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Abstract. Let Lpi;�i
(i = 1; 2; 3) be Morrey spaces. A function g is called a point-

wise multiplier from Lp1;�1
to Lp2;�2

, if the pointwise product fg belongs to Lp2;�2

for each f 2 Lp1;�1
. We denote by PWM(Lp1;�1

; Lp2;�2
) the set of all pointwise mul-

tipliers from Lp1;�1
to Lp2;�2

. A suÆcient condition on pi and �i (i = 1; 2; 3) for

PWM(Lp1;�1
; Lp2;�2

) = Lp3;�3
was given in [9]. In this paper, we give a necessary

condition. In connection with these conditions, we also give suÆcient conditions for

PWM(Lp1;�1
; Lp2;�2

) = f0g.

1. Introduction

The theory of the Morrey spaces has been developed by many authors, Peetre [10], [11],

Adams [1], Chiarenza and Frasca [3], Mizuhara [4], Arai and Mizuhara [2], etc. We inves-

tigate pointwise multipliers on the Morrey spaces.

Let E and F be spaces of real- or complex-valued functions de�ned on a setX . A function

g de�ned on X is called a pointwise multiplier from E to F , if the pointwise product fg

belongs to F for each f 2 E. We denote by PWM(E;F ) the set of all pointwise multipliers

from E to F .

Lp-spaces (0 < p � 1) on a measure space X are complete quasi-normed linear spaces.

If 1 � p � 1, then they are Banach spaces. If X is �-�nite, and if 1=p1 + 1=p3 = 1=p2,

then it is known that

(1.1) PWM(Lp1(X); Lp2(X)) = Lp3(X) and kgkOp = kgkLp3 ;

where kgkOp is the operator norm of g 2 PWM(Lp1(X); Lp2(X)), i.e.

kgkOp = inff� > 0 : kfgkLp2 � �kfkLp1 for all f 2 Lp1(X)g:
On some assumptions the equalities in (1.1) were generalized to the Morrey spaces

Lp;�(X) in [9], where 0 < p � 1, � : X � (0;+1) ! (0;+1) and X is a space of

homogeneous type. In this paper, we consider the necessity of the assumptions in the case

of � : (0;+1)! (0;+1) and X = Rn . Many authors studied in this case.

For a 2 Rn and r > 0, let B(a; r) be the ball fx 2 Rn : jx�aj < rg. For a measurable set

E � Rn , we denote by jEj the Lebesgue measure of E. For 0 < p � 1 and � : (0;+1)!
(0;+1), let

Lp;�(Rn ) = ff 2 Lp
loc
(Rn ) : kfkp;� < +1g ;
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where

kfkp;� =

8>>><
>>>:

sup
B(a;r)

1

�(r)

 
1

jB(a; r)j

Z
B(a;r)

jf(x)jp dx
!
1=p

; 0 < p <1;

sup
B(a;r)

1

�(r)
ess sup
x2B(a;r)

jf(x)j; p =1:

Then

L1;�(Rn ) =

(
f0g; inf0<r<1 �(r) = 0;

L1(Rn ); inf0<r<1 �(r) > 0:

If inf0<r<1 �(r) > 0, then kfk1;� = kfkL1=(inf0<r<1 �(r)).

For �(r) = r(��n)=p (0 < p < 1, 0 < � < n), let Lp;�(Rn ) = Lp;�(Rn ). Then Lp;�(Rn )
is the classical Morrey spaces introduced in [5]. If �(r) = r�n=p, then Lp;�(Rn ) = Lp(Rn ).
If �(r) � 1, then Lp;�(Rn ) = L1(Rn ).

The function space Lp;�(Rn ) is a complete quasi-normed linear space. If 1 � p � 1,

then it is a Banach space.

A function � : (0;+1)! (0;+1) is said to be almost increasing (almost decreasing) if

there exists a constant C > 0 such that �(r) � C�(s) (�(r) � C�(s)) for r � s.

