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ABSTRACT. In this paper commutative algebraic multiplication m-lattices are investi-
gated. They are closely related to the Dedekind ideal structures of commutative rings
with identity satisfying a D b = al b. Rings of this type were introduced as multipli-
cation rings by WOLFGANG KRULL and studied by SHINZIRO MORI over a period of 25
years. Modifying notions of classical ideal theory, we succeed in carrying over classi-
cal ideal results to algebraic m-lattices satisfying for at least one generating system of
compact elements the implication ¢ - U = a = a-U* =0 (3U* LU). In particular
we study the Prifer property a1 + ...+ an O B= a1+ ...+ an | B, the archimedean
property A™ D B (VYn € N) = AB = B, the kernel property ker A = A, and the
multiplication property, that is AD B = A|B.

1. INTRODUCTION

In this note multiplication is always commutative.

Recall: A partially ordered set 0 := (V, <) is called a complete lattice if each nonempty
subset A has a supremum \/ A, and an infimum A\ A. An element a of a complete lattice is
called compact if it satisfiesa <\ b; (i€ ) = a <b;; V...Vb;, (Fire,1<k<n). A
complete lattice is called algebraic if each element is the supremum of some set of compact
elements. Finally, a complete lattice is called a multiplicative lattice if a multiplication is
defined satisfying X - (\/ 4;) Y = V(X A;Y)and 1-X = X = X - 1, where 1 is the lattice-
mazimum. In particular this means A O B =—> AX D BX and thereby 0X = 0 for the
lattice minimum 0, henceforth called the zero element.

By definition the zero element of a complete lattice is always compact, however, the
identity element need not be compact, consider for instance the ideal structure of an infinite
Boolean ring.

The fundamental structure of this paper is that of an algebraic multiplicative lattice
abbreviated by AML. Any AML is embeddable in an AML with a compact identity — add
some new maximum, if necessary.

We agree that in this paper the identity element 1 be always compact, unless the opposite
is emphasized. We say that 2l is generated by the subset B if any A of 2 is the supremum
of some subset of B.

Clearly, apart from extreme situations in an AML there exist different generating sub-
sets of compact elements. For instance, in an arbitrary ring with identity one adequate
generating system of its ideal structure is the set of all principal ideals, another one the set
of all finitely generated ideals. One fundamental difference: principal ideals are divisors,
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that is they satisfy (a) D b => (a) | b, whereas finitely generated ideals need not have this
property.

Special ideal monoids are the Dedekind ideal structure of a ring with identity, the Rees
ideal structure of a monoid with zero, the filter structure of a bounded distributive lattice,
and the filter structure of an £-group cone with zero. Hence, studying AML-theory includes
studying ideal theory from a general point of view. So it makes sense to replace > by D, A
by N, A by ),V by +, and \/ by X.

In this paper by an ideal monoid we mean an AML 2 := (A, 4.,%,N,-) where
A. denotes a fixed generating submonoid of compact divisors, containing the
zero element 0.

The elements of that AML will in general be symbolized by capitals, however by lower
case italics, whenever we wish to emphasize that an element belongs to A., and by lower
case roman letters, whenever we wish to emphasize the compactness of an element.

As is easily seen, notions and rules of ideal arithmetic carry over in a most natural manner
from rings with identity to ideal monoids. In particular central notions like prime ideal,
primary ideal, radical etc. may be assumed to be understood by LARSEN/MCCARTHY .
However, in this paper we will write A x B instead of B : A, in order to emphasize the
general situation which includes, of course, also complete Brouwerian lattices.

The essential: Inspired by WoLFGANG KRULL, [17], this paper is worked out as an
element-free contribution to abstract ring ideal theory. Principal ideals are considered as
compact generators, satisfying a € A <= (a) C A. So, a+ b will mean the ideal, generated
by the set theoretic union of the principal ideals (a), (b}, which is usually symbolized by
(a,b). As a paper on questions of this kind we mention an article of ISIDORE FLEISCHER,
compare [9)].

For a ring & of numbers two questions are most important, namely: Does & have the
Priifer property

(P) (a1,...,an,) 26 = (ay,...,a,)|b

or does & even have the multiplication property

(M) Db = a‘b.

Whereas the Priifer property guarantees the best possible GCD-arithmetic in the sense
of KRONECKER, consult [17], the multiplication property is most important above all in
commutative algebra, since it characterizes Dedekind domains.

Multiplication rings, briefly M-rings, that is rings whose ideals satisfy condition (M), were
introduced by WOLFGANG KRULL in [14] and taken up again in [16], but it was SHINZIRO
MoriI who started a general theory in [19] and contributed again and again to this theory
over a period of 25 years, cf. [20] through [23].

These papers meanwhile are outdated, of course, by articles of — alphabetically (1) —
ALARCON/ANDERSON/JAYARAM, [1], D.D. ANDERSON, [2], GILMER/MOTT [10], GRIF-
FIN, [11], and MOTT, [24], [25]. But some of KRULL’s and MORI’s ideas are still relevant.

Ideal monoids satisfying the Priifer property (P) are studied in [6], ideal monoids sat-
isfying the multiplication property (M) are studied in [3]. In the present paper we are
concerned with a situation closely related to that in commutative rings. That is, a central
requirement will be developed from

(RL) (YCB+(a)C = (a)*B+C =(1)

which is easily verified for commutative rings with identity.
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Finally, as to the symbols: = will mean “f .. then” whereas ~ stands for “it holds ...
consequently it holds, too”.
2. SOME CRUCIAL RULES

We consider an arbitrary AML 2 = (4, A.,%,N, ).

