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ITERATIVE APPROXIMATION OF FIXED POINTS OF
NONEXPANSIVE MAPS
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ABSTRACT. We use the notion of a T-regular set to establish the convergence of the
iterates of the bisection mapping to a fixed point of a nonexpansive map 7T in the
context of metrizable topological vector spaces.

1. Introduction

We generalize a well-known fixed point theorem of Veeramani ([8], Theorem 1.1) from
the uniformly convex Banach space setting to metrizable topological vector spaces. As
an application of our result, we prove the convergence of the sequence of iterates of the
bisection map F(z) = (x + Tx)/2, to a fixed point of the nonexpansive map T'. Our result
extends Theorem 2.3 of Khan and Siddiqui [5] from convex set to a T-regular set (see
also Edelstein [3]). We derive a similar result for the weak convergence of iterates under
various conditions. Further we study conditions for an iteration process for a finite family
of nonexpansive maps to converge to a common fixed point of the family; which extends

Theorem 1 of Kuhfittig [6].
2. Preliminaries

Let (E,7) be a topological vector space (TVS). We assume that the topology 7 is
generated by an F-norm ¢ which has the properties given below.

(i) g(z) >0 and ¢(z) =0ifand only if : =0 (zx € E).

(i1) ¢g(z 4+ y) < g(z) + q(y), for all ,y in E.

(iv
(v

)
)
(iii) q(\z) < q() for all (real or complex) scalars \ with [\ < 1.
) If q(an) — 0, then g(Az,) — 0 for all scalars \.
) If Ay — 0, then g(A,z) — 0 for all z € E.

The relation d(z,y) = q(z—y) defines a metric on E. The space E is said to be uniformly
convex if there corresponds to each pair of positive numbers (e, r) a positive number § such

that if @ and y lie in E with ¢(z —y) > €, g(z) <r+4, q(y )<r+5,‘rhenq<xjy><r

||
1+ |z

absolute value on R, is a uniformly convex metric linear space.

The set R of real numbers under the F-norm ¢(z) = , where | - | is the usual
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The space E is said to be strictly convex if whenever r > 0, z,y € E with o # y,

q(z) <rand q(y) <r, then ¢ TTer <r

It follows from above definitions that a uniformly convex metric linear space is strictly
convex but the converse is not true (cf. [1]).

The map T on a subset M of E is said to be nonexpansive if ¢(Tx — Ty) < ¢(x —y) for
all z,y € M. A mapping T : M — FE is said to be demiclosed at y € E if, for any sequence
{zn} in M, the conditions z, = v € M weakly and T(z,) — y strongly imply T(z) = .
For a nonexpansive mapping T defined on closed bounded convex set in a uniformly convex
Banach space, I — T' is demiclosd (see [10], Prop. 10.9).

The space F satisfies Opial’s condition if and only if for every sequence {z,} in E weakly
convergent toy € E,

limninf q(zn —y) < 1in}1inf q(zn, — )

holds for all # # y in E.
It follows from the polar identity that each Hilbert space satisfies Opial’s condition.

Definition 2.1. A subset M of the space E is said to be T-regular if and only if

(i) T:M — M.

(ii) & M for each = € M.

b
Example 2.2. Let E be a nonzero vector space and a,b € E with a #b. Put ¢ = %

and M = {a,b,c}. Define T : M — M by T(a) =b, T(b) = a and T(c) = c. Then the set
z+Ta a+ F(a) a+c

M is T-regular but not convex. Define F(z) = 7 As 5 = & M soM
b
is not F-regular. Let A = {a,b,¢,d, e} where d = ¢ —2I_ c7 e= ;C. Define T: A — A by
; R
T(a) =b, T(b) =a, T(c) =¢, T(d) = d and T(e) = e. From F(z) = rt l, we obtain
F(a) = F(b) = F(¢) = ¢, F(d) = d and F(e) = e. Also note that F = TF = FT on the set
A. So the set 4 is T-regular and F-regular (and hence TF regular) but not a convex set in
E.
Clearly for a family {4, : o € I} of T-regular sets, the sets ﬂ Aq and U A, are
acl ael
T-regular.
If T is a nonexpansive map on a T-regular subset M of the space E, then in general
Tx
F(x) = ’ —i; ’ may not be nonexpansive. However if the space E is strictly convex, then

we have the nonexpansiveness of F. For, the relation ¢(Te —Ty) < g(z —y) for all 2,y € M
TxTy—l—:cy) <qglz—y)forall e £y e M ie. q(Fz— Fy) <q(xv —y) for

implies ¢ 5

Z

all z,y € M.
3. Approximation of Fixed Points
Lemma 3.1. Let E be a metrizable uniformly convex TVS and M a bounded T-reqular

subset of E. Then esther each point of M 1s a fized point of T or there exists a nondiameteral
point u of M.
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Proof. In case there is a point * € M such that x # Tz, we have by the T-regularity of M
x+Tx
€ M.

