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APPROXIMATING COMMON FIXED POINTS OF TWO
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

SAFEER HUSSAIN KHAN AND WATARU TAKAHASHI

Received May 12, 2000

ABSTRACT. This paper deals with appproximating common fixed points of two asymp-
totically nonexpansive mappings through weak and strong convergence of an iterative
sequence in a uniformly convex Banach space.

1. INTRODUCTION

Let C be a nonempty subset of a real Banach space E. A mapping S of C' into itself is
called asymptotically nonexpansive if for a sequence {k,} C [1, oo) with lim, 00 kn = 1,

[|S™x — S™y|| < k,||x — y|| holds for all z,y € C and all n = 1, 2, .... S is also called
uniformly k-Lipschitzian if for some k > 0, ||S™z — S™y|| < k||z — y|| is true for all n =1,
2, ... and all z,y € C . Moreover, S is termed as nonexpansive if ||Sz — Sy|| < ||z — y||

for all z,y € C' and quasi-nonexpansive if F'(S), the set of fixed points of S, is nonempty
and ||Sz —y|| < ||z — y|| for all z € C' and y € F(S). Das and Debata [1] considered the
following iteration scheme for two quasi-nonexpansive mappings S and 7 :

x1 €C, Tpy1 = (1 —apn)zn + anS[(1 — bn)x, + by Txy)],

foralln =1, 2, ..., where {a,} and {b,} are in [0, 1]. Takahashi and Tamura [8] studied
the above scheme for two nonexpansive mappings. As is clear from definitions, the idea
of asymptotic nonexpansiveness is more general than both nonexpansiveness and quasi-
nonexpansiveness. Asymptotically nonexpansive mappings, since their introduction in 1972
by K.Goebel and W.A.Kirk [2], have remained under study by various authors. For example,
see [4] and [6] besides [2].

In this paper, we take up the problem of approximating the common fixed points of two
asymptotically nonexpansive mappings S and 7 through weak and strong convergence of
the sequence defined by :

(1.1) 21 €C, Tpy1 = (1 —an)xn +anS"[(1 = bp)zn + b, T" 2y,
forallm =1, 2, ..., where {a,} and {b,} in [0, 1] satisfy certain conditions.
2. PRELIMINARIES

Let E be a Banach space and let C' be a nonempty bounded convex subset of E. We
need the following lemma which can be found in [6].

Lemma 1. Suppose that E is a uniformly convex Banach space and 0 <p<t,<g<1

foralln = 1,2, ... . Suppose further that {x,} and {y,} are sequences of E such that
limsup,, o [|Zn]] < r, imsup,, o |ynl| < 7 and lim, oo [|tnn + (1 — t)ynl| = r hold for
some r > 0. Then lim,_, ||z, — yxu|| = 0.
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We recall that a Banach space E is said to satisfy Opial’s condition [5] if for any sequence
{z,} in E, z,, — x implies that

limsup ||z, — z|| < limsup ||z, — ||
n— oo n—oo
for all y € E with y # z. Moreover, we also know that a mapping 7' : C — E is called
demiclosed with respect to y € E if for each sequence {z,} in C and each z € E,z,, — =
and Tz, — y imply that x € C and Tz = y.
Now we state another lemma due to J. Gérnicki [3] which we shall use in our weak
convergence theorem.

Lemma 2. Let E be a uniformly convexr Banach space satisfying Opial’s condition and let
C be a nonempty, closed and convex subset of E. Let T be asymptotically nonerpansive
mapping of C into itself. Then I — T is demiclosed with respcet to zero.

We shall now prove the following lemma which plays a vital role in our later work. This
lemma generalizes the corresponding lemma of [7] where it was proved for one mapping
case. However, we not only prove it for two mappings case but also the calculations are
made much simpler.