If inft�r �(t) = 0 for some r > 0, then Lp;�(Rn ) = f0g. Let inft�r �(t) > 0 for every r > 0

and  (r) = inft�r �(t). Then  is decreasing and Lp;�(Rn ) = Lp; (Rn ) with equivalent

norms.

If inft�r �(t)tn=p = 0 for some r > 0, then Lp;�(Rn ) = f0g. Let inft�r �(t)tn=p > 0 for

every r > 0 and  (r) = r�n=p inft�r �(t)tn=p. Then  (r)rn=p is increasing and Lp;�(Rn ) =
Lp; (Rn ) with equivalent norms.

To consider pointwise multipliers from Lp1;�1(R
n ) to Lp2;�2(R

n ), we may assume that �i
(i = 1; 2) are almost decreasing and �i(r)r

n=pi (i = 1; 2) are almost increasing.

If � is almost decreasing and �(r)rn=p is almost increasing, then � satis�es

(1.2)
1

A
� �(s)

�(r)
� A for

1

2
� s

r
� 2;

where A > 0 is independent of r; s > 0.

In the case of � : (0;+1)! (0;+1) and X = Rn , Theorems 2.1, 2.2 and 2.3 in [9] can

be stated as follows:

Theorem 1.1. Let 0 < p2 � p1 � 1 and 1=p1 + 1=p3 = 1=p2. Suppose that �i (i = 1; 2)

are almost decreasing. Let �3 = �2=�1. If �1(r)r
n=p1 and �2

p2=p1=�1 (�2=�1 when p1 =

p2 =1, 1=�1 when p2 < p1 =1) are almost increasing, and if lim inf
r!0

�3(r) > 0, then

(1.3) PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = Lp3;�3(R
n ):

Moreover, the operator norm of g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) is comparable to

kgkp3;�3 . If �2
p2=p1=�1 = 1, then the operator norm is equal to kgkp3;�3 .

Remark 1.1. If �1(r)r
n=p1 and �2

p2=p1=�1 are almost increasing, so are �2(r)r
n=p2 and

�3(r)r
n=p3 .

In this paper, we show that the almost increasingness of �2
p2=p1=�1 is a necessary and

suÆcient condition for (1.3) when p2 � p1, and that if p2 > p1 or if lim infr!0 �3(r) = 0

then

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = f0g:
It turns out that Theorem 1.1 holds without the condition lim infr!0 �3(r) > 0 in the case

of � : (0;+1)! (0;+1).
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We state main results in the next section. Section 3 is for the preliminaries. In section

4 we give proofs of the results.

The letters C will always denote a positive constant, not necessarily the same one.

For functions �; � : (0;+1)! (0;+1), we denote �(r) � �(r) if there exists a constant

C > 0 such that

C�1�(r) � �(r) � C�(r); r > 0:

2. Main results

Theorem 2.1. Let 0 < p2 � p1 � 1. Suppose that �i (i = 1; 2) are almost decreasing and

that �i(r)r
n=pi (i = 1; 2) are almost increasing. Then

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = Lp3;�3(R
n );

if and only if �2
p2=p1=�1 (�2=�1 when p1 = p2 = 1, 1=�1 when p2 < p1 = 1) is almost

increasing, where 1=p3 = 1=p2 � 1=p1 and �3 = �2=�1. In this case, the operator norm of

g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) is comparable to kgkp3;�3 .

Remark 2.1. When p1 = p2 = 1, �i(r) = �i(r)r
n=pi (i = 1; 2) are almost decreasing and

almost increasing, i.e. �1 � �2 � 1 and �2=�1 is almost increasing. When p2 < p1 = 1,

�1(r) = �1(r)r
n=p1 is almost decreasing and almost increasing, i.e. �1 � 1 and 1=�1 is

almost increasing.

