Scientiae Mathematicae Japonicae Online, Vol. 5, (2001), 37-46 37

GENERALIZED GOTTLIEB GROUPS AND GENERALIZED WANG
HOMOMORPHISMS
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ABSTRACT. We define and study a generalized Wang homomorphism closely related
to the generalized Gottlieb group. We show that the existence of an element in the
generalized Gottlieb group whose image under the Hurewicz map is nonzero is a sufficient
condition for the vanishing of the mod p Wu numbers of X. Also, we can show that
the image A% (k) of k under the generalized Wang homomorphism is an obstruction to a
map S™ X Epy — X lifting to a map S™ X Eyy — E}, where E}, is the fibration induced
by k € H1(X; )

1. INTRODUCTION

Let L(A, X) be the space of maps from A to X with the compact open topology. For
a based map f : A — X, L(A4,X;f) will denote the path component of L(A,X) con-
taining f. Let w : L(A,X;f) — X be the evaluation map given by w(a) = a(x) for
a € L(A, X; f), where % is a base point of A. Gottlieb [G1] studied the evaluation sub-
group wx(mn (L(X, X;1))) = Gn(X) which is closely related to the Wang homomorphism
AL H*(X;7m) - H*"(X;m). Following [G2], any element & € 7, (L(X, X;1),1), or equiv-
alently, @ : S™ x X — X may be viewed as a clutching map ([S], p. 455) along the equator
of S™*+1 which constructs a fibration X - E % §7+!. Such a fibration has the Wang exact
sequence corresponding to &;

- HY(E;) 5 HY(X;m) X HT™™(X;7) = H" (E;m) — -

and A} is called the Wang homomorphism for &. Lupton and Oprea [LO] studied certain ob-
structions arising in symplectic geometry using some properties of the Wang homomorphism
Af for & € m (L(X, X;1),1). In [GNO], some properties of the Wang homomorphism A} for
& € mp(L(X, X; f), f) were studied and it was shown that this homomorphism A} is closely
related to the spherical Lefschetz and Euler characteristics. In this paper, we generalize
this homomorphism to A% : H*(X;7m) - H* "(A; ) for & € m,(L(4, X; f), f) and study
some properties of the generalized Wang homomorphism A% : H*(X;7) — H* "(A4;7)
closely related to the generalized Gottlieb group wy(m,(L(A, X; f), f)) = Go(A4, f,X). In
section 2, we introduce and study some properties of the generalized Wang homomor-
phism N, : H*(X;7) - H* "(4;7) for & € m,(L(A,X;f),f). We can obtain some
connections between the generalized Gottlieb groups and the generalized Wang homomor-
phisms. We show that A\? = 0 if and only if h(a) = 0, where a = wx(&) € G.(4, f,X)
and h : m,(Y) - H,(Y;Z) - H,(Y;n) is the composition of the Hurewicz homomor-
phism tensored with . Also we show that if f : A — X has a right homotopy inverse
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g : X — A, then the Wang homomorphism /\‘(Jgh)#(&) for (¢°)x(&) € L(X,X;1) can be
represented by the composition of g* and the generalized Wang homomorphism A%, where
g% L(A,X; f) = L(X,X; fg) is the map given by g?(f') = f’g. On the other hand, Byun
[B] defined the mod p Wu numbers and obtained a result in which the Wang homomorphism
is closely related to the vanishing of the mod p Wu numbers. In section 3, we can replace
Byun’s condition with a weaker one for the mod p Wu numbers to vanish. Amap f: A - X
is called cohomologically injective or c-injective over w if f* : H*(X;mw) — H*(A;w) is an
injective map. We show that for a c-injective map f : A — X over Z, and the same di-
mensional path connected Z,-Poincaré spaces X, A, if there is an element a € G1(4, f, X)
such that the image h(a) of a under the Hurewicz map is nonzero, then all the mod p
Wu numbers of X vanish. In section 4, we can know that A% (k) can be considered as an
obstruction to the map &(1 x pxs) : S™ x Epy — X lifting to a map S™ x E,y — Ej, where
E} is the pullback of k : X — K(m,q) and € : PK(7,q) — K(m,q), and Eyy is the pullback
of kf : A— K(m,q) and € : PK(mw,q) — K(m,q). In fact, we show that there exists a map
¢:S™ x Exy — Ej such that ¢p, , ~ f and the diagram

SnXEkf —>¢ Ek

Ikafl Pkl

S"x A —— X
commutes if and only if A% (k) =0 € H9 "(A; 7). The special case in which f = 1y and
A = X, is a result of Gottlieb ([G1], Theorem 6.3). Throughout this paper, space means a
space of the homotopy type of a locally finite connected CW complex. The base point as
well as the constant map will be denoted by *. For simplicity, we use the same symbol for
a map and its homotopy class.

Acknowledgment. The author would like to express his gratitude to John Oprea and
Gregory Lupton for valuable conversations during this research.

