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ABSTRACT. The unique existence of the solution of the Cauchy problem for PDE of the
form

o1u(t, z) = f(¢, z,u(t,x), O2u(t, x), 05 u(a(t)t, z), Odu(t, B(t, z)z))
is proved. tis in R, z is in C and u(¢,z) is in C. p and ¢ are positive integers.
and 9y denote differentiations with respect to the 1°¢ and 27¢ variables, respectively.
f(t,z,u1, -+ ,uaq) is assumed to be holomorphic in (z,u1, - ,us). o and g are called
shrinking functions. It is assumed that sup |a(t)] < 1 and sup |3(¢,z)| < 1.

1. INTRODUCTION
In the preceding note [4] the author studied the following two types of Cauchy problems:
(L.1) Owu(t,z) = f(t,z,u(t,z),0qu(t, B(t,z)z)), u(0,z)=0,
(1.2) Owu(t,z) = f(t,z,u(t,z),8u(a(t)t,z)), u(0,z)=0.

In (1.1) and (1.2) u(¢, z) denotes a complex valued unknown function of the variable (¢, z) €
Rx C. 0; denotes partial differentiation with respect to the ith variable. p and ¢ are positive
integers. f, a and § are given continuous functions. It is assumed that f(¢,z,u1,us) is
holomorphic in (x,u;,us). The functions «, 3 are called shrinkings. The reason for the
use of this term is that they satisfy the conditions sup |a(t)] < 1 and sup|B(¢,z)| < 1,
respectively. It is assumed that 3(t,z) is holomorphic in z. Under these conditions the
Cauchy problems (1.1) and (1.2) were solved in [4]. The results in [4] are regarded as
generalizations of those by Augustynowicz et al.[2], [3] for linear PDEs.

In the present note the author intends to unify and generalize the theories in [4] for two
PDEs (1.1) and (1.2). The differential equation we consider here is of the form

(1.3) Owu(t,x) = f(t,z,u(t, z), hult,z),05u(a(t)t, z), 0gu(t, B(t, z)z)).

It is obvious that the differential equations in (1.1) and (1.2) are special cases of the equation
(1.3). Note, however, that on the right-hand side of the equation (1.3) there appears the
first order partial derivative dyu(t, z) of u(t, z) with respect to the ‘space variable’ z, while it
doesn’t in (1.1) nor in (1.2). For this reason the result given in the present note is regarded
as a generalization of the theorem of Cauchy-Kovalevskaja-Nagumo [1] (in the case where
dim(z) = dim(u(t,z)) = 1). Since O2u(t, ) does not appear in (1.1) nor in (1.2), the results
in [4] cannot be regarded as generalizations of the C-K-N theorem, although they are not
included in the C-K-N theorem. It is not difficult to generalize the result of this note to the
multi-dimensional case. We omit it here, however, for the sake of simplicity of notation.
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Now we want to solve the differential equation (1.3) under the initial condition
(14) u(0,z) =0.

In order to solve the Cauchy problem (1.3)-(1.4), we first transform this problem into some
kind of integral equation, that is in the same manner as in [4]. But we do not use the principle
of the contraction mapping in order to solve the integral equation as in [4]. We shall use
in this note Tychonoff’s fixed point theorem. This follows Nagumo[1]’s method who used
Schauder’s fixed point theorem. It may be possible to use the principle of the contraction
mapping for the present case, too. In that way, however, much more complex calculation
is expected to be needed. In order to use Schauder’s theorem, Nagumo introduced in [1] a
famous trick called Nagumo’s lemma. We use a similar trick, too.

In order to state the result of this note we need to make some notational preparation. If
T,R and S are positive constants, we write

A(T,R) = {(t,2) €RxC; |f| <T,z| < R},
B(T,R,S) = {(t,z,u1,...,us) ERx C ;
(t,z) € A(T,R), |u;l< S (i=1,...,4)}.
Put
r=p-+aq.

We fix the value of r at this value throughout this note. By means of this value of r we
define the domain Q(T, R) by

Q(T,R) = {(t,x) e Rx C;|t| < T, R— || — |t|"/"+Y > 0}.
The main purpose of this note is to prove the following theorem.