Lemma 3. Let E be a normed space and let C be a nonempty bounded, closed and convex
subset of E. Let, for k>0, S and T be uniformly k-Lipschitzian mappings of C into itself.
Define a sequence {x,} as in (1.1). If

nlLH;o |lzn — S™znl|| =0 = nlgrolo lzn — T2yl
then
nlLII;O || — Szn||=0= nlgr;o |zn — Tyl

Proof. Set

en = || — S™x,||
and

dp = ||xn — T xn|
foralln =1, 2, ... . Also put, for simplicity, y, = (1 — bp)xn + 0T "Tn, n =1, 2, ... SO

that (1.1) becomes
Tnt1 = (1 —an)xn + anS"yn
and
lzn = Zntall = anllzn — S™yall
<lzn — S™ynll
<zn = S"nll +[|1S" 20 — S"yul|
< cn + kllan — yall
= ¢y + kby||xn — T™, ||
<c, + kd,
That is,

(2.1) l|zn — Znt1]| < en + kd,.
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Using (2.1), we get
lZnt+1 — STnya|l < ||Tnt1 — SnJrlanrl“ + ||Sn+11'n+1 = Szpi1l|
< cppr FEl[Tng — S T ||
< g1 +E([[en — Tngall + llzn — 5"zl
+ ||S".7;n - Snxn-HH)

<cnp1 +E[(k+ 1)]|zn — Zpial| + cn
= Cpp1 +kcn + (B> + E)||zn — Tpya|]
< Cpy1 + ke + (B2 + k) (cn + kdy)
= Cpp1 + (B2 +2k)c, + (K2 + K*)d,

which gives

limsup ||Zpt1 — STp41|] <0

n—oo
because lim,, o, ¢, = 0 = lim,,_,~, d,,. Hence
(A) i, — Sz, ]| = 0.

Similarly,
201 = Tapirll < Nonpr = T ania | + [T a1 — Tons|
<dpir + kdy 4+ (B2 + k)||zn — 20|
< dpir + kdn + (K + k) (cn + kdy)
=dny1 + (B + k> +k)d, + (k* + k)cn
which implies

limsup [|Z4+1 — TZp41|| < 0.

n—oo
Consequently,
(B) lim ||, — Tal| = 0.
By (A) and (B), we get the desired result. O

3. WEAK AND STRONG CONVERGENCE THEOREMS

We first prove the following lemma which, in fact, forms a major part of the proofs of
both weak and strong convergence theorems.

Lemma 4. Let E be a uniformly convex Banach space and let C' be its bounded, closed and
convex subset. Let S and T from C into itself be two mappings satisfying

152 = S™y[| < knllz = yll

and

IT"z — T"y|| < knllz — yll,
forall n=1,2,..., where {k,} C [1,00) such that > -, (kn, — 1) < co. Define a sequence
{zn} in C as:

21 €C, Tpy1 = (1 —an)xn +anS"[(1 = bp)zn + b, T" 2],

foralln =1,2, ... where {a,} and {b,} are sequences in [§,1 —d] for some § € (0,1). If
F(S)NF(T) # ¢ then

lim ||Szp, —z,|| =0= lim ||Tz, — .||
n—oo n—ro0
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Proof. Let p € F(S) N F(T) and put y, = (1 — by)x, + byT"x, for the sake of simplicity.
A straightforward calculation gives
l2nt1 = pll = [[(1 = an)(2n = p) + an(S"yn — p)|
<[(1 = an) + ankn(1 = by) + ank2bs]l|zn — pl|-
Setting V,, = (1 — a,) + ankn(1 — b,) + ank2b,, we can write ||z,+1 — pl| < Vil||z, — p|| for
all n =1, 2, .... By mathematical induction, ||Znqm — p|| < ([T127" Vi) |z, — pl| for

all m,n =1, 2, .... Also noting > >~ (V, — 1) < 0o, we obtain lim,_,« [[;=, Vi = 1 and
hence lim,_,c ||y — p|| exists. Let lim,_,o0 ||Zn — p|| = ¢ where ¢ > 0 is a real number. If
¢ = 0, the result is obvious. So we assume ¢ > 0. Now

17" 2n = pll < Enllzn = pll

foralln=1,2,...,s0
limsup ||T"z, —p|| < c.