2. GENERALIZED GOTTLIEB GROUPS AND GENERALIZED WANG HOMOMORPHISMS

In 1949, H. C. Wang [W] obtained the following result; For a fibration X 5 BB gn+t
over a sphere, there is an exact sequence

i A% -
o= HY(E;7) 5 HY(X;7) 3 HT™(X;7m) = HWYE;7) — -+,

which is called the Wang sequence. On the other hand, D. H. Gottlieb [G2] considered that
for any element & € m,(L(X,X;1),1), the Wang homomorphism for & as follows;

Represent S™*! as the union of closed hemisphere E™! and Efrl with intersection
S". For any element & € m,(L(X,X;1),1), let E4 be the space obtained from (E™™! x
X) [I(E7™ x X) by identifying (y,z) € E**' x X with (y,a(y)(z)) € E}T" x X fory € S™
and z € X. These identifications are compatible with the projections E"™! x X — E"*!
and ETT' x X — E7T'. Thus we have a fibration X -5 Ej PY §n+1 with the clutching
map @ : S™ x X — X for ps. Such a fibration has the Wang exact sequence associated to
it;

---— HY(E;m) i—*)Hq(X;’/T) )\—%Hq_"(X;ﬂ) — HY (E;m) — -

and X} is called the Wang homomorphism for & [G2].
There is a beautiful connection between the Wang homomorphism A% : HY(X;7) —
H?"(X;n) for & and the clutching map @ : S™ x X — X for ps as follows;
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For any z € H(X;7), @*(z) = 1 x x + U x X% (z), where U € H"(S™) is the generator
(Confer [S] pp.456).

Now we would like to generalize this Wang homomorphism to A% : H*(X;7) — H* " (A4;
7) for & € m,(L(A, X; f), f) using a similar relation with the above fact and study some
properties of the generalized Wang homomorphism A5 : H*(X;7) — H* " (A; ) closely
related to the generalized Gottlieb group G, (A, f, X) defined by Woo and Kim [WK].

Definition 2.1. Let f : A — X be a based map. A based map «a : S™ — X is called
f-cyclic if there is a map @ : S™ x A — X such that aj ~ V(aV f) : SV A — X, where
j:S™"VA— S™x Ais the inclusion and V : X V X — X is the folding map. We say that
@ is an associated map to a. The set of all homotopy class of f-cyclic maps from S™ to X
is denoted by G, (4, f, X).

Also, a based map « : S™ — X is called eyclic if a is 1x-cyclic. The Gottlieb group
denoted G, (X) is the set of all homotopy class of cyclic maps from S™ to X [G1].

Remark 2.2.

(1) Go(X) =n{Gn(A, f,X) | f: A— X is amap and A is a space}. For a € G,(X),

there is an associated map a : S™ x X — X. The composition

Ax S x xsn S x
establishes that a € G, (4, f,X). Since f is arbitrary, « € N;G,(A4, f,X). On the
other hand, if we take A = X and f =1: X — X, then the converse holds.

(2) Go(X,1,X) = Gp(X) and G (4, %, X) = m, (X).

(3) In general, G,(X) C Gp(4, f,X) C mp(X) for any map f: A — X. It is well known
that G5(S%) = 2% [G1] and G,,(X,i1, X X Y) = G,(X) ® m,(Y) [LW]. Consider the
inclusion i; : S — S® x S° and the projection p; : S® x S> — S°. Then we know,
from the above fact, that G5(S® x S%) = 2Z @ 2Z # G5(S°,i1,S5° x S°) X 2Z S 7L #
7{.5(55 X 55) =7 EBZ

Since A is a locally compact, any continuous map & : (S™,*) — (L(A, X; f), f) corre-
sponds to a continuous map @ : S™ x A — X, where a(s,a) = &(s)(a). Thus we have the
following proposition.

Proposition 2.3. [WK] Letw : L(A, X; f) — X be the evaluation map. Then wy(m,(L(A,
X5 1) =Gn(A, f,X).

For a based map f : (A, %) = (X, %), let « € G,(A4, f, X). From Proposition 2.3, there is
an element & € m,(L(A, X; f), f) such that wx(&) = a. By the exponential law, there is a
map & : S"x A — X given by a(s,a) = &(s)(a) or immediately by definition of G, (4, f, X),
there is a map @ : S™ x A — X such that aj ~ V(a V f), where j : S" VA — 8™ x A is
the inclusion and V : X V X — X is the folding map. Now we are going to study some
properties in cohomology of the associated map & : S™ x A — X. Let m be a commutative
ring with a unit. By the Kiinneth formula and the fact H*(S™;Z) has no torsion, we have

HY(S™ x A;m) =2 HY(S™Z)® HY(A;m) @ H"(S™ Z) @ HT ™ (4; ).

