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ALMOST SURE CONVERGENCE OF A LINEAR COMBINATION OF
U-STATISTICS
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ABSTRACT. We derive the rate of almost sure convergence for a linear combination
of U-statistics under the condition that the kernel is degenerate or not necessarily
degenerate. These results also give the rate of almost sure convergence for V-statistic
and LB-statistic as special cases.

1 Introduction Let 6(F) be an estimable parameter or a regular functional of a distri-
bution F and g(x1, ..., 2x) be its kernel of degree k. We assume that the kernel g(zq, ..., x%)
is symmetric. Let Xq,..., X, be a random sample of size n from the distribution F. U-
statistic U, and V-statistic V;, are well-known as estimators of 8(F'). The U-statistic U, is
given by

(1.1) U, = <:> - Yoo e(X X,

1< <<jr<n

where Zl§j1<»»»<jk§n denotes the summation over all integers jq,... , i satisfying 1 < jy <
-+ < ji < n. The V-statistic V,, is given by (1.3) below. (See, for example, Lee (1990)
.) For the U-statistic, the rate of almost sure convergence is derived by Sen (1974) for not
necessarily degenerate kernel. For the rate under the moment condition with lower order,
Giné and Zinn (1992) also derive it by the method different from Sen (1974) and show the
almost sure convergence of the V-statistic as its application. They, furthermore, derive the
rate of almost sure convergence for degenerate kernel. The purpose of this paper is to derive
the rate of almost sure convergence for a linear combination of U-statistics as stated below.

As an estimator of #(F'), we consider a linear combination of U- statistics (see Toda
and Yamato (2001), and Kondo and Yamato (2001)): Let w(ry,... ,r;; k) be a nonnegative
and symmetric function of positive integers ry,... ,rj such that yj =1,... Jkandr  +---+
r; = k. where k is the degree of the kernel ¢ and fixed. We assume that at least one of
w(ry,...,rj;k)’s is positive. We put

+
dk,j) = (ry, ... ,ryk
T S
for 5 = 1,2,...,k, where the summation Z:+,,,+T‘i:k is taken over all positive integers
1,1y satisfying ri + - 4+ r; =k with j and k fixed. For j = 1,...  k, let g¢jy (71, ..., 7;)
be the kernel given by

PINCIES
1 +
= mzrl+m+”:kw(r1,... Jrink)g(ee, .o w2y, 2).
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Let UT(I,D be the U-statistic associated with this kernel g(;)(z1,...,2;) for j = 1,... k.
The kernel g(;)(z1,... ,2;) is symmetric because of the symmetry of w(ri,... ,r;;k). If
d(k,7) is equal to zero for some j, then the associated w(ry,... ,r;;k)’s are equal to zero.

In this case, we let the corresponding statistic U,(lj) be zero. We note that g(z) = g and so
U = U,

Then the linear combination Y, of U-statistics is given by

k

~ 1 . n (5
(1.2) Yo = 50h Zd(m)(JUQ),

=1

where D(n, k) = Zle d(k,])(;‘) Since w’s are nonnegative and at least one of them is

positive, D(n, k) is positive.

The Y-statistic V), includes U-statistic, V-statistic and LB-statistic of (1.4) below as
special cases. If w is the function given by w(ri,... ,r;;k) = kl/(ri!---r;!) for positive
integers r1,...,rj such that j = 1,... ,k and vy +--- +r; = k, then d(k,j) = jIS(k,j)
(j =1,...,k) and D(n,k) = n* where S(k, j) are the Stirling number of the second kind.

