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ABSTRACT. In contrast with Noether theorem, we built up a new operative procedure
for the derivation of conservation laws. The purpose of this paper is to give further
generalization of discovering conservation laws for the maximizing problem under con-
straints given by a system of functions with arbitrary degree of homogeneity. An
illustration is made in the generalized growth model of von Neumann type.

Introduction. Noether theorem (Noether [11]) concerning with symmetries of the
action integral or its generalization (Bessel-Hagan [1]) with those up to divergence plays
an effective role for discovering conservation laws from the Lagrangian or the Hamiltonian
structures of considering problem. In contrast with Noether theorem, we built up a new
operative procedure for the derivation of conservation laws (Mimura and Noéno [6]) without
using either Lagrangian or Hamiltonian structures. It was discussed first for a system of
second-order differential equations and then the system was supposed to be given in the
form of the Euler-Lagrange equations with some Lagrangian. The results were applied to
various economic growth models (Mimura and Nono [7]; Mimura, Fujiwara and Noéno [8], [9];
Fujiwara, Mimura and Nono [2]-[5]) to discover new economic conservation laws including
non-Noether ones.

Particularly in [7], there was discussed the optimal control problem to maximize an
integration over a finite (0 < T < oo) or an infinite (T’ = oc) period of time:

T
(1) /O PTG, q)dt,

under constraint F(¢, ¢) = 0 given by a first degree homogeneous function F(q, q) with
respect to ¢ and ¢, where ¢ = (¢'(t)), ¢ = (dq'/dt) (i = 1,--- ,n) and p is a constant.
Neamtu [10] reformed some results for costructing conserved quantities in [7] by replacing
F(4, q) =0 with F*(q, q) = 0 (a = 1,...,m), where F%(q, ¢) are first degree homogeneous
functions.

The purpose of this paper is to give further generalization of discovering conservation
laws for the maximizing problem of (1) under constraint given by a system of functions with
arbitrary degree of homogeneity:

(2) F'6,q) =0 (a=1,..,m).

Here recall that von Neumann [14] gave an analysis of a model which has a unique ray of
balanced growth. Samuelson [12] generalized the analysis by studying transient approaches
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to the von Neumann balanced-growth ray, which was given now as the maximizing problem

of the integration
T .
/ K'dt
Jo

under constraint F(K, K) = 0 given by a first degree homogeneous function F(K7 K),
where K = (K*(t)) and K = (I.(i) = (dK'/dt) (i =1,---, n) are understood respectively
as the n capital goods and the n capital formations. This is the model called von Neumann
growth model, which grew up in [7] to be the generalized growth model of von Neumann
type by replacing the integrating function K with the total time derivative of first degree
homogeneous function G(K) with respect to K*, while the constraint F(I.&'./ K)=0is
unchanged.

In the application of this paper, the model of von Neumann type in [7] is generalized
moreover with respect to the constraint by replacing the first degree homogeneous function
with a system of arbitrary degree homogeneus functions. In his model (n = 2: i =1, 2),
Samuelson [13] derived two conserved quantities, which conclude that the ratio of the na-
tional income and the national wealth is constant (income-wealth conservation law). In our
generalized model, together with p = 0 and n = 2, the system of functions with arbitrary
degree of homogeneity are reduced later to a homogeneous second order polynomial. Two
conserved quantites are derived and then, by using of which, a class of optimal paths for
the finite horizon are determined in the reduced situation. Finally, in view of the optimal
paths, it is detailed the Samuelson’s income-wealth conservation law in our model.

For convenience, differentiability is assumed to be of sufficiently high order and the
summation convention is employed throughout.

1. Maximizing problem for optimal economic growths. Our discussion begins
with an optimal control problem to maximize the integration (1) over a finite or an infi-
nite period of time under the constraint (2) given by a system of functions F%(q, q) (a =
1,---, m) with arbitrary degree of homogeneity with respect to ¢ and ¢. In the variational
principle with the multiplier technique, we set the following Lagrangian as usual

(3) L(A. ¢\ . 1) = e"'U (4, 4) + AaF* (4, 0)-
Here put A\, = ¢"t* and arrange the variables ¢* and A\, as (¢®) = (¢',- -+, ¢", M1, , Am).
Then, according ton+1 < a <n+m and 1 < a < n, the Euler-Lagrange equations of (3):
d (0L oL
4 — — =0
@ dt (362") dq°
separate into F* =0 (a =1,---, m) and
d (0L oL d ou oF* ou oF*
5 — ) - = =0: — (e PN ) =P I N ——.
(5) at (w) g dt (F o " o > “og oy