Thus if z € HI(S™ x A;m), we may write z = 1 x z + U x y, where U € H"(S™) is the
generator such that (U,U) = 1 and U € H,(S™) is the fundamental homology class. Let
i1 : 8™ > 8" x Ayis : A = S™ X A beinclusions and p; : S" x A = S, py: S"xX A= A
be projections. Then p}(U) = U x 1,p3(z) = 1 x z. Now since pyi; = 1,ij(2' x 1) = 2’ and
it(2' x z) = 0 unless z € H°(A; ). Since paiz = 1,i5(1 x z) = z and i3(2’ x 2) = 0 unless
2" € H°(S™). Thus since @iy = f, a*(x) = 1 x f*(z) + U x y. From now on, we shall denote
y by AL (z).



40 YEON SOO YOON

Definition 2.4. Forany & € m,(L(A, X; f), f), defineamap X : H/(X;m) — H? "(A;m)
by a*(z) = 1 x f*(x) + U x AL (z). Since a*(z +y) = a*(z) + a*(y), we can easily show
that A2 : H9(X;m) — H?7""(A;m) is a group homomorphism. We call this homomorphism
a generalized Wang homomorphism.

Note that in case A = X and f = 1, the generalized Wang homomorphism A% for & is
exactly the Wang homomorphism.

Here we use Spanier’s conventions for the cup product, cap product and slant product [S].
Recall that the slant product \ : H,(X;G)®@ H(X xY;G") - HT" ™(Y;G' ® G) is given by
(2\u, c) = > (u, z;9c)®g;, where z = Y 2;09; € Hp(X;G) ([S], p- 351). We can easily know
that for the fundamental class U € H,(S™), the map U\ : H(S™ x A;7) = H? "(4;n)
given by (U\ )(y) = U\y for v € H1(S™ x A; ), is a homomorphism.

Lemma 2.5. For each ¢, A% = (U\ )(@*) : HY(X;7) & HY(S" x A;m) B HI~"(A; 7).

Proof. Let x € H'(X;7). Since deg U =n >0, U\(1 x f*(x)) = 0. Thus (U\ )(a*)(z) =
U\a*(z) = U\(1 x f*(z)) + U\(U x Xi(z)) = 0+ (U,U)A\%(z) = A (). O

Let £ : L(A,X) x A — X be the evaluation map. Then define a homomorphism
A2 H,(L(A,X);7) — Hom(HY(X;7), HI="(A;7)) by M(B8)(z) = B\E*(z), where \ :
H,(L(A,X);m)® HY(L(A, X) x A;m) — H? " (A;n) is the slant product. Let b : 7,(Y) —
H,(Y;Z) - H,(Y;7) be the composition of the Hurewicz homomorphism tensored with
.

Proposition 2.6. For each & € m,(L(A, X f), f), AL = M (h(@)).
Proof. Consider the following commutative diagram
St x A 2Ly L(A,X)x A
| |
X — X.
Thus AL (z) = U\a*(z) = U\(ax 1x)*E*(z) = a.(U)\E*(z) = h(&)\E*(z) = M (h(&))(z).
o
Note that Ay, =0: HY(X;7) - H9 "(A;n) for all ¢ < n since H7 "(A4;7) = 0.
Corollary 2.7. If & € Ker(h : m,(L(A,X; f),f) = Hn(L(A,X);m)), then X\ = 0
HiY(X;7w) = HI""(A;x) for all ¢ > n.
For any r > 0 and any (8 € m(L(A, X; f), f), let w#(ﬂA) =f3:S8" = X. Then w,B, =

By H.(ST) By H,.(L(A,X);7) %3 H,(X; ). Therefore, we have the following commutative
diagram;

T (LA, X ), ) —— Hy(L(4, X); )
- .|
m(Xom)  — H(X;m).
Thus we can obtain a necessary and sufficient condition for A} = 0 as follows.

Theorem 2.8. hwy (&) = wih(d) = 0 € Hy(X;m) if and only if A2 =0 : H*(X;7m) —
HC(A;7) for any field .
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Proof. Let x € H™(X;m). Since a*(x) = 1 x f*(x) + U x A2(z) = 1 x f*(z) +
AL(@) -U x 1and a = @iy, (wg(d))"(2) = a(z) = ifa*(z) = 4(1 x f*(z )) +iT (A5 (@) -
Ux1)=X(z) - U. Thus Af(z) = (A5 (2) - U, U) = ((wg(@))"(2), U) = (z, (wg(@)).(U)) =

(, h(w#(d))> Thus AZ = 0 if and only if h(wg(&)) = 0. Since w.h = hw#, we have proved
the theorem. (|

On the other hand, we have a bilinear map from m,(L(A,X;f),f) x HY(X;7) —
H97"(A;7) given by (&, k) — AL(k). If we fix & € m,(L(A, X; f), f), we get a general-
ized Wang homomorphism XY : HY(X;7) — H9 " (A;m). If we fix k € HY(X;7), we get a
homomorphism Ay : 7, (L(A4, X; f), f) = H? ™ (A;m) given by A(&) = X% (k). We call Ay
a generalized Gnaw homomorphism.

