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ABSTRACT. In this paper we consider the structure of the group C*-algebras of the generalized
disconnected Dixmier groups. As an application we estimate the stable rank and connected
stable rank of these C'*-algebras.

§0. INTRODUCTION

We first recall that the generalized discrete Heisenberg group HQZn 41 of rank 2n + 1
consists of all the (n + 2) x (n + 2) matrices:

1 v w
(w,v,u) = 1, ot w € Z,u= (uj),v=(v;) € L,
0 1

which is isomorphic to the semi-direct product Z™+! x Z™ by the above identification. Then
we define the generalized disconnected Dixmier group DY, to be the semi-direct product
C?" x4 H2Zn+1 with the action « defined by

CKg(Zl, Ty Rn, Wi, )wn) = (eiulzlv T )eiunznv eivlwla T ,eivnwn)
(cf.[Sd5] for the Dixmier group). Then DY, is a complex (2n)-dimensional, disconnected
solvable (Lie) group. This definition is analogous with that of the discrete Mautner group
(cf.[Bg], [Sd7]). We call DY the disconnected Dixmier group.

The structure of the group C*-algebra of H3Z was investigated in terms of continuous
fields of C*-algebras (cf.[AP], [Dv]). The stable rank and connected stable rank of this
group C*-algebra were estimated by the author [Sd6]. Refer to the reference for some other
works about these ranks.

In this paper, we investigate the structure of the group C*-algebras of the generalized
disconnected Dixmier groups, and construct their finite composition series such that their
subquotients are C*-algebras of continuous fields with fibers noncommutative tori. This
result would be useful to analyze structure of group C*-algebras of the more general groups.
As an application, we estimate the stable rank and connected stable rank of these group
C*-algebras using some results of [Rf1] and [Sd6] mainly.
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Notation. For a locally compact group G, we denote by C*(G) the (full) group C*-algebra.
For a locally compact Hausdorff space X, we let Cp(X) the C*-algebra of all continuous
functions on X vanishing at infinity. If X is compact, we denote it by C(X). For a C*-
algebra A and a locally compact group G, we denote by A x,G the (full) C*-crossed product
with the action « of G on A. By I'(T, {A:}+cT), we mean a C*-algebra of continuous fields
on the torus T with A, fibers (cf.[Pd], [Dx]).

For a C*-algebra A, we denote by sr(A), csr(A) the stable rank and the connected stable
rank respectively (cf.[Rf1]).

§1. GENERALIZED DISCONNECTED DIXMIER GROUPS

Let D§, = C*" %, H2Zn 41 be the generalized, disconnected Dixmier group defined in the
introduction. Then the group C*-algebra C*(D{,) is isomorphic to the crossed product
Co(C?™) x4 H2Zn+1 via the Fourier transform, where & is defined by

~ _ —iu —iu —iv —iv
ag(zl)"'7Zn;w1>"'7wn)_(e 121)"'76 " Zn, € 1w17"'7e nwn)'

Note that each restriction of & to each direct summand C of C2" is a rotation. Considering
the restrictions of & to the direct sums (C\ {0})* of C\ {0} or {0} with 0 < k < 2n, we
have a composition series {I; }?ZTI of C*(D{,) such that

Ini1/Ion = C*(D4,)/Tan & C*(H2Zn+1)a
2n

Lntioj/Tonsy 2 @) Co((C\ {0})7) xa HL

2n
where ®(7) means (2]7‘)—d1rect sum, and (Zj") means the combination. Moreover, we have

that ‘ ‘ ‘
Co((C\ {0})) x4 HEy, = Co(R)  (C(T9) 4 HE ).

We now set the generators of C’*(H2zn+1) corresponding to those of H2zn+1:
U; < (0,---,0,u; =1,0,---,0),

V;'(—)(0,"',0,117;:1,0,"';0)7
W(_)(wzlaoa 70)

1<i<n,
1<i<n

)

Then
C*(HZZnJrl) = C(Tn+1) X L™ C*(C*(Wv Vl:"' 7Vn)7U15"' 7Un)

where C(T"*1) = C*(W, Vq,---,V,). Moreover, we set that
C(T2n) = C*(Zla ot 7Zn7W17 e 7Wn)

where Z;, W; (1 <i < n) mean the coordinate functions of C>*. Then for j = k + [, we let
that for 1 <iy <---<ip <mand1<j <---<j; <n,

C(Tj) = C*(Ziu"' s Ziey Wiy oo )sz)'
We first assume that C(T7) = C*(Z;,,--- , Z;;). Then

C(Tj) ><1&H2Zn+1 o C*(C*(Zil,"' ,Zi]-,W,Vl,"' ,Vn)yUla"' ’Un)
=~ (T %, 2"