A conserved quantity (first integral) in question is a quantity Q(/.\, g, A, q, t) satisfying
dQ/dt = 0 (conservation law) on the optimal paths, i.e., on solutions to (4), or equivalently
to F* = 0 and (5). The theorem 6 in [6] is reformulated as follows ([10], Theorem 4; cf. [7],
Theorem 1).
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Theorem 1. For the Lagrangian (3), let (€i, nly = (5{(/\, 4, \, q, t), ntll(A, 4, A\, q, 1)) and
(&5, n2) = (52()\ d, A, q, 1), n2(\, 4, N, q, t)) satisfy the equations
OIV." d¢ 8F‘ ci—0,
¢t dt aq*

d O?°L dgi L . OF¢ O*L d¢l 9*L . OF¢
- 24 j _ e j —
@ ?+ G5m) ~ (oo ar + agag® * ) =©

(6)

9o di | agag° T ag "

). Then the
£, 17):

on the optimal paths for the mazimizing problem of (1) under the constraints (2
(

(
following conserved quatity Q0 for the problem is constructed from (&1, nl) and

0*L ¢} d 6*L .. OF*
8) Q= 3090 (gd—i —¢ ;tl) t Saag (€i¢] - &eh) + a_qi( 172 — &31a)-

In terms of (€%, 1a) = (¢, A + p)a) satisfying (6) and (7), the theorem 7 in [6] is also
reformulated as follows ([10], Theorem 5; cf. [7], Theorem 2).

Theorem 2. For the Lagrangian (3), let (€', n,) = (§i(/.\, q, \, g, t), na(/\, g, A, ¢, t)) sat-
isfy the equations (6) and (7) on the optimal paths for the mazimizing problem of (1) under
the constraints (2). Then the following conserved quantity Q for the problem is constructed

from (€', 11a):

L 9L d¢ 9L, OF° oL AL\
o 2= (sa'ar * agog * a5) ~ (a5 007 )¢

Here we impose an arbitrary degree s of homogeneity on the system of functions F%(q, q) (a

1,---, m) with respect to ¢/ and ¢, i.e.,

OF° OF®
10 =+ ¢ —— = sF",
(10) q 2 +4q By SE,

which guarantee that ¢' = ¢ satisfy the equation (6) whenever F* = 0. So, together with
§' = ¢, the Lagrangian (3) is substituted for the equation (7). Then, by the differentiations
of (10) with respect to ¢* and ¢*:

OF O OF

(11) qaqan qaqaﬂfs aq
11

E G OR 0

v ¢ dq' 5’61 g oq'’

the equations (7) are reduced to

d - 0*U - O*U OF*
R R A s — 1)\, +10) S
i (7 (o + o ) + 0= D )

. 02U . 02U OF*
B T B A B s+ 2 ) o,
(p (q s aqzaq]>+<<e a4 10) aqz) 0

Here assume also that U(¢, ) is r-th degree homogeneous with respect to ¢’ and ¢/, i.e.,

al/ +q al/
6q1 6q1

(12) =rU,



374 FUMIYO FUJTWARA, FUMITAKE MIMURA AND TAKAYUKI NONO

and put n, = (r — 8)A,. Then, by the relations from (5):

d oF*® oF® d oU oU
-5 /\a—< _Aa—< = —— —pt - —pt_‘*
dt ( R ) o @ ( aqz) T o

the equations (7) lead finally to

d U .o oU
) jpt -] i i J i - (r—1 i
it ( (q dioi 4 agog )aqz»

- O%U . 92U oU
_e Pt 4 J _ _ —
: (q oioc T ogog V3 ’) i,

which are satisfied identically by virtue of the following differentiations of (12) with respect
to ¢¢ and ¢*:

g U &U _ o
Tagog T agiog — " Vo

(13)
- O*U - O'U oU
i J _

Toiioqg T agiog (r ani'

Therefore (€', 1) = (¢, (r — s))\,) satisfies (6) and (7) on the optimal paths. The solution
is substituted for (9) to obtain the conserved quantity

Q—'i ~j82L+]‘62L _I_(_)/\aﬁ_za[/_l_ OL
T T\ agiaq TV agag T\ TV g ) T\ a4 T Pag

7 (3

= 4 3 4 4 . n - - ¢ - - Aa.i - _/\a T
1 (q ooy 1 agog Cof Mo Tl 5P 94 T ¢

Since by (11), (12) and (13):

(.. 9L - 0°L . oU ;oU oU OF¢
3 3 - g J - - — ,7pt 174 =(r—1 ,7‘Dt .174 — ,7‘Dt 174 s—1 Aa .174
i (4 a0+ o) "o = VT g M g s i

