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SOME PROPERTIES ON COMMUTATIVE BCK-ALGEBRAS
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ABSTRACT. In paper[l], the author had shown that commuta- tive BCK-algebras with
condition (.5) under natural partial order are distributive lattices. In this paper, we
shall extend above mentioned conclusion, and obtain seven important properties on
commutative BCK-algebra (X, *, <;0) if it is a lattice under natural partial order, and
answer problem 1 in paper [1] if X is a finite set.etc.

The following Lemma 1,2 are well known:

Lemma 1 Let (X, *,<;0) be a BCK algebra, then for any x,y,z € X we have

(zxy)skz=(z*xz)ky;z*(rv*(r*y)) =v*y

And e <y—saxz<ykxz,zxy < zx*xuwx.

Lemma 2 Let (X, *,<;0) be a BCK-algebra and (X, <) is a lattice under natural partial
order <, then for any x,y,z € X we have

(zxz)V(yxz)<(aVy) sz, (tAy)xz<(r*z)A(y=*2)

Theorem 1 Let (X, *, <;0) be a commutative BCK-algebra, z,y,z € X, and v < z,y < z,
thenxVy=zx*((z*xz)A(z*y)).

Proof.  Since (X, *,<;0) is a commutative BCK-algebra, then we have

r=x*(zxz)=z+(zxz) <z*((zx2)A(z%y))
y=y*(y*z)=z*(z*xy) <zx*((z*x2)A(z*y))
Put zo=z*((z*x) A (2*y)), then © < 2,y < 2. Therefore we have
zoxr=(zx((zxax)N(zxy)))xa=(z*xa)*((zxx)*((zx2)*(2*y)))

=(zxa)*x(zxy)=(zx(zxy))xx=(yx(y*z)) kv =yx=z
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Similarly, we have zg x y = x * y.

Therefore,
(1) (z0xx)A(20%y) = (202 )*((20*x)*(20%y)) = (y*x)*((20*(20%y))*x) = (yxx)*(y*z) =0

Let x < wu,y < u, It follows from Lemma 1 that zg % u < zg * 2,20 *u < 2o * y, further
zo*%u < (20 % x) A (20 * y) = 0,therefore zp < u, so zp =z Vy. O

In fact,by the process of the proof of Theorem 1, we have the following remark:

Remark Let (X, <;0) be a commutative BCK algebra.If < z1,y < z1;2 < 29,y <
z9,Then zy * ((z1 * 2) A (21 *y)) = 22 * ((22 % 2) A (22 x y)).

Corollary 1. Let (X,*,<;0) be a commutative BCK-algebra with condition (S), then
(X, <) is a lattice under natural partial order <0,

(In fact, there x ANy =a* (v *y),zVy=(rvoy)*((zoy)*z)A((zoy)=*y)))

Corollary 2. Let (X,#,<;0) be a bounded commutative BCK-algebra, then (X,<) is a
lattice under natural partial order <[],

(In fact,there a ANy = xx(x*y),aVy = 1+ ((Lxx)A(1*y)), I is the greatest element of X )

Theorem 2. Let (X, *,<;0) be a commutative BCK-algebra and (X, <) is a lattice under
natural partial order <, then for any v,y,z € X, we have

(xVy)kz=(x*z)V(y*xz),(z Ay)*z=(x*2)A(y*z2)

Proof Forany z,y,z € X, fromax*xz <2 <axVy,yxz <y < yVzand Theorem 1, we have
(xxz)V(yxz)=(xVy)*=(((z Vy)*(x*2)) A((x Vy)=*(y*2))).

On the other hand, by Lemma 2 and formula (1), we have

(@ Vy)*(@x2) A Vy)*(y*2))*z < (2 Vy)* (2 xz)x2) Al((z Vy)*(y*2) *2)
= (& Vy)xz) (o 2)) A((w Vy)*) (y*2)) < ((zVy)xa) A((xVy)*y) =0.

Therefore ((z Vy)* (z*2)) A ((z Vy) * (y*z)) < z, moreover

(zVy)xz<(eVy)*x(((zVy)*x(zx2) A((zVy)*x(y*z))=(xxz)V (y*2z).
By Lemma 2, (v 2) V (y*xz) < (v Vy)xz, then (x Vy)xz=(z*2)V(y*z).

Secondly, for any u < z * z and v < y * z, we have
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ux((zAy)xz)<(zxz)*x((zAy)*z)jux((zAy)*2z) <(y*xz)x((z Ay)*2).

On the other hand,

= (vxz)x((xx2)x(w*xy)) = (vx2)A(x*y),
(yrz)*((xAy)xz) = (y*z)*((yx(y*rz))*2)
= (yxz)x((yxz)*(yra)) =(y*z)A(y*a),
moreover, by the formula (1), we have
ux((wAy)xz) <((zx2) Az xy)) A((y*z) Ay xx)) =
(ex ) A ) A (2 ey) Ay o) = (2% 2) Ay *2) AD=0

Therefore u < (zAy)#*z. Since (zAy)*z < z*z, (vAy)*z < yxz, then (vAy)*z = (wxz)A(y*z).
O

Corollary Let (X,*,<;0) be a commutative BCK-algebra and (X,<) is a lattice under
natural partial order <, then for any v,y € X, we have

zx(zAy)=(zxy)=(xVy)*y
By Lemma 1, we have the conclusion:

Theorem 3. Let (X,*,<;0) be a commutative BCK algebra, then for any x,y,z € X,
xxky=a*zif and only if t ANy =2 A z.

