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Abstract. For an ordered groupoid G, we denote by G0 the ordered groupoid arising

from G by the adjunction of a zero element. We �rst prove the following: If S is an

ordered groupoid, then there exists a proper prime ideal of S if and only if there exists

and ordered group G and a mapping f of S onto G0 which is a homomorphism. The

following question arises: Given an ordered groupoid S under what conditions there

exists and ordered group G such that S is isomorphic to G0 ? We prove the following:

If S is an ordered groupoid with a zero element � such that Snf�g is a subgroup of S,

then there exists an ordered group G such that S is isomorphic to G0. The converse

statement also holds: If S is an ordered groupoid and G an ordered group such that

S is isomorphic to G0, then there exists a zero element � of S such that Snf�g is a

subgroup of S.

For an ordered groupoid (S; Æ;�) we denote by S0 the ordered groupoid arising from S by

the adjunction of a zero element, constructed as follows:

We consider an element 0 which does not belong to S (0 =2 S), and the set S0 := S [ f0g

with the following multiplication-order.

� : S0
� S0

! S0
j (a; b) !

�
a Æ b if a; b 2 S

0 otherwise

�0 : = �S [ f(0; x) j x 2 S0
g:

In particular, if (S; Æ;�) is an ordered semigroup, then (S0; �;�0) is an ordered semigroup,

as well, and 0 is the zero of S0.

In the following, the multiplication and the order on S0 are always denoted by " � " and

�0 ".

If (S; :;�) is an ordered groupoid, a zero element of S is an element of S, denoted by 0,

such that 0x = x0 = 0 and 0 � x for every x 2 S [1]. Let (S; :;�) , (T; �;�) be ordered

groupoids, f : S ! T a mapping of S into T . f is called isotone if x � y implies f(x) � f(y).

f is called reverse isotone if x; y 2 S, f(x) � f(y) imply x � y. f is called a homomorphism

if it is isotone and satis�es f(xy) = f(x) � f(y) for all x; y 2 S. f is called an isomorphism

if it is a homomorphism, onto, an reverse isotone. S and T are called isomorphic, in symbol

S �= T , if there exists an isomorphism between them. Each reverse isotone mapping is (1-1).
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Indeed: Let x; y 2 S, f(x) = f(y). Since f(x) � f(y), we have x � y. Since f(y) � f(x),

we have y � x. Then x = y [2].

If (S; :;�) is an ordered groupoid, by an ideal of S, we mean a non-empty subset P of S

such that 1) SP � P and PS � P . 2) a 2 P and S 3 b � a implies b 2 P . An ideal P of S

is called prime if a; b 2 S, ab 2 T implies a 2 T or b 2 T . Equivalent De�nition: A;B � S,

AB � T implies A � T or B � T [3]. An ideal P of S is called proper if P 6= S [4].

Theorem 1. Let (S; :;�) is an ordered groupoid. The following are equivalent:

1) There exists a proper prime ideal of S.

2) There exists an ordered group (G; Æ;�G) and a mapping

f : (S; :;�)! (G0; �;�0)

which is homomorphism and onto.

Proof. 1) ) 2). Let P be a proper prime ideal of S. We consider the set G = feg with

the multiplication " Æ " and the order " �G " on G de�ned by:

e Æ e := e; �G:= f(e; e)g:

Then (G; Æ;�G) is an ordered group and e is the unit of G.

Let 0 =2 G. We consider the set G0 := G[f0g with the multiplication and the order below:

: e 0

e e 0

0 0 0

�0 = f(e; e); (0; 0); (0; e)g:

Since P is a proper ideal of S, we have P � S and P 6= S. Then P 6= ; and SnP 6= ;.

We consider the mapping:

f : (S; �;�)! (G0; �;�0) j a! f(a) : =

�
e if a 2 Sn P

0 if a 2 P

1) The mapping f is well de�ned.

2) f is a homomorphism.

Let a; b 2 S () f(ab) = f(a) � f(b) ? )

If a 2 P , then f(a) := 0; f(a) � f(b) = 0 � f(b) = 0; ab 2 PS � P; f(ab) := 0. Then

f(ab) = f(a) � f(b).

Let a =2 P . Then f(a) := e; f(a) � f(b) = e � f(b). Since f(b) 2 G0, we have f(b) = e or

f(b) = 0. If f(b) = e, then e � f(b) = e � e := e = f(b). If f(b) = 0, then e � f(b) = e � 0 :=

0 = f(b). Thus we have f(a) � f(b) = f(b)::::::::::(�)

Then: If b 2 P , then f(b) := 0; ab 2 PS � P; f(ab) := 0. Then, by (*), f(a) � f(b) =

f(ab).

If b =2 P , then f(b) := e; ab =2 P (since ab 2 P implies a 2 P or b 2 P ), f(ab) := e. Then,

by (*), f(a) � f(b) = f(ab).

Let a; b 2 S; a � b () f(a) �0 f(b) ? )

Let b 2 P . Then f(b) := 0; a � b 2 P; a 2 P; f(a) := 0. Then f(a) �0 f(b).
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Let b =2 P . Then f(b) := e. Since f(a) 2 G0 := f0; eg, by the de�nition of " �0 ", we have

f(a) �0 f(b).

3) f is onto.

Since G0 = f0; eg; P 6= ; and SnP 6= ;.

We �nally remark that P = f�1(0). Indeed: Let a 2 f�1(0). Then f(a) = 0, and a 2 P

(since a =2 P implies 0 = f(a) := e 2 G. Impossible).

