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ON QUOTIENT RESIDUATED LATTICES VIA FUZZY LIA-FILTERS
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ABSTRACT. We construct the quotient residuated lattice induced by fuzzy filters of lattice
implication algebras.

1. INTRODUCTION

In order to research the logical system whose propositional value is given in a lattice
from the semantic viewpoint, Xu [7] proposed the concept of lattice implication algebras,
and discussed their some properties in [7] and [8]. Xu and Qin [9] introduced the notion
of filter in a lattice implication algebra, and investigated their properties. In [11], Xu and
Qin defined the fuzzy filter in a lattice implication algebra L, and they discussed their
some properties. In [12], Xu et al. defined a congruence relation on lattice implication
algebras induced by fuzzy filters and they proved the Fuzzy Homomorphism Fundamental
Theorem. Pavelka introduced the notion of the residuated lattices in [6] and investigated
their properties. In [2], Liu and Xu introduced the notion of new binary operation on lattice
implication algebras and they lead to the residuated lattice by using the new operation of
lattice implication algebras. In this paper, we construct the quotient residuated lattice
induced by fuzzy filters of lattice implication algebras.

2. PRELIMINARIES
We recall a few definitions and properties.

Definition 2.1 ([8]). By a lattice implication algebra we mean a bounded lattice (L, V, A, 0,
1) with order-reversing involution “/” and a binary operation “ — ” satisfying the following
axioms:

M) z—=>(y—2)=y—(z—2),
)x— =1,
) r—=y=y =,
yr—oy=y—ozr=1=>z=y,
) (z=y)—2y=(y—2) >z,
) (Vy) = z=(z—=2)A(y—2),

(L2) (xAy) > 2z=(z—2)V(y = 2),
forall z,y,z € L. If (L,V, A,0,1) satisfies the conditions (I1) ~ (I5), is called a quasi lattice
implication algebra. A lattice implication algebra L is called a lattice H implication algebra
if it satisfies x Vy V ((z Ay) = z) =1 for all z,y,z € L.

We can define a partial ordering < on a lattice implication algebra L by z < y if and
only if x -y =1.
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In a lattice implication algebra L, the following hold([8]): for all z,y,z € L,
1)0—=z=11sz=zandz —>1=1,
(2) <yimpliesz vz <z—yandz = z>y — z,
B) (@—=y) = (y—=2) = (x—2)=1,
4) 2= ((z—>y) 2y =1

Definition 2.2 ([10]). Let (L,V,A,’,—) be a lattice implication algebra. A subset F of L
is called a filter if it satisfies for all z,y € L:

() 1eF,

(ii) z€ Fandz -y € F imply y € F.

The following proposition is clear.

Proposition 2.3. Every filter F' of L has the following property:

z<yandzx € F implyy € F.

Definition 2.4 ([6]). A residuated lattice is a triple L = (L, ®, —) where
(R1) L is a bounded lattice with the least element 0 and the greatest element 1;
(R2) a couple (®, —) of binary operations on L satisfies as follows:
(i) ® is isotone on L x L;
(ii) — is isotone in the first and antitone in the second variable;
(iii) the adjointness condition

a®b<cifand onlyifa <b—c

holds for all a, b, c € L;
(R3) (L,®,1) is a commutative monoid.

Definition 2.5 ([2]). Let (L,V,A,’,—,0,1) be a quasi lattice implication algebra and given
elements a, b of L, we define

A(a,b) :={z € Lja < b — z}.

Ifforall z,y € L, A(x,y) has a least element, written z®y, then the quasi lattice implication
algebra is called to be with property (P).

Lemma 2.6 ([2]). Any lattice implication algebra is with property (P), in fact a®b = (a —
b

Lemma 2.7 ([2]). Let(L,V,A,,—,0,1) be a lattice implication algebra. Then the following
hold: for all a,b,c € L,

(5) awb<aAnb<a,

(6) a<bif and only if a® b =0,

(7) a®b=b®a,

(8) (a—=b)®a<b,

(9) (a®b) > c=b— (a—c).

We now review some fuzzy logic concepts. Let X be a set. A function p: X — [0,1] is
called to a fuzzy subset on X.
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3. MAIN RESULTS.

Definition 3.1 ([11]). A fuzzy subset u of a lattice implication algebra (L,V,A,’,—,0,1)
is called a fuzzy filter if it satisfies

(F1) p(1l) > p(z) for all z € L,

(F2) p(y) > min{u(x — y), u(z)} for all z,y € L.

