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A STRUCTURE OF AN INCREASING SEQUENCE OF CLOSED SETS
WHOSE UNION IS A MULTIDIMENSIONAL INTERVAL

SHIZU NAKANISHI
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ABSTRACT. In order to study Fubini’s theorem for multidimensional non-absolute
integration, we introduced a lemma in the author’s paper [1]. We found some errors
in the proof of the lemma, but the lemma is still true. The purpose of this paper is to
give a correction to the proof. In this paper, we will show a whole proof of the lemma
to be easily understood.

There are some errors in the proof of Lemma 2 in [1] ([1, p.72]). The purpose of this
paper is to give a correction to the proof of the lemma and to show that the lemma is true.
We denote the h-dimensional Euclidean space by Ep. For a set A in E}, we denote the

interior of A by A°, and the closure of A by A. Given a system ay,b1;az,ba; ... ;ap. by of 2h
real numbers such that a; < b; for i =1,2,... , h, the set {(x1,22,... ,2p) : a; < x; <b; for
i=1,2,... ,h}in Ejp is called an interval in Ej. A collection of intervals I;(i = 1,2,... .n)

such that (I;)° N (I;)° =0 for 1 # j is said to be non-overlapping.
When we consider the space Ej as the product Ep, = Ep, X Ep, of Ep, and Ej, such
that h = hy + hy, we denote the projection of a set A C Ej, on Ej,, by proj z(A), and the

projection of A C Ej on Ej, by proj,(A). In particular, when h = 2 and hy = hy = 1, we
Eh2
denote proj z(A) by proj.(A) and proj,(A) by proj,(A) in short. For a set A C Ej, we
En, ho

denote for a point ¢ € Ej,, the set {(p',q) : (p',q) € A, p' € Ep, } by A?, similarly for a
point p € Ey,, the set {(p,q¢') : (p,¢') € A, ¢’ € Ey,} by AP.
We denote the Lebesgue measure of a set A in Ej, which is measurable in the Lebesgue

sense by up(A). In particular, for an interval in Ey we denote p;(I) by |1

For an interval in F}, the least upper bound of the distances between a and b with
a,b € I is called the diameter of I. For an interval I = [a1,b1] X [ag,b2] X ... x [an, br], the
point whose i-th coordinate is (b; —a;)/2 for i = 1,2, ... ,h is called the center of I. A point
whose coordinates are rational numbers is called a rational point.

Let J be an interval in the 1-dimensional Euclidean space Ey, My(k = 1,2,...) a non-
decreasing sequence of closed sets such that U2, My D J, and ex(k = 1,2,...) a sequence
of numbers with e | 0. Let F be a non-empty closed set in Fy and n and m two positive
integers with n < m. Then, we say that the closed set F' has the property (By) for n < m in
J associated with the sequences { M 172, and {4}52, if the following condition is satisfied:

(B1):(1) F C Jand F C My;

(2) Let Jj(5 = 1,2,...) be the sequence of intervals contiguous to the set consisting of
the set F' and the end-points of the interval .J. Then, the sequence can be classified
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into m —n 4+ 1 parts: Jg;(j = 1,2,...), possibly empty or finite, where k = n,n +
1,n+2,...,m, in such a way that:

Fork=n,n+1,n+2,...,m, we have

(1) 22721 Mkl < exs
(1) (Jej)° N My =0 for j =1,2,...; and

(iii) one at least of the end-points of the interval .Ji; belongs to My for j =1,2,....

Lemma 1. Let Jy be an interval in the 1-dimensional Euclidean space Ey. Let My(k =
1.2,...) be a non-decreasing sequence of closed sets such that U2 My = Jy. Then, for an
arbitrary given sequence {e}72, with e | 0, any sub-interval J of Jo has the following
property (Ay) in J associated with the sequences {My}2 | and {er}72,.

(A1): There ezist two increasing sequences of positive integers n(i) and m(i)(1 = 1,2,...)
such that n(i) < m(i) < n(i 4+ 1) and a non-decreasing sequence of non-empty closed
sets Fpym()(1 = 1,2,...) in such a way that:

(1) each Fy(iym(iy has the property (By) for n(i) < m(t) in J associated with { My},
and {51525 and

(2) U2y Fo(iym(iy = J holds.

Lemma 2. Let Ry be an interval in the h-dimensional Euclidean space Ej(h > 1). Let
Mi(k = 1,2,...) be a non-decreasing sequence of closed sets such that U2, My = Ro.
Then, for an arbitrary given sequence {er}7e, with ex | 0, any sub-interval R of Ro has
the following property (Ap) in R assciated with the sequences {My}72, and {ep}32,.

