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Abstract. Let (
;�; �) be a complete �nite measure space, X a separable Banach

space and Z a proper closed linear subspace of X�. If the subspace of L1
w�

(�;X�)

(the Banach space of all [classes of] essentially bounded X
�-valued weak* measurable

functions de�ned on 
 equipped with its usual norm) consisting of all those Z-valued

functions contains a complemented copy of c0, we show in this note that Z contains a

copy of c0.

1. Preliminaries

Throughout this paper (
;�; �) will be a complete �nite measure space and X a real or
complex Banach space. Our notation is standard in this �eld [2]. We denote by L1

w�
(�;X�)

the linear space over K of all weak* measurable functions f : 
 ! X
� for which there exists

a scalar function g 2 L1(�) such that kf (!)k � g (!) for �-almost all ! 2 
, whereas
L
1

w�
(�;X�) stands for the quotient space of L1

w�
(�;X�) via the equivalence relation ��

de�ned by f1 �
�
f2 whenever f1 ( )x � f2 ( )x for each x 2 X (where � designs the usual

equivalence relation in Lp(�)). The space L1
w�

(�;X�) is a Banach space when equipped with

the norm
 bf = inf kgk

L1(�)
, the in�mum taken over all those functions g 2 L1(�) for

which there is some f 2 bf such that kf (!)k � g (!) for �-almost all ! 2 
. It can be shown

that there is always some h 2 bf such that kh ( )k 2 L1(�) and
 bf = kkh ( )kk

L1(�)
: As

it is well known, L1
w�

(�;X�) identi�es isometrically with L1(�;X)� by means of the linear

map T : L1
w�

(�;X�) ! L1(�;X)� de�ned by
�
T bf�bg =

R


hf (!) ; g (!)i d� (!) for each

f 2 bf and each g 2 bg 2 L1 (�;X). A study of L1
w�

(�;X�) can be found in [2, Section 1.5]
and [6, Section 3]. When X is separable, L1

w�
(�;X�) coincides with the space of all weak*

measurable functions f : 
 ! X
� such that kf ( )k 2 L1(�). In this case L

1

w�
(�;X�) is

the quotient of L1
w�

(�;X�) via the usual equivalence relation and
 bf = kkf ( )kk

L1(�)

for each f 2 bf . As usual, we represent by L1(�;X) the Banach space of all [classes of]
essentially bounded �-measurable functions equipped with the norm bf

ess

= kfk
L1(�)

= inf

�
sup

!2
�E

kf (!)k : E 2 �; � (E) = 0

�

where f is any member of the class bf . According to [3], if L1(�;X) contains a complemented
copy of c0 then X contains a copy of c0. Consequently, if Z is a proper closed linear subspace
of X� and L

1

w�
(�;Z) stands for the (closed) linear subspace of L1

w�
(�;X�) consisting of all

those Z-valued functions, it is natural to ask whether or not Z contains a copy of c0 whenever
L
1

w�
(�;Z) contains a complemented copy of c0. In this note, we adapt the technique of [5,
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Section 2] to answer in the aÆrmative this question whenever X is a separable Banach
space.

2. The main theorem

Let Z be a proper closed linear subspace of X� and let us denote by `
1

w�
(�; Z) the

linear space over K of all those bounded functions f : 
 ! Z such that f ( ) x is a
scalar �-measurable function for each x 2 X , provided with the supremum norm kfk

1
=

sup fkf (!)k : ! 2 
g.

Lemma 2.1. If `1
w�

(�; Z) contains a complemented copy of c0, then Z contains a copy of

c0.

Proof. Let ffng denote a basic sequence in `
1

w�
(�; Z) that is equivalent to the unit vector

basis of c0 and let P be a bounded linear projection operator from `
1

w�
(�; Z) onto [fn].

Since the series
P
1

n=1
fn is wuC in `

1

w�
(�; Z), there exists a constant C > 0 such that

sup
n2N


nX
i=1

�ifi


1

� C k�k
1

(1)

for each � 2 `1. On the other hand, given x
�� 2 Z

� and ! 2 
, the linear functional u on
`
1

w�
(�; Z) de�ned by u (f) = x

��
f (!) belongs to `

1

w�
(�; Z)

�

, since ju (f)j = jx��f (!)j �
kx��k kfk

1
. Hence the series

P
1

n=1
fn (!) is wuC in Z for each ! 2 
. Assume by

contradiction that Z does not contain a copy of c0. Then, according to the classical Bessaga
and Pe lczy�nski's criterion [1], the series

P
1

n=1
fn (!) is (BM)-convergent in Z for each

! 2 
. This allows us to de�ne a linear operator ' from `1 into `
1

w�
(�; Z) by ('�)(!) =P

1

i=1
�ifi (!) for each ! 2 
. By virtue of (1) we have k'�k

1
� C k�k

1
for each � 2 `1,

and clearly ('�) ( )x is �-measurable since ('�) (!)x =
P
1

i=1
�ifi (!)x for each ! 2 
 and

x 2 X . Hence ' is a bounded linear operator from `1 into `1
w�

(�; Z) such that ' (en) = fn

for each n 2 N.
If J is an isomorphism from [fn] onto c0 such that Jfn = en for each n 2 N, the mapping

S = J Æ P Æ ' is a bounded linear operator from `1 onto c0 such that Sen = en for each
n 2 N. Thus S is a bounded projection from `1 onto c0, a contradiction.

