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NORM EQUALITY CONDITION IN TRIANGULAR INEQUALITY
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Abstract. We characterize when the norm of the sum of elements in a Banach space

is equal to the sum of their norms and give its applications to unital Banach algebras.

Related to a recent result due to Barraa and Boumazgour, we give another equivalent

condition of it in terms of linear functional on a unital C�-algebra. Consequently, we

have the following result.

For elements a and b in a unital C�-algebra, the following statements are mutually

equivalent:

(i) ka + bk = kak + kbk:
(ii) There exists a norm one linear functional f such that f(a) = kak and f(b) = kbk:
(iii) There exists a state f such that f(a�b) = kakkbk:

1. Introduction

In normed linear spaces, the most fundamental inequality is the triangular inequality,

that is, for elements x; y in normed space,

(1) kx + yk � kxk+ kyk:

It is a problem when the equality in (1) holds. In the inner product spaces, it is well known

that the equality holds if and only if x = �y or y = �x for some constant � � 0.

For bounded linear operators A and B on a Banach space, many authors studied the

equation

(2) kA +Bk = kAk+ kBk;

see [1], [9] and the references cited therein.

In [1], for a bounded linear operator T on a uniformly convex Banach space, it is shown

that the Daugavet equation k1 + Tk = 1 + kTk holds if and only if its norm kTk is an

approximate proper value of T .

Recently, for bounded linear operators A and B on a Hilbert space , Barraa and Boumaz-

gour [2] proved (2) holds if and only if

(3) kAkkBk 2W (A�B);

where W (T ) denotes the closure of the numerical range W (T ) of an operator T .

We note that the condition (3) is equivalent to the existence of a normalized positive

linear functional (i.e. state) f on the algebra of all bounded linear operators such that

f(A�B) = kAkkBk (see [3]).

In this note, we give a necessary and suÆcient condition to hold that the norm of the sum

of elements in a Banach space is equal to the sum of their norms and its applications. Related

to a recent result due to Barraa and Boumazgour, we give another equivalent condition of it

in terms of linear functional on a unital C�-algebra. Consequently, for elements a and b in a
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unital C�-algebra, the following statements are mutually equivalent: (i) ka+bk = kak+kbk:
(ii) There exists a norm one linear functional f such that f(a) = kak and f(b) = kbk: (iii)
There exists a state f such that f(a�b) = kakkbk:

2. Results.

From the operator theoretic viewpoint, the above result of Barraa and Boumazgour is

very interesting. We give its C�-algebraic version, which is essentially same as their result:

Theorem 1. Let A be a unital C�-algebra. Then for a; b 2 A, ka + bk = kak + kbk
holds if and only if there exists a state f on A such that f(a�b) = kakkbk; or equivalently,

kakkbk 2W (a�b) where W (c) = ff(c); f : state on Ag for c 2 A:

For the completeness, we shall give a proof.

If ka+ bk = kak+ kbk is satis�ed, then there exists a state f on A such that

f((a + b)�(a+ b)) = ka+ bk2 = (kak + kbk)2;

as (a + b)�(a + b) � 0: Since f(a�a) � kak2; f(b�b) � kbk2 and f(a�b + b
�
a) � 2kakkbk,

it follows that f(a�a) = kak2; f(b�b) = kbk2 and f(a�b + b
�
a) = 2kakkbk: Furthermore, as

jf(a�b)j � kakkbk, we have f(a�b) = f(b�a) = kakkbk:
Conversely, if there exists a state f with f(a�b) = kakkbk, then it is easy to see that

f(a�a) = kak2 and f(b�b) = kbk2 by the Cauchy-Schwarz inequality. Hence we have

f((a + b)�(a + b)) = f(a�a) + f(a�b) + f(b�a) + f(b�b)

= kak2 + 2kakkbk+ kbk2

= (kak + kbk)2

� ka + bk2:

Remark 1. For a bounded linear operator T on a Hilbert space, a complex number �

ia called a normal approximate propervalue of T if there exists a sequence of unit vectors

xn such that lim
n!1

k(T � �)xnk = 0 and lim
n!1

k(T � �)�xnk = 0 ([8]). It is known that

kTk 2 W (T ) if and only if kTk is a normal approximate proper value of T (see [7, 6]).