Theorem 1.1. LetT, R, S, m and n be positive constants. Assume that m and n are less
than 1. Let p and q be positive integers. In the partial differential equation (1.3) assume
that

(i) f(t,z,u1,...,uq) is a complex valued bounded continuous function of (t,x,us,
.,u4) € B(T,R,S),
(ii) f(t,x,u1,...,us) is holomorphic in (x,u1,...,us),

(iii) Oif(t,x,u1,...,uq) (i =2,...,5) is bounded in B(T,R,S) ,
(iv) a(t) is a real valued continuous function of t € [=T,T] satisfying the inequality
la(t)] < m,

(v) B(t,x) is a complex valued continuous function of (t,x) € A(T, R) that is holomorphic
in x and satisfies the inequality

|8(t, )| < n.

Then there is a positive constant a such that the Cauchy problem (1.3)-(1.4) has a unique
C1 solution u: Q(a, R) — C.

The ‘existence part’ of the theorem will be proved in §2. The ‘uniqueness part’ of the
theorem will be proved in §3.
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2. EXISTENCE OF A SOLUTION

In this section we prove the ‘existence part’ of the assertion of Theorem 1.1. Solving the
Cauchy problem (1.3)-(1.4) is equivalent to solving the integral equation

(2.1) w(t,z) = f(t, =z, /Otw(T, a:)dv-,/ot Oow (T, xz)dT,

a(t)t t
/ Aw(r, m)dr,/ Adw(r, B(t, z)x)dr).
0 0
We want to solve the integral equation (2.1) by Tychonoff’s fixed point theorem. For this
purpose we first define the following function spaces. Write
C(a) = {w: Q(a,R) — C ; w is bounded and continuous},
D(a) = {w € C(a) ; w(t,x) is holomorphic in z}.
We define the positive constant K by
(2.2) K =sup{|f(t,z,ur,...,ud)|,|0:f(t,x,u1,...,u4)| (i =2,...,6);
(t,z,u1,...,u4) € B(T,R,S)},
and put
(2.3) M = K(1+4VR).
Next we define the set of functions £(a) by
£(a) = fw € D(a) ; Jw(t,2)] < M,

Daw(t,2)| < M/y/R — Ja| - [(]'/+D) for all (t,2) € Qa, R)).

We define the topology in D(a) by the uniform convergence on each compact sets of the
domain Q(a, R). Then D(a) becomes a complete locally convex linear topological space and
&(a) is a closed convex set of D(a).

The following lemma given in Nagumol[1] is very important for the present note.

Lemma 2.1 (Nagumo’s lemma). Let D be a bounded open domain in C. For each element
x of D, we denote by p(x) the distance from x to the boundary of D. If f is a holomorphic
function in D such that

C

where C' and « are given positive constants. Then the inequality
) ettt ¢
R

dz a® p(x)att

holds.
From this lemma follows the following Corollary.

Corollary 2.1.1. Let w be an element of £(a) andl an integer > 1. Then Oiw(t, x) satisfies
the inequality
M

14 _ 1—1/2
(24) |62U)(t,1')| S \/i(l 1/2) (R _ |$| _ |t|1/(r+1))l_1/2 .

Further the inequality

V2(1 = 1/2)1-172 M
ml—1/2 |t|¢=1/2)/(r+1)

(2.5) |8§w(mt,w)| <
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holds, where

(2.6) m=1—m/+Y,
Next write

(2.7) n=R(l—n)/2
and let a be a constant satisfying

(2.8) 0<a<n

then, if (1,z) € Q(a, R) and |t| < T, the inequality

V2@ -1/2t

(2.9) |8§w(7‘,ﬂ(t,w)x)| < —I-1/2
holds.
Proof. If w € £(a), then the inequality

M

|Opw(t, x

N e
holds. So we have (2.4) by the Lemma 2.1. If (¢,z) € Q(a, R), then from the inequality
R = fo] = lmt]/0 ) = (R = [z = oY) 4 (1 = b/ CED) /050
> ||/,