(Ap): There exist two increasing sequences of positive integers n(i) and m(:)(z = 1,2,...)
such that n(i) < m(i) <n(i +1) and a non-decreasing sequence of non-empty closed
sets Fpym(iy(1 = 1,2,...) such that

(1) Fagiym(iy C R and Fyymeiy C M),
wn such a way that:

(2) PutY = U, proj y(Foiym(i)) and Z = proj,(R) — Y. Then, we have
En_y En_1

() i (2) =0,

(i) for each ¢ € Y and each i = 1,2,... . if (Fuiymi))? # 0, then the closed
set (Fo(iym(i))? has the property (By) for n(r) < m(i) in R? associated with
{(Mp)?}52, and {ex}32,; and

(iii) Ufil(Fn(,j)m(,‘))q = R? for each g €Y.

In the property (Ay), Fiy(iym(i) is sometimes denoted by F,(;ym(;)(R), standing for that
(Ap) is considered in R. Since Fy,(;yme) T, (i) and (iii) imply that

(i) n(Faiym(iy) T #a(R) holds as 1 — co.

Remark. In (Aj) of Lemma 2, we can replace the conditions (ii) and (iii) by the following
conditions (ii’) and (iii'):
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(ii') For almost all ¢ € YV and all i = 1,2,..., if (Fpiym(i))? # 0, then the closed set
(Fu(iym(i))? has the property (By) for n(i) < m(:) in R? associated with {(My)?}32,
and {ex )72y

(111) U2 (Fp(iym(i))? = RY for almost all ¢ € Y.

Proof. We prove only for the case when h = 2. By (ii’) and (iii’) there exists a set K C Y
with p1(K) = 0 and such that for all ¢ € ¥ — K, the statements of (ii’) and (iii’) which
correspond to ¢ are true. Take a decreasing sequence of open sets G(i)(i = 1,2,...) such
that G(i) D K and so N2, G(i) D K, and p1 (N2, G(7)) = 0. Set Eym(iy = Fagiymn 0
(proj,(R) x (proj,(R) — G(7))). Then, the sequence F;(i)m(i)(i = 1,2,...) satisfies the
conditions (1) and (2) required in (Az).

Next, we prove Lemma 2.

Proof of Lemma 2. The proof of the lemma requires four steps. We prove only for the
case of h = 2.

The first step. If an interval R has the property (As) in R associsted with {M}%2,

and {ex}52,, then any sub-interval R' of R has the property (As) in R’ associated with
{Mi}R, and {er}72,
Proof. Let n(i) and m(i)(1 = 1,2,...) be the sequences of positive integers and Fl, (jym(i)(R)
(1 = 1,2,...) the sequence of closed sets chosen to satisty (Az) in R associated with
{M}} and {ex}. Let B’ and B” be two sides of R’ which are parallel to the y-axis. Put
Yy = proj, (B’ 0 My) N proj,(B" N My) and Y = proj,(R') x Yj. Then, F;(i)m(i)(Rl) =
Fo(iymei (R) N Y:(i)(i =1,2,...) is a sequence of closed sets satisfying all of the conditions
required in (Az) in R' associated with {M} and {e4}.

The second step. Let R be an interval, F' a closed set (empty or non-empty), and
Q) =1,2,...) a sequence of intervals. Suppose that

(a) B® C(U52,Q()) U F);
(b) F C My, for some k; and

(c) each Q(j)(j = 1,2,...) has the property (As) in Q(J) associated with {Mp}72, and
{ertizs-

Then, the interval R has the property (As) in R associated with {Mp}52, and {ex}32,.

As easily seen, by use of the first step to show that the second step is true, it is sufficient
to prove the following statement.

The third step. Let R be an interval in Ry. Suppose that there are a sequence Q(j)(j =
1,2,...) of non-overlapping intervals and a closed set F' (empty or non-empty) such that

(a) FCR, FNQ(j)=0for j=1,2,..., and R° C (U32,Q(j)UF) CR;
(b) F C My, for some k; and

(c) each Q(j)(j = 1,2,...) has the property (As) in Q(J) associated with {Mp}72, and
{ertizs-
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Then, R has the property (Az) in R associated with {My}3>, and {1} .