Remark 2.2. In general, from Lemma 3.1 it follows that

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) � Lp3;�3(R
n ):

Theorem 2.2. Suppose that �1 is almost decreasing, that �1(r)! +1 as r ! 0 and that

�1(r)r
n=p1 is almost increasing. If 0 < p1 < p2 <1, then

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = f0g:

Lemma 2.3. Let 0 < p1; p2 <1. Suppose that �1 is almost decreasing and that �1(r)r
n=p1

is almost increasing. If lim infr!0 �2(r)=�1(r) = 0, then

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = f0g:

Remark 2.3. If

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = f0g;

then there is a function f 2 Lp1;�1(Rn ) such that f =2 Lp2;�2(Rn ), since a constant function

1 is not a pointwise multiplier.

For the classical Morrey spaces Lp;�(Rn ), we have the following.
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Corollary 2.4. Let 0 < pi <1 and 0 < �i < n (i = 1; 2). Then

PWM(Lp1;�1(Rn ); Lp2;�2(Rn ))8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

= f0g; p1 < p2;

= f0g; p1 = p2 and �1 < �2;

= L1(Rn ); p1 = p2 and �1 = �2;

% f0g; p1 = p2 and �1 > �2;

= f0g; p1 > p2 and n+ (�1 � n)p2=p1 < �2;

= L1(Rn ); p1 > p2 and �2 = n+ (�1 � n)p2=p1;

= Lp3;�3(Rn ); p1 > p2 and �1 � �2 < n+ (�1 � n)p2=p1;

% Lp3;�3(Rn ); p1 > p2 and �1p2=p1 < �2 < �1;

% Lp3(Rn ); p1 > p2 and �2 = �1p2=p1;

% f0g; p1 > p2 and �2 < �1p2=p1;

where p3 = p1p2=(p1 � p2) and �3 = (p1�2 � p2�1)=(p1 � p2).

3. Preliminaries

We state lemmas to prove the theorems.

Lemma 3.1 ([9]). Let 0 < p2 � p1 �1, 1=p1 + 1=p3 = 1=p2 and �1�3 = �2. Then

kfgkp2;�2 � kfkp1;�1kgkp3;�3 :

Lemma 3.2 ([9]). Let 0 < p < 1. Suppose that � satis�es (1.2) and �(r)rn=p is almost

increasing. If supp f � B(a; r) and if

sup
B(b;s)�B(a;3r)

1

�(s)

 
1

jB(b; s)j

Z
B(b;s)

jf(x)jp dx
!
1=p

�M;

then

f 2 Lp;�(Rn ) and kfkp;� � CM;

where C > 0 independent of f , B(a; r) and M .

Lemma 3.3. Let 0 < p <1, � be almost decreasing and �(r)rn=p be almost increasing. If

f is the characteristic function of the ball of radius r > 0, then

kfkp;� �
1

�(r)
:

Proof. For all balls B(b; s) � B(a; 3r), we have

1

�(s)

 
1

jB(b; s)j

Z
B(b;s)

jf(x)jp dx
!
1=p

� 1

�(s)
� C

�(r)
:

By Lemma 3.2 we obtain the desired result.
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Lemma 3.4. Let 0 < p < 1, � be almost decreasing and �(r)rn=p be almost increasing.

Let fB(aj ; rj)g1j=0 be balls and ffjg1j=1 be functions such that8>>><
>>>:
B(aj ; rj) � B(a0; r0);

supp fj � B(aj ; rj=3);

kfjkLp � c1�(r0)rj
n=p;

kfjkp;� � c2;

for j = 1; 2; � � � ;

B(ai; ri) \ B(aj ; rj) = ; for i; j = 1; 2; � � � ; i 6= j:

Then f =
P1
j=1

fj is in Lp;�(Rn ) and kfkp;� � C(c1 + c2).

