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Abstract. In paper[1], the author had shown that commuta- tive BCK{algebras with

condition (S) under natural partial order are distributive lattices. In this paper, we

shall extend above mentioned conclusion, and obtain seven important properties on

commutative BCK{algebra (X; �;�; 0) if it is a lattice under natural partial order, and

answer problem 1 in paper [1] if X is a �nite set.etc.

The following Lemma 1,2 are well known:

Lemma 1 Let (X; �;�; 0) be a BCK{algebra, then for any x; y; z 2 X we have

(x � y) � z = (x � z) � y;x � (x � (x � y)) = x � y

And x � y ! x � z � y � z; z � y � z � x.

Lemma 2 Let (X; �;�; 0) be a BCK-algebra and (X;�) is a lattice under natural partial

order �, then for any x; y; z 2 X we have

(x � z) _ (y � z) � (x _ y) � z; (x ^ y) � z � (x � z) ^ (y � z)

Theorem 1 Let (X; �;�; 0) be a commutative BCK{algebra, x; y; z 2 X, and x � z; y � z,

then x _ y = z � ((z � x) ^ (z � y)).

Proof. Since (X; �;�; 0) is a commutative BCK{algebra, then we have

x = x � (x � z) = z � (z � x) � z � ((z � x) ^ (z � y))

y = y � (y � z) = z � (z � y) � z � ((z � x) ^ (z � y))

Put z0 = z � ((z � x) ^ (z � y)), then x � z0; y � z0. Therefore we have

z0 � x = (z � ((z � x) ^ (z � y))) � x = (z � x) � ((z � x) � ((z � x) � (z � y)))

= (z � x) � (z � y) = (z � (z � y)) � x = (y � (y � z)) � x = y � x
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Similarly, we have z0 � y = x � y.

Therefore,

(1) (z0�x)^(z0�y) = (z0�x)�((z0�x)�(z0�y)) = (y�x)�((z0�(z0�y))�x) = (y�x)�(y�x) = 0

Let x � u; y � u, It follows from Lemma 1 that z0 � u � z0 � x; z0 � u � z0 � y, further

z0 � u � (z0 � x) ^ (z0 � y) = 0,therefore z0 � u, so z0 = x _ y. 2

In fact,by the process of the proof of Theorem 1, we have the following remark:

Remark Let (X; �;�; 0) be a commutative BCK{algebra.If x � z1; y � z1;x � z2; y �

z2,Then z1 � ((z1 � x) ^ (z1 � y)) = z2 � ((z2 � x) ^ (z2 � y)).

Corollary 1. Let (X; �;�; 0) be a commutative BCK{algebra with condition (S), then

(X;�) is a lattice under natural partial order �[1].

(In fact, there x ^ y = x � (x � y); x _ y = (x Æ y) � (((x Æ y) � x) ^ ((x Æ y) � y)) )

Corollary 2. Let (X; �;�; 0) be a bounded commutative BCK{algebra, then (X;�) is a

lattice under natural partial order �[2].

(In fact,there x^ y = x � (x � y); x_ y = 1 � ((1 �x)^ (1 � y)), 1 is the greatest element of X)

Theorem 2. Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, then for any x; y; z 2 X, we have

(x _ y) � z = (x � z) _ (y � z); (x ^ y) � z = (x � z) ^ (y � z)

Proof For any x; y; z 2 X, from x� z � x � x_y; y � z � y � y _ z and Theorem 1, we have

(x � z) _ (y � z) = (x _ y) � (((x _ y) � (x � z)) ^ ((x _ y) � (y � z))):

On the other hand, by Lemma 2 and formula (1), we have

(((x _ y) � (x � z)) ^ ((x _ y) � (y � z))) � z � (((x _ y) � (x � z)) � z) ^ (((x _ y) � (y � z)) � z)

= (((x _ y) � z) � (x � z)) ^ (((x _ y) � z) � (y � z)) � ((x _ y) � x) ^ ((x _ y) � y) = 0:

Therefore ((x _ y) � (x � z)) ^ ((x _ y) � (y � z)) � z; moreover

(x _ y) � z � (x _ y) � (((x _ y) � (x � z)) ^ ((x _ y) � (y � z))) = (x � z) _ (y � z):

By Lemma 2, (x � z) _ (y � z) � (x _ y) � z, then (x _ y) � z = (x � z) _ (y � z):

Secondly, for any u � x � z and u � y � z, we have
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u � ((x ^ y) � z) � (x � z) � ((x ^ y) � z);u � ((x ^ y) � z) � (y � z) � ((x ^ y) � z):

On the other hand,

(x � z) � ((x ^ y) � z) = (x � z) � ((x � (x � y)) � z)

= (x � z) � ((x � z) � (x � y)) = (x � z) ^ (x � y);

(y � z) � ((x ^ y) � z) = (y � z) � ((y � (y � x)) � z)

= (y � z) � ((y � z) � (y � x)) = (y � z) ^ (y � x);

moreover, by the formula (1), we have

u � ((x ^ y) � z) � ((x � z) ^ (x � y)) ^ ((y � z) ^ (y � x)) =

((x � z) ^ (y � z)) ^ ((x � y) ^ (y � x)) = ((x � z) ^ (y � z)) ^ 0 = 0:

Therefore u � (x^y)�z. Since (x^y)�z � x�z; (x^y)�z � y�z, then (x^y)�z = (x�z)^(y�z).