n— oo

Also
lyn — pll = (1 = bn) (0 — p) + bu(T" 20 — p)||
< (1 =bo)llwn — pll + knbullz, — pl|
= ||z — pll + (kn — Dbullz, — pl|
<|lzn = pll + (1 = 0)(kn — 1)||lzn — p|

gives

(3.1) limsup ||yn — pl| < e.
n—oo

Next,

15" yn = pll < Enllyn — pll
gives by virtue of (3.1) and k, -+ 1 as n — oo that

limsup [|S"yn — pl| < c

n— oo

Moreover, ¢ = lim,, o ||Zn+1 — p|| means that
lim (1= an)(zn —p) + an(S"yn —p)l| = c.
n—oo
Applying Lemma 1,
(3.2) lim ||S™yn — zn|| = 0.
n— oo
Now
lzn = pll < llzn = S"ynll + [1S"yn — pll
< lzn = S™ynll + Eknllyn — pl|
yields that

(3.3) c < lirginf llyn — pl|-
By (3.1) and (3.3), we obtain

(3.4) Jim lyn —pll =c.
That is

lim [[(1 = bn)(zn —p) + bn(T"xn —p)l| = c.

n—oo
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Again by Lemma 1, we get
(3.5) nlgr;o |1 T" % — xn|| = 0.
Then
IS" Ty — |l < 15" @0 — S"ynll + IS yn — zal|
< kullzn — yull +1S"yn — @all
= knbnl|T" 20 — @0l + [[S"yn — x|
<kn(1 =0Tz — zal| + [[S"Yn — @l
implies together with (3.5) and (3.2) that
(3.6) lim [|S"z, — z,||=0= lim [|[T"%, — x,]|
n—oo n—roo
Lemma 3 now reveals that
(3.7) lim [|Sz, — x| =0= lim ||Tz, — x|
n—oo n—o0
which is the desired result. O

Theorem 1. Let E be a uniformly convexr Banach space satisfying Opial’s condition and
let C,S,T and {z,} be as taken in Lemma 4. If F(S) N F(T) # ¢ then {z,} converges
weakly to a common fixzed point of S and T.

Proof. Let p be a common fixed point of S and 7. Then lim,_, ||z, — p|| exists as proved
in Lemma 4. We prove that {z,} has a unique weak subsequential limit in F'(S) N F(T).
For, let v and v be weak limits of the subsequences {z,, } and {z,,} of {z,}, respectively.
By Lemma 4, lim,, o ||z, — Sz,|| = 0 and I — S is demiclosed with respect to zero by
Lemma 2, therefore we obtain Su = wu. Similarly, Tu = u. Again in the same fashion, we
can prove that v € F(S) N F(T). Next, we prove the uniqueness. To this end, if v and v
are distinct then by Opial’s condition,

lim ||z, —ul| = lUm ||z, —u|
n—oo n;—00

N

Jim_flan, o]

= lim ||z, —v]|
n—oo

Jim o, o]

< lm ||z, —ul
nj—00

= lim ||z, — u||.

n—oo

This is again a contradiction whereby completing the proof. O

Remark 1. Above theorem contains Theorem 2.1 of J. Schu [6] as a special case when
T = I, the identity mapping.

Finally, we approximate common fixed points by the following strong convergence theorem.

Theorem 2. Let E be a uniformly convexr Banach space and let C' be its compact convex
subset and S, T and {z,} as in Lemma 4. If F(S)NF(T) # ¢ then {x,} converges strongly
to a common fized point of S and T.



138

SAFEER HUSSAIN KHAN AND WATARU TAKAHASHI

Proof. By Lemma 4, lim,,_, ||Sz, — z,]| = 0 = lim,, o ||TZn, — 2,]|. Since C' is compact
so there exists a subsequence {z,,;} of {x,} such that z,, — ¢ (say) in C. Continuity of S
and T gives Sx,, — Sq and Tx,, - Tq as n; — oco. Then by (3.7),

ISq —qll =0=1Tq—ql|.

This yields ¢ € F(S) N F(T) so that {x,,} converges strongly to ¢ in F(S) N F(T). But
again by Lemma 4, lim,_,« ||z, — p|| exists for all p € F(S) N F(T) therefore {x,} must

itself converge to ¢ € F(S) N F(T). This completes the proof. O
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