Again: lower case italics symbolize generators, lower case roman letters symbolize com-
pact elements.

A is called a divisor if A satisfies A D B => B = AX (3X) <=: A|B. Hence P is a
prime divisor if it is both, prime and a divisor. An element M # 1 is called mazimal or an
atom if there lies no element strictly between M and 1.

We point out some fundamental arithmetic for the sake of referring. Nearly by definition
it results that the multiplication is isotone since

4) ADB=—AX=(A+B)X =AX +BX = AX D BX.

In particular (4) implies A= A-1D2 A- B. As a further crucial rule will turn out:
(5) A+BC=A+AC+BC=A+(A+B)-C.

Putting A L B :<= A + B =1, equation (5) leads immediately to

(6) ADBC&A1LC=— ADB
and by induction it leads to

(7) A+B™ DO (A+B)".
Furthermore, it holds AN B D AB D (A + B)(A N B) and thereby
(8) AlB= AB=ANB.
Recall now A x B:=3 {z| Az C B}. By A-2 C B <= x C A« B this implies
(9) ABxC =B (Ax(C).
Next we get straightforwardly
(10) ADB=AxCCB+xC&CxADCx*B
meaning in particular
(11) (A+B)«xC=AxCNB+«C & (ANB)«xCDAxC+BxC.
As a divisor criterion we formulate:
(12) A|B<+<= A(A*xB)=ANB.
An AML is called lattice distributive or briefly distributive if its lattice satisfies
(D) AN(B+C) = (AnB)+(ANC).
In [6] it is shown that it suffices to verify (D) for finitely generated elements B, C'. Recall
that (D) is equivalent to

(D+) A+(BnC) = (A+B)n(A+0C).

Furthermore, recall that (D) is equivalent to the fundamental implication:

(CP) A+ X =A4+Y & ANX=AnY = X=Y.

Next we repeat, compare [3]:
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Lemma 2.1. Let 2 be an AML and suppose b- X C b. Then there exists a mazimal P O X
satisfying b- P C b and this P is prime and satisfies in addition bxb- P = P.

Proof. Let X; (i € I) be an ascending O —chain satisfying X; D X and b- X; C b. Then
it follows > .., (b- X;) = b- 3 ,c; Xi C b. Therefore the ascending chain X; (i € I) is
bounded by },.; X; . So by ZORN’s lemma there exists a maximal P with P O X and
b-PCb.

Assume now PO U -V but P 2U,P 2 V. Then it results

b-P2Ob-(U+P)-(V+P) = b-(V+P)=b,

a contradiction. Hence P is prime.

It remains to show bxb- P = P. Here first we get bxb- P =:Y # 1 since bxb-P =1
would imply b = b- P . This leads to 1 # Y D P and thereby to Y = P, recall P was chosen
maximal with respect to C D X and b-C Cb. O

For the sake of completeness we repeat the fundamental
Lemma 2.2. Let 2 be not necessarily ringlike but lattice distributive. Let moreover A be a
divisor. Then it holds the implication:

(A+B)-U=A+B = B-U=B.
Proof. Consult [6] OR: Start with an arbitrary A and assume (A + B)U = A+ B. Then it

follows: A% BU (A+ BU) + BU
(A+ B)«BU
(A+ B)U x BU
(A+ B) = (U = BU)
AxB

and thereby for divisors A A+BU = A+ (A+B)U
A+ B

vl

(W]l

&l

ANBU A(A = BU)
A(Ax B)
ANB.

This means BU = B because of distributivity, recall (CP). O

We say that A covers B, in symbols A = B, if A is different from Band A D X D B —
X = B. We write A = B if no element lies strictly between A and B, that is if A = B
or A > B. By definition, for instance, the maximal elements cover the identity element 1.
Applying this relation we are led to:

(16) A" DBDOA™P & A" = A" (Vn: m<n<m+p) = B=A" (I <p).
For, assume A* D B & AF' 2 B & B 2 A*¢~1 & B D A**t . Then it results:
B = B+ AF. A1 AL

= B+ (B+ A1) AL (by (5))
B+ Ak+f*2 LAl
B_{_AkJrﬁfl
= B+ A* (by induction)
= Ak
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3. RINGLIKE PRUFER IDEAL MONOIDS

Again 2 denotes (at least) an AML.

In [8] ROBERT P. DILWORTH completed his investigations of abstract commutative ideal
theory, initiated by MORGAN WARD in [27] and continued by WARD and DILWORTH himself
in [28]. He succeeded in an abstract proof of the celebrated THEOREM OF LASKER*, by
creating the notion of a principal element, which in polynomial rings over fields coincides
with the notion of a principal ideal. More precisely:

Definition 3.1. By a principal element, according to DILWORTH, we mean an element A
satisfying:
(MP) ADB = A|B
(JP) Ax(B+AC) = AxB+C.
The verification of (MP) and (JP) for principal ideals in commutative rings with identity

may be left to the reader. Obviously (JP) is equivalent to AX C B+ AC = X C AxB+C.
Hence, putting X =1 we get

(RL) ACB+AC = AxB.lC,

and putting B =0 and C = U —in (RL) - it results
(HY) AU=A = AU*=0 (AU*LU).