Proposition 3.2 ([11]). Let u be a fuzzy filter of a lattice implication algebra (L,V, A, ,—
,0,1). Then for all z,y € L, x <y implies p(z) < u(y).

Remark 3.3. If (L,V,A,,—,0,1) is a lattice implication algebra, then by Lemma 2.6, we

know that a® b € L for all a,b € L, and so we regarded ® as a binary operation on L, i.e.,

®:LxL— L,(a,b)~»a®bd.

Theorem 3.4. Let (L,V,A,,—,®,0,1) be a lattice implication algebra. Then  is a fuzzy
filter of L if and only if for all a,b € L,

() (1) > p(a), and
(ii) #f a < b, then p(a) < p(d), and
(i) p(a @ b) > min{j(a),u(b)}.

Proof. Suppose that p is a fuzzy filter of L. Then by the definition of fuzzy filters and
Proposition 3.2, conditions (i) and (ii) are obvious. For any a,b € L, we have

p@® b) > min{u(b - (a® b)), u(b)} > minfu(a), u(b)}.

Conversely, for all a,b € L, we have

u(b) > planb) = p(a® (a— b)) > min{ju(a), pula - b)},

and so p is a fuzzy filter of L. O

As is well known, the characteristic function of a set is a special fuzzy set. Assume that
F is a subset of a lattice implication algebra L, denote by xr the characteristic function of
F,i.e.,
1 ifzxeF,

X (@) = { 0 otherwise.

The following simple fact is sometimes useful.

Lemma 3.5 ([12]). Let F be a subset of a lattice implication algebra (L,V,A,",—,0,1).
Then xr is a fuzzy filter of L if and only if F' is a filter of L.

Proof. The proof is easy and is omitted. [

Now we construct the quotient residuated lattice induced by fuzzy filters. Let u be a
fuzzy filter of a lattice implication algebra (L,V,A,’,—,®,0,1). For any a,b € L, define a
binary relation = on L by

m

a = b if and only if pu((a = b) ® (b = a)) = p(1).
w

Then we have the following Theorem.
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Theorem 3.6. Let p be a fuzzy filter of a lattice implication algebra (L,V,A,,—,®,0,1)
and a,b € L. Then
a = b if and only if pla — b) = p(1) and u(b — a) = u(l).
”w

Proof. Let a,b € L be such that a = b. Then, Since (a = b) ® (b = a) = ((a = b) = (b —
”w

a)) and (b = a) < (a = b) = (b = a)', we have (a = b) ® (b = a) < (b = a). Thus by
Proposition 3.2, we get

p(1) = p((a =) @ (b= a)) < u(b = a),

and so u(b — a) = p(1). Similarly, we obtain u(a — b) = u(1).
Conversely, let a,b € L be such that u(a — b) = u(1) = u(b — a). Since
)

1=(a—=b — ((a—=bVb—a)

=(a—=b) = (((a—=>b) = (b—a))—(b—>a))
=(a—=b) = (b—=a)— ((a=b — (b—a)))
=(a—=b) = (b —a)—> ((a—d)x(b—a))),

we have p((a = b) = (b =+ a) = ((@ = b) ® (b =+ a)))) = n(1). By p(a = b) = p(1) and

(F2), we get u((b — a) = ((a = b) ® (b = a))) = u(1). By u(b — a) = p(1) and (F2), we
get u((a - b) ® (b — a)) = u(l),ie.,a=>b. O
w
By Theorem 3.6, we obtain the following
Lemma 3.7 ([12]). =
”w

over, the relation is a congruence relation on L with respect to —, 1.e., a = b and u = v
w w

is an equivalence relation on a lattice implication algebra L. More-

implya—)u%b—)vfor all a,b,u,v € L.

Theorem 3.8. The relation = is a congruence relation on a lattice implication algebra L
I

with respect to ®, i.e.,a=b and u=v imply a ®u=b® v for all a,b,u,v € L.
n n n

Proof. By Lemma 3.7, = is an equivalence relation on L. Now, we will prove the remainder

part. Let a,b,u,v € L be such that a = b and u = v. Then by Theorem 3.6, we have
Iz u

pla —=b) = plb = a) = plu = v) = p(v = u) = p(l).