Proof. We shall show that there exist two increasing sequences of positive integers {n(i)}32,
and {m(7)};2,, and a non-decreasing sequence of closed sets {F(;m(i)}i=; which satisfy
all of the conditions required in (A;) in R associated with {M;}72, and {ex}2,. By
the assumption (c¢), for each Q(j) there are two increasing sequences of positive integers
{n(j,t)}2, and {m(j,t)}52,; such that n(j,t) < m(j,t) < n(j,t+ 1) for t = 1,2,... and
a sequence of closed sets {F,(j ym(j,0(Q(7))}iZ; which satisfies the conditions (1) and (2)
required in (As) in Q(j) associated with {Mr}72, and {ex}72,. In particular, we have

proj, (Fniinm(,n(Q(7))) C proj, (Q(j)) for j =1,2,... and t =1,2,... . (1°)
By (iii) of (2) we can suppose that for every y € proj, (£ ym(;,n(Q(J))) we have
(Fn(J t)m(J,t)(Q( )))y np ( ) # 0 and ( n(g,t)m(J, t)(Q(])))y N B”(j) # 0
for 7=1,2,... andt=1,2,..., (2°)

where B'(j) and B”(j) are the sides of Q(j) which are parallel to the y-axis.

Now

1. Set k(0) = 0,n(0) = 0 and m(0) = k', where k' is an integer such that F' C My (k' > 1).
There exsists such a k' by (b).

2. Supposing k(i — 1),n(: — 1) and m(i — 1) are defined for an ¢ € {1,2,... }, we shall
define k(i), n(i) and m(7) as follows. Let us take an integer k(i) so that

k(1 —1) < k(s), and (3%)

p2(R = (U5 Q1) U F)) < (em(imt)11/2)%. (4°)

This is possible by (a). Next, choose two indices n(j,%(j,7)) and m(j,t(j,7)) for j =
1,2,... k(i) so that

m(i—1)+1 <n(1,#1,7) <m(1,#(1,7) <n(2,t(2,7)) < m(2,4(2,7))
< oo<n(k(i), t(k(D), 1)) < m(k(d),t(k(i),7)); and (5°)
p1(proj, (Q(7)) = projy (Fugitinymi(in(QU))) < emii—ny41/N(0)2, (6°)
where N (i) = > k(s ) (x(i)Cr). This is possible by (iv). Put
n(@) =m(i—1)+1 and m(i) = m(k(i), t(k(7),1)). (7°)

Since, for i > 1, k(¢) > k(0) and so k(i) > 1, we have n(i) = m(: — 1) + 1 < m(1,#(1,7)) <
m(k(z)t(k(z)n)) m(7). Therefore

i<n(i)<m(i)<n(i+1) for 1=1,2,.... (8°

~—

m(k(i),t(k(2),7)) = m(i) <m(@) + L(=n(+1)) <n(5tj,i+1)) for 1 <j <k(i), we have

Repeating this process, we obtain k(:),n(¢) and m(i)(i = 1,2,...). Since n(j,t(j,7)) <
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t(j,0) <t(j,i+1) for t1=1,2,... and j=1,2,...k(i). (9°)
Fixani € {1,2,... }. Corresponding to y € proj,(R) we consider a system consisting of

all of the intervals Q(7) belonging to {Q(1),Q(2),... ,Q(k(i))} and such that ((Q(5))°)? #
(). We denote the sysytem by P(y )(pmmble empty). We denote by A(z) the class of non-

empty systems P consisiting of intervals chosen from {Q(1),Q(2),... ,Q(k(:))} for which
there exists a y € proj,(R) such that P = P(y). We denote P bhelonging to A(7) by

P:QG(1,P)),QU(2,P)),... ,QUNP), P)). For P € Ai), we have

{y: P(y) = P} = ;U proj, (Q(i(h. P)))® — Uo(iygra<i<ii (proj, (Q(7)))°.

Put
AP . . o . . .
J(P) =y proj, (Qi(h, P))° = Ug(j)gpi<j<i(iyProd, (Q()))- (10°)

Then, J(P) consists of finite non-empty open intervals on y-axis. We have
J(PYNJ(P"Yy=0 if P#P for P,P'c A(7). (11°)
Since Upe iy (Myoy prof, (Q(i(h, P)))) D UpeaqT(P) 2 UjLiproj, (Q(7)), we have
Upeam(ML)proj, (QUi(h. P))) = Upean T(P) = Ujlproj,(QU).  (12°)

The number of systems belonging to A(7) is Z k(i) Cr at most.

r=

We set
B(i) = {y :y € proj,(B°), u((R)! — (VSQU)UF)) < 2o /2).  (13°)
Take a closed set H(i) so that
H(i) C E(i), m(E(i) = H(i)) < e /2™
Take a closed set S*(i) so that
S*(i) C H(i) = UL proj, (Q(j)), and
i ((H (i) = USproj, (Q(1))) — §™(1)) < engiy/27F. (14°)

Put
S(i) = (H(i) N U )proj, (Q()))) U S* (0).

