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ABSTRACT. For any affine(or Hadamard) 3-(v, k, A) design, four 3-designs are con-
structed. Namely a 3-(4\ +4, X + 1, (;‘)) design, a 3-(4X +4,2X + 2, (2>‘2+1)) design, a
3-(AN+4, A +1, @)) design and a 3-(4A+4, 3A+3, 3(‘”;2)) design. Moreover necessary
conditions for the existence of simple such designs, i.e., with no repeated blocks, are
also given.

1. Preliminaries. Let t,v,k, A be integers such that ¢ > 0,k,A > 0 and v > k + 1. A
t-(v, k, ) design (or ¢-design) is an ordered pair of points and blocks (V, B) where

(1) |[V| = v, (2) B is a family of k-subsets of V, (3) every t-subset of V' is contained in A
members of B.

A design will be called nontrivial if t < k < v — 2. Moreover a t-design is also an s-design
for every s < t. We shall denote by Ay the number of blocks of B containing each s-subset

of V. Thus

(a) =D

see [2,7]. Let r = Ay and b= A\g = |B|. Then bk = vr.

An affine 3-design is a 3-(4A +4,2X 4+ 2, \) design. It is also called a Hadamard 3-design
since it is an extension of a Hadamard 2-(4\ + 3,2\ 4+ 1, \) design, see [2,4,7]. Using this
the following properties of an affine 3-design (V. B) follow easily, see [2,7]: (i) r = 4\ + 3,
(i1) Ay = 2A + 1, (iii) b = 8\ + 6, (iv) for each block a € B, its compliment o' =V — a is
also a block of B, (v) |aNc|/=A+1,forall a,c € B,c# a,d.

Finally let Ay, Ay, A3 be any three subsets of a set A. By the Sieve Principle see [3]

(%) A1 UAsUAs| = [Ay |+ [As| + [As] — [A1 0 As| — AN As| — |As N As|+]A N AN A

2. Designs Constructions.

Theorem 1. Let (V,B) be an affine 3-(4\ + 4,2\ + 2, \) design where A > 2. If B; =
{a—c:a,c€ B,c#£a,d'}, then (V,By) is a 3-(4\+ 4, X + 1,2(;‘)) design.

Proof. Let a — ¢ € B;. Hence
la—c|=la—anNc|=laj—]aNe=22+2-A=-1=A+1,

which is independent of a,c. Now let {P,Q, S} be any set of three points of V' contained in
a — ¢ € By. Therefore {P,Q, S} C a and {P,Q,S} N ¢ = (). Moreover there are A choices of
a. To find number of choices of ¢, let 1(P),1(Q),1(S) be the set of blocks of B containing
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P,Q and S respectively. By the Sieve Principle (eqn.(*) above) and properties (i,ii), the
number of blocks of B which contains at least one of P, @ and S is

U(PYUHQ)UIS)| = |I(P)] + @) + |I(S)] — i(P) N Q)]
= [[(P) NIS)| = [1Q) NI(S)| + [I(P) N I(Q) N I(S))
=3r =3\ + \.

Using this and properties (i,i1,iii) therefore the number of blocks of B disjoint from {P, @, S}
is

b—3r4+3M —A=8A4+6—-12A\—-94+6A+3 - A=\

Since ¢ # a', the number of choices of ¢ is therefore A — 1. Hence {P, @), S} is contained in
AN =1) = 2(;‘) blocks of By. Therefore (V,By) is a 3-(4\ + 4, + 1,2@)) design. Since
A > 2 then 3 <A+ 1< 4)\+ 4 — 2 and hence design is not trivial.

Next we investigate repetition of blocks in (V, By)

Theorem 2.Let (V, B) be an affine 3-(4\+4,2X+2,\) design and a,a', ¢, ', d,d" be distinct
blocks of B. Then

1)V =aUcUd iff lanend|=A+1

2) If lanend| =X+ 1 then A is an odd integer

Proof. Suppose V = aUcUd. As before by Sieve Principle and property (v), we get
AAN+4=1V|=|aUcUd| =32 A+2) =3 A+1)+]anecnd|.
Simplifying it gives |a U ¢ U d| = A + 1. Conversely suppose [a N eNd| = A + 1. By Sieve

Principle and property (v) again

laUcUd| =32A4+2) —3(A+1)+]ancnd| =32+3+X+1
=4 +4=1|V].

Hence V=aUcUd.
2) Obviously aNe¢,anNd,cNd D ancnd. By property (v), therefore

lanc=land|=lend=A+1=]anecnd|.