;oU OF
=re ¢ = —U —D)A\¢' ==
re <q a(jl L) —I— (S ) q aql Y

’L . L ) L 0U L oF" OF"
— €

) is written as

. OU .OL JOF" COF¢
Q: ,7pt 7t 0 767' - 274 ] 71 Aa -2747 a 174;
re (q o ) P g +(r = 1Aag o am
and since by (10):
OF" OF° . OF"
DM g e = L (= )AL F,
(r=1DAad 5 "o red o (= 1)s

Q is written finally as

OF" U : oF" ou
_ _ 12 —pt °1 77 _ 12 —pt . a
Q=r ( Aaq o +e (q 9 L)) 0q ()\a—aq,i +e _&ji) +(r—1)s\ F".

Thus, including the result ([10], Theorem 6), the theorem 3 in [7] is generalized as follows.
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Theorem 3. Let the functions D(q7 q) in (1) and F*(q, q) in (2) be r-th and s-th degree
homogeneous with respect to ¢' and q*, respectively. Then, there exists the following conserved
quantity Q for the mazimizing problem of (1) under the constraints (2):

OF*® QU ; oF® oU
— 7 pt t1 T 7 pt
(14) Q—T( Aaq qi +e (q —qi—l)>—pq ( 1 + e q1>

We consider now a function ¢(¢, ¢) which can separate the conserved quantity (14) into
two conserved ones

OF*" ,0U
15 Oy = A =—— —e —U 0,
(15) 1 q oq' ¢ ( agi /)‘l‘p%
; . oF*° oU
16 Dy =¢' [ e+ e 7= ) —ro,
(16) v=d (Mo e on) e

i.e., a function (¢, ¢) satisfying d€ /dt = 0 and dQ2,/dt = 0, where —2 = r§; + pQy. In
dQy /dt, it follows the identity

d ou d oUu ou
—pt -1 —ptrr — it —pt —pf 7 —pt
dt (e Toq gt - L) Tt (e a(f) ¢ a v,

and, by (10), the identity

d OF¢ d OF®
TN ) = S N e s\ F
dt( E 8611) dt( qaq’+5 >

So, in view of (3), d; /dt leads to

aa _ fde ) oL\ oL L
dt _p<dt v dt 5 ) " ag) T

also, in view of (10) and (12), d25/dt leads to

92, de /d (8L 0L
T ) b (S () - &) o, P
di ( a V)Y g \ag) ag) T

Therefore ©; and €2, become conserved quantities if ¢ satisfies dp/dt = e P'U, i.e.,

p = /e_”tUdt;

which is substituted for (15) and (16) to deduce:

Theorem 4. Let the functions U(q, ¢) in (1) and F(q, q) in (2) be r-th and s-th degree
homogeneous with respect to ¢' and ¢', respectively. Then, there exist the following two
conserved quantities 1 and Qy for the mazimizing problem of (1) under the constraints

(2):

. a . 7
(17) Q) = /\aqzai. — et ( 00 — U) /e_’)tUdt,
aq* g’
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; OF“ ou
0, =4 - —pt —ptrr
(18) 2 =4 (/\a o te 9q’i> r/e Udt.

2. Reformation of the maximizing problem. Here assume that U in (1) is a
function of ¢ = (¢") which is a collection of state variables * = (2#) and control variables
u = (u”), ie., (¢') = (z®,u”) (p = 1,--- ,k;o = 1,--- , l; k+( = n); and F* (a =
1,-+-, m) is the following system of first degree homogeneous functions:

F*=4*— f*q) if 1<a<k,
Fe=90 if k+1<a<k+L

Then the maximizing problem turns into that of an integration over a finite (0 < T < oo)
or an infinite (T = oc) period of time:

T

(1) / e~ U (2, u)dt,
0

under constraints

(2)/ at :f”(mv u)v

where f#(z, u) (u=1,---, k) is a system of first degree homogeneous functions. Moreover,
the Lagrangian L of (3) takes the form

(3) L=c U 4 M\ — f1),

whose Euler-Lagrange equations consist of (2)" and

d (0L oL _ L, oU . afv
’ el Bt s O pt — 4
(52) dt <a¢u) o =07 g T A gt
d (0L oL _ ., ou oft
! — — = N pt =
(5b) dt <0{1”> ou® 0: e ous ~ OQuc M

In the setting, the conserved quantity 2 of (14) leads to

o ya.f” aai = ptyr Y}y o
Q=r </\u (:r D +u 8u”> e PtU pALT

(14)'
=r (/\,,f“ — 6_’"tU) — pAgat.