Since H(i) = (H(i) N U5 ) proj, (Q())) U (H(i) — Ui proj, (Q()))), S(i) is a closed set

contained in E(i) such that

p1(B(i) = S(i)) = p(B(i) — H(i))+pn (H(1) = U] proj, (Q(1))) = 5*(1)) < en(i/2'. (15°)
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We have
S(i) = §*(i) = H(i) N UL proj, (Q(j)) € UL proj, (Q())). (16°)

Put

T(i) = Upeatiy (M 2y Droj, (Fagicn,),atith, Py mGih, P)aticn,Pr,in (@ (h, PY)NT(P)), (17°)
U(i) = S() 1 (5°() UT()) = §°(6) U (S() N T(6)), (18°)

V(i) = V(i) N (U (),

/=1

where V(1) = projy(B' NMy) ﬁprojy(B” N M) and B' and B" are the two sides of R which
are parallel to y-axis.

We have
Y (i) C proj,(R), Y(i) T as i — oo, ili}rgopl(Y(i)) = p1(proj, (R)). (19°)

Hence, V(i) 1 as 1 — oo, and since V(i) C E(i), V(i) C proj,(R°) holds.
Put V*(7) = proj,(R) x V(i), then V*(7) is a closed set such that

V*(i) 1T as ¢ = oo and V(i) C proj,(R) x projy(Ro) C R. (20°)

We now define F,(;)m(;)(R) for i = 1,2,... as follows:

k

Fotymi(R) =V*(1) N (U ‘"(=11)Fn(j,t(j,i))m(j,t(j,i))(Q(j)) U M) (21°)

We next prove that this is a sequence of non-empty closed sets satisfying the conditions
(1) and (2) required in (A3) in R associated with {My}72, and {ex}52,. It is clear taht

Fo(iym(i)(R) is a non-empty closed set. Now, put

M (i) = U3 om0 Q)

‘ 3=15n(g:t(,0)m(5,t(5, )\ @ \T))-
Since by (9°) Fujes.im(iti,) (Q(1)) € Fuiiat.i+1)m(a0.i+1)(Q7) for 7 = 1,2, k(1)
and k(1) < k(7 + 1), we have M*(z) T . Further, V*(i) T and M, T by n(i) < n(i + 1).
Hence

Fn(,‘,)m(,‘)(R> T as 1 — o0.
Since V*(i) C R by (20°), we have
Fn(l)m(z)(R) C R. (220)

By (1) of the property (As) in Q(j) associated with {Mp}72, and {ex}32,, (5°) and
(7°), we have Fyiji(i.iym(i0.0) Q1) © Mgy © Mm(r() k(i) = Mm@y for j =

1,2,... k(7). Further m(:) > n(7). Hence

Foym(iy(R) C Moy
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Next, we prove that 1im; e ft2(Fp(iym(i)(R)) = p2(R). We first have M, ;) — M*(i) O F.
Because we have My;y D My) D F fori > 1, nd since Q(j) N F =0 for j =
1,2... ,k(z‘), we have M*(i) N F = (. Therefore

Bm o (Eniymi (R)) = m o (V7 (0) N (M) U M (1))

= Tim o (V) 0 (Mg — M*(0))) + lim o (V*(5) 0 M7 (i)
11— 00

i—00

> lim po(V*(i) 0 F) + Lim pa(V*(i) N M*(i)). (23°)

T—> 00 100

By (13°), if y € proj,(R°) — E(i), then y; ((R)Y — (U ,IQ( YU F)Y) > c,)/2". Hence

pa(prod, (R) = EG) - (i /2) < [ ey PR = (US5QG U FY

<[ Ry - W) v
Jproj,(R)
< (R = (UE9Q() UF)) < (20(iy/2)? (by(4°) and (7°)).
Hence
p11(proj, (R) — E(1)) < e /2" (24°)