Proposition 2.9. Letk: X - Y andl:Y — K(n,q) be maps. Then the diagram

Tn(L(A, X5 £), £) 2225 1 (L(A, Y5 k), kf)

A | M

Hi "(A;wr) —— H"(A;7)
commutes, where ky : L(A,X; f) = L(A,Y; kf) is the map given by ki(f') = kf'.

Proof. Let & € mn(L(A,X;f),f). Then Aj(ky)x(a@) = Ai((ky)x(a)) = )\?kh)#(&)(l)

U\(k@)* (1) = U\&"k*(1) = U\&* (1K) = ML (1) = Au(@). O

Let ¢, be the fundamental class of HY(K(m,q);m). Then it is well known by Thom [T]
that A,, : m,(L(X,K(m,q); k), k) = H?™"(X;7) is an isomorphism. Taking ¥ = K(,q)
l =1k (rq, A= X and f = 1x, we have the following corollary.

)

Corollary 2.10. [G2] For k : X — K(m,q), Ay = A, (ky)x : mo(L(X,X;1),1) (klg#
A,
Tn(L(X, K (7, q); k), k) = HI™"(X;).

The first commutative diagram of the following proposition comes from the proof of
Proposition 2.9.

Proposition 2.11. Let j: B — Ajk : X = Y be maps and & € m,(L(A,X; f), f). Then
the diagram

HY(Y;m) LN Hi(X;7n) ——— HY(X;n)
A?kh)#(&)l Xél )‘?j“)#(&)l
He "(A;7) ——— H9™(A;71) ——— HT"(B;n)

commutes, where j% : L(A, X; f) — L(B, X; fj) is the map given by j5(f") = f'j.

Proof. We only show that the second diagram is commutative. Let x € H7(X;7). Then
Moo @ = U\@(1 x )" () = U\(1 x j)"a*(z) = jU\a* (x) = j*N(2). O

Corollary 2.12. Let g: X — A be a map and & € m,(L(A, X; f), f). Then the following
diagram is commutative;

H1(A;) AN HY(X;n) ——— HYX;n)

a )\q
’\(gh)#(«s)l Xél (gh)#(a)l

Hi "(A;m) —— H9 "(A;m) AN Hi—"(X;n).
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The above corollary says that for any element & € 7, (L(A, X; f), f) and amap g : X —

A, the homomorphism )\ggh)#(&) for (g") (&) € L(X, X; fg) is the composition H4(X; ) a
H?T ™(A;m) N H? ™(X;7) and the homomorphism A((Igh)#(d) for (gy) (&) € L(A, A;gf) is
the composition H?(A; ) N HY(X;m) X H9 " (A;m). Thusif f : A - X has aright homo-
topy inverse g : X — A, then the Wang homomorphism A?gh)#(d) for (g%)x(&) € L(X, X;1)
can be represented by the composition of g* and the generalized Wang homomorphism A% .

3. GENERALIZED GOTTLIEB GROUPS AND THE MOD p WU NUMBERS

Byun [B] defined the mod p Wu numbers and obtained a result in which the Gottlieb
group is closely related to a condition for the vanishing of the mod p Wu numbers. In this
section, we show that the generalized Gottlieb group is closely related to a condition for the
vanishing of the mod p Wu numbers. Thus we can replace Byun’s condition with a weaker
one for the mod p Wu numbers to vanish. By an m-dimensional Z,-Poincaré complez,
we will mean a CW complex X for which there is a homology class Ux € H,,(X;w)
such that the map NUx : H*(X;Z,) = Hpym—.(X;Z,) is an isomorphism. Consider an
m-dimensional Z,-Poincaré complex X with a prime integer p. Let {p} = 1 if p = 2 and
{p} =2(p—1)if p > 2. Let P*: HY(X; Z,) — HIHP}*(X; Z,) be the k-th Steenrod square.
It is customary to denote it by Sq¢* when p = 2. Using the universal coefficient theorem and
Poincaré isomorphism, there is an isomorphism ¢: H4(X; Z,) - Hom(H™ 9(X; Z,), Z,)
given by ¢(z)(y) = (x Uy,Ux), where x € H1(X;Z,), y € H" %(X;Z,). Consider an
m-dimensional Z,-Poincaré complex X with a prime integer p and the homomorphism

k
Hm™MrH(X; 7)) LN H™(X; Z,) < ’E>X> Z,. Then, by the above fact, there exists an unique
cohomology class v, € H{PH (X Z,) such that xUv, = P% () for any x € H™ 1P} (X; Z,).
Thus we have the following lemma.

Lemma 3.1. Let X be an m-dimensional Z,-Poincaré complex with a prime integer p.
Then there exists an unique cohomology class v, € HPY*(X; Z,,) such that x U vy, = PE(x)
for any x € Hm_{p}k(X; Z,), where P)k( is the k-th mod p Steenrod power.