Definition 3.2. By a Dilworth AML, we mean an AML that is generated by a submonoid
of compact principal elements, and which is thereby a fortiori an ideal monoid.

An AML A = (A, A, 2, N, ) satisfying (RL) with respect to A, is called ringlike, here,
and it is called hypernormal if it satisfies (HY) with respect to A..

A hypernormal AML need not have the Dilworth property, not even in the distributive
case. But if 2 has the Priifer property then 2 is already Dilworth if only (HY) is satisfied.
This is shown in [5].

Definition 3.3. An AML is called normal if it satisfies
(n) axb+bxa = 1 (a,b€ A.).
A € A is called n—generated if it satisfies A =a; +...+a, (Ja; € A, (1 <i<mn)) but

not A=b+...+b,-1 (3bj € Ac (1 <i<n—1)). This means in particular, that the
elements a; are assumed to be pairwise different.

Proposition 3.4. Let 2 be normal and let A, B be finitely generated. Then it holds
(N) AxB+BxA = 1.
Proof. For 1—generated elements the assertion holds by (n). Suppose now that it is verified

for all at most k—generated elements with 1 < k < n — 1, and suppose moreover that A
and B are at most (n — 1)—generated. Then it follows

(A+a)*B+Bx(A+a)

2 ((AxB)n(axB))+((B*A)+(Bx*a)) ((11), (10))
(23) D (Ax*B)-(axB)+ ((B*A)+ (Bxa))

D (AxB+B*xA+Bx*a)-(axB+BxA+B=xa) ((11),(5))

o 1.

Thus (N) results from (n) by induction. O

*to say it fair, the importance of LASKER’s contribution results above all from its constructive methods
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Now we are in the position to prove:

Lemma 3.5. Any normal AML is distributive, that is satisfies the equation

(D) AN(B+C) = (ANB)+(ANC).

Proof. We have to show AN(B+C) C (ANB)+(ANC). This is equivalent to the equation
(AN(B+0))*((AnB)+ (ANnC)) = 1. As remarked above it suffices to prove condition
(D) for finitely generated elements B,C'. So let B, C be finitely generated. Then it follows:

(AN(B+C)*((ANB)+ (ANCQC))
D (ANB+O))*xANB)+(AN(B+0)*x(ANC))
= (ANB+C)*xB+(AN(B+QC))xC (11)
D (B+O)*B+(B+C)xC (11)
= CxB+Bx(C=1. O

The next result is based on the divisor property of the generators.

Lemma 3.6. Let A be a normal ideal monoid. Then A is a Prifer ideal monoid, that is
any finitely generated element is a divisor.

Proof. By assumption all 1—generated elements, that is all generators are divisors. Suppose
now that all at most n—generated elements are divisors and assume that A, B are at most
n—generated. Then it results

(A+B)(A*xB) = A(AxB)+ B(AxB)
= B(BxA)+ B(AxB)
= B(AxB+ BxA)
B.
Thus, by induction, all finitely generated elements are divisors. O

Clearly a ringlike AML need not be normal, since otherwise any commutative ring with
identity would be arithmetical that is have a distributive ideal lattice, consult for instance
LARSEN/MCCARTHY.

But condition (HY) implies ¢ -U =a = a-U* =0 3U*LU) = a-(U* +axb) =
aNb~ axb=U*+axb (3U*). Hence under the assumption of (HY) condition (n) holds,
if only a- (a*b+bxa) =a is guaranteed. Therefore

Proposotion 3.7. A ringlike ideal monoid is a Priifer monoid if and only if it is normal.
Finally we remark that in a distributive 20 — according to 2.2 — condition (HY) is carries
over to all compact elements A :=a; + ...+ a, (a; € A.). Observe:

A U=A = a; -U=a; (1<i<n),

which leads to U La; *0 (1 < i < n) and hence by (4) to U LU* := [[] (a; *0) with
A.-U*=0.

In [6] it is shown, that A-(BNC) = A-BNA-C holds if only a(bN¢) = abNac is satisfied.
But, as an immediate consequence of (n), we get (abNac)*a(bNc) 2 abxa(bNe)+acxa(bNe) 2
bxc+cxb=1. Hence

Lemma 3.8. Any normal AML satisfies the equation
(K) A-(BuC) = A-BnA-C.
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4. ARCHIMEDEAN PRUFER IDEAL MONOIDS

We turn to Priifer ideal monoids, that is ideal monoids satisfying (P).
We start with:

Lemma 4.1. Let 2 be a Priifer ideal monoid. Then prime elements P satisfy:

) ADP = AP=P.

Proof. From ADa & P P a & P D pby (P) we get (a+p)(a*xp) =p with P D axp. This
implies AP D A(a xp) D p D (a+ p)(a x p) = p which leads to AP = P. O

This lemma — together with (16) — implies
Proposition 4.2. Let 2 be a Pifer ideal monoid, and let P be prime in A. Then in case
of P" = P! (Vn € N) we obtain that Q := () P™ (n € N) is prime.