By (I3), we get u(a’ — V") = pd — a') = pu’ = v') = plv" = o) = p(l). Thus by
Theorem 3.6, we have
a =V and u' =0
n

Hence by Lemma 3.7, we obtain a — v’ =b — v’ and u — @’ = v — b'. By Theorem 3.6,
we have ! '

u(1) = p((b =) = (a =) =p((@a=u) = (b —=0"))=plla®u) > (bov)),
and

u(1) = plla =) = (b—=0") =p(b =) = (a—=u)) =p((b@v) = (a®u)),
and so we get a®u%b®v. O

Combine the above fact, we lead to the quotient residuated lattice induced by fuzzy filter
of lattice implication algebras.
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Theorem 3.9. Let u be a fuzzy filter of a lattice implication algebra (L,V, A, ,—,®,0,1).
We denote p, := {b € L|a = b} the equivalence class containing a and L/p = {p.|la € L}
w

the set of all equivalence classes of L. An operations U,M, N, — & on L/u are defined by
I

Ha U Hb = Havb,

Ha M Mo 1= anb,

pa® = prar,

Ha 7 My = Ha—b,
ta @) b = prace,
Najﬂb<:>l//a7ﬂb:ﬂ1-
Then (L/u, @, —) is a residuated lattice.
w

Proof. We know that L/u is a bounded lattice with the least element uo and the greatest
element p;, and — is isotone in the first and antitone in the second variable([12]). For any

”w
Hay by fhey ftd € L/, let pg =< pe and pp < pg. Then we have

fra = ™ = pre = ™ and ™ = g
I I

Thus we obtain

Hence we get
(1a = ™)™ 2 (e — ™)™,

and o0 f1q Q pp = e Q fa, ie., Q) is isotone on L/u x L/ p.
Next, we will prove that the adjointness condition

pra @ 1y = e & pra = iy — pie

for all pg, iy, pte € L/p. Since

Ha ® Hb = Hamb = u(aﬁb’)’ = (Ha—)b’)N
= (Mta 7 HZ)N

= (1a = ™ )N

Y

the adjointness condition is easily prove and so is omitted.
For all pa, ps, e € L/ 1, we have

ta Q) 16 = Hasws = Howa = 5 Q) fta, and

(Ha ®”b) ®Ne = ((Ha 2 ™ )N = pNN
= (a 7 (fep ®MC)N)N
= Ha ®(,Ub ®uc), and
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Ha ® H1 = Ma®l = MH(a—1") = Ha-
Hence (L/p, Q), —) is a commutative monoid. Therefore (L/u, @, —) is a residuated lat-
H Iz
tice. 0O

In [2], Liu and Xu gave an equivalence relation on a lattice implication algebra (L, V, A,
—,®,0,1) by using the filter, i.e., let F' be a filter of a lattice implication algebra (L,V,A,’,
—,®,0,1). For all a,b € L, we say that a is equivalent to b with respect to F' denoted by

a%bifandonlyif(a—)b)@(b%a)EF.

Theorem 3.10. Let F be a filter of a lattice implication algebra (L,V,A,',—,®,0,1) and
xF be the characteristic funstion of F'. Then for any a,b € L, we have

a="0bif and only if a = b.
F XF

Proof. By definitions a = b and a = b, we obtain
XF

a%b@(a—)b)@(b—)a)eF
Sxrlla—=bd)®(b—=a)=1

& xr(la—=0) @ ((b—a)) =xr(l)

Sa=b O
XF

By means of Theorem 3.8 and Theorem 3.10, we know that for any filter F' of a lattice
implication algebra (L,V,A,’,—,0,1), a % b is a congruence relation on L. Denote by

F, := {bla = b} the equivalence class containing a and L/F the set of all the equivalence

classes of L via F. Obviously, F, = (xr)s and L/F = L/xr. Thus we have the quotient
residuated lattice induced by filter of lattice implication algebras.

Corollary 3.11. Let F be a fuzzy filter of a lattice implication algebra (L,V, A\, ,—,®,0,1),
where a @ b := (a = V") for all a,b € L. An operations I_I,I_I,N,;),® on L/F are defined

by
Fa'—lFb ::Favba

Fal_lFb ::Fa/\ba
FaN = Fy,
Fa?Fb::Fa%ba

F, Q) Fy = Fagy,
Fo 2 Fy & F, - Fy = Fy.

Then (L/F,Q, ;)) is a residuated lattice.
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