Set v =1+v, +v3+---. Let P =1+ P! 4+ P2+ -.- be the mod p total Steenrod
power. The mod p total Wu class q and the k-th Wu class q; are defined by the equation
q=Pv=14+q +q+ -, thatis, g = Eiﬂ.:k Pi(v;) € H{p}k(X;Zp). Also, the mod p
Wu numbers are defined [B] as gr = (¢, 4., - - - ¢.,, Ux) for any sequence of natural numbers
I =(u1,t2,---,u) such that {p}(¢1 +t2 +---+ ;) = m. In particular, when p = 2 and X
is a manifold, these characteristic numbers are none other than the usual Stiefel-Whitney
numbers of X. When p = 2, the classical terminology calls g the Stiefel-Whitney class of X
and v (X) the Wu class of X. Let 7 be a commutative ring with a unit. A map f: A - X
is called cohomologically injective or c-injective over w if f* : H*(X;n) —» H*(A;w) is an
injective map. Given a c-injective map f : A — X over 7, a f-derivation of degree —n from
H*(X;m) to H*(A;m) is a group homomorphism Dy : H*(X;7) — H*~"(A;7) such that
D(uUv) = Dy(u)U f*(v) + (=1)"1 f*(u) U D (v) for any u,v € H*(X ;7). Here |u| means
dim u. We can obtain the following lemma by modification of Byun’s proof.

Lemma 3.2. Let X and A be m-dimensional Z,-Poincaré spaces for a prime p. Assume
f:+A—= X is a c-injective map over Z, and there is a f-derivation Dy of deg —n from
H*(X;Z,) to H*(A;Z,) which commutes with the mod p Steenrod power. Also assume
there is a class ¢ € H"(X;Zp) such that D;(¢) = 1, P (f*(¢)) = O for any i such that
0<i<nifp=2and0<i<n/2ifp>2, where P'’s are the i-th mod p Steenrod powers.
Then all the mod p Wu numbers of X wvanish.
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Proof. First of all, we will show that f*(¢) U Ds(¢) = 0. Let m = dim X. From Lemma
3.1, there exists a unique cohomology class vy € HP}*(X; Z,) such that = U v, = P& ()
for any @ € H™ (PY(X;2,). Then f*(¢) U DyP4(x) = £(6) U Dyla Un) = (f*(6) U
Di(x)) U f*(vg) + (=1)2"=Lf*(2) U (f*(¢) U Dy (vg)). Thus we have

F (@) UDsPx(x) = f*(2) U (f*(9) UDs(vr)) + (£*(¢) UDy(x)) U f*(wr). (¥)

Case 1. Assume p = 2 or n is even. Then, noting that Pf*(¢) = f*(¢) + f*(¢)? from
the hypothesis, we obtain, by Cartan’s formula, P*(f*(¢) U Dy(z)) = >, PF7If*(¢) U
PiDs(x) = f*(¢) U PDs(x) + f*(¢)? U PA°Dy(z), where § = n if p = 2 and § = n/2
if p > 2. From the equation (*), we have P*(f*(¢) U Ds(z)) — f*(¢)? U P*=°D(z) =
F(6)UP*Dy(x) = f*(@)U(F*(6)UD; (00)) + (f*(9)UD; (£))Uf* (11). Since A is also an m-
dimensional Z,-Poincaré complex, there exists a unique cohomology class v, € H P}k 4; Zy)
such that a U o, = Pk(a) for any a € H™ P (4; 7). Since P;f*(z) = f*Pi(z) =
f(xrUw) = f*(x) U f*(vg) and f*(z) € HP*(A4; 7)), we know that o, = f*(vi) and
PR(f*(¢) U Dg(x)) = (f*(¢) U Dy(x)) U f*(vg). Thus we have f*(¢)? U PE™°Ds(z) =
—f*(x) U (f*(¢) U Ds(vx)). Note that ¢? U P*~°(z) = 0 for dimensional reasons and that
Dy(¢?) = 0. Thus we have 0 = Dy (¢?UPY °(z)) = Dy(¢)Uf* Py °(z)+(—1)"1*"| f* ()P U
DyPL5 () = f*(§)PUPE=D;(z). Since *(6)PUPL Dy (x) = — f*() U(F*(#)UD; (),
we know (f*(¢) U Dy(vg)) U f*(x) = 0 for any = (]| = m — {p}k). By Lemma 3.1,
we have that f*(¢) U Ds(vg) = 0 and, therefore, that f*(¢) U Dy(v) = 0. Thus 0 =
P(0) = P(f*(6) U Dy(v) = PF*(é) U PDy(v) = (f*(6) + [*(6)?) U PD;(v) = (f*(é) U
PD;(v)) + (f*(¢)? U PDy(v)). It follows that f*(¢) U PDs(v) = —f*(¢)? U PDy(v) =
(=1)2f*(¢)?P~ D+ Y PDy(v) = -+ = (=1)N f*(¢p)NP=D+L U PDy(v) = 0, where N is any
sufficiently large integer. Thus we have f*(¢)UDy(q) = f*(¢)UDsP(v) = f*(¢)UPDys(v) =
0.