Proof. Suppose @) D ab and Q 2 a & @ 2 b. Then there exist maximal exponents 0 < k €
N,0 < ¢ € N with P* D a but P**!' 2 a and P* D b but P! 2 b. So by (16) and 4.1 it
results Pk++1 D ab — Pr+i+1 D (P + a)k+l+1 . (P + b)k+l+1 D Pkt O

Next it holds:

Lemma 4.3. Let 2 be a Priifer ideal monoid and suppose a,b C P™ but a,b ¢ P"*'. Then
it follows (P! 4 (a + b)) - (P +axb) = P"*! +b.

Proof. By axb=(a+b)*xb¢ P it holds P+ axb D P. Hence by 4.1 we get

(PP 4+ (a+b)-(P+axb) = P (P+axb)+(a+bP+(a+b) (axb)
Pn+1_+_b‘ D

Corollary 4.4. Let 2 be a Priifer ideal monoid. Then each mazimal M satisfies M™ >
M1 (Vn € N).

Proof. This follows by the proof of the preceding lemma, observe that a * b € M implies
M + a b = 1 which in case of M™ D a,X and X D b,M™! but X 2 a leads to
M +a= M + b, a contradiction. O

Corollary 4.5. Let U be a Priifer ideal monoid. Then the powers of maximal elements are
primary.

Proof. Suppose M™ D ab& M 2 b. Then it results M™ = M™ + (M™ + a)(M™ +b) D
M+ (M"+a)(M+b)"=M"+(M"+a)=M"+a. O

By a multiplication AML we mean, of course, an AML satisfying condition (M).

Lemma 4.6. Any multiplication AML 24 has the archimedean property
(A) A" DB (VneN) = AB=B.

Proof. Assume A™ D B (Vn € N). Then (JA™ (n € N)|B. Assume now BA C B. Then
there exist some b C B and some prime P D A with P* Db C B (Vn € N) & bP C b. So,
if @ .= P" (n € N) is idempotent, we are through.

Otherwise we get P O X D P" => X = P¥(P*x X)) (3k € N) with P 2 P* x X. This
implies X = P*(P* « X + P"~%) D P¥(P* x X + P)"~* = P* and thereby P" » Pt
whence @ is prime by 4. But this would imply P-b =P -Q(Q *xb) = Q(Q xb) = b, a
contradiction. O
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We abbreviate “Archimedean and Priifer” by AP. If 2 is a Priifer AML it is obviously an
ideal monoid. AP-ideal-monoids are exactly those ideal monoids whose localizations have
the Mori property (M). This is shown in [5]. Here we present only some special properties
of AP-ideal-monoids.

Lemma 4.7. In any AP-ideal-monoid prime elements P satisfy
POXDP' = X=P (30<k<n).

Proof. If k is the maximal exponent with P* O X then by 4 it follows by the method above
X 4+ Pr = X + (P 4 X) (PP + 1) = X + P*. (PP * 1) = X + P! which implies
X = P* inductively. O

Recall: Prifer AMLs are always distributive, compare [5]. Hence (RL) is already satisfied
if only (HY) is satisfied, see above. Furthermore

Lemma 4.8. In a ringlike AP-ideal-monoid primes are idempotent or irreducible, or equiv-
alently, prime elements P satisfy

1#ADP = P=P%.

Proof. P # P? would imply P D ¢ & P? 2 c for some ¢ and thereby also — by 4 and (I) —
P2DcA*=0 ~ PDA*~ ADPD A,
for at least one A* 1 A, a contradiction! O

Lemma 4.9. Ringlike AP-ideal-monoids satisfy
1£A#ADPQ (P,Q prime) = P=0Q.

Proof. By (I) and (A) we get A D P D ¢~ cA = c~ cA* =0 with some A* L A ,whence it
follows @ D ¢, observe A 2 A*. O

4.1. Residue Classes.
Let 20 = (A, A.,2,N, ) be chosen as above.

In any AML the mapping ¢p : X —> D + X =: X provides a Y—respecting homomor-
phism with respect to X oY := D + XY whose algebraic image 2 =: /D satisfies

Xi QD (VZEI) - ¢D(mieIXi):ni€[¢DXia

as is shown by routine. Thus the residue classes of classical ideal theory are reflected. This
in mind we get some interesting consequences:

Proposition 4.10. Let 2 be a ringlike Prifer ideal monoid generated by A. and let P be
prime. Then Ql/P is a Prifer ideal monoid whose compact elements are 0—cancellable, that
is satisfyao X =aoY #0=P =X =Y.

If moreover A has even the multiplication property (M) then Ql/P again has property
(M) and is moreover cancellative with 0.

Proof. We repeat that any ringlike Priifer AML has the Dilworth property. Next, by dis-
tributivity, divisors are sent to divisors. Hence all @; + ... + @, are divisors in 2/P.
Consequently 2(/P has the Priifer property (M-property), if 20 has the Priifer property
(M-property).

Moreover, all generator images @ are 0—cancellable, recall 4. But this means that in the
Prifer case all @y + ...+ @, are cancellable, since they are divisors of — for instance — a,
and by analogy in case of (M) we get that all elements A are 0—cancellable divisors. O
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Lemma 4.11. Let 2 be an AP-ideal-monoid. Then each prime element P satisfies the
implication 1 #M D P = P =) M" (n € N).

Proof. The opposite would imply some /P = 2 with | M" 2 'S >0 = P and thereby
some ¢ # 0 with co M =¢o1~+ M =1, a contradiction! O

5. THE KERNEL

Throughout this section 2l is assumed to be an AML with respect to
some fixed submonoid of compact generators, not necessarily divisors.