We have, by (10°) and (12°),
UsL proj, (Q(3)) = Upeara(Mysy proj, (Qi(h, P))) N J(P)).
We further have
Q1 (h, P)) D (Fo(j(n,Py,ti(h,Py,iym(i(h,P),t(i(h, P,y (Q(J (R, P))) for h =1,2,... h(P).
Therefore, by (18°), (16°) and (17°) we have
1 (S() = U ) = pa((S) = §7(1) = T(i)) < pa (UL proj, (Q(7)) — T(7))

= i (Upeac (N proj (QUi(h, P))) N T(P))

h(P . . e a—
—Upea( (mh(:l)prOJy(Fn(j(hyf’)i(.i(hf)yi))m(.i(hwp)’t(j(hyf’),i))(Q(J(ha P))))nJ(pP)))

= 3 () proj, (QUi(h. P))) N J(P)

PEA()

h .
h( 1) proj, (Fn(ich, Py ,t(i(h, PY.i)mG(h,P),t(i(h,P),i)) (R (1, P)))) N J(P))
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P
Z Z 1 ﬁh 1 prOJ Q(](h,P))) N J(P)
€A(i) h=1

—pr0j, (Fu(i(h,P).t(Gi(h, P),)ymGi(h,P),e(i(h, 2y, (R (1 P)))) N J(P)))

—pr0], (Fu(i(h,P).t(j(h,P),i)ym(i(h, Py ,a(i(h, PY.in (@1 (R, P)))) N T(P)))
k(i) h(P)
=> > > (11 (proj, (Q(ji(h, P))) N J(P)
r=1 PEA(), h(P)=r h=1
—pr0], (Fn(i(h,P).t(i(h,P),i))mGi(h.P) Gk, Y, (@I (R, P)))) N T(P)))

k(3)
<Z( > {r(énm/N(i)Z")}) (by (6°)and(7°))

PEA(i),h(P)=r

k(i) k()
< (k(i)cr {T‘(En(i)/ (Z T(k(i)Cr)T) }) = en(i)/2". (25°)
r=1 r=1

Hence, by (24°), (15°) and (25°),
p(proj, (R) — U(z))
< pa(proj, (R) — E(i)) + p1 (E(i) — S(i)) + p1(S() = U(i)) < 3(cn(iy/2").

Therefore, for ¢ = 1,2,... we have

p(proj, (R) — V(1)) = pa(proj,(R) — (Y'(i) N (NG U ("))

< p(proj,(R) — Y (i +Zu1 proj,(R) — U(i"))

< pi(proj,(R) — Y (i) + Z 3(en(in/2")

V=1

< pu(proj,(R) = Y'(1)) + 3en(i)-

Thus, by (19°) lim;— e p1(V (7)) = 1 (proj,(R)), and so

lim 115 (V*(1)) = pa(R). (26°)

1—00
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B2 lim p12(V*(3) (1 F) = ua(F). (27°)

1—> 00

Next, for any positive integer j*, take an ¢* with k(:*) > j*. This is possible by (3°). Then

. - . . - k(4) .
b (VI OMEG)) = lim (V@) D (= FagiinymGiaian (@)
2 Jim Zﬂz (V) N Fatatiinmai. (@)
J
= 2 ydim (VI O FagiatamGiadin (@)
=
-
=Y 12(Q()))
j=1

by (20°), (26°), the fact that ¢(j,i) T oo as i = oo for j =1,2,...5% and (iv) in Q(J).
Therefore, lim; o0 po(V*(4) N M*(7)) = lim; o0, v pa (V*(i ) N M*(7)

and so

Y
&

1—00

lim o (V* (i) N M*(i Z (28°)

By (23°), (27°), (28°), (22°) and (a), we obtain lim; .o tto(Fp(iym(i)(R)) = p2(R).

Consequently, when we put
Y = Uz, proj, (Fugym(iy(R)) and Z = proj,(R) - Y,

we have p1(Z) = 0. We set

Y* =Y —UZ, Upeap) (J(P) = J(P)). (29°)

Then. Y* CY and iy (Y —Y*) = 0.
Next, we prove (ii') and (iii’) of Remark. To prove them, we prepare the following
statement (k).

(*): Let y € Y*, y € proj (V*( )) for some i, and (Q(js))Y # 0 for s =1,2,... ,r. Let
i = min{i : y € proj, (V*(7)) and k(i) >js (s=12,...,r)}

Then, for each i > i* we have y € proj,(V*(i)) and there exists a P € A(:) such that
(d) Q(Js) is Q(j(hs, P)) for some hy with 1 < h, < h(P)(s=1,2,...,r), and
(e) v € MY prod, (Fusin,py atsn, ),y mGh, 200,20 (QUi(h P))) N I (P).