we see that
M

(R — |z| — Jmt|/(rr1))i=1/2
< V2(1 = 1/2)1-1/2 M
— ml—1/2 |t|(l71/2)/(7‘+1)

|Obw(mt,z)| < V2(1 —1/2)'71/2

holds, which shows (2.5). Next suppose 0 < a < "1, Then we have
R—|B(t,x)x| — |7|Y/*Y > R-—nR -7 =n
for each (7,z) € Q(a, R) and each t € [-T,T]. Hence we obtain the inequality
M
! _ 1-1/2
|62w(7,ﬂ(t,:r)a:)| S \/i(l 1/2) (R— |ﬂ(t,a:)a:| _ |7_|1/(7‘+1))l71/2
\/ﬁ(l _ 1/2)1—1/2
< pl-1/2 M

This shows that (2.9) holds. O

Here we prepare a list of the estimates of the integrals appearing in the equation (2.1).

Lemma 2.2. Let m,n be the positive constants defined by (2.6) and (2.7), respectively. For
each w € E(a) and (t,x) € Q(a, R) the following three inequalities hold:

t
(2.10) /w(T,x)dT < Mlt|,
0
t
(2.11) /82w(r,w)dr <2(r + 1)MVRt|"/ D),
0
(2.12) /taz (r,2)d 3\/5( )M |t|r/(r+1)
. w(T,z)dr| < r+ )
o VR~ lal = (70D
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Ifl=porl=p+1, then

—1/2
(2.13) m\/?l(ll— 1/2)" 712 (r + 1)M|t|(r—z+3/2)/(r+1)_
mlt=1/2(r — 1 +3/2)

a(t)t
/ Abw(r,x)dr| <
0

Further, if 0 < a < A", then the inequality

ﬂ(l _ 1/2)1—1/2

nl—1/2

(2.14) /Ot Ohw(r, B(t, z)z)dr| < Mlt]

holds for each (t,z) € Q(a, R) and any nonnegative integer I.
Proof. (2.10) is clear. (2.11) also holds, since
It] M
dr
0o VR—|z| - rt/0+D)
e/ (r+1)s"M

:/0 VR—|z]-s

#1/ G4 )
<(r+ 1)M|t|r/(’“+1)/ b g

0 VR—|z|—s

< 2(r + 1) MV/R|t]"/+Y).
Next, by (2.4) of the Corollary 2.1.1, the inequality

3v3 M
2 (R~ |z| — [t]t/(r+D)3/2

<

t
/ Gow (T, x)dr
0

ds

|05w(t,z)| <

holds. Therefore, we have

¢ 3v3 Il 1
2
/082w(7,a:)d7' §—2 M/o (R—|a:|—7—1/(’“+1))3/2d7-
3\/3 ‘t|1/(r+1) 1
<2V3 41 Mt’“/(’“)/ 4
STy UHVMATTE L G
1

< 3V3(r + 1) M|/

VE = Jal [t/

347

which shows (2.12). If I =porl=p+1,thenl —1/2<p+1/2 <r+ 1. Hence, by (2.5)

of the Corollary 2.1.1, we have

a(t)t m|t|
/ 8511}(7‘, x)dr| < / |8§w(7‘, x)|dr
0 0

|l
m/ |05 w(ms, x)|ds
0
my2(1 - 1/2) 72 1
ml-1/2 o s(1=1/2)/(r+1)

m\/ﬁ(l — 1/2)l—1/2 r+ 1 |t|(r—l+3/2)/(’r‘+1)
il 172 r—1+3/2 ’

IN

ds

which shows (2.13). It is easy to see that (2.14) holds, in virtue of (2.9) of the Corollary

2.1.1.

O
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Now we suppose that a is a number that satisfies (2.8) and the following inequality:

(2.15) max{Ma, 2(r + 1) Mv/Ra"/ 1),

my2(p - 2P vl e e
w12 r—p+3/2 ’

<

il
=X

na—1/2

V2(g —1/2)7'1? Ma}

Then, by the list of the estimates of integrals in Lemma 2.2, for each element w in £(a), an
element w in D(a) is defined by

w(t,z) = f(t,:v,/ot w(r, x)dr, /Ot Oow (T, x)dr,

a(t)t t
/ Ow(r, a:)dv',/ w(r, B(t, z)z)dr).