Case 2. Assume both p and n are odd. Then Pf*(¢) = f*(¢) from the hypothesis and,
therefore, Pk (f*(¢)UDs(z)) = >, Pj_if*(gzﬁ)UPADf( ) = f*(¢)UP%D¢(x). Together with
equation (), we obtain PX(f*(¢) U Dy (x)) = f*(x) U (f*(é) U Dy (vx)) + (*(6) U Dy () U
f*(vg). From the property of f*(vi), we know that Pk (f*(¢)UD;(z)) = (f*(¢)UDy(z))
f*(vg). Therefore we have that f*(z)U(f*(¢)UDy(vg)) =0 for any = (Jz| = m—2(p—1)k
By Lemma 3.1, we know that f*(¢) U Dy(vr) = 0 and, therefore, that f*(¢ ) U D¢(v) = 0.
Thus 0 = Po(f*(¢) UDy(vr)) = Paf*(¢) UPaD¢(v) = f*(¢) UDsPx (v) = f*(¢) UDy(q).
This proves the assertion f*(¢) U Dy (g) = 0.

Secondly, if u is a cohomology class with Dy(¢ Uu) = 0, then 0 = Dy(¢p Uu) =
F(w) + (=1)"* f*(¢) U Dy(u). Thus we know that f*(u) = (—=1)""TLf*(¢) U Ds(u) =
(=)D £(h) U Dy(u) = (=1)"F1f*(¢) U Dy(u). In particular, if ¢ Uu = 0, then
£*() = (S1)™£*(6) U Dy (u).

Now we will prove this lemma. Let I = (i1,t2,---,u) be a sequence of natural numbers
such that {p}(t1s + to +---+vy) = m. Set ¢4 = ¢.,q., - -q,.- From the fact ¢ Uq; €
H™n(X : Z,) = 0, we have that f*(a1) = (—1)™ f*(¢) U Dylar) = (—1)™* f*(@) U

5 (=)t D1 1D (g, f(giy) -+ F5(a,) -+ £7(qu). Since |g,,| s even (p > 2)
and (—1)Ut -+l 1 Dlas T =1 (mod p = 2), we can get Z (=1)al+Hla, 1 Dlas 1 p (g, i)
f*((JLl)"'f*(QL]-)"'f*(qu) :Ej Df(ql—j)f (ql—l) f (qL]) f (ql—z)' Thus we know, from

the fact f*(¢)UDy(q) = 0, that f*(gr) = (=1)"" 32;(f*(9) UDs(q.,)) f*(¢ur) -+~ F*(a5) - -
f*(q,,) = 0. Since f is c-injective over 7, ¢r = 0 and ¢r(X) = (., ¢.» - - ¢,,, Ux) = 0. This
proves the lemma. O

u
)-
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For any & € mp(L(A, X; f), f), there is a map A} : H*(X;m) - H* "(A4;nm). If f: A —
X is a c-injective map over w, then the following lemma shows that A% is an f-derivation
of degree —n.

Lemma 3.3. (1) If f: A — X is a c-injective map over m, N5 (uUwv) = X5 (u) U f*(v) +
(=) f* (u) U N (v) for any u,v € H*(X ;7).
(2) If T = Z,, we have X5, P* = PEX% for any integer k.

Proof. (1) We have a* (uUv) = 1x f*(uUv) +U x A% (uUv). On the other hand, a*(uUv) =
a*(w)ua*(v) = (Ix f*(u)+Ux AL (u)U(1x f*(0)+U XA (v) = 1x f*(uUo)+U x (A% (u)U
£ @)+ (=) (f*(w)UX; (v))). Thus X5 (ulv) = (A5 (w)UF* (0)+(=1)"1" (f*(w)UXE (0)).
(2) Since P*a*(u) = @*P*(u) and P*f*(u) = f*P*(u), we have that 1 x P*f*(u) + U x
PEX% (u) = PE(Ix f*(u)+U x X5 (u)) = Pra*(u) = a* P*(u) = 1x f*P*(u)+U x X5 P* (u) =
1 x PEf*(u) + U x A5 P*(u). Hence PEX%(u) = A5 PF(u). O

We know, from Corollary 2.12 and the above lemma (1), that if f: A — X has a right
homotopy inverse g : X — A, then g*\Y is the Wang derivation of degree —n of H*(X ;).
Now, Lemma 3.2 and Lemma 3.3 together prove the following theorem.