We study the kernel of an element, introduced by KRULL, see also [10]. To this end
we need lemmata, basically due to KRULL, whose proofs remain valid even in general since
paper [15] is of purely multiplicative character.

We exhibit some equivalents of ker A = A, valid in arbitrary AMLs of the above type,
partly along the lines of MORI, [20], partly along the lines of GILMER/MoTT, [10].

For proofs of 5 through 4 the reader is referred to KRULL, [15], or to [6]. First of all:

Krull’s Separation Lemma 5.1. Let 2 be an AML, generated by a monoid of compact
elements and let S be a multiplicatively closed system of compact elements not containing
any a C A. Then there ezists a prime element P with

PD>DA & s¢P (Vseb).

KRULL proved his separation lemma in [16] by means of well ordering. But, of course,
it easily turns out that his separation lemma is equivalent to ZORN’s lemma in its original
version.

Definition 5.2. Let 2 be an AML, generated by a monoid of compact elements and let P
be a prime over A. By Ap we mean > z;(s-z; C A (Is € P)).

Lemma 5.3. Let M be mazimal and let P C M be minimal prime over A. Then Ay is
P-primary.

Proof. Tt holds P D Ap D Apr. So ™ C Ay implies 2™ C Ap and thereby © C P C M.
Conversely in case of p* € Ay (Vn € N) S = {s-p™ | m e NY& s & P} is a
multiplicatively closed set, containing all elements not contained in P. So, by P D Aps and
the separation lemma it would exist a prime element Q D Ajs not containing any element
of S and thereby satisfying P D @ D A, a contradiction. O

Definition 5.4. Let 2 be an AML and let P be minimal prime over A. Then Ap is called
the isolated P-primary component of A .

As is easily seen Ap is equal to the intersection of all A containing P-primary elements
over 2.

Definition 5.5. Let 2 be an AML and A € A. By the kernel ker A of A KRULL defined
the intersection of all isolated primary components Ap of A.

Krull’s Kernel Lemma 5.6. Let 2l be an AML and suppose a C A* :=ker A # A. Then
each prime element P D a x A properly contains at least one prime element minimal over

A.

Now we are in the position to prove some equivalents of ker A = A .
Proposition 5.7. Let A be an AML, compactly generated by a submonoid. Then the
following are equivalent :
(i) ker A=A (VA€ A).
(i) XODOPDp=pX =p.



226 BRUNO BOSBACH

Proof. Suppose that (i) is satisfied, and assume X D P D p, where P is prime and p D pX .
Then by 2.1 there exists a prime element @) O X satisfying p D pQ, where p and p@Q have
the same minimal prime supelements.

We show that p and p@ have in addition the same isolated primary components.

To this end we start with a primary element @)1 O pQ whose radical be minimal prime
over pQ . ()1 contains p since () is not minimal over p(Q, observe ) O X D P. This leads
to pQQ = p, a contradiction.

Suppose now (ii) and assume ker A D A. Then there exists for at least one b C ker A
some prime element @ D bx A with b # b@Q). But by 4 for at least one P, minimal prime
over A, this leads to

QOPDA ~ QDOPDb~b=bQ,

a contradiction. Thus the proof is complete. O

We now turn to the ringlike case.
Proposition 5.8. Let 2 be an AML that is compactly generated by a submonoid and
ringlike with respect to this submonoid. Then the following are equivalent :

(i) ker A=A (WA € A).

(iit) Non mazimal primes are idempotent divisors.

Proof. Obviously by 4 condition (7i7) implies condition ().

So, it remains to prove (i) = (iii). We suppose 1 # A D P D p. Then (i7) implies
pA=p~pA* =0 (FA*LA), thatispP = p(P+A*) =pby P+A*=P = AD P D A*,
whence non maximal primes are divisors. O

Lemma 5.9. Let 2 be an AML that is compactly generated by a submonoid and ringlike
with respect to this submonoid and suppose 1 # A D P. Then any P-primary element Q is
equal to P.

Proof. Assumea C A& aZ Pand pC P & p € Q. Then it follows:
abCQRQ+ap&a?d P=pCQ+ap=—= pa”" CQ with a" La.

But it holds a* € P, since otherwise it would follow A D a 4+ a* = 1. Hence no power of a*
is contained in P. So we get Q O p and thereby in general @ D P, that is Q = P. O

Proposition 5.10. Let 2 be an AML that is compactly generated by a submonoid and
ringlike with respect to this submonoid. Then the following are equivalent :

(i) ker A=A (WA € A).
(iv) RadA prime = A is primary.

Proof. Suppose (iv) and M D P with minimal P and P D p. Then by 4 we get Oy = P.
Hence there exists some s € M with ps = 0 leading to pM = p(M + s) = p since M is
maximal. Thus it results (7).

Let now RadA = P be prime and ker A = A. Then P is the only minimal prime over A
whence A is primary. O

Proposition 5.11. If A is distributive then divisors of 2 are sent to divisors of Ql/D.
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Proof. Let A be a divisor in 2 and suppose B DO D. Then by distributivity the homomor-
phism under consideration is even a N-homomorphism. Hence it results:
ADB=B = D+B
= (D+B)N(D+ A)
= D+ (ANnB)
= D+ (D+ A)(D+ AxB)
= Ao(AxB)

which is the divisor property of A in /D since B D D is no restriction. O

Infact, the preceding proof works already in the modular case. In this paper, however,
modularity is not employed.