2)) 1). Let (G; Æ;�G) be an ordered group and f : (S; :;�)! (G0; �;�0) a mapping

which is homomorphism and onto.

Since 0 2 G0 and f onto, there exists x 2 S such that f(x) = 0. Then x 2 f�1(0), and

; 6= f�1(0) � S.

The set f�1(0) is a proper ideal of S. In fact: Let a 2 S; b 2 f�1(0). Then f(b) = 0.

Since f is a homomorphism, f(ab) = f(a) � f(b) = 0. Then ab 2 f�1(0).

Similarly f�1(0)S � f�1(0).

Let b 2 f�1(0) and S 3 a � b. Then f(a) �0 f(b) = 0. Since 0 is the zero of G0, we have

f(a) = 0. Then a 2 f�1(0).

Let a; b 2 S; ab 2 f�1(0). Then f(a) � f(b) = f(ab) = 0. We have f(a); f(b) 2 G0. If

f(a) 6= 0 and f(b) 6= 0, then f(a); f(b) 2 G and

0 = f(a) � f(b) = f(a) Æ f(b) 2 G. Impossible.

Thus f(a) = 0 or f(b) = 0. Then a 2 f�1(0) and b 2 f�1(0).

f�1(0) 6= S. Indeed: Let e be the unit of G. Then e 6= 0. Since e 2 G0 and f onto, there

exists y 2 S such that f(y) = e. If y 2 f�1(0), then f(y) = 0, and 0 = e 2 G. Impossible.

Thus y =2 f�1(0).

Corollary. Let (S; :;�) be an ordered groupoid and P � S. The following are equivalent:

1) The set P is a proper prime ideal of S.

2) There exists an ordered group G and a mapping f : S ! G0 which is homomorphism

and onto such that P = f�1(0).

De�nition. Let (S; :;�) be an ordered groupoid. S is called an ordered group with zero if

there exists an ordered group (G; Æ;�G) such that S �= G0.

Theorem 2. Let (S; :;�) be an ordered groupoid. The following are equivalent:

1) S is an ordered group with zero.

2) There exists a zero element � of S such that Snf�g is a subgroup of S.

Proof. 1)) 2). Let (G; Æ;�G) be an ordered group, and

f : (S; :;�) ! (G0; �;�G) be an isomorphism (0 is the zero of G0).

Since 0 2 G0, there exists � 2 S such that f(�) = 0 .......... (*)

The element � is the zero of S. Indeed: Let x 2 S. We have

f(x�) = f(x) � f(�) = f(x) � 0 = 0 = f(�) (by (*)) :

Since f is (1-1), we have x� = �. Similarly, �x = �.

Since f(x) 2 G0 and 0 is the zero of G0, we have 0 � f(x). Then f(�) � f(x), and � � x.
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Let a; b 2 Snf�g. Then ab 2 S. If ab = �, then f(ab) = f(�) = 0. Since f is a homomor-

phism, f(a) � f(b) = 0. If f(a); f(b) 2 G, then

0 = f(a) � f(b) := f(a) Æ f(b) 2 G:

Impossible. Thus f(a) = 0 or f(b) = 0. Then f(a) = f(�) or f(b) = f(�), then a = � or

b = �. Impossible. Then ab 2 Snf�g.

Let a 2 Snf�g () 9 1S 2 Snf�g such that 1Sa = a1S = a ? )

Let e be the unit of G. Since e 2 G0, there exists 1S 2 S such that

f(1S ) = e::::::::::(��)

If 1S = �, then f(1S ) = f(�) = 0, and G 3 e = 0. Impossible. Thus 1S 2 Snf�g. We have

f(1Sa) = f(1S ) � f(a) = e � f(a) = f(a) (by (**)). Since f is (1-1), 1Sa = a. Similarly,

a1S = a.

Let a 2 Snf�g () 9 a�1 2 Snf�g such that a�1a = aa�1 = 1S ? )

Since a 2 S, we have f(a) 2 G0. If f(a) = 0, then f(a) = f(�), and S 3 a = �. Impossible.

Thus f(a) 2 G. Since G is a group, there exists g 2 G such that

f(a) Æ g = g Æ f(a) = e;

where e is the unit of G. Since g 2 G � G0, there exists a�1 2 S such that f(a�1) = g.

Then we have

f(a) Æ f(a�1) = f(a�1) Æ f(a) = f(1S )

by (**). Since f(a); f(a�1) 2 G, we have f(a)�f(a�1 ) = f(a)Æf(a�1) and f(a�1)�f(a) =

f(a�1) Æ f(a). Since f is a homomorphism, f(a�1a) = f(aa�1) = f(1S ). Since f is (1-1),

a�1a = aa�1 = 1S .

2) ) 1). By hypothesis, the set G := Snf�g with the multiplication " Æ " and the order

" �G " on G de�ned by

Æ : G�G ! G j (a; b) ! ab

�G:= � \ (G �G)

is an ordered group. We consider the set G0 := G[f0g, where 0 =2 G with the multiplication

and the order on G0 de�ned by

a � b : =

�
a Æ b if a; b 2 G

0 otherwise
(a; b 2 G0)

�0 : = �G [ f(0; x) j x 2 G0
g:

We have already seen in [5] that (G0; �;�0) is an ordered groupoid and 0 is the zero of G0.

The mapping

f : (S; �;�)! (G0; �;�0) j x!

�
x if x 2 Snf�g

0 if x = �

is an isomorphism. The proof is easy.
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