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ABSTRACT. In this paper; we extend the notions of arithmetico-geometric, arithmetico-
harmonic and geometrico-harmonic operator means to convex functionals. We also
prove that the arithmetico-harmonic functional mean coincides with the convex geo-
metric mean constructed in [2]. Tn the quadratical case, we find again some results for
operators discussed in [1] and [6].

0 Introduction The geometric mean (resp. the harmonic mean) of two positive operators

A and B was defined at the first time by T. Ando, [1] :

A X
AgB = max {X;(X B ) 20}

resp. AhB = max {X;( 264 20B ) > (?( :zz, )}

In [5], J. Fujii introduced the arithmetico-geometric and arithmetico-harmonic operator
means from analogies of positive numbers as follows :

1
Let Ay = A, By =B, A,41 = AygB,, (resp.Apy1 = A hBy) and By = §(An+Bn) for all

n > 1. Then the arithmetico-geometric mean AagB (resp. the arithmetico-harmonic mean
AahB) of A and B is the same limit of A,, and B,, in the strong operator convergence.
The geometrico-harmonic mean AghB of two positive operators A and B was defined by
F. Kubo in [7].

J.Fujii and M.Fujii, [6], have showed, by using the Gelfand-representation, that the operator
means mentioned above are reduced to the numerical means and thus AahB = AgB was

proved directly by T. Ando (cf. [7]).

In another part and very recently, M. Atteia and M. Raissouli, [2], constructed the geo-
metric mean of two convex functionals as follows :

Let f,g : H — R U {400} (H is a real Hilbert space) be two convex functionals, the
geometric functional mean frg of f and ¢ is the pointwise limit of the sequence (v, (f,9))n

defined by :
1 1

polfrg) = 5f+39
(AR) X |
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where f* denotes the conjugate functional of f defined by the formulae
Va* € H f*(a*) =sup{<a*,o > —f(z),x € H} (L [7]).

The (AR) algorithm permits the authors of [2], under a functional angle, to deduce an-
other definition of the geometric mean of two positive operators which, of course, coincides
with the above one. Moreover, to illustrate the importance of the (AR) algorithm, the au-
thors of [2] give a physical interpretation of the geometric operator mean as an equivalent
resistor of an electrical trip with matrices elements.

In this paper, we extend the previous operator means to convex functionals. We define
the arithmetico-geometric, arithmetico-harmonic and geometrico-harmonic means of two
convex functionals f and g. We also prove that the arithmetico-harmonic mean of f and ¢
coincides with their convex geometric mean introduced in [2]. In particular, when f and g
are two quadratical functionals associated to the positive operators A and B, we find again
the result AahB = AgB which was proved in [6] and [7].

1 Preliminaries Throughout this paper ; H denotes a real (or complex) Hilbert space
equipped with its inner product < .,. > and the associate hilbertian norm ||.|

Let R” be the space of mappings from H into R = R U {—o0, +00} endowed with the order
relation : .

VigeR ;f<g<=VreH f(z)<g(x)

where we prolong the structure of R to R by setting :

Ve €R —oo<z<+co and z + (+o0) = +c0.

Let us denote by I',(H) the cone of all convex, lower semicontinuous functionals not iden-
tically equal to +oo and not taking the value —oo.

Consider a functional f: H — R =RU {40}, we denote by dom f the effective domain
of f defined by : dom f = {x € H; f(x) < +o0}.

If H is a real space, the Legendre-Fenchel conjugate of f, denoted by f*, is given by the
formulae :

Va* e H f*(a*) =sup{<a*,z>—f(a);z € H}.

It is well known that for all f: H — R such that f # 400, one has f* € I',(H), f** =
(f*)* < fand f*** = f*, moreover if f € I'y(H) then f** = f  (cf.[4] for example).
Let f,g: H — R. It is easy to see that if f < g then ¢* < f* and

v a €0,1] (af +(1—a)g)* < af* +(1—a)g" (1)

Remark 1.1. If H is a complex Hilbert space, the Legendre-Fenchel conjugation can
be extended by :

Va* e H f*(z")=sup{Re <az*,2>—f(z);2 € H}.

For a fixed # € H, the function ¢, : ¥ — Re < z*,2 > —f(z) is convex and so the
function f* : z* — sup{¢.(z*);z € H} is also one.

