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A STRUCTURE OF AN INCREASING SEQUENCE OF CLOSED SETS

WHOSE UNION IS A MULTIDIMENSIONAL INTERVAL

Shizu Nakanishi
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Abstract. In order to study Fubini's theorem for multidimensional non-absolute

integration, we introduced a lemma in the author's paper [1]. We found some errors

in the proof of the lemma, but the lemma is still true. The purpose of this paper is to

give a correction to the proof. In this paper, we will show a whole proof of the lemma

to be easily understood.

There are some errors in the proof of Lemma 2 in [1] ([1, p.72]). The purpose of this

paper is to give a correction to the proof of the lemma and to show that the lemma is true.

We denote the h-dimensional Euclidean space by Eh: For a set A in Eh; we denote the

interior of A by AÆ; and the closure of A by A: Given a system a1; b1; a2; b2; : : : ; ah; bh of 2h

real numbers such that ai < bi for i = 1; 2; : : : ; h; the set f(x1; x2; : : : ; xh) : ai � xi � bi for

i = 1; 2; : : : ; hg in Eh is called an interval in Eh: A collection of intervals Ii(i = 1; 2; : : : ; n)

such that (Ii)
Æ \ (Ij)

Æ = ; for i 6= j is said to be non-overlapping.

When we consider the space Eh as the product Eh = Eh1 � Eh2 of Eh1 and Eh2 such

that h = h1 + h2; we denote the projection of a set A � Eh on Eh1 by proj
Eh1

x(A); and the

projection of A � Eh on Eh2 by proj
Eh2

y(A): In particular, when h = 2 and h1 = h2 = 1; we

denote proj
Eh1

x(A) by projx(A) and proj
Eh2

y(A) by projy(A) in short. For a set A � Eh; we

denote for a point q 2 Eh2 ; the set f(p0; q) : (p0; q) 2 A; p0 2 Eh1g by Aq; similarly for a

point p 2 Eh1 ; the set f(p; q
0) : (p; q0) 2 A; q0 2 Eh2g by A

p:

We denote the Lebesgue measure of a set A in Eh which is measurable in the Lebesgue

sense by �h(A): In particular, for an interval in E1 we denote �1(I) by jIj:
For an interval in Eh; the least upper bound of the distances between a and b with

a; b 2 I is called the diameter of I: For an interval I = [a1; b1]� [a2; b2]� : : :� [ah; bh]; the

point whose i-th coordinate is (bi�ai)=2 for i = 1; 2; : : : ; h is called the center of I: A point

whose coordinates are rational numbers is called a rational point.

Let J be an interval in the 1-dimensional Euclidean space E1;Mk(k = 1; 2; : : : ) a non-

decreasing sequence of closed sets such that [1k=1Mk � J; and "k(k = 1; 2; : : : ) a sequence

of numbers with "k # 0: Let F be a non-empty closed set in E1 and n and m two positive

integers with n < m: Then, we say that the closed set F has the property (B1) for n < m in

J associated with the sequences fMkg
1

k=1 and f"kg
1

k=1 if the following condition is satis�ed:

(B1):(1) F � J and F �Mm;

(2) Let Jj(j = 1; 2; : : : ) be the sequence of intervals contiguous to the set consisting of

the set F and the end-points of the interval J: Then, the sequence can be classi�ed
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into m � n + 1 parts: Jkj(j = 1; 2; : : : ); possibly empty or �nite, where k = n; n +

1; n+ 2; : : : ;m; in such a way that:

For k = n; n+ 1; n+ 2; : : : ;m; we have

(i)
P
1

j=1 jJkj j < "k;

(ii) (Jkj)
Æ \Mk = ; for j = 1; 2; : : : ; and

(iii) one at least of the end-points of the interval Jkj belongs to Mk for j = 1; 2; : : : :

Lemma 1. Let J0 be an interval in the 1-dimensional Euclidean space E1: Let Mk(k =

1; 2; : : : ) be a non-decreasing sequence of closed sets such that [1k=1Mk = J0: Then, for an

arbitrary given sequence f"kg
1

k=1 with "k # 0; any sub-interval J of J0 has the following

property (A1) in J associated with the sequences fMkg
1

k=1 and f"kg
1

k=1:

(A1): There exist two increasing sequences of positive integers n(i) and m(i)(i = 1; 2; : : : )

such that n(i) < m(i) < n(i + 1) and a non-decreasing sequence of non-empty closed

sets Fn(i)m(i)(i = 1; 2; : : : ) in such a way that:

(1) each Fn(i)m(i) has the property (B1) for n(i) < m(i) in J associated with fMkg
1

k=1

and f"kg
1

k=1; and

(2) [1i=1Fn(i)m(i) = J holds.