Theorem 4. Let (X, *,<;0) be a commutative BCK algebra and (X, <) is a lattice under
natural partial order <, then for any v,y,z € X, axz=y*z if and only if t Vz=yV z.

Proof Sufficiency. For any z,y,z € X, if « Vz =y V z, from Corollary of theorem 2, we
have x xz =(xVz)sxz=(yVz)*z=yx*z.

Necessity. For any z,y,z € X, if 2 % 2 = y % z, by Theorem 1, we have

xVz = (eVyVz)x(((xVyVz)xz)A((zVyVz)xa))
= (zVyVz)x(((zVyVz)x2)x(((zVyVz)sxz)x((zVyVz)*z)))
= (zVyVz)x(((zVyVz)x2)x(((zVyVz)x((zVyVz)*z))*z))
= (eVyVa)x(((aVyVz)x2)x((z*(zx(xVyVz)))*z))
= (zVyVz)*x(((zxVyVz)xz)x(xxz))
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Similarly, we have y Vz = (a Vy V z) * (((z Vy V 2) * 2) % (y * 2)). Therefore, we have
zVy=zVz O

Corollary Let (X, *,<;0) be a commutative BCK—algebra with condition (S), then for any
vy, z €EX,oxz=y*xzifand only if tVz=yV z.

Theorem 5. Let (X, *,<;0) be a commutative BCK algebra and (X, <) is a lattice under
natural partial order <, then for any z,y,z € X and z < z,z <y, we have

Proof Since z <y, then =%y < x * z, moreover, from Theorem 2 and its corollary, we have

= (zxz)x((zxAy)*z)=(vxz)*((zx2)A(y*z))
= (xxz)*(y=*z).

Thus, the proof is completed. O

Let (X,*,<;0) be a BCK-algebra, for any a,b € X, the set {z | x xa < b,z € X} is
denote by A(a,b).

Theorem 6. Let (X, *,<;0) be a commutative BCK—-algebra and (X, <) is a lattice under
natural partial order <, if for any a,b € X, there exists a mazimum element ¢ € A(a,b),
then X is a BCK-algebra with condition (S).

Proof  For any a,b € X, there exists a maximum element ¢ € A(a,b), then for any
z € A(a,b), we have z * a < b,c* a < b, moreover (z *a)V (¢*a) < b. By Theorem 2, we
have (2 V ¢) x a < b, therefore z V ¢ € A(a,b). Since ¢ is a maximum element of A(«a,b), so
2V ¢ = ¢, moreover z < zV ¢ = ¢. Therefore ¢ is a greatest element of A(a,b), thus, X is a
BCK-algebra with condition (5). O

Corollary Let (X, *,<;0) be a finite commutative BCK algebra and (X, <) is a lattice un-
der natural partial order <, then X is a BCK algebra with condition (5).

Theorem 7. Let (X, *,<;0) be a commutative BCK—-algebra and (X, <) is a lattice under

natural partial order <, ay,as,a3, -+ ,as € X, if aykas = as*kaz =+ = a5_1*%as = as*ay,
then ay = ay = --- = ag.
Proof Take b = ay *ay = as xag = -++ = dg—1 ¥ as = ag ¥ ay,a = a; ANag A -+ A ag, then

a < a;(1 < i< s). By Theorem 5, we have (a * a) * (az * a) = (az * a) * (a3 *a) = -+ =
(as—1 *a)* (as * a) = (as *a) * (a1 *a) = b, so b < a; *a(l < i < s), moreover we have
b<(ay*a)A(az*a)A---A(as*a). From Theorem 2, we have b < (a3 Aaz A---ANag)*xa =
axa=0,s0b=0,1e a) *xays = ay ka3 = -+ = as_1 ¥ as = as * a; = 0, moreover
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ap <ap <az <---<as—1 <as <ay, therefore ay = as = az = -+ = as—1 = as. Thus, the
proof is completed. O

Lemma 3 Let (S,A,V) be a distributive lattice, a,b,c € S, if aNb=aAc,aVb=aVec,
then b= ¢l

Theorem 8 Let (X,%,<,0) be a commutative BCK-algebra and (X, <) 1s a lattice un-
der natural partial order <, for any distinct ay,as,a3 € X, if ay x ay = ay * as, then
ag *k ay # az * ay; if ag k ay = ag * ay, then ay * ay # ay * as.

Proof If ay % ag = a1 * a3 and as * a3 = az * ay, by Theorem 3 and Theorem 4, we have
a1 Nas = a1 ANag and a1 V ay = ay V az. On the other hand, by the process of the remark
2 of theorem 4 in [1], we have (X, <) is a distributive lattice, therefore, from Lemma 3, we
have a; = az. It contradicts to the assumption as, az are distinct, thus, if a1 * a3 = ay * as,
then ag * a1 # as * a1; if ag * a1 = az * a1, then ay * ay # ay * az. O
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