Proposition 5.12. Let 2 satisfy (JP) ((RL)). Then /D satisfies (JP) ((RL)), too, with
respect to Ax B := (DN A) x (DN B)
Proof. Suppose that (JP) is satisfied. We calculate:

@oX CB+aoC = aX C(D+ B)+aC
= XCax((D+B)+0C)
= D+XCax((D+B)+C)
= XCaxB+C.
The proof for (RL) is done by putting X = 1. O

Proposition 5.13. Let 2 satisfy (JP) and let P be prime in A. Then any A/P satisfies
for all generators a of A the implication@o X =aoY #0=P—= X =Y.

Proof. ItholdsEOY:E_OY_;éﬁzP—kaX:P+aY7éP:>aX§P+aY:>X§
axP+Y =P+Y X CY . The rest follows by symmetry. O

6. IDEMPOTENCY

We consider multiplication AMLs.

Recall, lower case roman letters denote compact elements. We start with a lemma, which
was proven for rings by MORI, [20] and [22], respectively :

Lemma 6.1. Let A be a multiplication AML, not necessarily with compact identity. Put
N :=Rad 0. Then to each compact c there exists a compact u C (cxN)xN withc C N +cu.

Proof. First by

(28) yCcxNN(c*N)xN = y>?CN=yCN
it follows
(29) N = c¢*NNn(c*xN)*N.

Next by (M) there exists some divisor D with

(30) (c+c*N)D = ¢ = ¢D+(cxN)D.



228 BRUNO BOSBACH

This implies in particular — recall (29) —

(cxN)D C cNnc*xN
C (cxN)xNnNcxN=N
~ D C (cxN)*=N.
Thus by (30) we get

(31) ¢ C c(CrN)xN)+N
which leads to some compact u € (c * N) x N with
(32) c C N+cu.
This completes the proof. O

Applying (32) we get in particular:
Corollary 6.2. Any ringlike multiplication AML satisfies:
(N°) cxN+(cxN)«sN = 1.

Proof. ¢ C N + cu leads to ¢ x N Lu and hence to some u*Lu C (¢ x N) * N . O

Now we are in the position to show, which was done by GILMER/MOTT in [10] for rings:

Proposition 6.3. Let A be a ringlike multiplication ideal monoid. Then any idempotent
element is a sum of idempotent compact elements.

Proof. Let U be idempotent, and let A be the subelement that is generated by the set of
all compact idempotents contained in U. This set is not empty because 0 is idempotent.
We prove:

U=U?D>2A = Je:UDe=¢e*¢ZA.

To this end suppose A C U and ¢ C U but ¢ € A. By property (M) we get U - ¢ = c,
whence there exists some f C U with fc = ¢ and thereby with f"c = c¢. So we may assume
that already c satisfies ¢ € A, in particular that c¢ is not contained in N. Then applying
(N°¢) we get

c=c-(cxN)+c-U-((cxN)*N),
whence we find some u C U with
cCN+cu (uC(cxN)*xN).

This leads in 2 to some u* C c x N with u*Lu and wu* C N and hence to some power
(uu*)* =0 (Ik € N). Therefore by (7) we get next

ub = ukFf +urh)
— (uk)2

But by ¢ C N +cu~s cu C Nu+ cu® we get ¢ C N + cu®. Hence, the element u of
lemma 6.1 may be assumed to be idempotent.

It remains to show that u* =: e is not contained in A. But it holds ¢ € N + ce and hence
cCn+ce (3n C N), and this leads for some suitable m € N to
(34) c™=(n+ce)” = nm+4cme=c"e.

Therefore e cannot be contained in A, recall that ¢™ is not contained in A . O
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As is easily checked, the proof that idempotent elements are sums of idempotent compact
elements does not depend on compactness of the identity but merely on some u* with
u-u*=0and u=u-(u+u*) for any compact u. Such elements u* exist, for instance, in
the ideal monoids of M-rings with fizing elements, that is elements e, with a-e, = a.

Furthermore: commutative rings with fixing elements, monoids or d-monoids have ideal
structures in which the product of any principal ideal with an arbitrary ideal is equal to
the complex product. In those cases the proof above works even for principal ideals instead
of compact, that is finitely generated ideals, as is easily verified by the reader.

In particular: property (M) guarantees fixing elements whence in analogy to the element
(¢) of (RL) one finds some {c)* with (¢} - {¢)* = (0) and (¢) = (¢} ({¢) + (¢)*) . This means
that M-rings and thereby also idempotent ideals of M-rings are generated idempotently,

because a’r = a = (az)? = az.

7. DECOMPOSITION THEOREMS

Again we are concerned with multiplication AMLs only.

First a ringtheoretical result. Here we denote the radical N from above by n and prime
ideals by p.

Proposition 7.1. Every M-ring with identity 1 has a subdirect decomposition into compo-
nents which are cancellative with 0 or primary.

Proof. Let R be an M-ring with identity 1. Then the subdirect irreducible images of R
are again M-rings containing in particular no idempotents different from 0 and 1. But this
means that the corresponding ideal monoids are nilpotent or otherwise that in 6 — because
of (e) C ({c) *n)*xn — we get first (e} = (1) and thereby furthermore ({(c) xn)*n = (1).