Indeed, let 7 > i*. Then, we have y € proj,(V*(z)) by (20°). Since then y € V (1), y €
U(7). Hence, by (18°)
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y € S*(i) or yeT(i). (30°)
By the first part of (14°),

if yeS(i), then y¢ UL proj, (Q())). (31°)

Since k(i) > js and (Q(js))¥ # 0 for s=1,2,... ,r, we have y € Uf(:liprOJy(Q(j))

Hence, y € T(i) by (30°) and (31°). Since moreover y € Y* by (17°) and (29°)

h(P . .
¥ € Upeat (N2 0rogy (Fuiohn py.tith,Py.ayym(ih Py.tich. i (QU (h P))) O J(P)).

Hence, there exists a P € A(7) such that

h(P . . \
y € mh(zl)prOJy(Fn(j(h,P),t(j(h,P),i))m(j(h,P),t(j(h,P),i))(Q(](haP),))) NJ(P).

Further, this fact implies y € J(P). Hence, by (10°) y ¢ U projy(Q(j)), where the union
is over all j such that Q(5) ¢ P with 1 < j < k(7). Hence, Q(j5) must be Q(j(hs, P)) for
some hg with 1 < hy < h(P) for s = 1,2,... ,r, The proof of (*) is complete.

As a corollary of (), the following statement (**) holds.

. ey kG . 4
(#*): Let y € Y* and y € proj,(V*(2)) N pI‘OJy(U]-(:iFn(j’t(jﬂj))m(]ﬁ(]‘y,‘))(Q(]))) for an 1.
Then, there exists a P € A(i) such that

h(P . .
y € (Yo, (Fu(in, o)t p)iyymGicn, ) aticnr),in QU (B, P)))) 0 I (P).

Because, by the assumption of (xx*) and (1°), P € A(i) chosen in (*) is the desired one.
Now, we prove (ii’) of Remark. Let y € proj, (Fp(iym(i)(R)) N Y*. Then, by (21°)

. P k(i .

(i) y € proj, (V*(i) N UJL) FuiaGiapmGatiin(@()),  or

.. e e k(i .

(i) € proi, (V*(i) N M) — proj, (V* (1) N UL B ais.inymeiaci.in(QU)))-

First of all, we remark that, since y € proj,(V*(i)) = V(i), we have y € E(i), and so by
(137)

(R — (U8 Q() U F)Y) < e /2" (32°)

For the case of (i): By (#x*) there exists a P € A(¢) such that

h(P . .
y € mh(:l)pro‘]y(Fn(j(hyp)~t(j(h7P)7i))“1(j(h~P)7t(f(h7P)~i))(Q(](hs P))))nJ(P).

In this case, we can suppose that j(1.P) < j(2,P) < ... < j(h(P), P). Hence, by (5°) we
have

n(i) < n(i(LP)AG(LP).0) < mi(1,P). (1, P).i)

A A
3
<
JN
J
<
\’M
3
A
3
<
JN
z
<
\’M
3

IN A
EL
a3
~~
~
—
o~
—
i
<
~—
~
~—
~—
Il
2
~
~—
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And by the assumption (c¢) for Q(7), (Fu(jch,P),1(i(h,P),i))m(i(h,P)1Gi(h,P),i) (@7 (R, P))))?
has the property (B1) in (Q(j(h, P)))? associated with {(M)¥}%2, and {ex}32, for h =
1,2,...,h(P).

Further, since

(Fu(ith,Py.ym(ith, Pyt (Q(i(h, P))))Y N B'(j(h, P)) #0 and
(Fu(i(h,Py,0ym(ih,Py,0 Qi (hy P))))! N B"(j(h, P)) #0
for h=1,2,... ,h(P) and t=1,2,... by (2°);

(MY NB #0 and (M;) N B"” #0, because y € V(i) CY(i); and (33°)

M; C A/[n(i) by n(z) >,

the set (R)Y — (U, P)Q( (h, P))UM,,;y)? consisits of a sequence of non-overlapping intervals
such that one at least of the end-points of each interval belongs to M, ;). Furthermore, since
y € J(P), we have, by (10°), y ¢ U proj,(Q(j)), where the union is over all Q(j) ¢ P with
1 <7 <k(i). Hence

(USQG))Y = QU P)))Y.
Therefore, by (32°) and the fact that F C M, ),
(R — (U LD QU (h, P)) U M(iy)") < 20 /2" < 2ngiy.