Lemma 2. Let R0 be an interval in the h-dimensional Euclidean space Eh(h > 1): Let

Mk(k = 1; 2; : : : ) be a non-decreasing sequence of closed sets such that [1k=1Mk = R0:

Then, for an arbitrary given sequence f"kg
1

k=1 with "k # 0; any sub-interval R of R0 has

the following property (Ah) in R assciated with the sequences fMkg
1

k=1 and f"kg
1

k=1:

(Ah): There exist two increasing sequences of positive integers n(i) and m(i)(i = 1; 2; : : : )

such that n(i) < m(i) < n(i + 1) and a non-decreasing sequence of non-empty closed

sets Fn(i)m(i)(i = 1; 2; : : : ) such that

(1) Fn(i)m(i) � R and Fn(i)m(i) �Mm(i);

in such a way that:

(2) Put Y = [1i=1 proj
Eh�1

y(Fn(i)m(i)) and Z = proj
Eh�1

y(R) � Y: Then, we have

(i) �h�1(Z) = 0;

(ii) for each q 2 Y and each i = 1; 2; : : : ; if (Fn(i)m(i))
q 6= ;; then the closed

set (Fn(i)m(i))
q
has the property (B1) for n(i) < m(i) in Rq

associated with

f(Mk)
qg1k=1 and f"kg

1

k=1; and

(iii) [1i=1(Fn(i)m(i))
q = Rq

for each q 2 Y:

In the property (Ah), Fn(i)m(i) is sometimes denoted by Fn(i)m(i)(R); standing for that

(Ah) is considered in R: Since Fn(i)m(i) "; (i) and (iii) imply that

(iv) �h(Fn(i)m(i)) " �h(R) holds as i!1:

Remark. In (Ah) of Lemma 2, we can replace the conditions (ii) and (iii) by the following

conditions (ii0) and (iii0):
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(ii0) For almost all q 2 Y and all i = 1; 2; : : : ; if (Fn(i)m(i))
q 6= ;; then the closed set

(Fn(i)m(i))
q has the property (B1) for n(i) < m(i) in Rq associated with f(Mk)

qg1k=1

and f"kg
1

k=1;

(iii0) [1i=1(Fn(i)m(i))
q = Rq for almost all q 2 Y:

Proof. We prove only for the case when h = 2: By (ii0) and (iii0) there exists a set K � Y

with �1(K) = 0 and such that for all q 2 Y � K; the statements of (ii0) and (iii0) which

correspond to q are true. Take a decreasing sequence of open sets G(i)(i = 1; 2; : : : ) such

that G(i) � K and so \1i=1G(i) � K; and �1(\
1

i=1G(i)) = 0: Set F �n(i)m(i) = Fn(i)m(i) \

(projx(R) � (projy(R) � G(i))): Then, the sequence F �n(i)m(i)(i = 1; 2; : : : ) satis�es the

conditions (1) and (2) required in (A2).

Next, we prove Lemma 2.

Proof of Lemma 2. The proof of the lemma requires four steps. We prove only for the

case of h = 2:

The �rst step. If an interval R has the property (A2) in R associsted with fMkg
1

k=1

and f"kg
1

k=1; then any sub-interval R0 of R has the property (A2) in R0 associated with

fMkg
1

k=1 and f"kg
1

k=1:

Proof. Let n(i) andm(i)(i = 1; 2; : : : ) be the sequences of positive integers and Fn(i)m(i)(R)

(i = 1; 2; : : : ) the sequence of closed sets chosen to satisfy (A2) in R associated with

fMkg and f"kg: Let B0 and B00 be two sides of R0 which are parallel to the y-axis. Put

Yk = projy(B
0 \Mk) \ projy(B

00 \Mk) and Y �k = projx(R
0) � Yk: Then, F

�

n(i)m(i)(R
0) =

Fn(i)m(i)(R) \ Y
�

n(i)(i = 1; 2; : : : ) is a sequence of closed sets satisfying all of the conditions

required in (A2) in R0 associated with fMkg and f"kg:

The second step. Let R be an interval, F a closed set (empty or non-empty), and

Q(j)(j = 1; 2; : : : ) a sequence of intervals. Suppose that

(a) RÆ � ([1j=1Q(j) [ F );

(b) F �Mk for some k; and

(c) each Q(j)(j = 1; 2; : : : ) has the property (A2) in Q(j) associated with fMkg
1

k=1 and

f"kg
1

k=1:

Then, the interval R has the property (A2) in R associated with fMkg
1

k=1 and f"kg
1

k=1:

As easily seen, by use of the �rst step to show that the second step is true, it is suÆcient

to prove the following statement.