Therefore, for bounded linear operators A and B, kA + Bk = kAk + kBk if and only

if kAkkBk is a normal approximate propervalue of A�B; or equivalently, there exists a

character � (on the unital C�-algebra generated by A
�
B ) with �(A�B) = kAkkBk([8]):

In Banach space setting, we have

Theorem 2. Let X be a Banach space and X
� its dual space. Let x1; � � � ; xn be nonzero

elements in X. Then kx1 + � � � + xnk = kx1k + � � � + kxnk if and only if there exists an

extreme point f in the closed unit ball X�
1
of X� such that f(xi) = kxik (i = 1; � � � ; n):

Proof. Suppose that kx1 + � � � + xnk = kx1k + � � � + kxnk and let �i = kxik; ui =

xi=�i (i = 1; � � � ; n): Then, by the Hahn-Banach extension theorem, we can choose a

norm one functional g in X
� with g(x1 + � � �+ xn) = �1 + � � � + �n; so that

�1

�1 + � � � + �n
g(u1) + � � �+

�n

�1 + � � �+ �n
g(un) = 1:

Since each g(ui) is a modulus one complex number, it follows that g(ui) = 1 and hence

g(xi) = kxik (i = 1; � � � ; n): Now set

F = fh 2 X
� : khk � 1; h(xi) = kxik (i = 1; � � � ; n)g:
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Then F is a non-empty weak�-compact subset of X� from the above argument and hence

we can choose an extreme point f of F by the Krein-Milman theorem. We show that f is

also an extreme point in the closed unit ball of X�. To do this, let f1 and f2 be two elements

of the closed unit ball of X� such that f =
f1 + f2

2
: Then f1(xi) � kxik; f2(xi) � kxik and

f1(xi) + f2(xi)

2
= kxik for i = 1; � � � ; n: Therefore we have f1(xi) = f2(xi) = kxik (i =

1; � � � ; n) and hence f1; f2 2 F; so that f = f1 = f2:

The converse is straightforward.

Remark 2. In Theorem 2, it is easy to see that kx1 + � � �+ xnk = kx1k+ � � � + kxnk if

and only if there exists an element f 2 X
�

1
such that f(xi) = kxik (i = 1; � � � ; n):

Recall that the numerical range V (a) of an element a in a unital Banach algebra A is

de�ned as follows [4]:

V (a) = ff(a); f(1) = 1; f 2 A�
1
g :

As a result of Theorem 2,

Corollary 1. For an element a in a unital Banach algebra, k1+ ak = 1+ kak holds if and

only if kak belongs to the numerical range V (a):

Proof. By using Theorem 2, for a in a unital Banach algebra, k1+ ak = 1+ kak holds if
and only if there exists a norm one linear functional f such that f(1) = 1 and f(a) = kak,
that is, kak 2 V (a):

Remark 3. In a C�-algebra, if k1+ak = 1+kak is satis�ed, then we can choose a norm

one self-adjoint linear functional f such that f(1) = 1 and f(a) = kak: As f(1) = kfk = 1,

f itself is a positive linear functional, that is, f is a state.

Here we notice that if a bounded linear operator A on a Hilbert space satis�es k1 +
Ak = 1 + kAk, then A is a normaloid operator (i.e. kAk is equal to the spectral radius

of A). However the converse does not necessarily hold as easily seen by the example A =�
0 0

1 0

�
� i:

A bridge between Theorem 1 and Theorem 2 is the following.

Theorem 3. Let A be a unital C�-algebra. The the following statements are equivalent:

(i) For a; b 2 A, there exists a norm one linear functional f such that f(a) = kak and

f(b) = kbk:

(ii) For a; b 2 A, there exists a state f such that f(a�b) = kakkbk:

Proof. (i)) (ii). Let f be a norm one linear functional on A such that f(a) = kak
and f(b) = kbk; and f = u � g be the enveloping polar decomposition of f where u is a

partial isometry and g is a state ( see [5]). If f(a) = kak and f(b) = kbk, then we have

g(a�a) = kak2 and g(b�b) = kbk2, because

kak2 = g(ua)2 � g(a�u�ua) � g(a�a) � kak2:

Also, we have

(kak+ kbk)2 = g(ua+ ub)2 � g((a + b)�u�u(a+ b))

� g((a + b)�(a + b)) � ka+ bk2:
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Hence it follows that g(a�b+ b
�
a) = 2kakkbk, and so, g(a�b) = kakkbk:

(ii)) (i). Let g(x) =
1

kak
f(a�x) for x 2 A: Then it is easy to see that g is a norm one

linear functional with g(a) = kak and g(b) = kbk:
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