We also can verify that the above mentionned properties related to the classical Legendre-
Fenchel conjugation are verified for this extended one.

Example 1.1. Let H be a real Hilbert space. Given a symmetric positive operator A
( with closed range) from H to H, we define

1
falz) = 3 < Az,z > forall z € H,
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it is well known that [3]

1
— < Ata* a*> if #¥ € ran A
* (kY 2
faa®) =
+00 else

where AT = lirn+(A + EI)_1 for the sake of convenience.
€E—0

In particular, if moreover A is invertible then f} = fa-1.

Proposition 1.1. If H is a complex Hilbert space, the relation f} = f4-: holds for
all positive invertible operator A from H to H.

Proof . For all «*,x in H, we can write
Re <2*,2 ><|Re <a2*,2>|=|Re < A"32* A%z > |

where A% denotes the positive square root of A, i.e. the only positive invertible operator S
such that $% = A.
Using the Schwartz’s inequality, it comes that

1 1
Re <a',r ><|| A7%e* ||| Ak |< o || A75e" |2 45 || ARar |

Since A is symmetric then || Azz||2=< Az,z > and we obtain

*

sup{ Re <a*,z > 5 < Az,x >;2 € H} < 3 <Al >

Remarking that the second member of this latter inequality is attained at z = A~'z*, this
concludes the proof . ®

Let f,g: H — RU {400} be two given functionals in I',(H), assume that dom f N
dom ¢ # ) and consider the sequence (¢, (f,g)), defined by, [2]:

vo(f,9) %f + %g

enlfia) = gealfi)+5@hlF0) (n20)

where, by definition, we put ¢ (f,9) = (vn(f*,¢%))* for every n > 0.

Theorem 1.1 and Definition 1.1, [2]. Let f,g in T',(H) such that dom fN dom g # .
Then the sequence (¢n(f,¢))n converges pointwise to a convex functional frg satisfying
that (f*7¢*)* < frg. If moreover, the condition dom ¢,(f,¢) = dom @i(f,g) holds then
one has frg = (f*r¢*)* and dom (frg) = dom fN dom g. The functional frg is called
the convex geometric mean of f and g¢.

The assumption dom ¢,(f,g) = dom @*(f,g) is not necessary for the pointwise con-
vergence of (¢n(f,g))n to define frg. The example below explains its necessity to have the
relationship frg = (f*rg*)*.

Example 1.2. Let E and F be two closed subspaces of H. Take f = ¥p and g = Up
where U is the indicator function of E, i.e. ¥g(z) =0if v € E and Up(r) = +oo else.
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Recall that [8], f* = U1 and ¢* = U1 where E+ denotes the orthogonal complement of
E defined by : B+ = {a* € H;< 2*,2 >=0forall z € E}.

By induction on n € N, it is easy to see that ¢,(f,g) = Ygar for all n € N and so
(pn(f,9))n converges pointwise to Ugnp. It follows that frg = Vpap and (f*rg*)* =

*

U(piaprys, and consequently the relation frg = (f*r¢*)* is not needed, since in general

ENF #(EtnFHt

Remark 1.2, Let f,g € I',(H) such that dom f N dom g # 0, we recall the follow-

ing properties [2]:

i) f<g= frh <grh forall heT,(H)

ii) leg = ngf and frf = f L
) (4" 459 S U707 <70 %51 4 50
iv) frg= (§f + §Q)T(§f* + 59*)*

Remark 1.3. Let f, g satisfying that dom fN dom g # (). The condition dom ¢,(f,g) =
dom ¢%(f,g) which equivalent to dom ¢%(f,g) = dom fN dom g is verified when f and
g are with finite values, i.e. f,g: H — R.

1 1
Definition 1.2. For f, g such that dom fN dom g # 0, the functionals ¢,(f, g) = 5f—|— 59

. 1 1 . . . .
and ¢3(f,g9) = <§f* + 59*)* are called, respectively, the arithmetic and harmonic means

of f and g.

When f and ¢ are two quadratical functionals, i.e. Vo € H, f(z) = % < Az,x > and

g(z) = % < Bz,z > with A and B are two symmetric invertible positive operators, then
Ve € H,po(f,9)(x) = 3 < (AaB)z,x > and ¢}(f,¢9)(z) = & < (AhB)z,z > where
AaB = %(4 + B) and AhB = (%A’l + %B’l)’1 are, respectively, the arithmetic and har-
monic means of 4 and B.

