/lx): j =
1,2, k" ie.
"
I(ag, 1) = | I(brj, 1/lk),
j=1

I(bkd',l/lk)o n I(bk,j’7 l/lk)o :@ fOI‘ ] 75 j,.
We divide the cube I(0,1/l;) into m;™ sub-cubes I(ex,;,1/(lkmsy)): i =1,2,--- ,mi", ie.

n
mg

I(O>]~/lk) = U I(ek,i)l/(lkmk))v

i=1

I(ek’i, 1/(lkmk))° N I(ek’i/, 1/(lkmk))° =0 for 1 75 i

Then
[(ka’, l/lk) = U I(bkd + ek,q, 1/(lkmk)),
=1

[(bk,j + €ek,i, 1/(lkmk))° n I(bkd' + ekﬂv,l/(lkmk))o =@ fori #* v,
j: 1)27"' 7lkn-



A CHARACTERIZATION OF POINTWISE MULTIPLIERS ON THE MORREY SPACES 453

Let
frji(z) = ¢1(1/(lkmk)), S I(b’w' + ek, 1/(lkmk)),
k,j,i o 0, x ¢ (b + eni, 1/(lkmy)),
"
fk,z = kaJﬂ
j=1

First we show
(4.6) I frillpr,gs < C, fori=1,2,---,m;", and for all k € N.
We note that
B(bk,j + €k, 1/(2lg)) C I(bg; + ex,i,1/lx) C I(ao,2) C B(ag,vn),
B(bk,j + €r,i, 1/(2l)) N B(bk,j» + ex,i, 1/(20)) =0 for j # 5.

Since ¢ (sg) = +00 as k — 00, we may assume my, > 3y/n. Hence

supp fr,j,i = I(br,j + er,i, 1/ (lkmy))
C B(bkd' + €k,i, \/ﬁ/(Qlkmk)) C B(bkd' + ek,q, 1/(6lk)).
By (4.4) we have

| frgillzes < 61 (1/ () (1 (Lemr)) /Pt ~ (1/0)™/P
By Lemma 3.3 we have
I fkgillpron < C-
Hence, by Lemma 3.4 we have (4.6).
If g € PWM(Lp, 4,(R"), Lp, 4,(R™)), then the closed graph theorem shows that g is a
bounded operator. Hence

1/172
¢ (1/(Ukme)) 1 P2
5a(/) (|B<ao,ﬁ>| ———— d)

1/P2
1 1 P2
= 5/ <|B(a0,\/ﬁ)| /B@m) rilelge)l™ d )

< fr,i9llpa, 6. < Cllgllop-

This is
/ 9@ de < Oy (1 (lem)) ™ lgllop”-
supp fx,i
Since
4 lkn
supp fri = () T(bxj + eni, 1/ (lemu)),

=1

| -
I(G,O, 1) = U supp fk,i7
i=1

[ (supp fr,i)° N (supp fe,i1)® =0 for i #d,
we have by (4.5)

for all k£ € N,

/ lg(@)|P* dw < Cmy" g1 (1/ (L)) " llgllop™ — 0 as &k — +oo.
I(ag,l)

Therefore g = 0 a.e. O
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