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Abstract. In this paper, we give some relations between biideals and almost biideals,

and prove some properties on some special semigroups.

De�nition 1[1] A nonempty subset T of a semigroup S is a subsemigroup of S if it is
closed under the operation of S; i.e. if a; b 2 T , then ab 2 T .

De�nition 2[1]:[2] A nonempty subset T of a semigroup S is a two- sided ideal(or simply

a biideal or an ideal) if x; y 2 S; t 2 T imply xt; ty 2 T .

De�nition 3[3] A nonempty subset T of a semigroup S is a almost biideal if for any s 2 S,
there exists x; y 2 T such that xsy 2 T .
It is clear that biideal are almost biideal.

Example 1. t Let S be a cyclic group generated by a of order 4, e is the identity of S,fe; ag

is a almost biideal of S, but fe; ag is not a subsemigroup of S,fe; a2g is a subsemigroup of

S, but fe; a2g is not a almost biideal of S.

De�nition 4[1] An element a of a semigroup S is regular if a = axa for some x 2 S. A
semigroup S is regular if every element of S is regular. A nonempty subset I of a semi-
group S is a regular set of S if every element of I is regular.

De�nition 5[2] An element a of a semigroup S is quasi regular if am = amxam for some
positive integer m and some x 2 S. A semigroup S is quasi regular if every element of
S is quasi regular. A nonempty subset I of a semigroup S is a quasi regular set of S if
every element of I is quasi regular.

De�nition 6[1] An element A of a semigroup S is idempotent if a2 = a.
The set of all idempotent elements of semigroup S is denote by E.

Theorem 1 Let S be a quasi regular semigroup and E = feg, then we have
1) for any y 2 S, there exists some positive integer m and some x 2 S satisfy

xym = ymx = e; yme = eym = ym; ye = ey;

2) Se = eS is a group.
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Proof. By the de�nition 5, for any y 2 S, there exists some positive integer m and some

x 2 S satis�es ym = ymxym, further we have (ymx)2 = ymx; (xym)2 = xym. On the other

hand, as E = feg, so we have xym = ymx = e, moreover eym = yme = ym; ey = xymy =

xyym = xyyme = xyymymx = xy2m+1x; ye = yymx = ymyx = eymyx = xymymyx =

xy2m+1x, therefore ey = ye, and Se = eS.

For any u 2 Se, there exists s 2 S, satisfy u = se. Therefore eu = ese = see = se2 =

se = u; ue = see = se2 = se = u, then e is the identity of Se. On the other hand, there ex-

ists some positive integer n and some t 2 S satis�es tsn = snt = e; sne = esn = sn; se = es.

Let v = sn�1te. Thus uv = sesn�1te = essn�1te = esnte = eee = e2e = ee = e2 = e.

Similarly, we have vu = e.So Se = eS is a group. 2

Corollary 1. S is a quasi regular semigroup and E = feg (Where e is the identity of S) if
and only if S is a group.

Lemma 1. Let B be both a almost biideal and a subsemigroup of a semigroup S, then for
any x; y 2 S, we have xBy is a almost biideal of a semigroup S.

Proof For any x; y 2 S; s 2 S, we have ysx 2 S. Since B is a almost biideal of a semigroup

S,there exists u; v 2 B such that uysxv 2 B. On the other hand, B is a subsemigroup of

S, so

x(uysxv)y = (xuy)s(xvy) 2 xBy. Therefore xBy is a almost biideal of a semigroup S.

Thus, the proof is completed. 2

Remark 1. Generally, for a semigroup S, there uncertain exists a almost biideal M of S

such that for any almost biideal B of S, have x; y 2 S satis�es B = xMy.

Example 2 Let S be a cyclic group group generated by a of order 4,e is the identity of

S, there not exists a almost biideal M of S such that for any almost biideal B of S, have

x; y 2 S

satis�es B = xMy.

Example 3. There a almost biideal B of a quasi regular semigroup S and E = feg, but B

is not a biideal of S.

Proof Let S be a in�nitely cyclic group generated by a; e is the identity of S, it is clear

that S is also a quasi regular semi- group and E = feg. Take B = fe; a; a2; a3; � � � g, then

B is a almost biideal of S. Because for any s 2 S, there exists integer m such that s = am,

so there exists positive integer n =j m j +1;

ansan 2 B, therefore B is a almost biideal of S.

On the other hand, a�1 = ea�1e =2 B.In fact,if exists integer n � 0 satis�es a�1 = an, then

an+1 = e.It contradicts to the assumption S is a in�nitely cyclic group. Thus, B is not a

biideal of S. Hence there exists a proper almost biideal B of a quasi regular semigroup S

and E = feg. 2

But we have the conclusions:
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Theorem 2. Let B be a subgroup of semigroup S, and also is a almost biideal of semigroup
S,then B = S.

Proof As B is a almost biideal of semigroup S,then for any s 2 S, exists u; v 2 B satis�es

usv 2 B.On the other hand, B is a subgroup of semigroup S, so u�1; v�1 2 B,therefore

s = u�1(usv)v�1

= s 2 B, moreover, S � B.Since B � S, then B = S. 2

Corollary 1. For any a semigroup S;B is a nonempty proper subset of S. If B is a sub-
group of S, then B is not a almost biideal of S.

Corollary 2. For any a semigroup S;B is a nonempty proper subset of S. If B is a almost
biideal of S, then B is not a subgroup of S.
On the other hand, by the process of the proof of the theorem 2, we have the following con-
clusions:

Theorem 3. There exists a regular set B of a semigroup S, and B is a subsemigroup of
S, but B is not a regular semigroup.

Similarly, there exists a quasi regular set B of a semigroup S, and B is a subsemigroup of
S, but B is not a quasi regular
semigroup.

Theorem 4. There exists a proper almost biideal B of a group S.

But we have the following conclusion:

Theorem 5. Let S be a monoid,If S have not exists proper almost biideal, then S is a group.

Proof. Assume contrary. Take e be the identity of S;S is not a group.

Order B = S � feg,then esists x 2 S, x is not inverse,i.e. for any y 2 S; xy 6= e.Therefore

for any s 2 S,let y = sx, we have xy = xsx 6= e, i.e. x 2 B;xsx 2 B. So B is a proper

almost biideal of S, it contradicts to the assumption S have not exists proper almost biideal

and we have the conclusion. 2

Lemma 2[3]: Let S be a semigroup, then S is a group if and only if for any a 2 S satis�es

aSa = S.

Example 4. There exists a regular semigroup S and u; v 2 S such that uSv 6= S.

Take S = f0; 1g with the multiplication operation,then S is a regular semigroup, and

0S0 = f0g 6= S. 2 We have the following conclusion:

Theorem 6 Let B be both a minimal almost biideal and a subsemigroup of S,then B is a
subgroup of S, moreover B = S.

Proof For any x 2 B, by the lemma 1, we have xBx is a almost biideal of S. Since

xBx � B;B is a minimal almost biideal of S, so xBx = B. On the other hand, B is
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also a subsemigroup of S,by the lemma 2, then B is a group and B is a subgroup of

S.Therefore,from the theorem 2, we have B = S. 2

Finally, I mention the following unsolved problem:

Let B be a minimal almost biideal of a semigroup S, for any x; y 2 S, is xBy a minimal
almost biideal of S?
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