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A GEOMETRIC MEAN IN THE FURUTA INEQUALITY
MASATOSHI FUJII AND RITSUO NAKAMOTO

Received September 18, 2001

ABSTRACT. Uchiyama discussed the Furuta inequality from the viewpoint of the Jensen
inequality. Recently Furuta and Kamei improved it as follows: Suppose that A, B, C >0
and r,s > 0. If A’ <« B' V,, C! for all t > 0, then

fit)y=A"" Bagr (B' v, C)

is an increasing function of ¢ > s. On the other hand, if A* <« B' !, C* for all ¢ > 0,
then
ht) = A" b an (B' L, CY)
t+r
is a decreasing function of ¢ > s.

In this note, we pay our attention to the assumptions in above and point out that the
operator function F(s) = ((1 — p)A® + uBS)% (s € R) for given A, B> 0 and p € [0,1]
is monotone increasing under the chaotic order X > Y defined by log X > logY and
consequently s-limy, o F'(h) = e(l=w)log B+ulog € This means that we can see another
geometric mean B &, C = e(l—u)log B+ulog C
consider Uchiyama’s result in a general setting.

in the Furuta inequality. Moreover we

1. INTRODUCTION

First of all, we cite the Lowner-Heinz inequality (LH) which is one of the most funda-
mental operator inequalities: If A and B are positive operators acting on a Hilbert space
H and satisfy A > B, then AP > BP for all p € [0,1]. In 1987, Furuta [8] established the
following historical extension of (LH), see [13], [9], [2] and [15].

p (1+r)g=p+r
The Furuta inequality

If A> B >0, then for each r > 0,
(i) (B5APB%): > (B*BP’B%)«

and

(ii) (A5 APA%)7 > (ASBPAS)s

hold for p > 0 and ¢ > 1 with (1+7r)qg > p+r. (1,0) q
(07 77’)

Figure

Motivated by Ando’s inequality [1], we introduced the chaotic order among positive
invertible operators [7]: For A, B > 0, we denote by A 3> B if log A > log B. Finally we
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obtained the following chaotic version (FC) of the Furuta inequality, [3] and [10], see also
4], [3] and [6]
For A/B >0, A> B, ie., logA >log B, if and only if

T r
r r

(A%APA%)p+ > (A%BPA%)p+

for all p, r > 0. This is expressed in terms of the monotonicity of an operator function.

Theorem A . For A,B >0, A< B if and only if for each s > 0, G(t,r) = A™" ji_i_r B!

is an increasing function of both t > s and r > 0, where §o 1s the a-geometric mean.

Recently, Uchiyama [16] gave a new viewpoint to the Furuta inequality. He explained
that it is from the Jensen inequality for operator concave functions.

Theorem B . [f A< B!, C for A,B,C >0, then
BV, C* <A™ f;% (B'V, C"
forr >0 andt > s> 0, where!, and V, are p-harmonic and arithmetic means respectively.

Afterwards, we were given an opportunity to see a paper [11] by Furuta and Kamei, in
which Theorem B is improved from the viewpoint of Theorem B.

Theorem C . Suppose that A,B,C > 0 and r,s > 0. If A" < B' V, C" for allt > 0,
then

flt)y=A"" ﬁ% (B" v, C")

is an increasing function of t > s. On the other hand, if A" < B' !, C' for allt >0, then
h(t)y=A"" jjﬂ;_ (B* !, CY

1s a decreasing function of t > s.

In this note, we pay our attention to the assumptions of Theorems B and C. Namely we
discuss the monotonicity of the operator function

F(s) = ((1 = w)A* + uB)* (s €R)

for given A,B > 0 and u € [0,1]. It is not monotone increasing under the usual operator
order, but we can prove that it is monotone increasing under the chaotic order and moreover
s-limp 0 Fi(h) = e1—m)log Atplog B \We call it the chaotically p-geometric mean A, B of
A and B. So we can reformulate Theorem C and generalize Theorem B. This means that we
find, in the Furuta inequality, another geometric mean different from the geometric mean
f, in the sense of Kubo-Ando. Of course, they coincide if A and B commute.

2. THE CHAOTICALLY GEOMETRIC MEAN

In this section, we discuss the monotonicity of the operator function F(s). First of all,
we do it under the usual operator order.

Lemma 1. Let B, C > 0 and p € [0,1] be given. Then the operator function F(s) =
(1—p)B*+uC*)* (s € R) is monotone increasing on [1,00), i.e., F(s) < F(t) if 1 < s < t.