Proof. For any ball B(a; r) � B(a0; 3r0), let

J1 = fj 2 N : B(a; r) \ B(aj ; rj=3) 6= ;; rj=3 � rg;
J2 = fj 2 N : B(a; r) \ B(aj ; rj=3) 6= ;; rj=3 > rg;

and

Ii =
1

�(r)

0
@ 1

jB(a; r)j

Z
B(a;r)

������
X
j2Ji

fj(x)

������
p

dx

1
A
1=p

; i = 1; 2:

If j 2 J1, then B(aj ; rj=3) � B(a; 3r). It follows that[
j2J1

B(aj ; rj=3) � B(a; 3r) and
X
j2J1

(rj=3)
n � (3r)n:

Hence

I1 �
1

�(r)

0
@ 1

jB(a; r)j
X
j2J1

Z
B(aj ;rj=3)

jfj(x)jp dx

1
A
1=p

� c1�(r0)

�(r)

0
@ 1

jB(a; r)j
X
j2J1

rj
n

1
A
1=p

� Cc1:

If j 2 J2, then B(a; r) � B(aj ; rj), i.e. J2 has only one element. Hence

I2 �
1

�(r)

 
1

jB(a; r)j

Z
B(a;r)

jfj(x)jp dx
!
1=p

� kfjkp;� � c2:

By Lemma 3.2 we have kfkp;� � C(c1 + c2).

4. Proofs

First, we state a proof of Lemma 2.3.

Proof of Lemma 2.3. There are positive numbers frjg1j=1 such that

rj ! 0 and �2(rj)=�1(rj)! 0 as j ! +1:

If g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )), then the closed graph theorem shows that g is a

bounded operator. For any a 2 Rn , let f be the characteristic function of the ball B(a; rj).
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By Lemma 3.3 we have 
1

jB(a; rj)j

Z
B(a;rj)

jg(x)jp2 dx
!
1=p2

� �2(rj)kfgkp2;�2

� �2(rj)kfkp1;�1kgkOp � C
�2(rj)

�1(rj)
kgkOp ! 0 as j ! +1:

Therefore g(a) = 0 a.e. a 2 Rn .
Let I(a; r) be the cube fx 2 Rn : jxi�aij � r=2; i = 1; 2; � � � ; ng whose edges have length

r and are parallel to the coordinate axes.

Proof of Theorem 2.1. If lim infr!0 �3(r) > 0, then the suÆciency follows from Theo-

rem 1.1. If lim infr!0 �3(r) = 0, then Lp3;�3(R
n ) = f0g. From Lemma 2.3 it follows

that

PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) = Lp3;�3(R
n ):

If �2
p2=p1=�1 is not almost increasing, then, for all k 2 N, there are positive real numbers

rk and sk such that

sk < rk and �2(sk)
p2=p1=�1(sk) � 4k=p2�2(rk)

p2=p1=�1(rk):

Let

mk =

�
rk�2(rk)

p2=n

sk�2(sk)p2=n

�
+ 1;

where [�] denotes the integer part of the positive real number �. By almost increasingness

of �2(r)r
n=p2 and by almost decreasingness of �2, we have

mk �
rk�2(rk)

p2=n

sk�2(sk)p2=n
;(4.1)

rk

mk

> 6c0sk for some c0 > 0:(4.2)

Let O 2 Rn be the origin. We divide the cube I(O; rk) into mk
n sub-cubes I(bk;j ; rk=mk):

j = 1; 2; � � � ;mk
n, i.e.

I(O; rk) =

mk
n[

j=1

I(bk;j ; rk=mk);

I(bk;i; rk=mk)
Æ \ I(bk;j ; rk=mk)

Æ = ; for i 6= j;

where I(b; r)Æ is the interior of I(b; r). Let

gk;j(x) =

(
�3(c0sk); x 2 B(bk;j ; c0sk);
0; x =2 B(bk;j ; c0sk);

gk =

mk
nX

j=1

gk;j ; g =

 1X
k=1

1

2k
(gk)

p2

!
1=p2

:

We show

g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )) n Lp3;�3(Rn ):
We note that

supp gk;j � B(bk;j ; rk=(6mk));

B(bk;j ; rk=(2mk)) � I(bk;j ; rk=mk):
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For all f 2 Lp1;�1(Rn ), by H�older's inequality, (1.2) and (4.1) we have