The equations (5a)" and (5b)’ are used to see

7 7 . 9 i T
re PIU = pe Pt (:ﬂ“ ou + u? oy > = Azt + A, (x” of —I—UUaf >

OxH ou’ ox? ou’
= /.\ﬂx” + A

which is, together with (2)’, carried into (14)’ to have the same appearance of the conserved
quantity obtained in ([2], Theorem 1.2; in which 7, correspond here to A, in (14)" below).
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Theorem 5. Let the functions Uz, u) in (1) and f*(x, u) in (2)" be r-th and first
degree homogeneous with respect to x* and u?, respectively. Then there exists the following
conserved quantity  for the mazimizing problem of (1)" under the constraints (2)':

(14)" Q= (r = DAi” = (A + pAy) 2.

3. An application to generalized growth model of von Neumann type. The
theorems established in the preceding sections can be applied effectively for the derivation
of new conservation laws in several economic growth models. Here is given an application
within the n capital goods ¢¢ = K' and n capital formations " = K*'. Accordingly in
the theorem 1 through the theorem 4, U(K, ) and F*(K, K) are regarded respectively
as an r-th degree homogeneous utility function and a system of s-th degree homogeneous
transformation functions with respect to K and K', and p is a constant discount rate (see
[2]-[5] for the application of the theorem 5). In the situation, the conserved quantity (14)

leads immediately to

OF U [ OF ou
*Q == AQIX’Z P /7pt <I§’l.‘ - (j)) + IX’Z <)\a - + //)t'.> .
r ( oK' ¢ oL P oK |~ 9K

Particularly for U = ¢ K° (¢;: const.; cf.[13], in which U is of the form U = I;'l), this
quantity —£ is reduced to

;OF¢ ; oF*
Q= N K T 4 K (Ao T e )
Yorr TR ( 8Ix’i+te >

Here we assume that U is a total time derivative of a first degree homogeneous function
G(K) with respect to K*, ie., U = I;’iaG/afx’i. Then U is first degree homogeneous with
respect to Ki, le., K@U/@Ki = U; and is also of degree zero with respect to K', i.e.,
K'9U/OK' = 0. Accordingly it follows that

: .o U . 7
/e—PtUdt = / (i gy — i 00 /K’i (fﬂf a_o) dt
oK' oK't dt oK'

. oU - oU ‘ 7
= e“”K’a—[./ +p/ e_”tKla—;_dt — /e‘ptlx”i ( o ) dt

o o o\ 9K
10 - QU
= ‘_ptI(Zi. + /\e_ptj&’li-dt'
‘ o 7. oK

Therefore the conserved quantities (17) and (18) with first degree (r = 1) homogeneous
function U = K'0G(K)/dK' have the appearances respectively in the following theorem.

Theorem 6. Let G = G(K) be first degree homogeneous function with respect to the n
capital goods K*. Then for the mazimizing problem of

T
. 0G
1" —pt 771
(1) /0 I S,

under constraints of s-th degree homogeneous transformation functions

(2)" FYK,K)=0 (a=1,..,m),
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there exist the following two conserved quantities €2y and (2s:

3 aF(l
— a3 —ptrr /
(19) Q1 = A\ K K +p/e Udt,
OF¢ . oU
(20) Qy = /\aKla — — p/e_ptK’a—.L_dt.
oKt oK

Remark 1. The conserved quantities (19) and (20) reduce respectively, if p = 0, to
Q1 = V\KOF*/OK' and Qy = /\aKiaF“/aKi; and moreover, if n = 2, m = 1 and
s =1, to the Samuelson’s ones [13] Q; = AK'dF/0K* and Qy = AK*0F /9K in which ),
Y = K'OF/OK' and W = —KiaF/aKi are regarded respectively as the implicit price, the
national income and the national wealth.

Remark 2. What is important and interesting in the above theorem is that the Samuel-
son’s conservation laws Oy = AK*0F/0K" and Qy = A\K'dF /0K are valid for the utility of
the form U = dG/dt where G = G(K) is a first degree homogeneous function with respect
to K, and for the transformation function F(K, ) with arbitrary degree of homogeneity
with respect to K¢ and K* (in [13], U = 1 and F(K, K) is assumed to be of first degree
homogeneous function).

Remark 3. As seen before, (£, n,) = (¢', (r — 5)\,) is solutions satisfying (6) and (7) on
the optimal paths, which are written here respectively as (€', na) = (K, (1 —s)\,). And,
in view of the equations from (5) with U = K'0G(K)/0K" and p = 0:

d OF* OF¢
g (%T) ~ g =0

we have immediately the other one (£, 1,) = (0, \,). The above conserved quantities —;
of (19) or Q3 of (20) can be obtained also by substituting (¢, 1,) = (K, (1 —s)\,) for (9),
or (€1, nl) = (K, (1 — s)\,) and (€3, n2) = (0, \,) for (8), respectively.