Thus, for the case (i) the property (ii’) of Remark holds.
For the case of (ii): Since V*(i) = proj,(R) x V (i), we have

proj, (V*(i)) N U Foaiinmiecin (Q(7)))

= proj, (V*(i)) N proj, (U; ()Fn(j,t(j,i))m(j,t(j,i))(Q(j)))'

Hence, in the case (ii) y € proj (V*(i)), but y ¢ projy(Uj(:?Fn(jvt(j.’i))m(ﬁ(jﬂ-))(Q(j))).
Hence, if (Q(7))? # 0 for some j with 1 < j < k(j), by (*) we must have

y € N3UVPr0], (Futith, P16, (1. P).inymih, P).atich,Py.in(QUi (7, P)))) - for some P € A(i)
and so
y € proj, (Ui Foatanmci.im (Q()))-
Hence, (Q(5))Y =0 for j =1,2,... k(). Therefore, by (32°)

pi((R) — (F)") = pu((R)” — (Vs8] Q) U FY) < £n(i /2"

Hence, by F' C M, ;), we have p1 ((R)Y — (My(;))?) < en(i)- By (33°%), the set (R)Y —(M,,;)?
consists of a sequence of non-overlapping intervals such that one at least of the end-points
of each interval belongs to M, ;). Hence, for the case (ii) the property (ii’) of Remark is
true.

Next, we prove (iii") of Remark in the following form:
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RY = U2 (Fuiym(i(R))Y for every y € Y™
Let y € Y*. By (a) we first have
RY =U72,(Q(7)" UFYU(B') U(B")".
Since then y € Y, there exists an i’ such that y € proj,(Fyiym@y(R)). Then, y €
proj, (V*(i')).
Now, suppose that (Q(j))Y # 0 for some j. Then, by () there exists an i* with ¢* > i’
and k(¢*) > j such that

Y € projy (Fu(j(,immGiein(Q(7)) forall @ >

Hence, since #(j,¢) T oo as i — oo by (9°), we have, by (iii) of (2) in the property (Az) for
Q)

(FuiaGomGiGin(@Q(1)))Y T(Q(7))Y as i — oo,

and so
QU = UZi (Fugatanm(,0)(Q(1)))"- (34°)
On the other hand, by (21°) for all i
(Engiym(n (B))" D (V) N (Fagai.inmGi,n (@)
Further, since y € proj, (V*(i)) for 7 > ¢* and V*(7) = proj,(R) x V (1),
(Fncoym() (B)* D (Fage(ym(a0in (@) for all i >, (35%)
Thus, by (34°) and (35°)
Thus
Ui (Fagym(i(R))” D U2, (Q(7)) (36°)
Similarly. by (21°), (Fpymei)(R))? D (V*(i) N Myy)? D FY for all ¢ > 4', and so
U1 (Fagiym(i(R))” O FY. (37°)
Further, since y € proj, (V*(:)) C Y(7) for all 7 > ¢/,
(Bl N [\/fn(i))y # ¢ and (B// N Afn(i))y # 0.
Therefore

U2y (Friym(iy (R))Y D UZ (V7 (i) N My(y)”
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D UR (Myy)? D (B")Y U (B")Y. (38°)

Consequently, by (36°), (37°) and (38°) we have U2, (F,;)m(i)(R))? = RY.

The fourth step. Under the assumption of Lemma 2, Ry has the property (As) in Ro
assoctated with {Mp}32, and {ep}52,.

Proof. We prove the statement above by use of the method of transfinite induction. We
denote the smallest ordinal number of the third class by (2.

1.

For the case of v = 1 : Since Ry = U2, My, by Baire’s theorem (see [2, p.54] for
example) there exists a k' and a square Ry such that the center is a rational point
and the diameter is a rational number, in such a way that

Ry C Ry, and RN My = Ry and so My D Ry.
Putting, for e = 1,2,...,
n(i) =k +2 and m(i)=Fk +2i+1; and Foiym(i(R1) = Ry,

Ry has the property (As) in Ry associated with {M;}7°, and {ex}72 .