1 1
Corollary 1.1, [2]. Let f = 5 <A, >and g = 5 < B.,. >, where A and B are two

1
symmetric invertible positive linear operators from H to H. Then frg = 3 < (A¢B).,. >
where AgB = A (A*%BA*%)%A% is the geometric operator mean of A and B.

2 Arithmetico-geometric functional mean Let f,g in T',(H) such that dom f N
dom ¢ # ) and define the following algorithm

fo = f fn-H = %(fﬂ+gn)

and (n > 0).

go = g In+1 - fnTgn
By induction, it is easy to verify that , f, € T'o(H) and g, € T',(H), for every n > 0.

Theorem 2.1 and Definition 2.1. Let f,g € I';,(H) such that dom f N dom g # 0,
suppose that dom ¢,(f,g) = dom ¢%(f,¢g). Then the sequences (f,) and (gn) both con-

. . . + . . .
verge pointwise to the same convex functional f 7 ¢, called the arithmetico-geometric mean
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of f and ¢, and satisfying that (%f* + %g*)* < frg<f 7—tg < %f + %g.

Proof. Using Theorem 1.1 and Remark 1.2, iii), we have

In+1 = fnTgn < %fn + %gn = fn+1 foralln >0

from which we deduce f,4+1 < f,, for every n > 1.

Knowing that g,41 = fn7gs and f, > g, for each n > 1, we obtain by Remark 1.2, i) and
i) : gnt1 > gnTGn = Gn-

In summary, we have proved :

fro=g1 <. <gn<gnt1 < for1 < fou<..<fi==(f+9g) (2.1)

Do =

We conclude that (f,,) (resp.(gn)) is decreasing and lower bounded by gy (resp. increasing
upper bounded by fi), then (f,) and (g,) both converge pointwise in R=RU {+oc}. Put
that ¢ = lim f, and ¢ = limg, , using dom (frg) = dom (}f + }g) ; we deduce from
(2.1) that dom ¢ = dom .

Letting n — 4o in relation f,11 = %fn + %gn to obtain ¢ = %Lp + %w which, combined

with dom ¢ = dom o, yields that ¢ = := f 7—'—_9, m

Corollary 2.1. Let A and B be two symmetric invertible positive operators from H
to H, we define the sequences:

A, = A Appr = %(An +Bn)
and (
Bo = B Bn—l—l = Anan

n > 0).

Then (A,,) and (B,,) both converge, in the strong operator convergence, to the arithmetico-
geometric operator mean AagB of A and B.

Proof . Let us take f(z) = % < Az,z > and g(z) = % < Bx,x > for x € H. By
induction on n € N, we prove easily that : for all € H, f,(z) = 5 < A z,2 > and
gnlz) = % < Bpx,z > where f, and g, are defined in Theorem 2.1 and A,, B,, are in
Corollary 2.1.

By virtue of Theorem 2.1, for all € H the sequences (< Apz, 2 >), and (< Bpa,z >),
converge to the same limit which is clearly a quadratical functional < (AagB)z,x >, that is
to say (A,) and (B,) converge strongly by boundedness of sequences of positive operators.

I

3 Arithmetico-harmonic functional mean For f,¢ in I',(H) satisfying dom f N
dom g # ), we consider the sequences (f,,) and (g,) defined as follows :

fo - f fn+1 - %(fn ‘I’gn)

and

(n>0).
9o = 4 gntr = (3fa+300)"
Clearly f, € T',(H) and g, € T'(H) for all n > 0.

Theorem 3.1 and Definition 3.1. Let f and ¢ in I',(H) satisfying that dom fN dom g #
f and dom ¢,(f,g) = dom ¢%(f,g). Then (f,) and (g,) converge pointwise to the same
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+ +
convex functional denoted f ¥V ¢g. f V g is said the arithmetico-harmonic functional mean

+
of f and ¢ and furthermore f V g = fryg.