The third step. Let R be an interval in R0: Suppose that there are a sequence Q(j)(j =

1; 2; : : : ) of non-overlapping intervals and a closed set F (empty or non-empty) such that

(a) F � R; F \ Q(j) = ; for j = 1; 2; : : : ; and RÆ � ([1j=1Q(j) [ F ) � R;

(b) F �Mk for some k; and

(c) each Q(j)(j = 1; 2; : : : ) has the property (A2) in Q(j) associated with fMkg
1

k=1 and

f"kg
1

k=1:
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Then, R has the property (A2) in R associated with fMkg
1

k=1 and f"kg
1

k=1:

Proof. We shall show that there exist two increasing sequences of positive integers fn(i)g1i=1

and fm(i)g1i=1; and a non-decreasing sequence of closed sets fFn(i)m(i)g
1

i=1 which satisfy

all of the conditions required in (A2) in R associated with fMkg
1

k=1 and f"kg
1

k=1: By

the assumption (c), for each Q(j) there are two increasing sequences of positive integers

fn(j; t)g1t=1 and fm(j; t)g1t=1 such that n(j; t) < m(j; t) < n(j; t + 1) for t = 1; 2; : : : and

a sequence of closed sets fFn(j;t)m(j;t)(Q(j))g
1
t=1 which satis�es the conditions (1) and (2)

required in (A2) in Q(j) associated with fMkg
1

k=1 and f"kg
1

k=1: In particular, we have

projy(Fn(j;t)m(j;t)(Q(j))) � projy(Q(j)) for j = 1; 2; : : : and t = 1; 2; : : : : (1Æ)

By (iii) of (2) we can suppose that for every y 2 projy(Fn(j;t)m(j;t)(Q(j))) we have

(Fn(j;t)m(j;t)(Q(j)))
y \B0(j) 6= ; and (Fn(j;t)m(j;t)(Q(j)))

y \B00(j) 6= ;

for j = 1; 2; : : : and t = 1; 2; : : : ; (2Æ)

where B0(j) and B00(j) are the sides of Q(j) which are parallel to the y-axis.

Now

1. Set k(0) = 0; n(0) = 0 andm(0) = k0; where k0 is an integer such that F �Mk0 (k
0 � 1):

There exsists such a k0 by (b).

2. Supposing k(i� 1); n(i � 1) and m(i � 1) are de�ned for an i 2 f1; 2; : : : g; we shall

de�ne k(i); n(i) and m(i) as follows. Let us take an integer k(i) so that

k(i� 1) < k(i); and (3Æ)

�2(R� ([
k(i)
j=1Q(j) [ F )) < ("m(i�1)+1=2

i)2: (4Æ)

This is possible by (a). Next, choose two indices n(j; t(j; i)) and m(j; t(j; i)) for j =

1; 2; : : : ; k(i) so that

m(i� 1) + 1 < n(1; t(1; i)) < m(1; t(1; i)) < n(2; t(2; i)) < m(2; t(2; i))

< : : : < n(k(i); t(k(i); i)) < m(k(i); t(k(i); i)); and (5Æ)

�1(projy(Q(j)) � projy(Fn(j;t(j;i))m(j;t(j;i))(Q(j)))) < "m(i�1)+1=N(i)2i; (6Æ)

where N(i) =
Pk(i)

r=1 r(k(i)Cr): This is possible by (iv). Put

n(i) =m(i� 1) + 1 and m(i) = m(k(i); t(k(i); i)): (7Æ)

Since, for i � 1; k(i) > k(0) and so k(i) � 1; we have n(i) =m(i � 1) + 1 < m(1; t(1; i)) �
m(k(i); t(k(i); i)) =m(i): Therefore

i < n(i) < m(i) < n(i+ 1) for i = 1; 2; : : : : (8Æ)

Repeating this process, we obtain k(i); n(i) and m(i)(i = 1; 2; : : : ): Since n(j; t(j; i)) �
m(k(i); t(k(i); i)) =m(i) < m(i) + 1(= n(i+1)) < n(j; t(j; i+1)) for 1 � j � k(i); we have
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t(j; i) < t(j; i+ 1) for i = 1; 2; : : : and j = 1; 2; : : : k(i): (9Æ)

Fix an i 2 f1; 2; : : : g: Corresponding to y 2 projy(R) we consider a system consisting of

all of the intervals Q(j) belonging to fQ(1); Q(2); : : : ; Q(k(i))g and such that ((Q(j))Æ)y 6=
;: We denote the sysytem by P (y)(possible empty). We denote by 4(i) the class of non-

empty systems P consisiting of intervals chosen from fQ(1); Q(2); : : : ; Q(k(i))g for which

there exists a y 2 projy(R) such that P = P (y): We denote P belonging to 4(i) by

P : Q(j(1; P )); Q(j(2; P )); : : : ; Q(j(h(P ); P )): For P 2 4(i); we have

fy : P (y) = Pg = \
h(P )
h=1 projy(Q(j(h;P )))

Æ � [Q(j)=2P;1�j�k(i)(projy(Q(j)))
Æ :

Put

J(P ) = \
h(P )
h=1

projy(Q(j(h;P )))
Æ � [Q(j)=2P;1�j�k(i)projy(Q(j)): (10Æ)

Then, J(P ) consists of �nite non-empty open intervals on y-axis. We have

J(P ) \ J(P 0) = ; if P 6= P 0 for P;P 0 2 4(i): (11Æ)

Since [P24(i)(\
h(P )
h=1 projy(Q(j(h;P )))) � [P24(i)J(P ) � [

k(i)
j=1projy(Q(j)); we have

[P24(i)(\
h(P )
h=1 projy(Q(j(h;P )))) = [P24(i)J(P ) = [

k(i)
j=1projy(Q(j)): (12Æ)

The number of systems belonging to 4(i) is
Pk(i)

r=1 k(i)Cr at most.