For the case of v < Q : Suppose that an interval R, such that the center is a rational
point and the diameter is a rational number is defined for every 0 < p < v in such a
way that:
(a) R, C Ro for every 0 < p < v;
M) ifp#p, 0<p<vand0<py' <v, then R, # Ry and
(c) each R,(0 < p < v) has the property (A2) in R, associated with {M3}72, and
{er}iZs-

Now suppose that Ry — Up<y<y Ry # 0. Put A = Ry — Up<p<p Ry Since then A is
a non-empty Gs-set and A C U3 My, by Baire’s theorem there exist a point » € A
and a square R of center z such that for some k' the set AN My is everywhere dense
in AN R° and so we have

(d) AN Mg D ANRC.
Then, taking a rational point r € Ry which is sufficiently near to the point z, we can
find an interval R’ so that:

(e) z € R

(f) R" C R° and R' C Ryp; and

(g) the center of R’ is r and the diameter of R’ is a rational number.

We remark that (e) contains that
(h) R"Fn A #40.

Next, we show that the interval R’ has the property (A:) in R’ associated with
{Mi}2, and {ex}72 . Put
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A*=ANR.

Then, A* is a non-empty closed set by (h). By (d), we have My = My D AN My D
AN R°. Further, we have AN R° D AN R°. Because, let # € AN R°, then there exists
a sequence {z;} such that x; € A and lim; o z; = 7. Since * € R°, there exists
an 1’ such that =; € R° for all 7 > i’. Hence, z; € AN R° for all 7 > i".Therefore,
€ ANR. By (f) ANR° D AN R’ = A*. Hence, we have A* C M.

Put G = (R')° — A*. Since then G is an open sef, there is a sequence of non-

overlapping intervals J;(7 = 1,2, ...) whose union is G, and for i = 1,2,... we have

JiC(R)Y —A*"CR —A*=R —-ACR -A=Rn(Ry - 4)

=R'n (Vocu<wBu) = Uocpcn(By 0 Rl)~

Hence, by (¢) and the first and second steps each J; has the property (Az) in J; associ-
ated with {M}}7°, and {e;}72 |, and we have (R')° = A*U(UZ, J;). Consequently, by
the second step the interval R’ has the property (As) in R’ associated with {Mz}32,
and {ex}72 .
Now put R’ = R,. Then, {R,(0 < ¢ < v)} has the following three properties.
(i) Ry C Ro for 0 < p < v by (a) and (f).
D Up#£p, 0<p<vand0<py' <y, then R, # R, . This follows from (b) and
the fact that we have R, # R, for 0 < p < v, because R, N A # 0 by (h).

(k) Each R, (0 < p < v) has the property (A2) in R, associated with {My}¢2, and
{er}32,. This follows from (c) and the result for R’ mentioned in the above.

We should thus obtain a transfinite sequence of type £ of distinct intervals such that
each interval has the center that is a rational point and its diameter is a rational number.
This is impossible. Consequently, there exists a x < € such that Up<p<x R, = Ro. Thus,
by the second step Ry has the property (As) in Ry associated with {M;}7°, and {ex}32;.

By the first and fourth steps, the proof of Lemma 2 is complete.

Lemma 1 is obtained as a corollary of Lemma 2 as follows.

Proof of Lemma 1. Let Iy be an interval on y-axis. Put Ry = Jy X Iy, and M} =

My x Iy for k =1,2,.... Then, {M;}7° is a non-decreasing sequence of closed sets such
that U2, M} = Ry. Let J be any sub-interval of Jy. Put R = J X Iy. By Lemma 2 there
exist two increasing sequences of positive integers n(7) and m(i) (¢« = 1,2,...) such that

n(i) < m(i) < n(i+1) and a non-decreasing sequence of non-empty closed sets Fy,(;ym(;) (i =
1,2,...) satisfying the conditions (1) and (2) of (As) in R associated with {M;}7, and
{ek }p2,- Hence, there exists a y € Iy such that (F,ym(i))? C RY and (Fyiym(i))” C (M})Y
and such that for i = 1,2,... , the closed set (Fy(j)m(iy)? has the property (By) for n(i) <
m(i) in RY associated with { My }72, and {ex}72,, and U2 (Friym(iy)? = RY.

Put F:(i)m(i) = proj, ((Fu(iym(i))?). Then F:(i)m(i)(z = 1,2,...) is a non-decreasing
sequence of closed sets in .J such that: (1) for i = 1,2,..., the closed set F:(i)m(i) has
the property (By) for n(i) < m(:) in J associated with {My}72; and {Ek}iczli and (2)
U;’ilFf(i)m(i) = J holds. Thus, the proof of Lemma 1 is complete.

n
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