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FUZZIFICATIONS OF a&Z-IDEALS IN IS-ALGEBRAS
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ABSTRACT. The fuzzification of a&Z-ideals in IS-algebras is considered. Relations
between fuzzy p&Z-ideals and fuzzy a&Z-ideals are stated. Characterizations of fuzzy
a&Z-ideals are given. Extension property for fuzzy a&Z-ideal is established.

1. Introduction

The notion of BCK-algebras was proposed by Y. Imai and K. Iséki in 1966. In the
same year, K. Iséki [2] introduced the notion of a BCI-algebra which is a generalization of
a BCK-algebra. In 1993, Y. B. Jun et al. [5] introduced a new class of algebras related to
BCI-algebras and semigroups, called a BCI-semigroup/BCI-monoid/BCI-group. In 1998,
for the convenience of study, Y. B. Jun et al. [8] renamed the BCI-semigroup (resp, BCI-
monoid and BCI-group) as the IS-algebra (resp. IM-algebra and IG-algebra) and studied
further properties of these algebras (see [7] and [8]). In [9], E. H. Roh et al. introduced the
concept of a p&Z-ideal in an IS-algebra, and gave necessary and sufficient conditions for an
Z-ideal to be a p&Z-ideal, and also stated a characterization of PS-algebras by p&Z-ideals.
Y. B. Jun and E. H. Roh [6] considered the fuzzification of a p&Z-ideal in an IS-algebra,
and investigated some of their properties. E. H. Roh et al. [10] discussed the notion of
a&Z-ideals in IS-algebras. In this paper, we consider the fuzzification of a&Z-ideals in
IS-algebras. We give relations between fuzzy p&Z-ideals and fuzzy a&Z-ideals. We state
characterizations of fuzzy a&Z-ideals. We finally establish the extension property for fuzzy

a&T-ideals.
2. Preliminaries

By a BCl-algebra we mean an algebra (X,=*,0) of type (2,0) satisfying the following
conditions:

o ((wry)*(wx2))*(zxy) =0,

o (zx(z*xy))*xy=0,

o xxx =0,

e vxy=0andy*z=0implyxz =y

for all z,y,2z € X. A BCl-algebra X satisfying 0 < x for all € X is called a BCK-algebra.
In any BCK/BCI-algebra X one can define a partial order “<” by putting < y if and
only if x xy = 0.

A BCl-algbera X has the following properties:

(P1) %0 =z,

(P2) (zxy)*z=(x*xz)*y,
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(P3) (z*z)*(yx2)<azxy
for all z,y,2 € X. A nonempty subset I of a BCK/BCI-algebra X is called an ideal of X
if it satisfies

(i) 0 eI,

(i) xxy €T andy € I imply v € I for all 7,y € X.

Definition 2.1. (Jun et al. [8]) An IS-algebra is a non-empty set X with two binary
operations “*” and “” and constant 0 satisfying the axioms

o I(X):=(X,%,0) is a BCl-algebra.
e S(X):=(X,) is a semigroup.
o the operation “” is distributive (on both sides) over the operation “x”, that is,

vo(y*xz)=(z-y)*(r-2) and (z*y)-z=(z-2)*(y-2), Vo,y,z € X.

Example 2.2. Let X = {0,0a,b,c} be a set with the following Cayley tables:

o o8 Ok
8 o a oo
a oo ofla
>~ o0 oo
[ RS RS
6 oe O

c oo colo
c o ool
o oo oo
>~ a o oln

Then X is an IS-algebra (see [8]).

Definition 2.3. [1, Definition 2.3] A nonempty subset A of an IS-algebra X is said to be
left (vesp. right) stable if v -a € A (resp. a-z € A) whenever z € S(X) and a € A.

In what follows, the terminology “stable” means “left stable”, and let X denote an
IS-algebra unless otherwise specified.

Definition 2.4. [8, Definition 3] A nonempty subset A of X is called an Z-ideal of X if it
satisfies

(i) A is a stable subset of S(X),

(ii) for any 2,y € I(X), v *y € A and y € A imply that x € A.