We set

E(i) = fy : y 2 projy(R
Æ); �1((R)

y � ([
k(i)
j=1Q(j) [ F )

y) < "n(i)=2
ig: (13Æ)

Take a closed set H(i) so that

H(i) � E(i); �1(E(i) �H(i)) < "n(i)=2
i+1:

Take a closed set S�(i) so that

S�(i) � H(i) � [
k(i)
j=1projy(Q(j)); and

�1((H(i) � [
k(i)
j=1projy(Q(j))) � S�(i)) < "n(i)=2

i+1: (14Æ)

Put

S(i) = (H(i) \ [
k(i)
j=1projy(Q(j))) [ S

�(i):

Since H(i) = (H(i) \ [
k(i)
j=1projy(Q(j))) [ (H(i) � [

k(i)
j=1projy(Q(j))); S(i) is a closed set

contained in E(i) such that

�1(E(i)�S(i)) = �1(E(i)�H(i))+�1((H(i)�[
k(i)
j=1projy(Q(j)))�S

�(i)) < "n(i)=2
i: (15Æ)



308 SHIZU NAKANISHI

We have

S(i)� S�(i) = H(i) \ [
k(i)
j=1projy(Q(j)) � [

k(i)
j=1projy(Q(j)): (16Æ)

Put

T (i) = [P24(i)(\
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P ))))\J(P )); (17

Æ)

U(i) = S(i) \ (S�(i) [ T (i)) = S�(i) [ (S(i) \ T (i)); (18Æ)

V (i) = Y (i) \ (\1i0=iU(i
0));

where Y (i) = projy(B
0 \M1)\projy(B

00 \M1) and B
0 and B00 are the two sides of R which

are parallel to y-axis.

We have

Y (i) � projy(R); Y (i) " as i!1; lim
i!1

�1(Y (i)) = �1(projy(R)): (19Æ)

Hence, V (i) " as i!1; and since V (i) � E(i); V (i) � projy(R
Æ) holds.

Put V �(i) = projx(R) � V (i); then V �(i) is a closed set such that

V �(i) " as i!1 and V �(i) � projx(R) � projy(R
Æ) � R: (20Æ)

We now de�ne Fn(i)m(i)(R) for i = 1; 2; : : : as follows:

Fn(i)m(i)(R) = V �(i) \ ([
k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j)) [Mn(i)): (21Æ)

We next prove that this is a sequence of non-empty closed sets satisfying the conditions

(1) and (2) required in (A2) in R associated with fMkg
1

k=1 and f"kg
1

k=1: It is clear taht

Fn(i)m(i)(R) is a non-empty closed set. Now, put

M�(i) = [
k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j)):

Since by (9Æ) Fn(j;t(j;i))m(j;t(j;i))(Q(j)) � Fn(j;t(j;i+1))m(j;t(j;i+1))(Q(j)) for j = 1; 2; : : : ; k(i)

and k(i) < k(i + 1); we have M�(i) " : Further, V �(i) " and Mn(i) " by n(i) < n(i + 1):

Hence

Fn(i)m(i)(R) " as i!1:

Since V �(i) � R by (20Æ), we have

Fn(i)m(i)(R) � R: (22Æ)

By (1) of the property (A2) in Q(j) associated with fMkg
1

k=1 and f"kg
1

k=1; (5
Æ) and

(7Æ), we have Fn(j;t(j;i))m(j;t(j;i))(Q(j)) � Mm(j;t(j;i)) � Mm(k(i);t(k(i);i)) = Mm(i) for j =

1; 2; : : : ; k(i): Further m(i) > n(i): Hence

Fn(i)m(i)(R) �Mm(i):
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Next, we prove that limi!1 �2(Fn(i)m(i)(R)) = �2(R): We �rst have Mn(i) �M�(i) � F:

Because, we have Mn(i) � Mm(0) � F for i � 1; and since Q(j) \ F = ; for j =

1; 2; : : : ; k(i); we have M�(i) \ F = ;: Therefore

lim
i!1

�2(Fn(i)m(i)(R)) = lim
i!1

�2(V
�(i) \ (Mn(i) [M

�(i)))

= lim
i!1

�2(V
�(i)\ (Mn(i)�M�(i))) + lim

i!1
�2(V

�(i)\M�(i))

� lim
i!1

�2(V
�(i) \ F ) + lim

i!1
�2(V

�(i) \M�(i)): (23Æ)

By (13Æ), if y 2 projy(R
Æ)�E(i); then �1((R)

y � ([
k(i)
j=1Q(j) [ F )

y) � "n(i)=2
i: Hence

�1(projy(R) �E(i)) � ("n(i)=2
i) �

Z
projy(R)�E(i)