The corresponding statistic Y, is equal to V-statistic given by

1 n n
(13) Vn—ﬁ Q(le-/--- 7Xjk>'
n=1 Jr=1
If w is the function given by w(r1, ... ,rj; k) = 1 for positive integers r1, ... ,r; such that
j=1... kandri+---4r; =k then d(k,j) = (I;ii) (j=1,...,k)and D(n,k) = (n+ll:_1).
The corresponding statistic Y, is equal to LB-statistic B,, given by
n+k—1\" , .
(1.4) Bn:< . ) YoogXa, X X X)),
P > >
1 n
where Erﬁ_m_“n:k denote the summation over all non-negative integers rq, ..., r,, satisfying

rm+--tr, =k (see Toda and Yamato (2001)).

In Section 2 we derive the rate of almost sure convergence of the statistic Y, for the
kernel g which is not necessarily degenerate.
In Section 3 we derive the rate of almost sure convergence of the statistic Y, for the kernel
g which is degenerate.

2 Almost sure convergence (general case) We consider almost sure convergence of
Y, in this section without the assumption for degeneracy of the kernel g.

Lemma 2.1 (Sen (1974)) Suppose that E | g |[P< oo for 0 < p < 2.
(1) If0 < p< 1, then nk=p7" | Uy, | converges to 0 as n tend to oo almost surely a.s. That

18,

pk(=r7H | U, |— 0 as.

(i1) If 1 < p < 2, then
n=r™) |U,—0]|—=0 as.
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The above (i) is also given by Giné and Zinn (1992). By using this Lemma, we show the
following Theorems 2.2, Proposition 2.3 and Theorems 2.4.

Theorem 2.2 Suppose that for 0 < p <1
(2.1) Elgy |i<oo, j=1,2... k
We assume that n*/D(n,k) converges as n — co. Then for 0 < p <1
(2.2) nF0=P" 1Y, |50 as.
The above moment condition (2.1) may be replaced by
Xi) [FP<o0, 1<in < <ig <k and j = t{in,... ik},

where §{i1,... ,ix} is the number of distinct integers among iy, ... ,ik.
Since Zle d(hj)(?)/D(n,k) = 1, the convergence of n*/D(n, k) is equivalent to the con-
vergence n® /D(n, k) — k!/d(k, k) as n — oc.

Proof of Theorem 2.2: For 1 <j<Ekand0<p<1,0<jp/k <1 Thus by (i) of
Lemma 2.1, n/(1=k/(p) | Ul |— 0 a.s. By the convergence of n*/D(n, k), for 1 < j <k
we have

-1y d(k,7) (n ;
2. . ,k(l ) T ()
(2:3) " D(n,k) <]> [T

d(k,q . k . s
_ (jij) (23] D(?; k)nm—ﬁ) 1UD |50 as.,
where (n); =n(n—1)---(n —j5+1).
Applying (2.3) to the right-hand side of

" d(k,j) (n
kK1-p7Y | v <§ ’ kA=p™" | (D)
' s D(nr,m(j)” o

=1
we can get (2.2). O

For V-statistic V,,, n*/D(n, k) converges to one as n — oo because of n*/D(n, k) = 1,
and for LB-statistic B,, n*/D(n,k) converges to k! as n — oo because of n*/D(n,k) =

77,k/("+:71> (see Yamato et al. (2001), p.4). Thus we have the following: Under the
condition (2.1), for 0 <p < 1

P | Vo |— 0 as.,

ph(1=r7") | Bp |— 0 as.

Since U,, — 8 a.s. under the condition E | ¢ |[< oo, by (i) of Lemma 2.1 we get the following
Proposition.

Proposition 2.3 Suppose that
(2.4) Elg(Xi,... X)) [l b oo for 1<y <--- <y <.
We assume that n*/D(n, k) converges as n — oo. Then

Y, —» 6 as.
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This convergence is shown under the condition E | ¢(X;,,... , X, ) [< coforl <iyp <.+ <
ir. < k by Proposition 3.1 of Toda and Yamato (2001). Proposition 2.3 shows it under
weaker conditions. As special cases of Proposition 2.3, we have V,;, — 6 a.s. and B, — 0
a.s. The convergence V,, — 6 a.s. is given by Proposition of Giné and Zinn (1992) , p.274.
Theorem 2.4 Suppose that
Elg(Xq,....Xp)[P<oo for 1<p<?2

and
E|lg(Xiy,..., X)) |<oc for 1 <idy <---<iqp <k.