In addition, F(s) < F(t) if 1 <t < 2s, and F(s) is not monotone increasing on (0,1] in
general.
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Proof. The first assertion follows from the operator concavity of the function «” (r € [0, 1]):
If1 <s<t, then

(1= p)B' +uC"H* > (1— u)B° + uC*

and so F(t) > F(s) by (LH). On the other hand, the second one follows from the operator
convexity of 2" for 1 <r < 2: If 1 <t < 2s, then

(1= w)B* +uC*)* < (1—p)B' + uC*

and so F(s) < F(t) by (LH).

Finally we give a simple counterexample to the third one as follows:

3 3
2 1 2 1
p=(i1) =i 3)

Then
1 14 14
F)=5(B+C)= (14 20)
and
1. 1, .. (2 1\° [14 13
Fz) =GB+ :(1 2) :<13 14)7
so that

, 1 0 1
F(l)—F(g)— (1 6) Z 0.
Next we discuss it under the chaotic order.

Lemma 2. The operator function F(s) is monotone increasing under the chaotic order,
ie., F(s) < F(t) if s <t. In particular,

s— lim F(h) = c(1=n)log B+plog O
h—0

Proof. It suffices to show that for s < ¢t with s, # 0
1 s s 1 t t
S log((1 = p)B” +pC*) < Zlog((1 — p) B + pC7).

To prove this, the operator concavity of 2" for r € [0,1] is available. We first assume
0 < s <t. Then

log((1 = p1)B' + pC")* > log((1 — p) B* + uC*),
and so log F(t) > log F(s). Next, if s <t <0, then f € (0,1) and hence
log((1 — p1)B* + puC*)* > log((1 — u)B' + puC").

Noting ¢t < 0, we have log F(s) < log F(t).
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Now we prove the second assertion. By the operator concavity of log x and the Krein
inequality # — 1 > log x, it implies that for any ¢ > 0

(1—p)logB + plogC

1 ‘
= (1 — p)log B' + pulog C")

t
1 / t t
< Jlog((L = w)B" + pC)
1
< A0 =p)B 4 pCt = 1)
Bi—1 (C'—1
=1 —p)=——+n—jy

— (1 —p)log B+ plogC (t — +0).
Therefore it follows that
s — lim log((1 — p)B" + uCt)

t—40

1
t

= (1 —p)log B + pilog C,

so that
R 1 t tyt — (1—p)log B+pulog C
5 t1_1>1_r~_10((‘1 w)B' 4 1CY) € .
On the other hand, it follows from the identity obtained above that for s > 0
Fp.c(—s)=Fp-1 c-1(s)""
- [6(1 —n)log B~ 4 pulog C'_l]—1
_ e(lfu) log B+plog C.
Hence we have the second assertion, which says that s-lim_,q F'(h) can be regarded as F/(0).
Therefore, if s <0 < ¢, then
F(s) < F(0) < F(t).

Consequently we have the monotonicity of F(s).

For the sake of convenience, we define another geometric mean:

Definition 3. For B,C >0 and p € [0,1]
B <>N C = e(lfu)logB+ulogC

18 said to be the chaotically p-geometric mean of B and C'.

1
t

Theorem 4. For B,C >0 and p € [0,1], both (B V, C')* and (B' !, C)
the chaotically p1-geometric mean B &, C as t N\ 0. Consequently

(B4, O =
s 1}1\1—‘1(1)(3 ., CY) B, C.

converge to

Proof. The first assertion follows from Lemma 2. To prove the second one, it suffices to
show that log(B* §, C")t converges to (1—p)log B+ilog C. By the well-known arithmetic-
geometric mean inequality, we have
B'l,C'<B'%, C'<B'V,C"

so that

log(B" 1, C") <log(B' {, C") <log(B' V, C").
By multiplying % on each term, it follows from Lemma 2 that the middle term % log(B' ¢, C")
must converge to (1 — p)log B + plog C.
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Remark. The second assertion of Theorem 4 appeared in [12, Lemma 3.3].

3. UCHIYAMA’S GENERALIZATION ON THE FURUTA INEQUALITY
As stated in Theorem B, Uchiyama gave an interesting viewpoint to the Furuta inequality.
Recently it is considered under the chaotic order by Furuta-Kamei, which we cite as Theorem
C. We now reformulate it by using the chaotically p-geometric mean.
Theorem 5. For A, B,C > 0 and u € [0,1], the following statements are mutually equiv-
alent:
(1) A< B ¢, C.

(2) B*V, C* <A " fsxr (B'V, C") forr >0andt>s>0.

T
(8) For each r,s >0, f(t) = A™" ﬁ% (B' V, C") is an increasing function of t > s.

Proof. First of all, we note that (1) is equivalent to the condition A* < B* V,, C" for all
t > 0 by Lemma 2 and Theorem 4. That is, (1) implies (3) has been proved in Theorem C.
If (3) holds, then (2) is obtained by putting + = s. Finally, if (2) holds for s = 0, then for
eacht>0,1< A" Ji$ (B" V, C") for all r > 0. It is equivalent to (1) by (FC) stated
in §1.