0 0
We denote the map w — w by ®. We shall show that there is a positive number a such
that

®(E(a)) C E(a).
This is true, if the inequality
M
| <
VR — [z] = [t]/0+D

holds for all (t,z) € Q(a, R) whenever w is in £(a). In order to check if the inequality (2.16)
holds write w(t,z) = ®(w)(t,z). Then we have

(2.16) |0>®(w) (2, )

w(t,z) = O f(t,x, /t w(r,z)dr, )
0

+0sf(---) /0 Orw(T, x)dr

+(94f(---)/ O3w(r,x)dr
0
a(t)t
souf() [ A uiradr
0

+ () /0 0, {0 (r, B(t, 2)z) }dr,

where 0, denotes the partial differentiation with respect to z. It follows from the above
expression of 0zt (t, z) that

t t
(2.17) |62u”;(t,a:)|§K{1+ / dow(r, z)dr| + / 02w (r, z)dr
0 0

a(t)t ¢
+ / 85“11}(7‘, x)dr| + / O { 0w (T, B(t, x)x)}dr
0 0

2
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where K is the positive constant defined by (2.2). By the inequalities from (2.11) to (2.13)

in Lemma 2.2 we see that the inequalities

t
/ dow(r,z)dr| < 2(r + 1)MVRa"/ "tV
0

i o/ (r 1)
VE= e =70

t
/ O2w(r,x)dr| < 3V3(r + 1
0

a(t)t
/ O w(r, )dr| <
0

mpt1/2 r—p+1/2

hold for (¢,z) € Q(a, R). As for the fourth integral in (2.17) note that the inequality

V3a -1/

B, Bt z)0)] < YR

_VEq-1/2"2 MR
T R e = D
holds in virtue of (2.9). It follows, by Lemma 2.1, that
3V3 (g —1/2)1 1/ MVE
VE T (R el = [0

Therefore, we see that the inequality

‘ABA%w@ﬂwmmwr

|0:{05w(r, B(t, m)x)}] <

< 3v3(qg—1/2)72M/R [ 1 p
= V2 fa—1/2 o (R—|z| - 7_1/(r+1))3/2 T
_ q—1/2 r/(r+1)
S3\/(—).((1 1/2) _ M~/R(r +1) a
/2 VR = fa] = /0D
holds. Now take a number a > 0 such that
(2.18) 2(r + 1)Mv/Ra™/("+1)
+ mv2(p+1/2)PTH2 e 41 Malr—r+1/2/(r+1) <
mpt1/2 r—p+1/2 -
and
—1/2)1 Y2 M 1 M
(219) {3\/5(,,,. + I)M +3\/6(q / ) Nq_1/2\/R(7' + )}ar/(rJrl) < —
n

Then, by (2.17) and (2.3), we have

M 1
o (t, z)| < 2K + —
| 2w( l‘)| > + 5 \/R = |a:| = |t|1/(7‘+1)

M 1
< <2K R+ 7) = =
| VRl e

< M
= VRl - e
which shows that (2.16) holds and that ®(£(a)) is included by £(a).

mV2p+ 2P r k1 e e
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By the above discussion we see also that the map ®: £(a) — £(a) is continuous with
respect to the relative topology induced by the locally convex topology of D(a). The
following lemma summarizes the results obtained so far.

Lemma 2.3. If a > 0 satisfies (2.8), (2.15), (2.18) and (2.19), then the relation
®(E(a)) C E(a)

holds and the map
®: E(a) = E(a)

18 continuous.

We want now to solve the integral equation (2.1) by applying Tychonoff’s fixed point
theorem to the map ®: £(a) — £(a). Tychonoff’s fixed point theorem says that, if G is a
compact convex set of a locally convex topological linear space E, then the given continuous
map ¢: G — G has a fixed point. But it is difficult to apply this theorem directly to the
map ® : £(a) — E(a) itself, since £(a) is not compact in D(a), in general. In order to use
Tychonoff’s theorem, we need some preparations. We shall prove that the closed convex
hull of the set ®(£(a)) is compact in D(a). For this purpose we prepare first a lemma.