So, if a component is not nilpotent we get in this component {c) * n = n, as is easily
checked, and thereby (c) = (0) = (0), which results as follows:

Suppose below 6 ({c) xn)xn = (1). It follows {c) xn =n~ ()" *n=n (Vn € N). So, if
c-y =0, it follows y € n and thereby y™ = 0 for some n € N. Consequently every minimal
prime element p contains y .

We show that not only each minimal prime p contains y but also all its powers p” . From
this, by ker 0 = 0, it then results y = 0 (and thereby {c) x (0) = (0)), for observe:

It holds p D nand if y ¢ p™ " we get p 2 p™ = (y) and thereby ¢ ¢ p, because 0 = ¢-y ¢
p™t! . But this leads to the contradiction

pn=()"*n2pTxn2p"x(y) Lp.
Thus the proof is complete. O
As an immediate consequence we obtain:

Corollary 7.2. Any ringlike multiplication AML admits a subdirect decomposition into
factors satisfying (c) x (0) = (0) or M™ = 0 for all and thereby for exactly one mazimal
element.

Next we present
A first decomposition theorem 7.3 Any multiplication AML satisfies:

(DC) A=NF" (P prime and P;¢ D A).

Proof. Put B := (\P;% (P;% D A) and assume 1 # P D B % A D b. Then, in case of

bP £ b, by (A) it would hold:
7 b by (A) it w PPOA & P™lzA4

~ PP2P"xA C BxACP. O
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Obviously by 7 and 4 we obtain again 7, since in the M-case any /P is again a multi-
plication AML and thereby O-cancellative.
A second decomposition theorem 7.4 A ringlike M-ideal-monoid 2 is a direct product
in the sense of 7 if and only if for each family of idempotent elements B; (i € I) the equation
holds :

(Dn) A+NB; = NA+B;) ((el).

Proof. (Dn) is obviously necessary. Suppose next that (| P; ¢ = 0 is the representation of
0 by minimal prime powers. Then each P;® =: U; is idempotent and each A € A can be
decomposed into

A=A+0=A+NU: = NA+U) (=N4) Gel).

Now, by 4.1 we get P; # P; = P, L P;. But by (D) this leads to U; L (\ U; (j #1).
Hereby the proof is complete. O

The most natural question arises, when a ringlike multiplication AML has the Noether
property. There is an abundance of necessary and sufficient conditions. In particular, since
multiplication AMLs are AP-ideal monoids, the reader may consult [5]. Moreover, since
components /P with idempotent minimal P may by JAFFARD, [13], be considered as
the ideal structure of some integral domain, and since any component of type 2/P™ with
Pt #£ P = P! may be considered as ideal structure of some residue class ring Z/p"
we are arrived at MoTT, [25].

For the sake of completeness only one characterization, which was not mentioned in [5].
A third decomposition theorem 7.5 A ringlike M-ideal-monoid 2 with compact identity
1 is a finite direct product in the sense of 7.1 if and only if:

(D*) U=U? = U+Ux0=1.

Proof. By assumption it follows immediately that idempotent elements are finitely gener-
ated since U+Ux0=1= u+u*=1 (Ju CU,u* C U%0). ObserveU-u*=0=uD U,

apply (8).
Hence the set of idempotent elements satisfies the ascending chain condition. So, since
all kernel components of 0 are idempotent, the set of kernel components of 0 is finite. [

Finally, a ringtheoretical result, due to D.D.ANDERSON, compare [2], proved in an
alternate manner.

Proposition 7.6. Let R be a ring with identity 1. Then R[z] is a multiplication ring if
and only if R is a direct product of fields.

Proof. The one direction is clear. So let $&[«] be a multiplication ring. Then R is (von
Neumann) regular, since by distributivity of the ideal lattice every a € R satisfies

(@) 2(@-a)+(x) = ((@)n{x-a))+ ((a)Nz),
which implies a = (x—a) flx)+z- g(x)
with a |z - g(z) ~ a| g(z)
al(z - a) - £(x)
a|zf(x) ~ al f(z)
a’|af(z) = 2(f(z) +g(x)) —a

a’la.

¢ ¢ ¢
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Thus the principal ideals form a boolean algebra, whence in particular all finitely gener-
ated ideals are principal ideals, recall u = u? & v = v? = (u,v) = (u — uv + v).

We now show that 9/ has the Noether property. From this it will follow that R is indeed
a direct product of fields. To this end let A = (a;) (a? = a;) be an ideal of R and
suppose (A,z) - B = (z) in R[z]. Then we obtain (4,z) - B = (z) = {a1,... ,an,z) - B
(Bai € 4,1<i <n) D (1) ~ (a,... ,an,2) - B = (3).

Now, according to B | (z), B is cancellable since (z) is cancellable. Hence we get: (A, x) =
(aty ... ,an,z) = (a,x) with (a) = {a1,...,a,) and thereby for all a; € A the equation
a; = a-u(z)+z- v(x) Ju(z),v(z)) = a-s (s € R) whence A = (a). Thus we are
through. O

8. M-CHARACTERIZATIONS

Throughout this section we are concerned with ringlike AMLs

In the ringlike case we may hope for M-characterizations based on ringlike particularities
sheding some special light.