(4.3) kfgk;jkLp2

�

8><
>:
�R

B(bk;j ;c0sk)
jf(x)jp1 dx

�
1=p1

�R
B(bk;j ;c0sk)

jgk;j(x)jp3 dx
�
1=p3

when p1 > p2�R
B(bk;j ;c0sk)

jf(x)jp1 dx
�
1=p1

�3(c0sk) when p1 = p2

�
(
�1(c0sk)jB(bk;j ; c0sk)j1=p1kfkp1;�1�3(c0sk)jB(bk;j ; c0sk)j1=p3 when p1 > p2

�1(c0sk)jB(bk;j ; c0sk)j1=p1kfkp1;�1�3(c0sk) when p1 = p2

= �2(c0sk)jB(bk;j ; c0sk)j1=p2kfkp1;�1
� �2(sk)sk

n=p2kfkp1;�1 � �2(rk)(rk=mk)
n=p2kfkp1;�1 :

By Lemma 3.1 and Lemma 3.3 we have

kfgk;jkp2;�2 � kfkp1;�1kgk;jkp3;�3 � Ckfkp1;�1 :

By Lemma 3.4 we have fgk is in Lp2;�2 and kfgkkp2;�2 � C0kfkp1;�1 . This impliesZ
B(a;r)

jf(x)gk(x)jp2 dx � jB(a; r)j (�(r)C0kfkp1;�1)p2 for each ball B(a; r):

From Beppo-Levi's theorem it follows that

1X
k=1

1

2k
jf(x)gk(x)jp2 = jf(x)jp2

1X
k=1

1

2k
gk(x)

p2

converges a.e. x 2 B(a; r) andZ
B(a;r)

jf(x)g(x)jp2 dx � jB(a; r)j (�(r)C0kfkp1;�1)p2 for each ball B(a; r):

Hence we have

kfgkp2;�2 � C0kfkp1;�1 ;

and

g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )):

On the other hand, since supp gk � B(O;
p
nrk=2),

1

�3(
p
nrk=2)

 
1

jB(O;pnrk=2)j

Z
B(O;

p
nrk=2)

jg(x)jp3 dx
!
1=p3

� 1

�3(
p
nrk=2)

 
1

jB(O;pnrk=2)j

Z
B(O;

p
nrk=2)

���� 1

2k=p2
gk(x)

����
p3

dx

!
1=p3

� �3(sk)(mksk)
n=p3

2k=p2�3(rk)(rk)n=p3
=

�
mksk�2(sk)

p2=n

rk�2(rk)p2=n

�n=p3
�2(sk)

p2=p1=�1(sk)

2k=p2�2(rk)p2=p1=�1(rk)

� 2k=p2 for all k 2 N; when p1 > p2;
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and

1

�3(
p
nrk=2)

ess sup
�
g(x) : x 2 B(O;

p
nrk=2)

	
� 1

�3(
p
nrk=2)

ess sup

�
1

2k=p2
gk(x) : x 2 B(O;

p
nrk=2)

�

� �3(sk)

2k=p2�3(rk)
=

�2(sk)=�1(sk)

2k=p2�2(rk)=�1(rk)

� 2k=p2 for all k 2 N; when p1 = p2:

This shows g =2 Lp3;�3(Rn ).

Remark 4.1. If frkg1k=1 in the above proof is bounded, then the support of g is compact.

Proof of Theorem 2.2. Let fskg1k=1 be positive real numbers such that sk > sk+1 (k =

1; 2; � � � ) and sk ! 0 as k ! +1. Let

lk =

��
�1(sk)

p1=nsk

��1�
+ 1; mk =

h
�1(sk)

p1=n

i
+ 1:

Then, by the almost increasingness of �1(r)r
n=p1 and the almost decreasingness of �1, we

have

lk �
�
�1(sk)

p1=nsk

��1
; mk � �1(sk)

p1=n:

Hence

�1(1=(lkmk))
p1=mk

n � �1(sk)
p1sk

nlk
n � 1(4.4)

�1(1=(lkmk))
p2=mk

n � �1(sk)
p2sk

nlk
n

� �1(sk)
p2�p1 ! +1 as k ! +1:

(4.5)

For any �xed a0 2 Rn , we divide the cube I(a0; 1) into lk
n sub-cubes I(bk;j ; 1=lk): j =

1; 2; � � � ; lkn, i.e.

