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Abstract. In this note we associate to any compact C in an ultrametric space (X; d) a real

valued and a p-adic valued measure �C : We prove that any p-adic valued continuous function

f : C ! Cp is �C -integrable. Using this measure we extend the de�nition of the trace function

[2] to any T 2 Cp.

Let (X; d) be an ultrametric space and C be an in�nite compact set in X . By B[x; r] =

fy 2 X j d(x; y) � rg we denote the "closed" ball with centre in x and with radius r. From the

topological point of view, this last one is a closed and an open (clopen) set in X . If x 2 C, we

denote by D[x; r] = B[x; r] \ C. Moreover, if B[x; r] \ C 6= ; we can choose x to be in C too. Let

"1 > 0 be the diameter of C, i.e. the smallest " > 0 such that C � B[x; "]; for an x 2 C. This

means that C = D[x; "1]. For any 0 < " < "1, C can be covered with at least two balls. Let "2 < "1,

be the smallest " < "1 such that we can cover C with the smallest number of balls, n2 > 1. By

de�nition we put n1 = 1. Suppose we have constructed "i and ni: For any 0 < " < "i let us denote

by n(") the number of distinct balls (they are uniquely determined by C and "!) of radius " > 0

which cover e�ectively the compact C. By the construction of "i and ni we have that n(") > ni.

We choose now ni+1 to be the smallest n(") > ni:Let Mi+1 =
n
"0 2 R j0 < "0 < "i ; n("

0

) = ni+1

o

and denote by "i+1 = infMi+1. Since C is in�nite 1 = n1; n2; ::: is a strictly increasing sequence

of natural numbers and "1 > "2 > � � � is a strictly decreasing sequence of positive numbers.

In the following, by a ball of C, we mean an intersection of the type D[x; "] = B[x; "] \ C =

fy 2 C j d(x; y) � "g, where x 2 C. Let us denote by Si the (�nite) set of all distinct balls

D[x
(i)
j ; "i]; j = 1; 2; :::; ni; which cover the compact C. For any i = 1; 2; ::: let kij be the number of

balls D[x
(i)
t ; "i] 2 Si which are contained in the �xed ball D[x

(i�1)
j ; "i�1] from Si�1. For instance,

k11 = 1 and ki1 + ki2 + � � � kini = ni; for every i = 2; 3; :::. The sequence f"1 > "2 > � � �g and the

in�nite matrix (kij), i = 1; 2; :::; j = 1; 2; :::; ni are called the con�guration of C.

It is not diÆcult to see that any sequence of positive real numbers f"1 > "2 > � � �g and any

in�nite matrix of positive integers (kij); where i = 1; 2; :::; and j = 1; 2; :::; ni; are the con�guration

of an in�nite number of distinct compacts in Cp, the complex p-adic numbers, i.e. the completion

of an algebraic closure of the �eld of p-adic numbers Qp relative to the usual p-adic distance.

De�nition 0.1 Let C be an in�nite compact set in an ultrametric space (X; d): For any ball

D[x
(i)
ji
; "i] 2 Si; ji 2 f1; 2; :::; nig ; let

D[x
(i)
ji
; "i] � D[x

(i�1)
ji�1

; "i�1] � � � � � D[x
(1)
j1
; "1] be its saturated tower of balls (i.e. D[x

(k)
jk
; "k] 2

Sk; for any k = 1; 2; :::; i). For any l = 1; 2; :::; i let kljl be the number of balls of radius "l which are

contained in the ball D[x
(l�1)
jl�1

; "l�1]: By de�nition, the measure of D[x
(i)
ji
; "i]; �C(D[x

(i)
ji
; "i]) =

1
Niji

;

where Niji = k1j1 � k2j2 � � � � � kiji : We call this last number the (standard) ultrametric measure of

D[x
(i)
ji
; "i]:

It is easy to prove the following result.
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Lemma 0.1 The real valued function �C can be uniquely extended to a �-additive measure (also

denoted by �C) on the Borel �eld of all the closed subset of C.

For any i = 1; 2; ::: we consider the cannonical covering of C with all the disjoint balls from

Si. In any ball D[x
(i)
j ; "i] we choose an element x

(i)
j ; j 2 f1; 2; :::; nig (it can be thought to be the

"centre" of the ball). Let now f : C ! C be a function de�ned on C with complex values.

De�nition 0.2 A function f : C ! C is said to be integrable on C if the set of complex numbers

Si[f ; (x
(i)
j )j ] =

niX
j=1

f(x
(i)
j )�C(D[x

(i)
j ; "i]) has a unique limit point in C.