We assume that n*/D(n, k) converges as n — oo. Then for 1 < p < 2
n=rH |Y,—0|—>0 as.

Proof: Y,, — 8 can be written as follows:

(2.5) Y, — 6= g&i’éﬁ( ) +iz:j ) ( ) (U — Eg ;)]

k
+ Vg
: <]> () —

=

By the assumptions and (ii) of Lemma 2.1,

o ey dlk ) (mN
(2.6) n' )D(n,k)(k)L" 6|
(n)x  d(k, k)

— R N S
Din k) R n | Uy |— 0 a.s.

For 1 <j<k—1,wehavej <k—1+p~!and vl — Eg(;) a.s. because of E | g¢jy |< oo
by the assumption. Thus

b rd _1 d(k .]) n (7
(2.7) n(t=rm) Din k)< ) | U = By |

nk d(k]) (n)
= - () _ _ .
B D(n,k) j! npk-l+p7" | Uy Eggy |= 0 as.

For 1 < j <k —1, because of j <k —1+ p~!, we have

-1y d(k,7) (n n*  d(k.j)  (n);
5 (1-p7 ") . — ik J s n .
> ! D(n, k) (y) Dink) jt nb-vepr 70T

Applying (2.6), (2.7) and (2.8) to the right-hand side of (2.5), we get n—"" |Y,—6|—=0

a.s. O

As stated immediarely after Proof of Theorem 2.2, D(n,k) satifies the condition of
Theorem 2.4 for V-statistic and LB-statistic. Thus we have the following corollary.

Corollary 2.5 Under the moment conditions for the kernel g of Theorem 2.4, for 1 < p < 2
e |V, =6 ]—0 as.,

n(1=p7") | B, —6]—=0 as.
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3 Almost sure convergence (degenerate case) In this section we assume degeneracy
of the kernel g. We put

l/)j(ll,... ,$j) = E[g(Xl.,... ,_Xk) ‘ Xi=2q,...,X; = x]-], 7=1,...k

0'? =Var[e;(Xi,..., X)), 7=1,..,k

We assume that

oj=+=05.,=0 and oj>0.

That is, the U-statistic and/or the kernel ¢ are/is degenerate of order d — 1. Under this
degeneracy, the following almost sure convergence of U, is shown.

Lemma 3.1 (Giné and Zinn (1992)) Let s be k — d/2 < s < k and assume that

E|g(X1,...,Xe) |7FF < 0.

Then

nk_S(UR —0) >0 as.
Relating to the Y-statistic Y,,, the U-statistics U,({j) (j =1,...,k) have the following prop-
erties.

Lemma 3.2 (Yamato et al. (2001)) If d = 21 + 1 and | is a positive integer, then

EU7(Lk) = EU,(kal) = .. = EU,(lkal) = EU,(kal) = 0. The orders of degeneracy of
U,(lkfl),..., U,(lkfprl), U are at least 2(1—-1),...,2,0, respectively.

If d = 2l and 1 is a positive integer, then EU,(lk) = EUﬁLk_U = ... = EU,(lk_H—Q) =
EUiLk_l'H) = 6. The orders of degeneracy of U,(lk_l) ..... U,(lk_l'm),Ur(Lk_l—'_l) are at least

20 —3,...,3,1, respectively.
We state the almost sure convergence of Y, in case that d is even or odd, separately.

Theorem 3.3 Suppose that n*/D(n,k) converges as n — oo. We assume that d = 2l
(1=1,2,...) and the following moment conditions.

(3.1) E|g\s+g*k<oo., k—1l<s<k.