Definition 2.5. [9, Definition 3.1] A nonempty subset A of X is called a p&Z-ideal of X
if it satisfies

(i) A is a stable subset of S(X),

(i) for any z,y,z € I(X), (v *z)* (y*2) € A and y € A imply that = € A.

We place a bar over a symbol to denote a fuzzy set so p, A, X, --- all represent fuzzy
set in a set.

Definition 2.6. [3, Definition 4] A fuzzy set A in X is called a fuzzy Z-ideal of X if it
satisfies
(i) A is a fuzzy ideal of a BCI-algebra X,

(ii) A(zy) > A(y) Yo,y € X.
Definition 2.7. [6, Definition 3.2] A fuzzy set A in X is called a fuzzy p&Z-ideal of X if it

satisfies
(1) Ais a fuzzy stable set in S(X),
(i1) A(z) > min{A((z * 2) * (y x 2)), A(y)} Vr,y,z € X.
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Note that every fuzzy p&Z-ideal is a fuzzy Z-ideal, but the converse is not true (see [6,
Theorem 3.4 and Example 3.5]).

3. Fuzzy a&Z-ideals

Definition 3.1. [10, Definition 3.1] A non-empty subset A of an IS-algebra X is called a
a&Z-1deal of X if it satisfies

(1) A is a stable subset of S(X),

(ii) for any =,y,z € I(X), (v z) % (0xy) € A and z € A imply that yxz € A.

Definition 3.2. A fuzzy set A in X is called a fuzzy a&Z-ideal of X if it satisfies
(i) A is a fuzzy stable set in S(X),

(il) A(y * ¢) > min {i((w * z) * (0 * y)), i(z)} Vo,y,z € I(X).

Example 3.3. Let X = {0,qa,b, ¢} be a set with the following Cayley tables:

*‘Oabc -‘Oabc
010 0 b b 0|0 0 0 O
ala 0 ¢ b al0 a 0 a
bbb b 0 0 b0 0 b b
cle b a O c|0 a b ¢

Then X is an IS-algebra (see [8]). We can easily check that a fuzzy set Ain X given by

A(0) = A(a) = 0.6 and A(b) = A(c) = 0.2 is a fuzzy a&Z-ideal of X.

Proposition 3.4. If A is a fuzzy a&Z-ideal of X, then A(0* z) > A(x) > A(0* (0 x))
for allx € X.

Proof. Since A is fuzzy stable, it follows that A(0) = A(0z) > A(x) for all z € X. Taking
z =y = 0 in Definition 3.2(ii), we have

A0 xz) > min{;l((x #0) * (0 * O))7 ‘4(0)} = A(z)
for all # € X. Now putting y = x and # = z = 0 in Definition 3.2(ii), we have
() > min {A((040) (04 2)), A(0)} = 4(0+ (0+2))

for all z € X. O

Theorem 3.5. Fvery fuzzy a&Z-ideal is a fuzzy T-ideal.

Proof. Let A be a fuzzy a&Z-ideal of X. Taking y = 0 in Definition 3.2(ii) and using
Proposition 3.4, we get

A(z) > 121(0 * (0 * x)) > A0 z)
> mm{A((l 2) % (0*0)), A(Z)}
_ min{A(I % 2), A(z)}.
for all z,» € X. Hence A is a fuzzy I-ideal of X. [l

The following example shows that the converse of Theorem 3.5 may not be true.
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Example 3.6. Let X be an IS-algebra in Example 3.3 and let B be a fuzzy set in X
defined by B(0) = B(b) = 0.8 and B(a) = B(c) = 0.5. Then B is a fuzzy Z-ideal of X, but

it is not a fuzzy a&Z-ideal of X since

B(a*b)=05<0.8 = min{B((b *b) x (0 * a)), B(b)}.

We provide conditions for a fuzzy Z-ideal to be a fuzzy a&Z-ideal.

Theorem 3.7. Let A be a fuzzy Z-ideal of X. Then the following are equivalent.
(i) A is a fuzzy a&Z-ideal of X.
(i) A(y * (z *Z)) > /—1((:0 * 2) % (O*y)), Va,y,z € I(X),

(iii) A(y *z) > A(;c 4 (0% y))7 Va,y € I(X).