I(a0; 1) =

lk
n[

j=1

I(bk;j ; 1=lk);

I(bk;j ; 1=lk)
Æ \ I(bk;j0 ; 1=lk)Æ = ; for j 6= j0:

We divide the cube I(O; 1=lk) into mk
n sub-cubes I(ek;i; 1=(lkmk)): i = 1; 2; � � � ;mk

n, i.e.

I(O; 1=lk) =

mk
n[

i=1

I(ek;i; 1=(lkmk));

I(ek;i; 1=(lkmk))
Æ \ I(ek;i0 ; 1=(lkmk))

Æ = ; for i 6= i0:

Then8><
>:
I(bk;j ; 1=lk) =

mk
n[

i=1

I(bk;j + ek;i; 1=(lkmk));

I(bk;j + ek;i; 1=(lkmk))
Æ \ I(bk;j + ek;i0 ; 1=(lkmk))

Æ = ; for i 6= i0;

j = 1; 2; � � � ; lkn:
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Let

fk;j;i(x) =

(
�1(1=(lkmk)); x 2 I(bk;j + ek;i; 1=(lkmk));

0; x =2 I(bk;j + ek;i; 1=(lkmk));

fk;i =

lk
nX

j=1

fk;j;i:

First we show

(4.6) kfk;ikp1;�1 � C; for i = 1; 2; � � � ;mk
n; and for all k 2 N:

We note that

B(bk;j + ek;i; 1=(2lk)) � I(bk;j + ek;i; 1=lk) � I(a0; 2) � B(a0;
p
n);

B(bk;j + ek;i; 1=(2lk)) \ B(bk;j0 + ek;i; 1=(2lk)) = ; for j 6= j0:

Since �1(sk)! +1 as k !1, we may assume mk � 3
p
n. Hence

supp fk;j;i = I(bk;j + ek;i; 1=(lkmk))

� B(bk;j + ek;i;
p
n=(2lkmk)) � B(bk;j + ek;i; 1=(6lk)):

By (4.4) we have

kfk;j;ikLp1 � �1(1=(lkmk))(1=(lkmk))
n=p1 � (1=lk)

n=p1 :

By Lemma 3.3 we have

kfk;j;ikp1;�1 � C:

Hence, by Lemma 3.4 we have (4.6).

If g 2 PWM(Lp1;�1(R
n ); Lp2;�2(R

n )), then the closed graph theorem shows that g is a

bounded operator. Hence

�1(1=(lkmk))

�2(
p
n)

 
1

jB(a0;
p
n)j

Z
supp fk;i

jg(x)jp2 dx
!
1=p2

=
1

�2(
p
n)

 
1

jB(a0;
p
n)j

Z
B(a0;

p
n)

jfk;i(x)g(x)jp2 dx
!
1=p2

� kfk;igkp2;�2 � CkgkOp:
This is Z

supp fk;i

jg(x)jp2 dx � C�1(1=(lkmk))
�p2kgkOpp2 :

Since 8>>>>>>><
>>>>>>>:

supp fk;i =

lk
n[

j=1

I(bk;j + ek;i; 1=(lkmk));

I(a0; 1) =

mk
n[

i=1

supp fk;i;

(supp fk;i)
Æ \ (supp fk;i0)

Æ = ; for i 6= i0;

for all k 2 N;

we have by (4.5)Z
I(a0;1)

jg(x)jp2 dx � Cmk
n�1(1=(lkmk))

�p2kgkOpp2 ! 0 as k ! +1:

Therefore g = 0 a.e.
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