Proof. Take o = 1 in inequality (1.1) to write

1 1 1 1
Vn >0 gnyr = (§f§ + 59:3)* < §fn t59n = fng1.
We deduce fr11 < fp, and gp41 > gy for each n > 1.
Consequently, one has shown
(§f + 29 V=01 <. . << gnt1 < far1 < <. < fi= §<f + 9).
Similarly to the proof of Theorem 2.1, we conclude that the sequences (f,,) and (g,) both
+
converge pointwise to the same convex functional f V g¢.
In another hand, by virtue of Remark 1.2, iv), we have
1 1 1., 1 ..,
V>0 fut17gn41 = (;fn + ;.qn)T(§.fn + 5%) = faTgn
so¥n >0 f,7g, = frg, and due to Remark 1.2, iii), one has
o1 = (5Fa + 590)" < fumgn = 19 < S(fa + 9n) = farr,

+
from which we deduce f V g = frg. &

Corollary 3.1 . Let us define the algorithm

Ao = A 4411—0—1 = l(An + Bn)

2
and

B, = B Bnt1 = (%A;1+%B;1)_1

where A and B are two symmetric invertible positive operators of H. Then (A4,) and
(B,) converge strongly to the same operator AahB known by the arithmetico-harmonic

mean of A and B and furthermore AahB = AgB.

Proof . Similar to the demonstration of Corollary 2.1. B

4 Geometrico-harmonic functional mean Given f,¢ in I',(H) such that dom f N
dom g # 0, let us define the following sequences :

fo — f fn+1 = fnTgn

and (n>0).

Joo = 9 g1 = (Sfr+390)*
Let us note that f, € I';,(H) and g, € T,(H) for each n > 0.

Theorem 4.1 and Definition 4.1. Letting f,g in I',(H) satisfying dom fN dom g #
and dom ¢,(f,g) = dom *(f,g). Then the both sequences (f,,) and (g, ) converge point-

wise to the same convex functional f % g called the geometrico-harmonic mean of f and g,

and there hold :

1 1 T
(3 F 50"V SFVg< fro<f

4+

qg.

N =

f+

N —

g <

Proof. From Remark 1.2, iii), we have g,41 < fuy1 for all n > 0 from which we deduce
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with the definition of f, and ¢, : fo41 < fn and gp4+1 > g, for each n > 1. It follows that :

(5f +5g V=1 < . <gn <Gng1 < o1 < fu <. < L1 =(f19")" = fryg

We conclude that (f,) and (g,) converge pointwise. Call their limits ¢ = lim f,, and
1

¢ = limg,, clearly we have ¥ < ¢ ; and since dom (frg) = dom (Ef* + 59*>* thus
dom ¢ = dom . Thanks to Remark 1.2, 1) and iii), we obtain : fp41 = fa7gn < fatth <
1 1
— —U
5 o+ 5¥ 1 1
and we deduce ¢ < 5@,9 + Ew which, with dom ¢ = dom ¢, implies that ¢ < ¥. This
concludes the proof. B

Similarly to corollaries 2.1 and 3.1, we have the :

Corollary 4.1. Let us consider the sequences (A4,),(B,) :

Ao _ A An+1 = Anan

and (n>0)

B, = B _ Z1a—
’ Bop1 = (347" + 58707

where A and B are two symmetric invertible positive operators from H to H. Then (A,)
and (B,) converge strongly to the same operator AghB geometrico-harmonic mean of A
and B.

As in the first section , the assumption dom ¢o(f,g9) = dom ¢§(f,g) is not necessary
for the pointwise convergence of (f,) and (g,) defined in Theorems 2.1, 3.1 and 4.1, but its
necessity is to prove that lim, f, = lim, ¢,. Example 1.2 explains this situation : in fact,
for the arithmetico-harmonic functional mean, for example, we verify that f, = Upnp and
gn = WigrapryL for all n € N, the sequences (f,) and (gn) converge pointwise but not to
the same limit.

Remark 4.1. The invertiblity for A or B is not necessary in the above results by the
following convention

A 4B\ o (A H (B -
2 - €l0 2 ’

see [1].

Remark 4.2. For two symmetric positive operators A and B, let us take :

Vee H falz)= % < Az, > and fp(z) = % < Bz,x >.

We can summarize the corollaries 1.1, 1.2, 1.3 and 1.4 by :

- . -t . A . . GRS .
fatfB = fagB, fA T fB = faagn, AN fB = faanB = fagB, fa ¥V fB = fagnB.
It is clear that f4 < fp <= A < B (where A < B <= B — A is positive).
And combining the above results, one has

1 1 1
(5‘471 + 5371)71 = AhB < AghB < AgB = AahB < AagB < AaB = §(A + B).
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