THE C*-ALGEBRAS OF THE DISC. DIXMIER GROUPS 863

where the action u is defined by

. . _ u; . TU; - ) w1 u
u(u17"',un)(zl17"'7'21]‘7“}7”1;"'7’0”)_(6 1 Zig,c € IJZZ].,UJ,UJ Uy, W nvn)

Therefore, the above crossed product is regarded as a C*-algebra of continuous fields:
C(THH" ) %, Z" 2 T(T, {C(T") X u Z" oD

where C(T*") x1,,, Z™ = C(T? x {w} x T") x, Z". Then the fiber decomposes into the
tensor product:

C(TH™) My Z" = C(TH x T ) 31 0, Z"
> (O(T¥) x Z79) ® (C(T") » Z")
= (®7C(T?) Xpgw L)) ® (@™ TAy).

where the action # ® w means the product type action by the multi-rotation by the multi-
plication by (e w) with # = 1/2x, and A,, is the rotation algebra by the multiplication
by w. If the rotation by w on T is irrational, the fiber C'(T?) Xgg. % is a simple noncom-
mutative 3-torus (cf.[BKR]). By [EL1, 2] it is an inductive limit of direct sums of matrix
algebras over C(T), that is, an AT-algebra. If the rotation by w is rational, the fiber is
non-simple and non-rational. By [Ln, Corollary 2] it is an inductive limit of direct sums of
matrix algebras over a rational rotation algebra. We note that rational rotation algebras
are homogeneous C*-algebras (cf.[Dx], [Dv]).
We next assume that C(T7) = C*(W;,,--- ,W;,). Then
C(T9) 3 HEyyy 2 CF(CH(Way, oo, Wiy, WV, V), Uty oo, Us)

= (@12, C*(Wi,, Vi) @ C(T"7H1)) %, 2"

2 ((©]_1A) ® C(T" 1)) n, 27
where the action u is defined by

— u u
u(u17"'7un)(wi1)"' y Wij, W, U1y -+ 7vn) = (wiu"' y Wiy, W, W tog, e, w nvn)

and Ay = C*(W,,,Vi,) (1 < k < n) is the irrational rotation algebra with § = 1/2r.
Therefore, the above crossed product is regarded as a C*-algebra of continuous fields:

(®1_1A¢) ® C(T"7H1)) 30, Z™ 2 T(T, {((®1_1A0) ® C(T"7)) Muu Z"}ueD-
Then the fiber decomposes into the tensor product:
(©12140) ® C(T™ 7)) Myu Z™ 2 (©]_1 (Ag Xy 2)) @ C(T" 7 x Z7)
> (@11 (Ap X0 2)) ® (8" TTA).
We note that for 1 < k < n,

Ag X Z 2 C*(W;,, Vi) X 72 C*(W5,,Us.) Xoga Z =2 C(T?) xpgn Z.

1

Finally, we assume that C(T7)
k,1 > 1. Then

C*(Ziy -+ s L s Wiy e ,le) for j = k + [ with

C(T9) xq HE | 2 CH(C*(Ziy, -+, 2o, Wiy W, W VA, Vo) Uy -+, Uy)
> (O(T*) ® (@42, C* (W5, V3,)) © C(T" 1)), 27
= (C(TF) @ (®F14) ® (®'F Ag) ® C(T"HHITh=k1)) 5, 7"

Jé
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where 0 < ky < k,l and

Uy oo i) Wiy s Wi, W01, Un) = (Wiyy Wy, W, W g, W vy).
Therefore, putting p=n — 1 + k — kq,

(C(T*) © (@ Ag) ® (@ F Ap) ® C(TPH)) x, Z"
D(T, {(®" (C(T) ® Ag) osw 2) ® (&% (Ag 3 2)) ® (C(T?) % Z")} e D.

12

Then noting n —1 > k — ky,
C(TP) x ™" 22 (@41 (C(T?) %pgw Z)) ® (" FHA,).

Moreover, By, = (C(T) ® Ap) Xgew Z is a simple, noncommutative torus. We note that it
contains (C® Ap) Xggw Z = Ay X, Z as a C*-subalgebra, and the Rieffel projections of Ay
(cf.[Wo]) commute with C(T)®C. Therefore, the cut-down method for Ay x,,Z ([EL1], [Ln])
is extended to the case of the fiber B,, 4. In fact, if w is the irrational rotation, any element of
Ay Xy, Z is approximated by matrix algebras of noncommutative 2-tori, so that any element
of By,¢ is approximated by matrix algebras of noncommutative 3-tori. If w is rational,
then Ay X, Z is an inductive limit of direct sums of matrix algebras of a rational rotation
algebra. Therefore, in both cases we deduce that any element of B, ¢ is approximated
by AT-algebras or approximately homogeneous C*-algebras with slow dimension growth
(cf.[BDR)).
Summing up we obtain that