Forj=12,...,1—-1

(3.2) E | gt-j [T < oo, k—1<s <k—],
(3.3) E|g-j |<o0, k—j<s<k.

(3.4) E g < o
Then for k—1 < s <k, that is, for k —d/2 < s <k,

nk_s(Yn —6) =0 as.
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We note that the above moment condition such that E | g(,) |[Y< oo may be replaced by

E|g(X J X ) i< oo for 1<ty <+ <ip <k and ${i1,... iz} =1

TERES

For the exponent of (3.1), 1 < d/(s+d—k) <2 (k—1< s < k). For the exponent of (3.2),
1< (d=2))/(s+d—k—j)<d/(s+d-k)<2(G=1,...,0-1, k—Il<s<k-—j).

Proof: (i) Since the U-statistic U, is assumed to have the order d — 1(= 2] — 1) of
degeneracy, by Lemma 3.1 and (3.1) for k —1 < s < k, n*~*(U, —8) — 0 a.s. Thus by the
convergence of n¥/D(n, k) we have

d(k,k) (n n -
D((n/7 k)) (k> n (U, — 6) = D((n),kk) d(l]:;!k)nk—S(Un “8) 50 as

(ii) For j = 1,2,... ,1—1, the U-statistic UL has the order 2(l = j7) — 1 of degeneracy at
least by Lemma 3.2. Therefore by Lemma 3.1 and (3.2) for k —l(=k—j —2(1—j)/2) <
s<k-—7j,

(3.5) nkF I (UR=) —g) 50 as.

For k—j < s <k, because of k — 7 —s <0, (3.3) and Lemma 3.2, we have nk*j*‘“‘(U,(Lk_j) —
#) — 0 a.s. Thus by the convergence of n*/D(n, k), for j =1,2,...,1— 1 we have
d(kk—]) n k— (k=7)
. —_—t n" (U7 -8

(3 6) D(TL, k) k 7] n (bn )

_ n*d(k, k= j) (n)k—j) Lk—i—s
D(n,k) (k—j)! nk=7 =

Note that if the order of degeneracy of U,(lkfj) (j=1,2,...,1-1) islarger than 2(l — j) — 1

, then for example, we suppose it be 2(I — j). Then for k —j —[2(I —j) +1]/2) < s <k — 3,

we have (3.5). Therefore for k —I(=k —j —2(I — j)/2) < s < k — j we have (3.5) and so

(3.6). ‘

(iil) We consider for the convergence of Uﬁlj) (j =1,...,k —1). By the assumption (3.4)

U,(l]) — Eg(;) a.s. For k —1 < s <k, by the inequality 1 <j <k —1 we get j —s < —1.

Thus d(k )
) J n k—sirr(y) _ i
D(n, k) O” 0 =)
_ nk d(k,j) (n)(l) nj75
D(n,k) j! ni
Y, — @ can be written as follows:

Y, — 6= d(k, k) <Z> S ,

Jj=1

D(n, k) \j

Multipling n*~* on the both sides of the above and using the convergence shown in (i), (ii)
and (iii), we get or k — 1 < s < k, n*73(¥,, —0) = 0 as. O

As stated in Section 2, for V-statistic and LB-statistic D(n.k) satisfies the condition of
Theorem 3.2. Thus we have the following Corollary.

(USF=) —8) 50 a.s.

UV —8) 50 as.

1

d(kvk_J) n r(k—j
(e -

J=1

]



LINEAR COMBINATION OF U-STATISTICS 479

Corollary 3.4 We assume that d =21 (I = 1,2,...) and the moment conditions given in
Theorem 3.2. Then for k —1 < s <k, that is, for k —d/2 < s <k,

nkf‘q(Vn —6) =0 as.
n*~%(B, — ) - 0 as.

Theorem 3.5 Suppose that n*/D(n, k) converges as n — oo. We assume that d = 21 + 1
(I1=1,2,...) and the following moment conditions.

d
(3.7) E\g\s+3—k<oo, k—§<s<k.