�1((R)
y � ([

k(i)
j=1Q(j) [ F )

y)dy

�

Z
projy(R)

�1((R)
y � ([

k(i)
j=1Q(j) [ F )

y)dy

� �2(R� ([
k(i)
j=1Q(j) [ F )) < ("n(i)=2

i)2 (by(4Æ) and (7Æ)):

Hence

�1(projy(R) �E(i)) < "n(i)=2
i: (24Æ)

We have, by (10Æ) and (12Æ),

[
k(i)
j=1projy(Q(j)) = [P24(i)(\

h(P )
h=1 projy(Q(j(h;P ))) \ J(P )):

We further have

Q(j(h;P )) � (Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P ))) for h = 1; 2; : : : ; h(P ):

Therefore, by (18Æ), (16Æ) and (17Æ) we have

�1(S(i)� U(i)) = �1((S(i) � S�(i)) � T (i)) � �1(([
k(i)
j=1projy(Q(j))) � T (i))

= �1([P24(i)(\
h(P )
h=1 projy(Q(j(h;P ))) \ J(P ))

� [P24(i) (\
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P )))

=
X

P24(i)

�1(\
h(P )
h=1 projy(Q(j(h;P ))) \ J(P )

� \
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P ))
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�
X

P24(i)

h(P )X
h=1

(�1(\
h(P )
h=1 projy(Q(j(h;P ))) \ J(P )

�projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P )))

�
X

P24(i)

h(P )X
h=1

(�1(projy(Q(j(h;P ))) \ J(P )

�projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P )))

=

k(i)X
r=1

X
P24(i);h(P )=r

h(P )X
h=1

(�1(projy(Q(j(h;P ))) \ J(P )

�projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P )))

<

k(i)X
r=1

0
@ X
P24(i);h(P )=r

fr("n(i)=N(i)2i)g

1
A (by (6Æ)and(7Æ))

�

k(i)X
r=1

0
@
k(i)Cr

8<
:r("n(i)=

0
@

k(i)X
r=1

r(k(i)Cr)2
i

1
A
9=
;
1
A = "n(i)=2

i: (25Æ)

Hence, by (24Æ), (15Æ) and (25Æ),

�1(projy(R) � U(i))

� �1(projy(R) �E(i)) + �1(E(i) � S(i)) + �1(S(i)� U(i)) < 3("n(i)=2
i):

Therefore, for i = 1; 2; : : : we have

�1(projy(R) � V (i)) = �1(projy(R) � (Y (i) \ (\1i0=iU(i
0)))

� �1(projy(R) � Y (i)) +

1X
i0=i

�1(projy(R) � U(i0))

< �1(projy(R) � Y (i)) +

1X
i0=i

3("n(i0)=2
i0)

< �1(projy(R) � Y (i)) + 3"n(i):

Thus, by (19Æ) limi!1 �1(V (i)) = �1(projy(R)); and so

lim
i!1

�2(V
�(i)) = �2(R): (26o)
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By (20Æ)
lim
i!1

�2(V
�(i) \ F ) = �2(F ): (27Æ)

Next, for any positive integer j�; take an i� with k(i�) > j�: This is possible by (3Æ). Then

lim
i!1; i�i�

�2(V
�(i) \M�(i)) = lim

i!1; i�i�
�2(V

�(i) \ ([
k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))))

� lim
i!1; i�i�

j�X
j=1

�2(V
�(i) \ Fn(j;t(j;i))m(j;t(j;i))(Q(j)))

=

j�X
j=1

lim
i!1; i�i�

�2(V
�(i) \ Fn(j;t(j;i))m(j;t(j;i))(Q(j)))

=

j�X
j=1

�2(Q(j))

by (20Æ), (26Æ), the fact that t(j; i) " 1 as i!1 for j = 1; 2; : : : j�; and (iv) in Q(j):

Therefore, limi!1 �2(V
�(i) \M�(i)) = limi!1; j�i� �2(V

�(i) \M�(i)) �
Pj�

j=1 �2(Q(j))

and so

lim
i!1

�2(V
�(i) \M�(i)) �

1X
j=1

�2(Q(j)): (28Æ)

By (23Æ), (27Æ), (28Æ), (22Æ) and (a), we obtain limi!1 �2(Fn(i)m(i)(R)) = �2(R):

Consequently, when we put

Y = [1i=1projy(Fn(i)m(i)(R)) and Z = projy(R) � Y;

we have �1(Z) = 0: We set

Y � = Y � [1i=1 [P24(i) (J(P ) � J(P )): (29Æ)

Then. Y � � Y and �1(Y � Y �) = 0:

Next, we prove (ii0) and (iii0) of Remark. To prove them, we prepare the following

statement(�):