Proof. Assume that A is a fuzzy a&Z-ideal of X. For every x,y,z € I(X), we have

i(y*(?’*z)) > mln{ ((T*Z

(
= min A((("c * 2

Jr(x =) 5 (05 g)) 5 (05y)), A(rx2)x (05y)) ]
J (0 y)) (2 42) (05 y)), A(w+2)5(05y)) ]
= mm{A(O), A((m *2)* (0 %y) }
- A((x *2) % (O*y)).
(ii1) is by taking z = 0 in (ii) and using (P1). Suppose that (iii) holds. Note that
(250 m) « ((z2) 5 (05 y)) <wx(wsz) <z

for all z,y,z € I(X). Since A is order reversing, it follows that

z:l((x # (0 y))* ((z*2)* (0 y))) > A(z).

Hence
> min{A((x (04y) (2 2) 5 (05 9)). A((x2) (049)) |
> min{A((wx2) (0+y)), 4 <z>},
and so A is a fuzzy a&Z-ideal of X. U

Lemma 3.8. [6, Theorem 3.9] Let A be a fuzzy T-ideal of X. Then A is a fuzzy p&T-ideal
of X if and only if it satisfies

A(z) > A(O 5 (0% 2:)) Va € I(X).

Combining Proposition 3.4 and Lemma 3.8, we have the following theorem.

Theorem 3.9. Fuery fuzzy a&Z-ideal is a fuzzy p&Z-ideal.
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The converse of Theorem 3.9 is false, as is shown in the following example.
Example 3.10. Let X be an IS-algebra in Example 2.2 and let A be a fuzzy set in X

defined by A(0) = A(a) = 0.7 and A(b) = A(c) = 0.5. Then A is a fuzzy p&Z-ideal of X,
but it is not a fuzzy a&Z-ideal of X because

Alb*c) =05 < 0.7 = min{A((c wa) (0% b))7 A(a)}.

Theorem 3.11. In an associative IS-algebra X, that is, the identity (x*y)*z = x*(y*z)
holds in X, every fuzzy T-ideal is a fuzzy a&Z-ideal.

Proof. Let A be a fuzzy Z-ideal of X. Note that

(y*y;)*(x*(()*y)) (y*a)*((;b*())*y):(y*:{’)*(:{’*y)
yk(zxy)) xa = ((y*r)*y)*"c

= ((yxy)*z)*xz=(0xa)*a

= O*(zxz)=0*x0=0

for all z,y € X. Hence

Aly*z) > min{A((yw) *(H(o*y))) f(x*(o*y))}
- min{A(o), A(x + (0 y))}
= A(:z:*([)*y)).
It follows from Theorem 3.7 that A is a fuzzy a&Z-ideal of X. O

Theorem 3.12. (Extension property for fuzzy a&Z-ideals) Let A and B be fuzzy T-1deal
of X such that A(0) = B(0) and A C B, that is, A(x) < B(x) for allz € X. If A is a fuzzy
a&Z-ideal of X, then so 1s B.

Proof. Let x,y € X. Using Theorem 3.7(ii) and (P2), we have

B(y+(ax(x+(0+y))) v (o s (o (04)

x*(x*(O*y)))*(O*y))
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and so B(((y wx)* (xx (0xy))) * (y*(z* (2 (0 y))))) > B(0). It follows that

wa) (@ (0 )+ (s (o5 (04 (05 9)), By+ (e (s (051))) ]

> miny B x )k (xx (0*y)))* (y* (x*(z*(0x* y))))), B(0)
= B(((y+ o) (a0 xy)) # (y+ (a+ (x (05 1))
> B(0),
so that
Bly+x) > min{B((y«a)s (v (0+y))), Brx(0xp)}
> min{B(O), B(.r * (0 * y)) }
= B(rx;* (O*y))
Using Theorem 3.7, we know that B is a fuzzy a&Z-ideal of X. L
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