Forj=1,2,...,1—1

(3.8) E| gk-j 17 < oo, k*g<5<k—j7

(3.9) E|lgu—j|<oo, k—j<s<k.

(3.10) B gumn <00, k=942 <s <k,

(3.11) B gmy) [P < 00, k=9 <s<h— 54 L=k 1)

Forj=1,2. .. k—I—1

(3.12) E g4y |< o0

Then for k —d/2 < s <k, that is, for k —1—1/2 < s <k,
n* (Y, — 0) -0 as.

For the exponent of (3.7), 1 < d/(s+d—k) < 2 (k—d/2 < s < k). For the exponent of
(3.8), 1 < (d=2j)/(std—k—j) < df(s+d—k) <2 (j=1,... I—1, k—d/2 <s < k—j).
For the exponent of (3.10), 0 < (k —1)/s <1 (k—(d/2) + 1 < s < k). For the exponent of
(311), 1< 1/(I+s—k+1)<2(k—d/2<s<k—(d2)+1).

Proof: (i) The U-statistic U, has the order d — 1(= 2l) of degeneracy. Under the
condition (3.7), by the same reason as stated in (i) of Proof of Thorem 3.3, for k — d/2 <
s < k we have

(i1) For 7 = 1,2,... ,1—1, the U-statistic U™ has the order 2(1—3j) of degeneracy at least
by Lemma 3.2. Therefore under the conditions (3.8) and (3.9), by same reason as stated in

(i) of Proof of Thorem 3.3, for k — d/2 < s < k we have

d(k,k—j5)( n k—s pr(k—j)
—_ (U, -6 8.
Dl ) (k_])n (U, )—=0 as
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(iii) The U-statistic U is not degenerate by Lemma 3.2. For k —[ < s < k, we note
k—1—s < 0. Under the condition (3.10) by (i) of Lemma 2.1, for £k — | < s < k,
nk*l*S(U,(zk_l) —6) = nk*l*SU,(lk_l) —nF 159 5 0 as.

For k—1-1/2(= k—d/2) < s < k-1 we have 0 < k-1 —35 < 1/2. If we put
p=1/(l+s—k+1), then we have 1 < p < 2. Therefore under the condition (3.11), by (ii)
of Lemma 2.1, nk_l_s(U,gkfl) —6)= nl_”_l(U,ng) —6) =0 as.

Hence by the convergence of n*/D(n, k), for k —d/2 < s < k we have

d(k,k—1) ( n k—s(rr(k=1)
: nh (U — g
D(n, k) (L - z)” (U )

_onb d(Ek k1) (”)(k—l)nkflfs

r(k—1
B D(n,k) (k—=10! nk-! (Dr(z ) — 6) =0 as.

(iv) We consider for the convergence of 7 (J=1,...,k=1-1). Iftk—=d/2(=k-1-1/2) <
s < k, then because of 1 < j <k —1—1 we have j — s < —1/2. Thus under the condition
(3.12), by the same reason as (iii) of Proof of Theorem 3.3, for k — d/2 < s < k we have

d(kvj) N k—s/7r(i)
D(n.F) <j>n (Uy) —0) =0 as.

Y, — 0 can be written as follows:

L ARk (N k= G) (N ey
Y, G_D(njk)<k>[bn 0}+; DO (k_])[% 0]

?

dlk,k=0)( n Hh=D) _
el () e

d(k,j') (n> U9 — 4.

J

Multipling n*~* on the both sides of the above and using the convergence shown in (i), (ii),
(iii) and (iv), we get for k —d/2 < s <k, n*7*(V,, — 6) - 0 as. O

Corollary 3.6 We assume that d=21+1 (I =1,2,...) and the moment conditions given
in Theorem 8.5. Then for k —d/2 < s <k,

n* = (V, —68) =0 as.
n*=*(B, —6) = 0 as.
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