(�): Let y 2 Y �; y 2 projy(V
�(i)) for some i; and (Q(js))

y 6= ; for s = 1; 2; : : : ; r: Let

i� = minfi : y 2 projy(V
�(i)) and k(i) � js (s = 1; 2; : : : ; r)g:

Then, for each i � i� we have y 2 projy(V
�(i)) and there exists a P 2 4(i) such that

(d) Q(js) is Q(j(hs; P )) for some hs with 1 � hs � h(P )(s = 1; 2; : : : ; r); and

(e) y 2 \
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P ):

Indeed, let i � i�: Then, we have y 2 projy(V
�(i)) by (20Æ). Since then y 2 V (i); y 2

U(i): Hence, by (18Æ)
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y 2 S�(i) or y 2 T (i): (30Æ)

By the �rst part of (14Æ),

if y 2 S�(i); then y =2 [
k(i)
j=1projy(Q(j)): (31Æ)

Since k(i) � js and (Q(js))
y 6= ; for s = 1; 2; : : : ; r; we have y 2 [

k(i)
j=1projy(Q(j)):

Hence, y 2 T (i) by (30Æ) and (31Æ). Since moreover y 2 Y �; by (17Æ) and (29Æ)

y 2 [P24(i)(\
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P )):

Hence, there exists a P 2 4(i) such that

y 2 \
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P ):

Further, this fact implies y 2 J(P ): Hence, by (10Æ) y =2 [ projy(Q(j)); where the union

is over all j such that Q(j) =2 P with 1 � j � k(i): Hence, Q(js) must be Q(j(hs; P )) for

some hs with 1 � hs � h(P ) for s = 1; 2; : : : ; r; The proof of (�) is complete.

As a corollary of (�), the following statement (��) holds.

(��): Let y 2 Y � and y 2 projy(V
�(i)) \ projy([

k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))) for an i:

Then, there exists a P 2 4(i) such that

y 2 \
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P ):

Because, by the assumption of (��) and (1Æ), P 2 4(i) chosen in (�) is the desired one.

Now, we prove (ii0) of Remark. Let y 2 projy(Fn(i)m(i)(R)) \ Y
�: Then, by (21Æ)

(i) y 2 projy(V
�(i) \ [

k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))); or

(ii) y 2 projy(V
�(i) \Mn(i)) � projy(V

�(i) \ [
k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))):

First of all, we remark that, since y 2 projy(V
�(i)) = V (i); we have y 2 E(i); and so by

(13Æ)

�1((R)
y � ([

k(i)
j=1Q(j) [ F )

y) < "n(i)=2
i: (32Æ)

For the case of (i): By (��) there exists a P 2 4(i) such that

y 2 \
h(P )
h=1 projy(Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) \ J(P ):

In this case, we can suppose that j(1; P ) < j(2; P ) < : : : < j(h(P ); P ): Hence, by (5Æ) we

have

n(i) < n(j(1; P ); t(j(1; P ); i)) < m(j(1; P ); t(j(1; P ); i))

< n(j(2; P ); t(j(2; P ); i)) < m(j(2; P ); t(j(2; P ); i))

< : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

< n(j(h(P ); P ); t(j(h(P ); P ); i)) < m(j(h(P ); P ); t(j(h(P ); P ); i))

� m(k(i); t(k(i); i)) =m(i):
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And by the assumption (c) for Q(j); (Fn(j(h;P );t(j(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P ))))
y

has the property (B1) in (Q(j(h;P )))y associated with f(Mk)
yg1k=1 and f"kg

1

k=1 for h =

1; 2; : : : ; h(P ):

Further, since

(Fn(j(h;P );t)m(j(h;P );t)(Q(j(h;P ))))
y \B0(j(h;P )) 6= ; and

(Fn(j(h;P );t)m(j(h;P );t)(Q(j(h;P ))))
y \ B00(j(h;P )) 6= ;

for h = 1; 2; : : : ; h(P ) and t = 1; 2; : : : by (2Æ);

(Mi)
y \B0 6= ; and (Mi)

y \B00 6= ;; because y 2 V (i) � Y (i); and (33Æ)

Mi �Mn(i) by n(i) > i;

the set (R)y�([
h(P )
h=1 Q(j(h;P ))[Mn(i))

y consisits of a sequence of non-overlapping intervals

such that one at least of the end-points of each interval belongs toMn(i): Furthermore, since

y 2 J(P ); we have, by (10Æ), y =2 [ projy(Q(j)); where the union is over all Q(j) =2 P with

1 � j � k(i): Hence

([
k(i)
j=1Q(j))

y = ([
h(P )
h=1 Q(j(h;P )))

y :

Therefore, by (32Æ) and the fact that F �Mn(i);

�1((R)
y � ([

h(P )
h=1 Q(j(h;P )) [Mn(i))

y) < "n(i)=2
i < "n(i):

Thus, for the case (i) the property (ii0) of Remark holds.

