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INTUITIONISTIC ASPECTS OF FUZZY TOPOLOGICAL
BCH-ALGEBRAS

YOUNG BAE JUN*AND EUN HWAN ROH

Received July 3, 2001

ABSTRACT. The purpose of this paper is to generalize the concept of fuzzy topolog-
ical subalgebras in BCH-algebras, initiated by the second author [9], to the case of
intuitionistic fuzzy sets.

1. Introduction

In 1983, Q. P. Hu et al. introduced the notion of a BCH-algebra which is a general-
ization of a BCK/BCl-algebra (see [5, 6]). In [3], M. A. Chaudhry et al. discussed ideals
and filters in BCH-algebras, and studied their properties. Y. B. Jun [7] considered the
fuzzification of closed ideals and filters in BCH-algebras, and then he described the relation
among fuzzy subalgebras, fuzzy closed ideals and fuzzy filters. After the introduction of
fuzzy sets by L. A. Zadeh [10], several researches were conducted on the generalizations
of the notion of fuzzy sets. The idea of intuitionistic fuzzy set was first published by K. T.
Atanassov [1], as a generalization of the notion of fuzzy sets. In [8], as a generalization of
the concept of fuzzy closed ideals in BCH-algebras, Y. B. Jun and W. A. Dudek considered
the intuitionistic fuzzification of subalgebras and closed ideals, and investigate some of their
properties. They established the relation between an intuitionistic fuzzy subalgebra and an
intuitionistic fuzzy closed ideal, and stated a condition for an intuitionistic fuzzy subalgebra
to be an intuitionistic fuzzy closed ideal. They also gave characterizations of intuitionistic
fuzzy closed ideals. The aim of this paper is to generalize the concept of fuzzy topological
B(C H-algebras, initiated by the second author [9], to the case of intuitionistic fuzzy sets.
We show that the homomorphic image and preimage of an intuitionistic fuzzy topological
BC H-algebra is an intuitionistic fuzzy topological BC H-algebra.

2. Preliminaries

An algebraic system (X;*,0) of type (2, 0) is called a BCH-algebra if it satisfies the
following conditions:

(H1) 2«2 =0,

(H2) x xy =0 and y * x = 0 imply = = y,

(H3) (zxy)*z= (v *z)xy
for all 2,y,z € X. A nonempty subset S of a BCH-algebra X is called a subalgebra of

X if v xy € S whenever 2,y € S. A mapping f : X — Y of BCH-algebras is called a
homomorphism if f(z xy) = f(x) * f(y) for all z,y € X.

Definition 2.1. (Atanassov [1]) An intuitionistic fuzzy set (IFS for short) A in X is an
object having the form

A= {<17/JA(I')7744($)> ‘ S X}
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where the functions g : X — [0,1] and v4 : X — [0, 1] denote the degree of membership
(namely pa(x)) and the degree of nonmembership (namely v4(z)) of each element x € X
to the set A, respectively, and 0 < pa(x) + va(z) <1 for each z € X.

For the sake of simplicity, we shall use the notation A = {(x,p4,v4) instead of A =
{{z,pa(x),va(z)) | « € X}. The IFSs 0~ and 1. are defined to be 0. = (z,0,1) and
1. = (x,1,0), respectively.

Let f be a mapping from a set X to a set Y. If

B ={{y,uny),vy)) :y €Y}

is an [FSin Y, then the preimage of B under f, denoted by f~!(B), is the IFS in X defined
by

£ B) = (e £ (us)(@). S (y)(a) < 2 € X

and if A = {(z,pa(2),va(2)) : @ € X} is an IFS in X, then the image of A under f,
denoted by f(A), is the IFS in V" defined by

f(A) = {<y:fsup(/'lA)(y)vfinf (VA)(y» 'y € Y}v

where .
sup  pa(e), if f7'(y) #0,
fsup(MA)(y) = z€f~(y) .
0, otherwise,
and

z€F(y)
1, otherwise,

, inf  yale), i f7y) £ 0,
fint (va)(y) = {
for each y € Y (see Coker [4]).
In [4], Coker generalized the concept of fuzzy topological space, first initiated by Chang

[2], to the case of intuitionistic fuzzy sets as follows.

Definition 2.2. (Coker [4, Definition 3.1]) An intuitionistic fuzzy topology (IFT for short)
on a nonempty set X is a family ® of IFSs in X satisfying the following axioms:

(T1) 0~,1. € @,

(T2) Gi1NGy € ® for any Gy,Gy € P,

(T3) U G; € ® for any family {G; :1 € J} C ®.

t€J

In this case the pair (X, ®) is called an intuitionistic fuzzy topological space (IFTS for

short) and any IFS in @ is called an intuitionistic fuzzy open set (IFOS for short) in X.