Remark 0.1 It is not diÆcult to see that any integrable function on C is a bounded function on

C. Moreover, all the classical theory of the Riemann's and Darboux's sums (including Darboux's

criteria) works well in this situation.

Let !(f ;D[x
(i)

j ; "i]) = sup
n
jf(x)� f(y)j ; x; y 2 D[x

(i)

j ; "i]
o

and !(f ; i) = max
n
!(f ;D[x

(i)
j ; "i]) j j = 1; 2; :::; ni

o
.

Theorem 0.2 Let C be an in�nite compact in the ultrametric space (X; d) and f : C ! C; be a

continuous complex valued function de�ned on C;such that the series

1X
i=1

!(f ; i) is convergent in

C: Then f is integrable on C:

Proof. Let us remark that if one of the sequence of sums (for a �xed (x
(i)

j )j),
n
Si[f ; (x

(i)

j )j

o
i
is

convergent to a complex number I , then any other sequence of sums tends to the same number I .

Hence, in the following we shall �x, for any i = 1; 2; :::; the set of elements (x
(i)
j )j ; j = 1; 2; :::; ni and

consider them to be the centers of their corresponding balls. We want now to estimate the di�erence

Si � Si�1 (here Si = Si[f ; (x
(i)

j )j ]). Let us �x a term f(x
(i�1)

j0
)�C(D[x

(i�1)

j0
; "i�1]) from the sum

Si�1 and denote by D[x
(i)
j1
; "i]; :::; D[x

(i)
jt
; "i]; t = kij0 ; all the balls from Si which are contained in

D[x
(i�1)

j0
; "i�1]: Using De�nitions 1 and 2, Si�Si�1 can be grouped into sums of the following type:

1
Nij0

tX
u=1

h
f(x

(i)
ju
)� f(x

(i�1)
j0

)
i
: But jSi � Si�1j � !(f ; i� 1); because

ni�1X
j0=1

�C(D[x
(i�1)
j0

; "i�1]) = 1:

Therefore jSm+n � Snj �

m+n�1X
i=n

!(f ; i) and, using the covergence of the series

1X
i=1

!(f ; i); we

obtain that the sequence fSngn is uniformly convergent relative to the choice of fx
(i)

j gi;j ; i = 1; 2; :::;

j = 1; 2; :::; ni:

Remark 0.2 If f : C ! C is a continuous function then there exists subsequences fSingn of

fSngn such that the series

1X
n=1

!(f ; in) is convergent. In this case we say that the function f is

integrable relative to the subsequence fingn of f1; 2; 3; :::g. Even in the particular case f(x) = x

and !(f ; i) = "i the series

1X
i=1

"i may be divergent. So that, generally speaking, we can say nothing

about the set of limit points of the sums fSigi:
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Let us now suppose that the measure �C has values in the p-adic complex number �eld Cp. A

function f : C ! Cp is called p-adic integrable if it is integrable (De�nition 0.2 with Cp instead

of C!) relative to this p-adic valued measure �C . We denote by
R
fd�C its p-adic measure.

Theorem 0.3 Let C be an in�nite compact in the ultrametric space (X; d) and f : C ! Cp be a

continuous function de�ned on C with p-adic values. Then f is p-adic integrable on C:

Proof. We follow the same reasoning as in the proof of Theorem 0.2. Since f is continuous the

sequence !(f ;n)! 0 when n!1. Hence jSn+1 � Snjp ! 0; when n!1 and this one is enough

to assure the uniform convergence of fSngn in Cp:

Remark 0.3 Let T be a transcendental element in Cp (relative to Qp) and C(T ) be the orbit of

T with respect to the Galois group G = Galcont(Cp=Qp) ' Gal(Qp=Qp). We know [1], [2], [5]

that C(T ) is an in�nite compact set in Cp: For any k = 0; 1; 2; ::: we de�ne the k-th moment of

T (it depends only of C(T )!) by M
(T )

k =
R
xkd�C(T ): For instance, M1 is the trace of T . The

generating series (the trace function in [2]) F (T;X) = 1 +M1(T )X +M2(T )X
2 + � � � can now be

de�ned for every T 2 Cp; not only for (�)-elements [2]. All the properties of the trace function on

Cp [2] can be extended for every T 2 Cp with our de�nition. These series and the above integral

are fundamental tools for studing arithmetical properties of di�erent in�nite towers of algebraic

extensions of Qp ([2], Section 9).
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