For the case of (ii): Since V �(i) = projx(R) � V (i); we have

projy(V
�(i)) \ [

k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j)))

= projy(V
�(i)) \ projy([

k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))):

Hence, in the case (ii) y 2 projy(V
�(i)); but y =2 projy([

k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))):

Hence, if (Q(j))y 6= ; for some j with 1 � j � k(j); by (�) we must have

y 2 \
h(P )
h=1 projy(Fn(j(h;P );t(j;(h;P );i))m(j(h;P );t(j(h;P );i))(Q(j(h;P )))) for some P 2 4(i)

and so

y 2 projy([
k(i)
j=1Fn(j;t(j;i))m(j;t(j;i))(Q(j))):

Hence, (Q(j))y = ; for j = 1; 2; : : : ; k(i): Therefore, by (32Æ)

�1((R)
y � (F )y) = �1((R)

y � ([
k(i)
j=1Q(j) [ F )

y) < "n(i)=2
i:

Hence, by F �Mn(i); we have �1((R)
y�(Mn(i))

y) < "n(i): By (33
Æ), the set (R)y�(Mn(i))

y

consists of a sequence of non-overlapping intervals such that one at least of the end-points

of each interval belongs to Mn(i): Hence, for the case (ii) the property (ii0) of Remark is

true.

Next, we prove (iii0) of Remark in the following form:
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Ry = [1i=1(Fn(i)m(i)(R))
y for every y 2 Y �:

Let y 2 Y �: By (a) we �rst have

Ry = [1j=1(Q(j))
y [ F y [ (B0)y [ (B00)y :

Since then y 2 Y; there exists an i0 such that y 2 projy(Fn(i0)m(i0)(R)): Then, y 2
projy(V

�(i0)):

Now, suppose that (Q(j))y 6= ; for some j: Then, by (�) there exists an i� with i� � i0

and k(i�) � j such that

y 2 projy(Fn(j;t(j;i))m(j;t(j;i))(Q(j))) for all i � i�:

Hence, since t(j; i) " 1 as i !1 by (9Æ), we have, by (iii) of (2) in the property (A2) for

Q(j);

(Fn(j;t(j;i))m(j;t(j;i))(Q(j)))
y " (Q(j))y as i!1;

and so

(Q(j))y = [1i=1(Fn(j;t(j;i))m(j;t(j;i))(Q(j)))
y : (34Æ)

On the other hand, by (21Æ) for all i

(Fn(i)m(i)(R))
y � (V �(i) \ (Fn(j;t(j;i))m(j;t(j;i))(Q(j)))

y :

Further, since y 2 projy(V
�(i)) for i � i� and V �(i) = projx(R) � V (i);

(Fn(i)m(i)(R))
y � (Fn(j;t(j;i))m(j;t(j;i))(Q(j)))

y for all i � i�: (35Æ)

Thus, by (34Æ) and (35Æ)

[1i=1(Fn(i)m(i)(R))
y � (Q(j))y :

Thus

[1i=1(Fn(i)m(i)(R))
y � [1j=1(Q(j))

y : (36Æ)

Similarly, by (21Æ), (Fn(i)m(i)(R))
y � (V �(i) \Mn(i))

y � F y for all i � i0; and so

[1i=1(Fn(i)m(i)(R))
y � F y: (37Æ)

Further, since y 2 projy(V
�(i)) � Y (i) for all i � i0;

(B0 \Mn(i))
y 6= ; and (B00 \Mn(i))

y 6= ;:

Therefore

[1i=1(Fn(i)m(i)(R))
y � [1i=1(V

�(i) \Mn(i))
y
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� [1i=1(Mn(i))
y � (B0)y [ (B00)y: (38Æ)

Consequently, by (36Æ), (37Æ) and (38Æ) we have [1i=1(Fn(i)m(i)(R))
y = Ry :

The fourth step. Under the assumption of Lemma 2, R0 has the property (A2) in R0

associated with fMkg
1

k=1 and f"kg
1

k=1:

Proof. We prove the statement above by use of the method of trans�nite induction. We

denote the smallest ordinal number of the third class by 
:

1. For the case of � = 1 : Since R0 = [1k=1Mk; by Baire's theorem (see [2, p.54] for

example) there exists a k0 and a square R1 such that the center is a rational point

and the diameter is a rational number, in such a way that

R1 � R0; and R1 \Mk0 = R1 and so Mk0 � R1:

Putting, for i = 1; 2; : : : ;

n(i) = k0 + 2i and m(i) = k0 + 2i+ 1; and Fn(i)m(i)(R1) = R1;

R1 has the property (A2) in R1 associated with fMkg
1

k=1 and f"kg
1

k=1:

2. For the case of � < 
 : Suppose that an interval R� such that the center is a rational

point and the diameter is a rational number is de�ned for every 0 < � < � in such a

way that:

(a) R� � R0 for every 0 < � < �;

(b) if � 6= �0; 0 < � < � and 0 < �0 < �; then R� 6= R�0 ; and

(c) each R�(0 < � < �) has the property (A2) in R� associated with fMkg
1

k=1 and

f"kg
1

k=1:

Now suppose that R0 � [0<�<�R� 6= ;: Put A = R0 � [0<�<�R�: Since then A is

a non-empty GÆ-set and A � [1k=1Mk; by Baire's theorem there exist a point z 2 A

and a square R of center z such that for some k00 the set A\Mk00 is everywhere dense

in A \ RÆ and so we have

(d) A \Mk00 � A \RÆ:

Then, taking a rational point r 2 R0 which is suÆciently near to the point z; we can

�nd an interval R0 so that:

(e) z 2 R0;

(f) R0 � RÆ and R0 � R0; and

(g) the center of R0 is r and the diameter of R0 is a rational number.