Lemma 8.1. In a ringlike ideal monoid 2 satisfying

(M1) axB+Bxa = 1
(RP) P =P (VP prime)

any prime power satisfies P* O AB& P 2 B — P"™ D A. FEvidently this means in
particular that any prime power is primary.

Proof. First of all observe that 2 has the Priifer property. We suppose P* D AB& P 2 B.
Then it follows P™ D (P™ + A)(P + B)". We put P + B =: D and we will show in general
DDODPOp=— Dp=p.

So, suppose p C P & p € P?. Then PX C P? = P(P+X)=P? = P+ X = P,
that is — by (I) — P D P x P? and thereby P = P x P2.

This leads next to px P2 = (p+ P?)* P2 = PxP? = P and P?xp= (P2 +p)xp= Pxp.
Consequently it holds P L Pxp, that is P |p by (8). Hence we get D D PO p=>D-p=
D-P-(Pxp)=P-(Pxp)=p. O

As a first characterization we present:

Proposition 8.2. A ringlike ideal monoid 2 has property (M) if and only if it satisfies'

(M1) axB+Bxa = 1
(MQ) U=U’=1U-= Eui (ui = ui2)
(M3) Pprime& PD X D P2 = X is P-primary

Proof. NECESSITY: Condition (M1) follows by (HY) and a(a * B + B * a) = a, recall
ax*B=a%*B+ax0.

Next, condition (M2) was proven in the preceding section.

Finally let’s turn to condition (M3). Obviously, under our assumption above — according
to condition (I) — we get X = PY = P(P +Y). So X must be equal to P2. But P? is
primary because P2 Dab& P2 a=> P> D (P +a)>(P>+b) =P>+b.

SUFFICENCY: By (M1) the underlying ideal monoid has the Priifer property.

So, any idempotent U is a divisor because it is a sum of compact idempotents.

TEvidently condition (M3) results from ker A = A as well as from RadA prime => A primary.
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Furthermore by condition (M3) prime elements are maximal or idempotent, recall 4.
This means in particular (M3) & (M2) = ker A = A.
Next we get (z +y) * B+ B * (z +y) = 1 since by normality and 3 it results condition
(K) and thereby
(t+y)«B+Bx(zx+y) = (xxB)N(yxB)+Bx*(z+y)

= ((@xxB)+Bx(z+y)N((yxB)+Bx(r+y))D1N1.

Consider now some £ C M with ¢ M?. Then by M = M? for each m C M, defining
b:=x +m it follows M2 xb+bx M2 = (M?>+b)*xb+ (M>+b)x M>=M*b+ M =1.
But by (8) this leads to M - (M xb) = M N (M xb) D b, that is M|b.

So, given some b C M we find some x C M with x ¢ M? implying M |b+ z|b and
thereby M D B = M|B.

Summarizing: By (M1),(M2),(M3) any prime element is even a prime divisor.

Suppose now A D band b D A(Axb) =b-(b*x A(AxD)). Then by 2.1 there would
exist a prime element P with b # bP and containing b* A(A % b) D A - (A % b) and thereby
containing — in any case — also b. So, P cannot be idempotent and must hence be maximal.

We assume bM # b & M |b. By 4 this means M™ = M"*! (Vn € N). But then —
by assumption and 4 — it results that @ := [, cx P" is a prime divisor of b, implying the

contradiction P-b=P-Q(Q *xb) = Q(Q xb) =b. 0
Proposition 8.3. A ringlike ideal monoid 2 is a multiplication AML iff it satisfies

(M1) axB+Bxa = 1

(DC) A=NFc" (P prime and P; % D A).

Proof. By the results above it suffices to verify

SUFFICIENCY: By (DC) 2 satisfies condition (S) whence according to 8.1 any prime
power is primary. Conversely by (DC) any primary element is a prime power.

Assume now P*™ D B (Vn € N) but B # PB. Then any prime power Q™ with
Q™ D PB either satisfies Q D P = Q™ D Borweget Q 2 P = Q™ D B, since Q™
is primary. Hence 2 has the archimedean property, leading to U? = U D B~ UB = B.
Therefore the rest is done along the proof lines of 8 by applying the Priifer property. [

In [3] it is shown:

Proposition 8.4. In an arbitrary AML the following are equivalent:
(1) 2 is a multiplication AML.
(i) A is a weak multiplication AML, that is A satisfies P D B =— P | B.
(iii) A satisfies:
(a) Every element is equal to its kernel.
(b) Ewvery primary element is a power of its radical.
(¢) If P is minimal prime over A, if n is the least positive integer such that P™ is the
isolated P-primary component of A and if P™ # Pt then P does not contain the
meet of the remaining isolated primary components.

For the ideal structure of commutative rings with identity this result is due to MoOTT,
[24], for ringlike AMLs it is due to ALARCON/ANDERSON/JAYARAM, [1]. Here we add:

Proposition 8.5. A ringlike ideal monoid 2 is a multiplication AML iff it satisfies
(M1) axB+Bxa = 1

(RP) RadA = P prime = A=P" (In e N).
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Proof. Let RadA be prime. Then by (RP) A is equal to some P™. Hence by (DC) of 8 it
suffices to show ker A = A, which by 4 is equivalent to RadB is prime = B is primary .

But, by (RP) it holds P = P? whence B is primary by 8.1. O
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