Definition 2.3. (Coker [4, Definitions 4.1 and 4.2]) Let (X, ®) and (Y, ¥) be two IFTSs.
A mapping f: X = Y is said to be intuitconistic fuzzy coninuwous if the preimage of each
IFS in ¥ is an IFS in ®; and f is said to be intuitionistic fuzzy open if the image of each
IFSin @ is an IFS in P.

3. Intuitionistic fuzzy topological BC H-algebras

Definition 3.1. Let A be an IFS in an IFTS (X, ®). Then the induced intuitionistic fuzzy
topology (IIFT for short) on A is the family of IFSs in A which are the intersection with A
of IFOSs in X. The IIFT is denoted by & 4, and the pair (4, ®4) is called an intuitionistic
fuzzy subspace of (X, ®@).

Definition 3.2. Let (A, ®4) and (B, ¥ p) be intuitionistic fuzzy subspaces of IFTSs (X, ®)
and (Y, ¥), respectively, and let f : X — Y be a mapping. Then f is a mapping of A
into B if f(A) C B. Furthermore, f is said to be relatively intuitionistic fuzzy continuous if
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for each IFS Vp in ¥pg, the intersection f’l(VB) NAis an IFS in @ 4; and f is said to be
relatively intuitionistic fuzzy open if for each IFS Uy in @4, the image f(U4) is an IFS in
Up.

Proposition 3.3. Let (A, ®4) and (B,VUp) be intuitionistic fuzzy subspaces of IFTSs
(X, ®) and (Y, 0) respectively, and let f be an intuitionistic fuzzy continuous mapping of

X into Y such that f(A) C B. Then f is relatively intuitionistic fuzzy continuous mapping
of A into B.

Proof. Let Vg be an IFS in . Then there exists V' € ¥ such that Vg = V N B. Since f
is intuitionistic fuzzy continuous, it follows that f~!(V') is an IFS in ®. Hence

VR NA=f (VABNA=fF (VInf (B)nA=f'(V)n4

is an IFS in ® 4. This completes the proof. O

Definition 3.4. Let X be a BCH-algebra. An IFS A = (2, p4,74) in X is called an
wntuitionistic fuzzy BC H-algebra if it satisfies:

pa(e xy) > min{pa(z), pa(y)} and ya(ze *y) < max{ya(z),va(y)}

for all z,y € X.

Example 3.5 Consider a proper BC H-algebra X = {0, a,b, ¢, d} with the following Cayley
table:

* |0 a b ¢ d
0{0 O 0 0 d
a|la 0 0 a d
b|b b 0 0 d
¢cle ¢ ¢ 0 d
d|d d d d 0
Let A ={(z,pua(z),va(x)) be an IFS in X defined by

1a(0) = pa(a) = pa(d) = pa(d) = 0.6 > 0.3 = pa(c)

and
~4(0) = vala) = v4(b) = ~va(d) = 0.03 < 0.06 = v4(c).
Then A = (x,/14,74) is an intuitionistic fuzzy BC H-algebra.

For any BC H-algebra X and any element ¢« € X we use a, denote the selfmap of X
defined by a,(z) = x * a for all x € X.

Definition 3.6. Let X be a BC H-algebra, ® an IFT on X and A an intuitionistic fuzzy
BC H-algebra with IIFT ® 4. Then A is called an intuttionistic fuzzy topological BC' H -
algebra if for each a € X the mapping a, : (A,®4) = (A, P4), v — = * qa, is relatively
intuitionistic fuzzy continuous.

Theorem 3.7. Given BCH-algebras X and Y, and a homomorphism f : X =Y, let @
and U be the IFTs on X and Y respectively such that ® = f~' (V). If B is an intuitionistic
fuzzy topological BC H-algebra in'Y, then f~1(B) is an intuitionistic fuzzy topological BC H -
algebra in X.
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Proof. For any =,y € X, we have

/,Lffl(B)(fC*y) /Jrn(f(x*y)) :u;;(f(r)*f(y))

> min{un(f(x), n(F)}
= min{pp1p)(7), pp1(my(¥)}
and
vy xy) = y(flr*xy)) =v(f(7) * f(y))
< max{yp(f(*)),v8(f(y))}

max{ys-1(p) (%), 75-1(B)(y)}-

Hence f~1(B) is an intuitionistic fuzzy BC H-algebra in X. Now let a € X and let U be
an IFS in ®;-1(p). Since f is an intuitionistic fuzzy continuous mapping of (X, ®) into
(Y, ¥), it follows from Proposition 3.3 that f is a relatively intuitionistic fuzzy continuous
mapping of (f~1(B), ®,-1(py) into (B, ¥p). Note that there exists an IFS V in ¥p such
that f~1(V) = U. Then

a) = pry-1(vy(z * a)

lua:l(U)(:v) = pu(a vl *
= py (fz) * f(a))

r(z)) = po
pv(f(z xa)) =
and

Yarran(z) = qular(z)) = yu(z *a) = yp-1(v)(z % a)

w(f(exa)) =yv(f(z)* f(a)).
Since B is an intuitionistic fuzzy topological BC H-algebra in Y, the mapping

b,: (B,¥p)— (B,¥p),yr>yx*b
is relatively intuitionistic fuzzy continuous for every b € Y. Hence