We remark that (e) contains that

(h) R0 \ A 6= ;:

Next, we show that the interval R0 has the property (A2) in R0 associated with

fMkg
1

k=1 and f"kg
1

k=1: Put
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A� = A \ R0:

Then, A� is a non-empty closed set by (h). By (d), we haveMk00 =Mk00 � A \Mk00 �
A \ RÆ: Further, we have A \RÆ � A\RÆ: Because, let x 2 A\RÆ; then there exists

a sequence fxig such that xi 2 A and limi!1 xi = x: Since x 2 RÆ; there exists

an i0 such that xi 2 RÆ for all i � i0: Hence, xi 2 A \ RÆ for all i � i0:Therefore,

x 2 A \RÆ: By (f) A \RÆ � A \R0 = A�: Hence, we have A� �Mk00 :

Put G = (R0)Æ � A�: Since then G is an open set, there is a sequence of non-

overlapping intervals Ji(i = 1; 2; : : : ) whose union is G; and for i = 1; 2; : : : we have

Ji � (R0)Æ �A� � R0 �A� = R0 �A � R0 �A = R0 \ (R0 �A)

= R0 \ ([0<�<�R�) = [0<�<�(R� \R
0):

Hence, by (c) and the �rst and second steps each Ji has the property (A2) in Ji associ-

ated with fMkg
1

k=1 and f"kg
1

k=1; and we have (R
0)Æ = A�[([1i=1Ji): Consequently, by

the second step the interval R0 has the property (A2) in R
0 associated with fMkg

1

k=1

and f"kg
1

k=1:

Now put R0 = R� : Then, fR�(0 < � � �)g has the following three properties.

(i) R� � R0 for 0 < � � � by (a) and (f).

(j) If � 6= �0; 0 < � � � and 0 < �0 � �; then R� 6= R�0 : This follows from (b) and

the fact that we have R� 6= R� for 0 < � < �; because R� \ A 6= ; by (h).

(k) Each R� (0 < � � �) has the property (A2) in R� associated with fMkg
1

k=1 and

f"kg
1

k=1: This follows from (c) and the result for R0 mentioned in the above.

We should thus obtain a trans�nite sequence of type 
 of distinct intervals such that

each interval has the center that is a rational point and its diameter is a rational number.

This is impossible. Consequently, there exists a � < 
 such that [0<�<�R� = R0: Thus,

by the second step R0 has the property (A2) in R0 associated with fMkg
1

k=1 and f"kg
1

k=1:

By the �rst and fourth steps, the proof of Lemma 2 is complete.

Lemma 1 is obtained as a corollary of Lemma 2 as follows.

Proof of Lemma 1. Let I0 be an interval on y-axis. Put R0 = J0 � I0; and M�

k =

Mk � I0 for k = 1; 2; : : : : Then, fM�

k g
1

k=1 is a non-decreasing sequence of closed sets such

that [1k=1M
�

k = R0: Let J be any sub-interval of J0: Put R = J � I0: By Lemma 2 there

exist two increasing sequences of positive integers n(i) and m(i) (i = 1; 2; : : : ) such that

n(i) < m(i) < n(i+1) and a non-decreasing sequence of non-empty closed sets Fn(i)m(i) (i =

1; 2; : : : ) satisfying the conditions (1) and (2) of (A2) in R associated with fM�

kg
1

k=1 and

f"kg
1

k=1: Hence, there exists a y 2 I0 such that (Fn(i)m(i))
y � Ry and (Fn(i)m(i))

y � (M�

k )
y

and such that for i = 1; 2; : : : ; the closed set (Fn(i)m(i))
y has the property (B1) for n(i) <

m(i) in Ry associated with fMkg
1

k=1 and f"kg
1

k=1; and [
1

i=1(Fn(i)m(i))
y = Ry:

Put F �n(i)m(i) = projx((Fn(i)m(i))
y): Then F �n(i)m(i)(i = 1; 2; : : : ) is a non-decreasing

sequence of closed sets in J such that: (1) for i = 1; 2; : : : ; the closed set F �n(i)m(i) has

the property (B1) for n(i) < m(i) in J associated with fMkg
1

k=1 and f"kg
1

k=1; and (2)

[1i=1F
�

n(i)m(i) = J holds. Thus, the proof of Lemma 1 is complete.
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