Theorem 3.4. Let p be a prime, X and A m-dimensional path connected Z,-Poincaré
spaces. Assume f: A — X is a c-injective map over Z, and there is a class ¢ € H"(X; Z,)
such that (¢, h(a)) = 1 for some element a € G, (A, f, X) and P*(f*(¢)) = 0 for any i such
that 0 <i<nifp=2and0<i<n/2ifp> 2, where P'’s are the i-th mod p Steenrod
powers. Then all the mod p Wu numbers of X wvanish.

The following corollary says that, from Proposition 2.3 and Theorem 2.8, the nontriviality
of the generalized Wang homomorphism is a sufficient condition for the vanishing of the
mod p Wu numbers.

Corollary 3.5. Let f : A = X be a c-injective map over Z,, where X and A have the same
dimensional path connected Z,-Poincaré spaces. If there is an element o € G1 (A, f,X) such
that h(a) # 0, then all the mod p Wu numbers of X vanish.

Proof. Since the map H*(X; Z,) — Hom(H;(X; Z,), Z,) defined by the Kronecker product
is an isomorphism, there is a ¢ € H'(X; Z,) with (¢, h(a)) = 1. This proves the corollary.
O

Taking f =1 and A = X, we get a result of Byun [B].

Corollary 3.6. [B] Let X be a path connected Z,-Poincare space. If there is an element
a € G1(X) whose image under the Hurewicz map h : m(X) — H1(X; Z,) is not zero, then
all the mod p Wu numbers vanish.

4. GENERALIZED WANG HOMOMORPHISMS AND LIFTING GOTTLIEB GROUPS

Let £ : X — Y be a map and PY the space of paths in Y which begin at *. Let
€ : PY = Y be the fibration given by evaluating a path at its end point. Let py, : B, — X
be the fibration induced by & : X — Y from e. Let f: A - X be a map. Then we can also
consider the fibration pry : Exy — A induced by kf : A = Y from e. The following lemma
is standard.

Lemma 4.1. A map g : B — X can be lifted to a map B — E}, if and only if kg ~ x*.

In [Y], we showed that the following theorem is true for the case of f =1x and A = X.
It is can be easily extended as follows.
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Theorem 4.2. Let & : B x A — X be an associated map to o € G(B; A, f, X). Then there
exists a map ¢ : B X Exy — Ey such that ¢\, . ~ f and the diagram

BXEkf L)Ek

(IXPkf)l Pkl

BxA —2. X
commutes if and only if ka(1 X prys) ~ *.

Proof. If such a ¢ exists, we know, from Lemma 4.1, that k&(1 x pyy) ~ *. Conversely,
suppose ka(l x pry) ~ *. By Lemma 4.1, there is a map ¢' : B x Eyy — Ej, such that
pr¢’ = a(l X pry). Then pk(biEkf = a(lxXprs)iE., ~ pef. Tt is known (IMT], Proposition 2,
p. 109) that for maps g1, g2 : C — Ej, prg1 ~ prg= if and only if there is amap v : C — QY
such that g1 ~ p(gs X v)A, where p : Ej, X QY — Ej is given by u((a,n),w) = (a,w + 1)
and A : C = C x C is the diagonal map. Thus for maps f, (biEw : Eyy — Ey, there is
amap vy : Exy — QY such that f ~ pu( TEkf x y)A. Let v/ = yps : B x Epy — QY
where py : B X Epy — FEyy is the projection. Consider the map ¢ = u(¢' x v')Apxg,; :
B x Epy — Ej. Then pr¢ = prd’ = d(l kaf)’(mEkf ~ /},((Z%Ekf X ’y)AEkf ~ f This proves
the theorem. O

The following corollary says that A% (k) can be considered as an obstruction to the map
a(l X pry): S™ X Epy — X lifting to a map S™ x Epy — Ej.

Corollary 4.3. Let & € w,(L(A, X;f),f) and @ : S* x A — X be the map given by
a(s,a) = &(s)(a). Let k € H1(X;m), where ¢ > 2. Then there exists a map ¢ : S™ X Epy —
Ey such that ¢|g, , ~ f and the diagram

SnXEkf L} Ek

1><Pkfl Pkl

SnxA —2 4 X
commutes if and only if X% (k) =0 € HT™"(A; 7).