Theorem 1.1. Let D4, = C*" x,, HZ,ZnJrl be the generalized disconnected Dixmier group.
Then C*(D4,,) has a finite composition series {I; }?ZTI such that

Lot /Isn = C*(D4,) /Ton = C*(HE, ),

Loy /Ton—1 & @IE;EKl,k

N { Co(R) @ T(T, {(C(T?) ¥psw Z) ® (8" Au)bueD, or
PR Co(R) @ T(T, {(Ag %0 Z) ® (@™ Aw) bue D,

2n
Lng1—j/Ion—j = @;E ’ 1)Kj,k

Co(R7) @ T(T, {(&7(C(T?) ¥pgw Z)) ® (8" 7 Aw) bueD, or

K., o Co(R7) @ T(T, {(®7(Ag xw Z)) ® (@" 7 Aw) bweD, or
" Co(R) @ T(T, {(&" ((C(T) ® Ap) Xpguw Z)) @ (®'* (Ap xu Z))
D" (C(T?) Xogw 2)) ® ("5 Ay) e

for2<j<2n,k+1=j,0<k <Ek,l, where the fibers of the C*-algebras of continuous
fields on T are tensor products of the noncommutative 2-tori A,, or 3-tori C(T?) Xpgw Z,
Ay X, Z which are simple when w Is a irrational rotation or the simple noncommutative
4-tori (C(T) ® Ag) Xogw L.

Remark. We note that

C*(HE ) 2 T(T,{®"Au}weD, Ag xuw Z = C(T2) xpgu Z,
(C(T) ® Ag) Xogw Z = (C(T) © C(T)) X(pguw1g0-1) L
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Compare with the case of the generalized Dixmier groups [Sd5]. In particular, C*(D¢) has
the finite composition series {I}3_, such that

I3/, =C*(D%)/1; = C*(HD),
L/l = (Co(R) ® (T, {C(T?) %ogw Z}weD) ® (Co(R) ® T(T, {Ag ¥ Z}weD),
I, = Co(R*) @ T(T, {(C(T) ® Ap) Xoow Z }weD
As an application, we get that
Theorem 1.2. Let DI be the generalized disconnected Dixmier group. Then
st(C*(D4,)) =n+ 1 =dimQ(D4,)) = [dim(D{,)1/2] + 1,
{ 2 <csr(C*(DY)) <n+1.
where [x] means the maximal integer < x.
Proof. By [Sd6], we have that
st(C*(HE, 1) =n+ 1> ese(C*(HE ) > 2.
(From Theorem 1.1 and the structure of C*(H2zn+1) we have that (D$,)7 is homeomorphic
to T2"™. Moreover, we have that
st(Kjr) <2, csr(Kjr) <2

where each inequality follows from [Sd6] and the structure of each subquotient, and com-
bining the rank estimations for inductive limits and exact sequences in [Rf1] and [Sh] with
the structure of each fiber given above. by [EL1,2], Combining these obtained estimations
with the rank estimations for exact sequences inductively, we get that
st(C*(DE ) =n+1, csr(C*(DL)) <n+1.

On the other hand, by [Eh] we get csr(C*(Dg,,)) >2. O

Remark. Using some methods in [Sd5] and this paper, it is possible to generalize the results
of [Sd7] to the cases of the semi-direct products of C* by Z™ with the multi-actions or

the diagonal actions, and the semi-direct products of C* x R™ by discrete groups with the
actions induced from those of the quotient groups by their commutators.

As for the above remark, we give an example which is different from the generalized
disconnected Dixmier groups.

Example. Let G = R? x, H3Z with oy = (e“t,e"s) for t,s € R. Then C*(G) has the
following structure:
0 = Co(R2 \ {02}) xa HZ 5 C*(G) - C*(HE) — 0,
{ 0 = Co((R\ {0})2) 310 HZ 5 Co(R2 \ {02}) xa HZ = @2Co(R\ {0}) 30 HZ - 0.
Taking the restrictions of a to R\ {0}, (R \ {0})?,
Co(R\ {0}) %o HE = ©2Co(R; ) %0 HE = &2(C(T) @ (Co(Z) x HP),
{ Co((R\ {0})?) %10 HZ 2 &4Co (R ) 30 HE = &*(Co(T x R) ® (Co(Z) x HZ))

where the quotient spaces R; /H?)Z, R2. /H3Z are homeomorphic to T, T x R respectively.
Moreover, we have that

Co(Z) x H?)Z = (T, {Co(Z) x (Z ¥y Z) }eD 2 T(T, K2 C(T))
where the last isomorphism follows from [Grl] or [Gr2], so that no higher dimensional

noncommutative tori appear in the fibers of the C*-algebras of continuous fields on T. On
the other hand, the stable rank and connected stable rank of C*(G) are equal to 2.
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