Using these relations we get aNe = aNd = c¢Nd = anend and hence for any f €
B —{a,d ¢, d,d'}, fnanc=fnand=fnend=fNnancnd. Let

(1) lfancl=|fnand| =|fNnend|=|fNancnd =i.
By part (1) of the theorem V = a U cU d and therefore
2A+2=|f = If N (aUcUd)| = (f Na) U(f A e)U(F N d)

=|fnal +|fne+|fnd —|fnane —|fnand —|fNend|
+|fnanend =3(A+1)— 21,
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see eqn.(1). Therefore i = %
Theorem 3. Let (V, B) be an affine 3-(4\ + 4,204+ 2, \) design. If X is even, then (V, B;)
consists of two copies of a $-(AX+4, N+ 1, (;‘)) destgn which has no repeated blocks.

Proof. Let a — ¢,d — ¢ € B where {a,c} # {d,e} and such that a — ¢ = d — ¢(#£ 0).
Therefore eNa—eNc=eN(a—c) =eN(d—e) =, which implies that e Na C eNec.
Similarly ¢ N'd C e N ¢. Therefore

and hence A must be an odd integer.

(1) eNa,eNndCcNe

Since @ — ¢ = d — e # (), therefore e # a,c¢’ and ¢ # d. By property (v) this implies that
leNal,Jend =0o0r A+ 1 and [cNe|] =X+ 1 or 2\ 4 2. Equivalently this implies that: (i)
Either e = a’ or [eNa| = A+ 1, (ii) Either d = ¢’ or |[cNd| = A4 1 and (iii) Either ¢ = ¢ or
|cNe| = A+1. Using the above assumption that a—c = d—e # {}, we investigate the various
possibilities of (1,i1,iii) in the following cases: (1) e = a',d = ¢/ € B. Since ¢’ # a’ therefore
¢ —a' € By. Moreover ¢! — a' = a — ¢ and hence a — ¢ € By is a repeated block of B;. (2)
e=d,|cNd| = A+1.Since a—c € By and ¢’ € B, therefore |cNe| = [cNd'| = [cNa| = A+1,
by property (v). This implies that ¢Nd = ¢Ne since eNd C ¢Ne, see eqn.(1) above. Therefore
cnNdNe = ¢Ne and consequently |[eNdNe| = |eNe| = A+1. Since |cNe| = [end| = |dNe| = A\ +1,
from above, therefore ¢, ¢’,d,d’, e, ¢’ are distinct. By theorem 2 part 2 therefore A is an odd
integer. (3) [eNa] = A+ 1and d =’ Since d — e € By, therefore [eNe|=lend =A+1
and hence [eNe] =A+1=leNal. By eqn.(1) ena C cNe. Consequently cNe=aNe
which implies that a N ¢ Ne = a N e. Therefore l[aNel,[cNel,|aNel,laNcnel =X+ 1 and
hence a,a’,c,c’, e, e’ are distinct. By Theorem 2 part 2 it follows that \ is an odd integer.
(4) lanel =]end| = A+ 1. By eqn.(1) and referring to (iii) of this proof this case splits
into two parts as follows: I) [cNe| = A+ 1. By eqn.(1) therefore eNa = ¢Ne = dNc which
implies that a NeNe =cNe and as in case (3) A must be an odd integer.

IT) ¢ = e. Therefore d — ¢ = d — e = a — ¢ € B;. This implies that

(2) l=dnN(a—c)=dn(d—c)=dnd—-d Ne.

It also implies that d # a,a’,c, since we are investigating distinct repeated blocks. By
eqn.(2) therefore a’Nd = @’ Nc and hence a'NeNd = @’ Ne. Moreover |a'Nd| = |aNd| = A+1,
and |a' Ne| = |aN ¢l = A+ 1. Similarly as in case (3) A must be an odd integer. Since A
is even, it follows by case (1) above that each block of B; is repeated once and therefore
(V, By) consists of two copies of a 3-(4A+4, A +1, (;‘)) design which has no repeated blocks.

Corollary 1.If there exists a Hadamard matriz of order 4(A+1) for even A > 4, then there
exists a simple 3-(4X + 4, X + 1, AM(A — 1)/2) design.

Remark 1. Corollary 1 is a corollary of Theorems 3 and 6.

Remark 2. If there exists a Hadamard matrix of order 4n for a positive integer n, then
there exists an affine 3-(4n, 2n,n—1) design. It was conjectured by Hadamard [6] that there
exists a Hadamard matrix of order 4n for any positive integer n. It is known (cf. Colbourn
and Dinitz [5]) that (1) there exists a Hadamard matrix of order 4n for any positive integer
n less than or equal to 107 and (2) there is no positive integer n such that the nonexistence
of Hadamard matrices of order 4n is known and (3) there exists a Hadamard matrix of
order 4n for infinitely many even integers n. Hence Corollary 1 gives a new series of simple
3-designs.