We now show that u is the desired nondiameteral point.
Forany y € M, ¢(y —Tx) < §(M), diameter of M and ¢(y — ) < §(M). Asa—Tax #0
so ¢(x — Tx) > 0 and hence g(x — Ta) > € for some € > 0. The uniform convexity of E

that v =

implies the existence of a number v, 0 < v < 1 such that g(u — y) < v6(M) which gives
that o(u, M) =sup{q(u —y) :y € M} <~+6(M) < §(M). This completes the proof.

Remark 3.2. There exists a sequence of nonexpansive maps on the closed unit ball M of
the Banach space Cy such that none of these maps has a fixed point. Recall that M is not
weakly compact (cf. [4], Ex. 2.1).

An application of the above lemma gives the following positive result.

Theorem 3.3. Let M be a nonempty weakly compact T-reqular subset of a complete
metrizable uniformly conver TVS E. Suppose for each weakly closed T-reqular subset K of
M with §(K) > 0, there exists some v, 0 < v < 1, such that for all x,y in K,

(1) q(Tx — Ty) < max{q(z —y),y0(K)}.

Then T has a fized pownt in M.

Proof. Let H be the collection of all nonempty weakly closed T-regular subsets of M. By
Zorn’s Lemma, we may obtain a minimal element say K of H. We wish to prove that K
contains a fixed point of T'. Suppose not; so there exists @ € K such that » # Tx. Since K
is a bounded and T-regular set, by Lemma 3.1, there exists « € K and 0 < ~ < 1 such that

8(u, ) < v6(K) (%)
By (1) and (*), there is a real number 0 < A < 1 such that
q(Tx — Ty) < XS(K). (k)
Let 8 = max{~, A}
G = {2eFE:iz,K)<BiK)}
H = GNnK
By (*), u € Gandsou € H. Also H is weakly closed. I v € H, then by (**), ¢(Tz —Ty) <
B6(K) for all y € K. Hence T(K) is contained in a closed ball B of centre T2 and radius
B6(K). It now follows that T(K N B) C K N B and so K N B is a T-regular set. The
minimality of K gives that T(H) C H. This together with the definition of H implies that

H is a T-regular set; consequently H € H. However §(H) < §(K), which is a contradiction
to the minimality of K. This completes the proof.

Corollary 3.4. Let M be a nonempty weakly compact T-reqular subset of a complete
metrizable unifmorly convex TVS E. If T : M — M is a nonezpansive map, then T has a
fized point.

The following is well known.

Lemma 3.5. A strictly conver metric linear space is locally conver.

Example 3.6. Let E = (C(—1,1) be the space of continuous real-valued functions on
I =(—1,1). Let A be the family of all compact subsets of I. Define for K € A, pr(f) =
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max |7 (z)| (f € E). The topology generated by the family {px : K € A} of semi-norms
EASY N

makes E a strictly convex complete metric linear space which is also a locally convex space.
Let M be the closed unit ball in the usual plane and T a rotation through the angle
7. Obviously T is a nonexpansive map. For any yo # 0 in M, the sequence {T"yp} is not

x+ Tz

convergent. For F(z) = , the sequence of iterates {F™(yo)} converges to a fixed

point 0 of T for all yo € M (see [10], p. 481).
We shall follow the argument used by Khan and Siddiqui [5] to prove the following

positive result.

Theorem 3.7. Let M be a weakly compact T-reqular subset of a uniformly convex complete
metrizable TVS E. Suppose T : M — M is a nonezpansive mapping and T(M) is contained
n a compact subset My of M. Let F': M — M be a mapping defined by

x4+ Tx
2) Py = 251
Then the sequence {F™(x)} of iterates converges to a fized point of T for all x € M.
Proof. The use of T-regularity of M is two-fold :

(i) The function F is well defined.
(i1) The sequence {F™(z)} lies in M.