Theorem 2.2. Assume that X is a separable Banach space. If L1
w�

(�;Z) contains a

complemented copy of c0, then Z contains a copy of c0.

Proof. Since X is separable, L1
w�

(�;Z) is linearly isometric to the quotient of `1
w�

(�; Z) via
the usual equivalence relation ` � ' that identi�es functions which di�er in a �-null set. In

fact, given bf 2 L
1

w�
(�;Z) and choosing any g 2 bf , there exists a �-null set Ng 2 � such

that

sup fkg (!)k : ! 2 
�Ngg =
 bf :

Hence, if f : 
 ! Z veri�es that f (!) = g (!) for each ! 2 
 �Ng and f (!) = 0 for each

! 2 Ng, then f 2 bf \`1
w�

(�; Z) and
 bf = kfk

1
. Consequently, if ef denotes the class of all

those h 2 `
1

w�
(�; Z) such that h � f , the linear map T from L

1

w�
(�;Z) onto `

1

w�
(�; Z) = �

de�ned by T bf = ef satis�es thatT bf =
 ef = inf fkhk

1
: h 2 `

1

w�
(�; Z) ; h � fg � kfk

1
=
 bf :

On the other hand, if h 2 `
1

w�
(�; Z) is such that h � f , then khk

1
� kkh ( )kk

L1(�)
=
 bf

and hence
 bf �  ef. Therefore

T bf =
 bf.
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Let
nbhno be a normalized basic sequence in L

1

w�
(�;Z) equivalent to the unit vector basis

of c0 such that
hbhni is a complemented subspace of L1

w�
(�;Z). Since

P
1

n=1

bhn is wuC in

L
1

w�
(�;Z), denoting by hn a particular function in `

1

w�
(�; Z) belonging to the class bhn,

there is a C > 0 such that
nX
i=1

"i
bhi
 =




nX
i=1

"ihi ( )



L1(�)

= inf
E2�;�(E)=0

sup
!2
�E


nX
i=1

"ihi (!)

 < C

for each "i 2 f�1; 1g with 1 � i � n and each n 2 N [4, Chapter 5, Thm. 6]. For each
�xed positive integer n choose E ("1; : : : ; "n) 2 �, with � (E ("1; : : : ; "n)) = 0, such that
k
P

n

i=1
"ihi (!)k � C for each ! 2 
 �E ("1; : : : ; "n), set

E :=

1[
n=1

[
fE ("1; : : : ; "n) : "i 2 f�1; 1g ; 1 � i � ng

and note that � (E) = 0. For each n 2 N de�ne fn 2 `
1

w�
(�; Z) such that fn (!) = hn (!) if

! 2 
� E and fn (!) = 0 otherwise. Since kfn (!)k = khn (!)k � 2C for each ! 2 
 �E,
then fn is bounded and fn � hn for each n 2 N. On the other hand, since fn (!)x = hn (!)x
or fn (!)x = 0 depending on ! 2 
�E or ! 2 E, respectively, then fn ( )x is �-measurable
and, actually, fn ( )x 2 L1 (�) for each x 2 X . Besides, given that k

P
n

i=1
"ifi (!)k � C

for "i 2 f�1; 1g, 1 � i � n, ! 2 
 and n 2 N, the series
P
1

n=1
fn is wuC in `

1

w�
(�; Z).

Considering that C � kfnk1 �
bhn = 1 for each n 2 N, an application of the Bessaga-

Pe lczy�nski selection principle guarantees that ffng contains a c0-subsequence ffnig [4,
Chapter 5, Corollary 7]. Since the closed linear span of any subsequence of the unit vector

basis of c0 is a copy of c0 complemented in c0, it follows that
hbhnii embeds complementably

into L
1

w�
(�;Z). Hence, there is a bounded linear projection operator P from L

1

w�
(�;Z)

onto
hbhnii. Let Q be the quotient map from `

1

w�
(�; Z) onto `

1

w�
(�; Z) = �, let J denote

an isomorphism from c0 onto [fni ] such that Jei = fni and let K be an isomorphism fromhbhnii onto c0 with Kbhni = ei for each i 2 N. Since Qfni = Tbhni for each i 2 N, the linear

operator S : `1
w�

(�; Z) ! [fni ] de�ned by S = J ÆK Æ P Æ T�1 ÆQ is bounded and veri�es
Sfni = fni for each i 2 N. Consequently, [fni ] is a complemented copy of c0 in `

1

w�
(�; Z)

and the previous lemma applies.

Open problem. Assuming that X is a nonseparable Banach space and Z a proper closed
linear subspace of X�, is it true that c0 embeds into Z whenever L

1

w�
(�;Z) contains a

complemented copy of c0?
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