Theorem 4. Let (V, B) be an affine 3-(4\+ 4,2\ +2,\) design, If By = {(a—c)U (c—a):
a,c € B,c# a,ad'}, then (V,By) is a -(4\ + 4,2\ + 2,2(2)‘;1)) design.
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Proof. Let (a —¢) U (¢ — a) € By. By Sieve Principle and property (v)

[(a—c)Ul(c—a)l=la—cl+]c—a|l=la] —]aNe]+]c]—|anc|
=220 +2) =2\ +1) =2\ +2,

which is independent of @ and ¢. Next let {P,Q, S} be any set of three points of V' contained
in (a—c)U(c—a) € Bs. There are two types of such block:(1) {P, @, S} C a,{P,Q, S}Nc = 0.
Hence {P,Q,S} C a — ¢ € By. By theorem 1 therefore {P, @, S} is contained in A(A — 1)
blocks of this type. (2) One block, a say, contains two points only, {P,Q} say, and the
other block ¢ contains S only. Since the number of blocks of B which contain {P,Q, S} is
A and the number of blocks which contain {P,Q} is A\ = 2A 4+ 1 by property (ii), therefore
there are Az — A = A + 1 choices of a. Since each of {P, S}, {Q, S} is on A3 blocks of B and
{P,Q, S} is on A blocks, this implies that S is on

r—2X +A=4A+3 22X+ 1)+ A =A+1,

blocks of B which do not contain {P, Q}; see properties above. Since ¢ # a therefore the
number of choices of ¢ is A + 1 — 1 = A. Consequently the number of blocks (a —¢) U (¢ — a)
such that a contains {P, @} only and ¢ contains S only is A(A + 1). Since {P, @} is one of
three ways of choosing two points from {P,Q, S}, therefore the number of blocks of this
type is 3A(A 4+ 1). Combining the two counts in the two types implies that {P, @, S} is
contained in

AN = 1)+ 3A(A +1) = 402 + 2 = 2(%:_ 1)

Z

blocks of B;. Therefore (V,B;) is a 3-(4\ + 4,2\ + 2,2(2)‘;1)) design which is nontrivial
since 3 <2A4+2 <4\ +4—2.

Next we investigate repetition of blocks in Bj.

Theorem 5. Let (V, B) be an affine 3-(4X + 4,2X + 2, \) design. If X is even, then (V, Bs)
consists of two copies of a 5-(4\ + 4,2\ 4 2, (2>\2+1)) design which has no repeated blocks.

Proof. Let (a —c¢)U(c—a),(d —e) U (e —d) be any two blocks of By, where {a,c} # {d, e}

and such that

(1) (a—c)U(c—a)=(d—e)U (e—d)

a—c=aN((a=c)U(c—a))=an((d—e)U(e—d))=(an(d—e))U(an(e—d))
=(and—ane)U(aNe—and))=(anNd—andne)U(aNe—andne).

Using this we get
Al=land|=la—c¢c|=land—andne)U(aNe—andne)
(2) =land|—landnel+|anel—landNel =laNd|+ |ane|—=2landNel.

Since {a,c} # {d, e} we can assume that a # d, e and hence [aNd|,|aNe| =0, or A+ 1, see
property (v). If [aNe| = |aNd| = A+1, then substituting in eqn.(2) we get |aNdNe| = 15(/\—&—1),
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contradiction since A is even. Therefore exactly one of |a Ne| and |a N d| is equal to 0. If
land| =0, then d = a’. Substituting in eqn.(1) we get (a —c)U(c—a) = (¢’ —e)U (e —da').
Using this equation as we did with eqn.(1) above we get

c—a=cN((a—c)U(c—a))=cn((d —e)U(e—d))
=(cnd —cndnNe)U(cNe—cnd Ne).

Similarly and as in eqn.(2) this gives

A l=lc—a|=lcnd|+|cne|=2cnd Nel=A+1+]cNel—2[cna Nel

cna Nel = 1leNel Since [eNel =0or A+ 1 or 2\ + 2, then
c=¢ or c# e e or ¢ = e respectively. Therefore we have three cases to consider: (i) If

since ¢ # o', a. Therefore

¢ = €' then e = ¢!. Moreover d = @, from above. Using this we get
(a—c)U(c—a)=(ancYU(cnd)=(—d)U(d —c')=(d—e)U(e—d).