The existence of a fixed point of T follows from Corollary 3.4. Now ¢(Tz —Ty) < g(x — y)
implies by the strict convexity of E that

(3) q<Tx_Tg+$_y><q(ﬂ:—y)

and so
q(F(z) —y) < qlz —y) for Ty =y and Ta # «.

Obviously {F"(x)} is a subset of the closed convex hull of My U {z}. By Lemma 3.5, £
is a locally convex space. Since My and {z} are compact and hence closed, the convex
hull of M; U {z} must be compact. Since a sequence in a compact set has a convergent
subsequence, {F"(2)} has a subsequence {F™(z)} such that

(4) lim F™(z) = p for some p € M and each z € M.

11— 00

The conclusion of the theorem will follow if we can show that Tp = p. In fact once we
show that Tp = p, we obtain
lim F*(z)=p

n—r00

as follows. We note that if Tp = p, then F(p) = p. Putting y = p in (3), we have
(5) q(F(z) = F(p)) = q(F(z) —p) < gl —p),
The application of F on both sides of (5) for n times gives
q(F () — F*(p)) < q(F"(x) — F"(p)).
Hence

q(F"(x) —p) = q(F"(z) — F"(p)) < ¢(F™ (z) — F™(p)) = q(F"(x) — p).
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This implies by (4) that
(6) lim F"(x) = p.

n—o

Now suppose Tp # p. It follows that F(p) # p; that is p is not a fixed point of T' and
hence for F. Suppose that T has some fixed point, say F¥(z) (# p) so that T(F¥(z)) =
F*(z).

It follows from the definition of F with = = F¥(x) that

FFri@)y=F¥z)  i=1,2,...

This gives by (4), p = lim Fk+i(;v) = F¥(z). Consequently any such fixed point of T
T—> 00
coincides with p. Application of F to ¢(F(z) —y) < g(x — y) implies

(7) gq(F* M (2) —y) < q(F*(x) — y).

It can be easily proved that F' is continuous. Let

®) r=ylap—v) — a(Fp) ~ v}

Define B, (F(p)) = {w|g(w — F(p)) < r}. By the continuity of F there exists an open ball
By, (p) with r; < r such that

(9) F(By, (p)) € Br(F(p)).
As F*(x) € B,,(p), so we have by (9) that
FM(z) € B,(F(p)) and so
(10) g(F**(a) = F(p)) <r.
By using (8) and (10) we have
g(F** () —y) < q(F* () = F(p) + a(F(p) — y)
< r+q(F(p) —y)

< %{Q(P —y)—q(F(p) —y)} +a(F(p) —y)

(11) < %{Q(F(P) —y)+alp -y}
Now applying F' to (7), we get
oF (@) —y) < o F ' (2) —y)
< %{Q(F(P) —y)+alp—y)}  (by11)
Applying F again and again, we get

(12 G F*i(2) — y) < S{alF(p) — y) + alp— v}
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Consider
4(p —y) < a(p — FM'(2)) + ¢(F*i(2) — y).

It now follows by (12) that ¢(F**i(z) — p) > r, that is,

lim F*(2) £ p

1—>00

which contradicts (4). Thus p is a fixed point of T and by (6), {F"(x)} converges to p as
required.

Corollary 3.8. Let M be a compact T-reqular subset of a uniformly convex complete
metrizable TVS E. If T : M — M is nonexpansive, then the sequence {F"(x)} of iterates
of F converges to a fized point of T for all x € M.

3
Example 3.9. Cousider the set M = {1,2, 5} in (R, q) where ¢ is the F-norm given by

q(z) = 1_||;L| B Define nonexpansive map T : M — M by T(1) =2, T(2) =1, T(3/2) =
T

3/2. The set M is compact and T-regular and the sequence of iterates {F"(z)} is the

constant sequence {3/2} for all z € M.

Following the technique of proof of Theorem 7 due to Browder [2] we obtain:

Theorem 3.10. Let M be a weakly compact T-reqular subset of a uniformly convex
complete metrizable TVS E. If T 1s a nonezpansiwve self map on M and has at most one
fized point y in M, then the sequence {F"(x)} of iterates converges weakly to a fized point
of T for all x € M provided either (1) I — T is demiclosed at 0 or (ii) E satisfies Opial’s
condition.