Lemma 2.4. Let | be a non-negative integer. Then the set of functions

t
{Q(a,R) 5 (t,z) — / Ahw(r,x)dr € C; we S(a)}
0
defined on Q(a, R) is equicontinuous at each point of Q(a, R).

Proof. Take an arbitrary element (¢, zo) of Q(a, R) and fix it. Let do be a positive constant
such that, if |t — to| < do, | — x| < do, then (¢,z) belongs to Q(a, R). We assume that the
variables ¢, 7,z appearing in this proof always satisfy the inequalities |t —to| < do, |T—to| <
do and |z — zg| < dp, respectively. If w € E(a), then by the Cauchy’s integral formula we
have

M

|0bw (T, ) — Obw(T,20)| < ——
27 Jigl=R—|r1/ 00
I'M 1

< Z—
= or (R — |m0| — 0y — |7_|1/(7‘+1))2(l+1)

< / (€ — )" — (€ — z0) 1 de].
Jel=R—r|1/C+D)

1
(€ —2)* (£ —xo0)

| el

On the other hand the inequality
(€ —a)"*t = (€ —20)™| < (1 + 1)(2R)' |z — o

holds. Hence we have

| l
|04w(r, x) — Ow(T, zo)| < (1 +1)!(2R)'MR

= T Tool —bo — [r /Dm0

and

(2.20) /0 O (w(r, z) — w(T,zo))dr

(I + D!'(2R)' M R(|to| + o)
> (R _ |m0| 5y — (|t0| + 50)1/(r+1))2(l+1) |33 — Zo|-
Next, using the Cauchy’s integral formula again, we obtain
I!IMR
(R — |zo| — |r[t/(rr D)L

|95w(r, 20)| <
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Therefore the inequality
I!IMR

t
!
/ Oow (T, x0)dT o] — (o] + 00) /D)
holds. It follows from (2.20) and (2.21) that we have

/82wTa:dT—/ Obw (T, xo)d

2w7‘md7‘—/82w7'm0d7'

(2.21) |t — to

*®

2w7':v0d7'—/ Abw(r, zo)d

(I + 1)!(2R)' M R(|to| + o)
> ( |m0| — 60 — (|t0| + 50)1/ r+1)) (I+1)
I!IMR
(R _ |1.0| _ (|t0| + 50)1/(r+1))l+1 |

which shows that the set of functions of the lemma is equicontinuous at the point (¢9, o). O

7l = ol

_|_

t — tol,

Corollary 2.4.1. Letl be a non-negative integer. Then the set of functions

a(t)t
{Q(a,R) > (t,z) — / dbw(r,x)dr € C; we S(a)} ,

and .
{Q(a,R) 3 (t,x) — / Obw(r, B(t,x)x)dr € C ; w € 5((1)}
are equicontinuous at each point of Q[Ea, R).
From these results follows the next lemma.

Lemma 2.5. If a is a positive constant such that (2.8), (2.15), (2.18) and (2.19) hold, then
the closed convex hull of ®(E(a)) is compact in D(a).

Proof. Since f is bounded, the set of functions ®(£(a)) is uniformly bounded. Further,
since f is continuous, ®(€(a)) is equicontinuous at each point of Q(a, R) by Lemma 2.4
and Corollary 2.4.1. Let (®(€(a))) be the convex hull of ®(E(a)). Then any element w of
(®(E(a))) is written as
w = frwy + -+ + Brw,

where 1, ..., Bk are non negative numbers such that > 3; < 1 and wy, ..., w; are elements
of ®(&(a)). Therefore we see that (®(E(a))) is uniformly bounded as a set of functions and
equicontinuous at each point of (a, R). It follows by the theorem of Ascoli-Arzela that the
closure (®(E(a))) of the set (®(E£(a))) in D(a) is compact. O

Since
2((2(E(a)))) C 2(E(a)) C (2(E(a))),

we obtain the continuous map

®: (®(&(a))) = (2(E(a)))-

Therefore we can apply Tychonoff’s fixed point theorem to the above map and we con-
clude that the integral equation (2.1) has a solution. Thus we have proved the following
proposition.