Since (¢! —a')U (a' —¢') € By, therefore (a — ¢) U (¢ — a) is a repeated block.(ii) If ¢ # e, €/,
therefore [cNe| = A + 1. Since [c N a’ Ne| = §|cN e| from above, therefore [c Na’ Ne| =
5(A + 1). Contradiction since A is even. (iii) If ¢ = e then by substituting in eqn.(1) we get
(a—c)U(ec—a) = (a"—c)U(c—da), since d = o’ from above. Contradiction, since the
two sides of this equation are non empty and have no common points. Therefore by case
(i) above each block of By is repeated once and therefore (V, B;) consists of two copies of
a 3-(4N + 4,2\ + 2, (2)‘;1)) design which has no repeated blocks.

Corollary 2. If there exists a Hadamard matriz of order 4(\ + 1) for even A\ > 4, then
there exists a simple 8-(4\ + 4,2\ 4+ 2, \(2\ 4+ 1)) design.

Remark 3. Corollary 2 gives a new series of simple 3-designs.

Theorem 6.Let (V, B) be an affine 3-(4\ + 4,2)\ + 2, \) design. If By = {aNec: a,c €
B,c# a,ad'} and A\ > 2, then (V,B3) is a §-(4\+4, A+ 1, (;‘)) design which has no repeated

blocks if \ is even.

Proof. Let a N ¢ € Bj, then by property (v) |a N el = A+ 1 which is independent of a and
c. Let {P,Q,S} be any set of three points of V. Since there are A blocks of B containing
it, it follows that the number of blocks a N¢ € B3 which contain it is (;‘) Therefore (V, B;)
isa3-(dN+4, N+1, (;‘)) design which is not trivial since 3 < A 4+ 1 < 4A +4 — 2. Let
aNe,dNe € By where {a,c} # {d, e} and such that aNe¢ = dNe. Therefore aNecNd = dNe
and [aNend|l = |dNel = A+ 1. Since {a,c} # {d,e} assume that d # «a,c. Therefore
a,a’,c,c’,d,d are distinct. By theorem 2, A must be odd. Contradiction since \ is even.
Therefore (V, B3) has no repeated blocks.

Remark 4. By Corollary 1 and Remarks 1 and 2 above theorem 6 gives a new series of
simple 3- designs.

Theorem 7. Let (V,B) be an affine 3-(4\ +4,2)\ + 2, \) design. If By = {aUc: a,c €
B,c# a,d'}, then (V,By) is a 3—(4/\—1—4,3/\—1—3,3(3)‘;'2)) design which has no repeated blocks
if A 1s even.

Proof. Let aUc € By. Hence |[aUc| = |a| 4+ |¢] = JaNe|=4N+4— X —1 =3)+ 3 which

is independent of a and ¢. For any a,¢ € B,(a U «¢)’ = a’ N¢" € Bs, see theorem 6 and
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property (iv) above. Conversely for any a Ne¢ € Bs,(aNe) = a' U € By. This implies
that By = {a’ : @ € Bs}. Let {P,Q., S} be any set of three points of V and {(P),!(Q) and
1(S) be the set of blocks of Bs containing P, @ and S respectively. By the Sieve Principle
the number of blocks of B3y which contains at least one of P, and S is equal to

(1) (PYUL(Q)UI(S)| = 3r — 3\, + @)

where r and Ay here are the blocks of B3 which contain each point and each two points
of V respectively. By eqn.(A) above r = 15(4/\ +3)(4\ + 2) and Ny = %/\(4/\ + 2). Using
the relation bk = vr for the design (V, B3) we get b(A + 1) = (4\ + 4)r which implies that
b=4dr = 2(4\ + 3)(4\ + 2). Using eqn.(1) above the number of blocks of Bj disjoint from
{P,Q, S} is therefore equal to b— 3r 4+ 3\ — @) Since B, = {a';a € B3} therefore {P,Q, S}
is contained in b — 3r + 3)\y — (;\) blocks of By. Substituting for b,r and Ay this number is
equal to

b—3r+3)\ — <A> = 2(4\ +3)(4\ + 2) — %(M +3)(4A +2)

2
3 1
+ A +2) = SAN - 1)

3N+2
)

Hence (V, B,) is a 3—(4/\ + 4,3\ + 3, 3(3>‘2+2)) design. Since A is even, therefore By has no
repeated blocks by theorem 6 and hence By has not repeated blocks as By = {a’ : @ € Bs}.

Remark 5. Using the points and blocks of an affine 3-(4A + 4,2\ 4+ 2, \) Cameron has
constructed a 2-design see [4].

Remark 6. Although we have focused on affine 3-designs only, yet our methods may apply
for any affine design. In fact it applies to any symmetric design.

Finally we would like to thank the referee for his valuable comments and suggestions.
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