In what follows, let 0 < T < o0, p =0, n =2 and m = 1, and a transformation function
of two capital goods F = F(K!, K%, K', K?) be a homogeneous second order polynomial
of the form:

(2)" F = al(I.(l)z+a2(_[.(2)2+/l(a1(I&’1)2+a2(fxr2)2) (a1, ag, p: const.; ajas < 0, o # 0).

o =

Then (19) and (20) lead respectively to the following conserved quantities =; = %Ql/,u and
1
—QQZ
2

[1]

1= Mai (K")? 4 a2 (K?%)?),

2y = May K K + ay K, K?).

So, in the identity _ _
El = A((]l (:I§’1)2 + (12(1:&’2)2) + 252 = 0,

the following conserved quantity =3 is observed:
T3 = Mag (K12 + ay(K?)?).
Accordingly, since Z3/Z; = A/A = o (a: const.), \ is determine as

A= Ce® (C: const.).
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Here note that the Lagrangian L in the consideration is of the form

0G | 150G

L=K'
: oK1 0K?

ey

where G = G(K*!, K?) is first degree homogeneous function with respect to K! and K?2.
By substituting the path A = Ce® for a part of relating Euler-Lagrange equations with the

Lagrangian L:
d oF oF .

the following second order differential equations are obtained:
Ki4aK' —puK'=0 (i=1,2);

whose subsidiary equation has two distinct real solutions —%(a + \/E) and —%(a — \/E)
if its discriminant D = a? + 4u satisfies D > 0, or a coinside solution —%a’ it D =0,
or two complex solutions f%a + %i\/fD if D < 0, which are used respectively to denote
the solutions K*. And then, together with A\ = Ce®!, the solutions K* are substituted for
=1 = const. to complete the final appearances of K.

Theorem 7. In the mazimizing problem of (1) (0 < T < oo, p=0), let G = G(K', K?)
be first degree homogeneous function with respect to the two capital goods K' and K? and
the transformation function F be a homogeneous second order polynomial of the form (2)".
Then the optimal paths \ and K* (i = 1, 2) are determined as A = Ce®' (C: const.) and as
follows according as D = o + 44 1s positive, zero and negative:

(1) Kt — Aief%(oz+\/ﬁ)t + Bief%(af\/ﬁ)t if D>0,
(i) Ki= e_%t(Ait + Bi) it D=0,
(iii) Ki=¢ 3t (Ai cos %\/—Dt + Bisin %\/ -D t) it D <O,

where A', B' are arbitrary constants and A? = +.\/—ay/a; A', B? = +\/—ay Ja; B', in
the right hand sides of which, the signs + correspond respectively for (ii) and (iii).

The conserved quantity Z; is always zero (so that =, is also) for the optimal paths
K' (i = 1,2) of (i) and (iii) in the theorem 7; and also for those of (i) with the con-
stants A2 = +\/—as/as A! and B? = +,/—ai/a; B! (the signs + correspond respec-
tively). But nonzero conserved quantity =y # 0 and also Z» # 0 are given respectively as
=y =4a,CA'B! and — =, = 2aa;CA' B! by the optimal path A = C'e®? (C: const., C' # 0)

- .

and the optimal paths K' (i = 1, 2) of (i) in the theorem 7 with the constants A* =
+v/—ai/a; Al # 0 and B? = ¥/=a1/a; B? # 0 (the signs + and F correspond respec-
tively). So that the constant of the income-wealth (output-capital) ratio (Samuelson [13])

is Y/W = —uZ1/Z5 = 2u/a. Therefore, in view of o = \/\ = d(log \)/dt, it is concluded:

Theorem 8. Together with the optimal path A = Ce®' (C: const., C # 0), the only optimal
paths K (i = 1, 2) of (i) in the theorem 7 with the constants A% = +\/—ay Ja; A # 0 and
B? = F\/—ai/az B' # 0 (the signs £ and F correspond respectively) are provided with
nonzero conserved quantities u=, = 4a;pC A BY (product of the implicit price X and the
national income Y = K'OF/OK") and —Z, = 2aa,CA'B* (product of the implicit price A
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and the national wealth W = —K@F/@Ki), which give the constant of the income-wealth
ratio Y /W = 2u/(d(log \)/dt):

{national income} 2u ot
= = constant.
{national wealth}  {rate of logarithm of implicit price}
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