Proposition 2.1. If the number a satisfies (2.8), (2.15), (2.18) and (2.19), then the Cauchy
problem (1.3)-(1.4) has a C*'solution in Q(a, R).
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3. UNIQUENESS OF THE SOLUTION

In this section we prove the ‘uniqueness part’ of Theorem 1.1. For this purpose we first
prepare a simple lemma.

Lemma 3.1. If (t,z,u1,-..,u4), (t, x,v1,...,04) € B(T,R,S) , then we have
lftz,ur, . yua) — f(E 2,01, 00)| S K{{up —vi| 4 -+ + |ug — 4},

where K is the positive constant defined by (2.2).

Proof. Omitted. O

Let a be a positive number and uj,us: Q(a, R) — C be C'solutions of the Cauchy
problem (1.3)-(1.4). We want to show that, if a is small enough, then wu;(t,z) = ua(t, )
holds for each (t,z) € Q(a, R). To do so it is enough to show that

w(t,z) :=ui(t,z) — uz(t, x)
is equal to 0 for (¢t,z) € Q(a, R).

For the moment take a positive number a arbitrarily and define the constant Mgy by
(3.1 My = sup{(R — |z| — [t|"/ ") w(t,z)| ; (t,z) € Na,R)}.

Then, for each (t,z) € Q(a, R), the inequality
My
R [a] — {170+
holds. By Lemma 2.1, the above inequality leads to the following inequality
My
(R — || — [¢]'/ (1)t

lw(t, )] <

(3-2) |O5w(t, )] < (I +1)"*

where [ is an arbitrary non-negative integer and (¢, z) € Q(a, R).
Since w = u; — ug, we have, by Lemma 3.1 and (3.2),

(3.3) |O1w(t, z)| = |O1uy(t, ) — Orus(t, z)]
< K{lw(t, z)| + [ew(t, z)| + |0w(e(t)t, z)| + [05w(t, B(t, x)x)[}

1 4
< KM,
- 0 {R— || — [¢]1/(r+D) * (R — || — [t|/(r+1))2
N (p+ 1)rt! N (¢+ 17!
(R — |z| — |a(t)t|/r+O)p+L = (R — |B(t, z)x| — |¢]H/(rHD))a+

for (t,z) € Qa, R).
In the right-hand side of the above inequality note that

R~ Ja] = la(®H1YC) > R~ [z =m0 |/ 040)
for (t,z) € Q(a, R). Note further that, if a satisfies (2.8), then

R—[B(t,z)z| — |t/ > R —nR — [t/ > &
Hence, by (3.3), we have

1 4
orw(t < KM,
Pt < Ko o e+ G ey
-+ 10 (a+ 17
TR = o] =m0yt T et

for (t,z) € Qa, R).
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If we integrate both sides of the above inequality with respect to ¢, we obtain

34) |w(tz)] < /0 0vw(r, 2)|dr

[¢] 1 |¢] 4
o R—|z|—7/0+D) dr +/0 (R — |z| — 71/(r+1)2 dr

4 ( Pt e+l pltl
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As for the first three integrals among the last four ones appearing in (3.4) we have the
following estimation:
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As for the last integral on the right-hand side of (3.4) note that the inequality
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holds. These estimations lead, by (3.4), to the inequality
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We see therefore that, if the constant a satisfies (2.8) and
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then, by (3.5), the inequality
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holds.
In order that (3.1) and (3.7) hold simultaneously the constant My must be equal to 0.
Thus we have proved the following proposition.

Proposition 3.1. If the number a satisfies (2.8) and (3.6), then there is at most one
C*solution in Q(a, R) of the Cauchy problem (1.3)-(1.4).
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Combining the results of Propositions 2.1 and 3.1 we see that, if the number a satisfies
(2.8), (2.15), (2.18), (2.19) and (3.6), then the Cauchy problem (1.3)-(1.4) has a unique
C'solution in Q(a, R). This completes the proof of Theorem 1.1.
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