/”la,,Tl(U)(‘r) = pv(f(x)* f(a)) = pv(f(a)(f()))
=t/ F0)) = g gy oy ()
and
Yomrny(@) = wlf(@) * f(a)) = yv(fla)(f(z)))
= 7f< 7o (@) = vpms gy (@)
Therefore a; 1 (U) = f~1(f(a); 1 (V)), and so

a, (U)NfH(B) = f " (fla), (V)N f (B

is an IFS in ®;-1(p). This completes the proof. O

Theorem 3.8. Given BC H-algebras X and Y, and an isomorphism f of X to Y, let ® and
U be the IFTs on X and Y respectively such that f(®) = V. If A is an intuitionistic fuzzy
topological BC H -algebra in X, then f(A) is an intuitionistic fuzzy topological BC H-algebra
n Y.

Proof. Let A = (x,p4,7v4) be an intuitionistic fuzzy topological BC H-algebra in X and
let y1,y2 € Y. Noticing that

{w1 2y a1 € f(y1) and w2 € fH(y2)} C{r € X 1w € F (y1 *+y2) ),
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we have
fsup(pa)(y1 * y2)
= sup{pa(z):a € f7Hy1 *y2)}
> sup{pa(zr *xz2) a1 € f 1) and 22 € 7 (y2)}
> Sup{miﬂ{ﬂA(fﬂl)aﬂA(fE?)} ray € f7N(y1) and 72 € f_l(yZ)}
= min{sup{,uA(ml) cxy € f7 N (y1) b sup{pa(ae) 2z € 71 (y2)}}
= min{fsup(/l'A)(yl)vfsup(/“LA)(y2>}
and
fint (v4) (g1 *y2)
= inf{ya(z):z € f! (y1 *y2)}
< inf{ya(zr *22) 2y € 7 (yn) and w2 € F7 (y2)}
< 1nf{ma*{{~4(xl) va(zg)} s @1 € f7H(y1) and @q € f_l(yZ)}}

max{lnf{wA z1) rar € fH ()} inf{va(es) | 22 € fﬁl(yz)}}
= max{ finr(v4)(y1), fint (74)(y2) }.

Hence f(A) = (v, foup(pra), finf(v4)) is an intuitionistic fuzzy BC H-algebra in Y. Now we
show that the mapping

br: (f(A), Wpay) = (f(A), Tpay), y—>yx*b

is relatively intuitionistic fuzzy continuous for each b € Y. Let U4 be an IFS in ® 4. Then
there exists an IFS U in ® such that U4 = U N A. Since f is one-one, it follows that

FUa) = f(UNA) = fFU) N f(A)

which is an IFS in W 4). This shows that f is relatively intuitionistic fuzzy open. Let
Vicay be an IFS in Wy 4). The sujectivity of f implies that for each b € Y there exists
a € X such that b = f(a). Hence

=07 Vo)) = = 7 ) ) = st v (F)
1y ) (@) (f(2))) :va<,4)(f(7") * f(a))
1y a, (flz xa)) = l(vf (@ *a)
P51 (Vpan (ar(2 )) Fazt(s= 1(Lf(A)))(m)

and
W’f—1<h:1<vm>>>(l") = W’f—l<.f(a,>:1<vf<A)>)(f“) = ”r'f<a,>;1(vf(A))(f(fv))
= W (f(a@)r(f(2)) = v, (F2) * f(a))
Wya (f(@*a) = vyp-10v, (T *a)
T Ve (e (®)) = 00 (v o (2)-

Therefore f=1 (b (Via)) = ar ' (f 71 (Vya))). By hypothesis, the mapping
ar: (A, @4) > (A, Pa), x> a%a

is relatively intuitionistic fuzzy continuous and f is a relatively intuitionistic fuzzy contin-

uous map: (A, ®4) —= (f(A), ¥say). Thus

FOT Vi) N A = a7 (F7 (V) N A

isan IFS in ® 4. Since f is relatively intuitionistic fuzzy open,

FUTOT (Vi) N A) = b7 (Vi) 0 f(A)
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is an IFS in Wg(4). This completes the proof. O
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