Proof. For any xg € M, put @, = F"(2o). Let {z;} be a subsequence converging weakly
to z € M. Since F' is nonexpansive and y is also a fixed point of F, therefore we have

q(zjr1 —y) = q(F(z;) = F(y)) < q(zj —y).

Thus {¢(x; — y)} is nonincreasing in j and hence ¢(2; — y) converges. Also

Flaj) —y
= 3(T(e) = T@) +2; - y)

Tit1 — Y

where ¢(Tz; — Ty) < g(zj — y). The uniform convexity of E gives that
(13) T(xj) —x; — 0.

If (i) holds, then (I — T)z = 0. That is, Tz = z. If (ii) holds and Tz # z, we have by

nonexpansiveness of 7' and (13) that

liminfg(z; —2) < liminfg(z; —T%)
< liminfq((1 — T)z;) 4+ liminf ¢(Tz; — Tz)
= liminfq¢(Tz; —T%)
< liminfg(z; — z)
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which is a contradiction. Therefore Tz = z. Hence z = y. As an arbitrary subsequence
{z) converges weakly to y so {z,} converges weakly to y as required.

Proposition 3.11 [7]. Let E be a strictly convex metric linear space, u € E and M a
subset of E. If y1 # ya € Pyr(u), then Adyn + (1 =N ya € M, 0 < A < 1.

Proposition 3.12. Let E be a strictly conver metrizable TVS, M any subset of E and
T:M — M. For anyu € E if Py(u) is nonempty and T-reqular, then each point of Pys(u)
18 a fized point of T.

T:
Proof. Suppose for some x € Pys(u), we have © # Tx. Then by Prop. 3.11, vt

5 g M
and so it cannot be in Pys(u). By hypothesis Py (u) is T-regular and hence = Tz must
hold. Thus each best M-approximation of u is a fixed point of T'.

Next we present a result concerning a more general iteration scheme and its convergence

to a common fixed point of a finite family of nonexpansive maps.
Suppose {T; : i = 1,2,...,k} is a family of nonexpansive selfmaps of a subset M of E.
Let Fy = I, identity map

1 1
Fl - §I+ §T1FO
1 1
FQ - §I+ §T2F1
1 1
F3 = §I+ ETng
11
F, = §I+ §Tka71

The sequence {F}J*(x)} of iterates can be expressed in the form

1 1
§$0 + §Tka_1xo (l‘o € Aff)

T

1 1
511 + §Tka71301

T2

1 1
(14) Tp+1 = §$n‘|‘ iTka—lxn

For k =1, (14) gives

1 1
(15) Tntl = 5Tn + §T1;vn = F1"+1(m).

Recall that the set A in Example 2.2 is T, F' and T F-regular but not convex in E.

Theorem 3.13. Let {T; : i = 1,2....,k} be a finite family of nonezpansive self maps of M
with nonempty set of common fized points where M is a compact and T; F;_y -reqular subset
(for alli =1,2,...,k) of a uniformly conver metrizable TVS E. Then for any v € M, the
sequence {FJ'(z)} converges to a common fized point of the family {T; : ¢ =1,2,... k}.

Proof. Notice that F; and T;F;_y are nonexpansive self maps of M for all j = 1,2,... k.
The sequence of iterates in (14) has the same form as (15) so by Corollary 3.8, the sequence
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{F{(z)} converges to a fixed point y of T;Fj_1. It can be easily proved as in the proof of
Theorem 1 [6] that y is a common fixed point of {T; :7=1,2,...,k}.

Remark 3.14. If in addition the family {T; : i = 1,2,...,k} in the above theorem is
commutative and the set M is T;-regular for all i = 1,2,...,k, then by Corollary 3.8, the
set of fixed points of each T; is nonempty and hence the set of common fixed points is
nonempty.

Following example reveals that the weak compactness of the underlying set is essential
for the conclusion of Theorem 3.7.

Example 3.15 [9]. Define T': R — R3 by

maxle?, o’} . 2
T(I’7y) _ W(y,$)7 lf (I,y) €R+\(0,0)

(0,0), if (z,y) = (0,0).

,0) + T(2,0
Note that (0,0) is the only fixed point of T. For any = > 0, F(z,0) = w

Then the sequence {F™(x,0)} of iterates is the constant sequence { (%, g)} with the limit
(%, g) which is not a fixed point of T. Observe that T is a continuous function on R}
which satisfies 1Tz 4+ Ty|| < |z +y| for all z,y € Ri.
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