The following theorem is a complement to Theorem 5, which is corresponding to the
second assertion of Theorem C.

Theorem 6. For A/ B,C >0 and u € [0,1], the following statements are mutually equiv-
alent:

(1) A>» B ¢, C.
(2) B*1, C°* <A™ jr% (B*, CY) forr >0 andt>s>0.
(8) For each r,s >0, h(t) = A™" ﬁ% (B* !, C") is a decreasing function of t > s.

Proof. Clearly (1) is equivalent to the condition A~ « B™' $, €' So it follows
from Theorem 5 that (1) means f4-1 g-1 ¢—1(t) is monotone increasing. Moreover, since
hap,c(t)™ = fa-1 p-1.c-1(t). (1) holds if and only if h(t) is monotone decreasing, i.e., (3)
holds. The proof of the others is similar to that of Theorem 5.

We note that Theorems 4 - 6 require an improvement of Theorem B. As a matter of fact,
we can reply as follows:

Theorem 7. Suppose that A,B,C > 0 satisfy A < (B™ V, Clo)t/to for some to. If
to > 0, then
B*V, C* <A™ j$ (B*'v, CY
for all >0 and t > s > 0 with t > tg. On the other hand, if to <0, then
(B'1, CHT < A™T faar (B'1!, CY
for allr >0 and —tg >t > s> 0.

Proof. We need the following fact [14, Theorem 2 (3)] obtained by (FC): If A <« B, then
B < A™T jj% B' for all r > 0 and t > s > 0. We first suppose that A < F(tg) for some
to > 0. Since A < F(t) for t > tg by Lemma 2, we have

F(t) <A™ f.ee F(1)'
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for all r > 0 and t > s > 0 with t > #5. On the other hand, since F(¢)* = (B' V, C) >
B°V,C°byt>s>0,it follows that
BV, C* < F(t) <A™ foe (1) =A™ fop B' V, C",
Next we suppose that A <« F(tg) for some t9 < 0. Since
A< F(ty) < F(—t)=(B"!, C")
for —tg >t > s > 0, we have the desired inequality
(B' L € < A7 b (B, C)

1
t

by applying the inequality cited in above again.

For the sake of convenience, we cite a mean theoretic proof of the inequality [14, Theorem
2 (3)] used above: For this, (FC) under A <« B is expressed as 1 < A~
Bt ﬁﬁ A7" for r, t > 0. Thus, if A < B and r > 0, then for t > s >0

A_Tjis%Bt:BtﬂtJ—r_sAr Btji— (Bttt )ZBtﬂt—_slzlt%Bt:Bs.
We now remark that Theorem 7 can be rephrased as a similar form to Theorem C.

Corollary 8. Suppose that A,B,C > 0, u € [0,1] and tog > 0. Then the following state-
ments are mutually equivalent:

(1) A< (B v, Cto)t/to,

(2) BV, C* <A™ Jiri_: (B'"V, C" forallr >0and t>s >0 with ¢ > #,.

(3) Foreachr,s > 0, f(¢t) = A™" tt% (B' V, C") is an increasing function of ¢, precisely,
f&) > f(ty) for t >ty > s with ¢ > to.

Proof. (1) — (3): It is similar to that of Theorem C. Since A < F(tg) < F(t) for t > to
by Lemma 2, Theorem A implies that

A7 b F(t)" <A™ foer F(t) = f(1)

ti+r t+r

for t > t; > s > 0. Moreover, since the operator concavity of 2 (a € [0, 1]) ensures that

F(t)" =(B'V, C")* > B" V, C" = F(t,)",

we have

flt) = A7 aae F(t)" <A™ fon F(1)" < f(2).
(3) = (2): If we take t; = sin (3 ) then f(s) < f(¢) for t > to. Since f(s) = B* V, C*, we
have (2). (2) — (1): We take s = 0 and t = #¢ in (2).

Corollary 9. Suppose that A,B,C > 0, pn € [0,1] and tog < 0. Then the following state-
ments are mutually equivalent:

(1) A< (B v, Cto)t/to,

(2) (B*!, C%)7T <A™T jjt%: (B'!, C"forallr >0 and —tg >t >s>0.

(3) For each t € [s,—tg] and s > 0, k(r) = A" t% (B' !, C") is an increasing function
of r > 0.

Proof. (1) — (3): Lemma 2 implies that A < F(—t) for t < —to. Since F(—t)! = B'!, C",
it follows from Theorem A that k(r) is an increasing function of r > 0. Moreover (3) implies
that k(0) < k(r) for r > 0, that is, (2) holds, and (2) — (1) follows from putting s = 0 in
(2).
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