Proof. From Theorem 4.2, it is sufficient to show that ka(l x pry) ~ * if and only if
A (k) =0 € HI""(A;m). It is known [HV] that if p : E — B is a fibration with ¢ — 2
connected fibre F' (¢ > 2), then for any coefficient group w, p* : H(B;7) — H'(E;m) is
an isomorphism for ¢ < ¢ — 2 and a monomorphism for ¢ = ¢ — 1. Since piy : Exy — A is
a fibration with fibre K (m,q — 1), p* : H'(4;7) — H'(Ejs;7) is a monomorphism for all
i < gq—1. Thus \i(k) =0 € HI7"(A;) if and only if pj ;A§ (k) =0 € HI™"(Eys;m). We
have that a*(k) = 1 x f*(k) + U x A% (k). Hence we have, from the property of cohomology
cross product with respect to coboundary operator of a pair, that §*a*(k) = §*1 x f*(k) +
U x AL (k) € H(D"L x A, 8™ x A;m). Since HY(D",S™7Z) = HY(S"HZ) =
0, 61 = 0. Therefore §*a*(k) = 0*U x XL(k). Since (1pn+1 X prp)*6*a*(k) = 6*U x
Prs AL (k) and 0*U is a generator of H™*! (D™, S™; 7) = 7, it follows that pj (A% (k) =0 €
Hq—n(Ekf;ﬂ-) if and Only if (an+1 X pkf)*6*5é*(k) =0¢ Hq+1(Dn+1 X Ekf,Sn X Ekf;ﬂ').
Since (1pn+1 X pryg)*6* = 6*(1gn X pry)* : HI(S" x A;7m) — Hq+1(Dn+1 X Eyp,S™ X Egg;m),
pzng(k) =0¢€ Hqin(Ekf;ﬂ') if and only if 5*(kd(15n X pkf)) = 5*(15n X pkf)*d*(k) =
0 € HIY(D" x Eyy,S™ x Ejg;m). Thus we only show that §*(ka(lg» x prs)) = 0 €
Hq+1(Dn+1 X Ekf,Sn X Ekf;ﬂ') if and only if k‘d(lgn X pkf) ~ x. If kd(lgn X pkf) ~
%, then clearly d*(ka(lg» % pry)) = 0. Conversely, suppose 0*(k@(lsr X pry)) = 0 €
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HITY (D" x By, 8™ x Egyp;m). Since the sequence HY(D™ ! x Ejz;m) ()" H1(S™ x
Epp;m) LN HITY (D™ x Ep, S™ x Ejs) is exact, there is a map F : ¢S™ x Exy — K(m,q)
such that Fign,p,, = ka(ls» X pry), where c¢S™ is the reduced cone of S™. Thus we have
amap H : S" x Exy x I — K(m,q) given by H(s,e,t) = F([s,t],e). Then H(, ,0) =

ka(lsn X pry), H(, ,1) = H(*, ,0) = kfprsp2. Since there is a map fpa:S™x Eiy — By
satisfying pr(fp2) ~ fprsp2, by Lemma 4.1, H( , ,1) = kfprsp> ~ *. Thus we have
kC_l(].Sn X pkf) ~ X, O

The special case in which f = 1x and A = X, is a result of Gottlieb ([G1], Theorem
6.3).

REFERENCES

[B] Y. Byun, On vanishing of characteristic numbers in Poincare complezes, Trans. Amer. Math. Soc.
348(8)(1996), 3085-3095.

[GNO] R. Geoghegan, A. Nicas and J. Oprea, Higher Lefschetz traces and spherical Euler characteristics,
Trans. Amer. Math. Soc. 348(5)(1996), 2039-2062.

[G1] D. H. Gottlieb, Fvaluation subgroups of homotopy groups, Amer. J. Math. 91(1969), 729-756.

[G2] D. H. Gottlieb, Applications of bundle map theory(1), Trans. Amer. Math. Soc. 171(1972), 23-50.

[HV] I. G. Halbhavi and K. Varadarajan, Gottlieb sets and duality in homotopy theory, Canad. J.
Math.,27(5)(1975), 1042-1055.

[H] P. Hilton, Homotopy Theory and Duality, Gordon and Breach Science Publishers, Inc., 1965.

[LW] K. Y. Lee and M. H. Woo, Generalized evaluation subgroups of product spaces relative to a factor,
Proc. Amer. Math. Soc.,124(7)(1996), 2255-2260.

[LO] G. Lupton and J. Oprea, Cohomologically symplectic spaces: Toral actions and the Gottlieb group,
Trans. Amer. Math. Soc. 347(1)(1995), 261-288.

[MT] R. E. Mosher and M. C. Tangora, Cohomology operations and applications in homotopy theory,
Harper & Row, New York, 1968.

S] E. H. Spanier, Algebraic Topology, McGraw-Hill, New York, 1966.

T] R. Thom, L’Homologie des Espaces Fonctionels, Colloque de Topologie algebrique Louvain, 1957.

W] H. C. Wang, The homotopy groups of the fibre bundles over a sphere, Duke Math. J.,16(1949), 33-38.

WK] M. H. Woo and J. R. Kim, Certain subgroups of homotopy groups, J. Korean Math. Soc.,21(2)(1984),
109-120.

[Y] Y.S. Yoon, Lifting Gottlieb sets and duality , Proc. Amer. Math. Soc. 119(4)(1993), 1315-1321.

[
[
[
[

DEPARTMENT OF MATHEMATICS, HANNAM UNIVERSITY, TAEJON 306-791, KOREA.
E-mail address: yoon@math.hannam.ac.kr