2

Corollary Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, then for any x; y 2 X, we have

x � (x ^ y) = (x � y) = (x _ y) � y

By Lemma 1, we have the conclusion:

Theorem 3. Let (X; �;�; 0) be a commutative BCK{algebra, then for any x; y; z 2 X,

x � y = x � z if and only if x ^ y = x ^ z.

Theorem 4. Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, then for any x; y; z 2 X, x � z = y � z if and only if x _ z = y _ z.

Proof SuÆciency. For any x; y; z 2 X, if x _ z = y _ z, from Corollary of theorem 2, we

have x � z = (x _ z) � z = (y _ z) � z = y � z.

Necessity. For any x; y; z 2 X, if x � z = y � z, by Theorem 1, we have

x _ z = (x _ y _ z) � (((x _ y _ z) � z) ^ ((x _ y _ z) � x))

= (x _ y _ z) � (((x _ y _ z) � z) � (((x _ y _ z) � z) � ((x _ y _ z) � x)))

= (x _ y _ z) � (((x _ y _ z) � z) � (((x _ y _ z) � ((x _ y _ z) � x)) � z))

= (x _ y _ z) � (((x _ y _ z) � z) � ((x � (x � (x _ y _ z))) � z))

= (x _ y _ z) � (((x _ y _ z) � z) � (x � z)):
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Similarly, we have y _ z = (x _ y _ z) � (((x _ y _ z) � z) � (y � z)). Therefore, we have

x _ y = x _ z. 2

Corollary Let (X; �;�; 0) be a commutative BCK{algebra with condition (S), then for any

x; y; z 2 X;x � z = y � z if and only if x _ z = y _ z.

Theorem 5. Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, then for any x; y; z 2 X and z � x; z � y, we have

x � y = (x � z) � (y � z)

Proof Since z � y, then x � y � x � z, moreover, from Theorem 2 and its corollary, we have

x � y = (x � z) � ((x � z) � (x � y)) = (x � z) � ((x � (x � y)) � z)

= (x � z) � ((x ^ y) � z) = (x � z) � ((x � z) ^ (y � z))

= (x � z) � (y � z):

Thus, the proof is completed. 2

Let (X; �;�; 0) be a BCK{algebra, for any a; b 2 X, the set fx j x � a � b; x 2 Xg is

denote by A(a; b).

Theorem 6. Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, if for any a; b 2 X, there exists a maximum element c 2 A(a; b),

then X is a BCK-algebra with condition (S).

Proof For any a; b 2 X, there exists a maximum element c 2 A(a; b), then for any

z 2 A(a; b), we have z � a � b; c � a � b, moreover (z � a) _ (c � a) � b. By Theorem 2, we

have (z _ c) � a � b, therefore z _ c 2 A(a; b). Since c is a maximum element of A(a; b), so

z _ c = c, moreover z � z _ c = c. Therefore c is a greatest element of A(a; b), thus, X is a

BCK{algebra with condition (S). 2

Corollary Let (X; �;�; 0) be a �nite commutative BCK{algebra and (X;�) is a lattice un-

der natural partial order �, then X is a BCK{algebra with condition (S).

Theorem 7. Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice under

natural partial order �, a1; a2; a3; � � � ; as 2 X, if a1�a2 = a2�a3 = � � � = as�1 �as = as�a1,

then a1 = a2 = � � � = as.

Proof Take b = a1 � a2 = a2 � a3 = � � � = as�1 � as = as � a1; a = a1 ^ a2 ^ � � � ^ as, then

a � ai(1 � i � s). By Theorem 5, we have (a1 � a) � (a2 � a) = (a2 � a) � (a3 � a) = � � � =

(as�1 � a) � (as � a) = (as � a) � (a1 � a) = b, so b � ai � a(1 � i � s), moreover we have

b � (a1 � a)^ (a2 � a)^ � � � ^ (as � a). From Theorem 2, we have b � (a1 ^ a2 ^ � � � ^ as) � a =

a � a = 0, so b = 0, i.e. a1 � a2 = a2 � a3 = � � � = as�1 � as = as � a1 = 0, moreover
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a1 � a2 � a3 � � � � � as�1 � as � a1, therefore a1 = a2 = a3 = � � � = as�1 = as. Thus, the

proof is completed. 2

Lemma 3 Let (S;^;_) be a distributive lattice, a; b; c 2 S, if a ^ b = a ^ c; a _ b = a _ c,

then b = c[3].

Theorem 8 Let (X; �;�; 0) be a commutative BCK{algebra and (X;�) is a lattice un-

der natural partial order �, for any distinct a1; a2; a3 2 X, if a1 � a2 = a1 � a3, then

a2 � a1 6= a3 � a1; if a2 � a1 = a3 � a1, then a1 � a2 6= a1 � a3.

Proof If a1 � a2 = a1 � a3 and a2 � a1 = a3 � a1, by Theorem 3 and Theorem 4, we have

a1 ^ a2 = a1 ^ a3 and a1 _ a2 = a1 _ a3. On the other hand, by the process of the remark

2 of theorem 4 in [1], we have (X;�) is a distributive lattice, therefore, from Lemma 3, we

have a2 = a3. It contradicts to the assumption a2; a3 are distinct, thus, if a1 � a2 = a1 � a3,

then a2 � a1 6= a3 � a1; if a2 � a1 = a3 � a1, then a1 � a2 6= a1 � a3. 2
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