Scientiae Mathematicae Japonicae Online, Vol. 6, (2002), 95-106 95
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ABSTRACT. As an estimator of an estimable parameter, we introduce a new statistic
which is given by a linear combination of U-statistics. This statistic is identical with
the V-statistic for the kernel of degree 1 or 2. For the kernel of degree larger than
2, the new statistic and the V-statistic have no difference in the mean of the second
order efficiency. We shall compare these two statistics by the fourth order efficiency
and give two examples.
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1 Introduction Let 8(F) be a regular functional or an estimable parameter of a distri-
bution F and g(z1,..., 1) be its kernel of degree k. In this paper we assume that the kernel

g 1s symmetric and not degenerate. Let X;,.... X,, be a random sample of size n from the
distribution F. As an estimator of §(F), Toda and Yamato (2001) introduces a linear com-
bination Y;, of U-statistics as follows. Let w(ry,... ,r;;k) be a nonnegative and symmetric
function of positive integers ry,... ,r; such that yj =1,... Jk and ry +--- + r; = k, where
k is the degree of the kernel ¢ and fixed. We assume that at least one of w(ry,... ,rj;k)’s
is positive. For j =1,... ,k, let g¢;(21,...,2;) be the kernel given by
1 +
g(])(‘rl/ ,l]) d(k,]) Z?’1+"'+Tj:k w(rlv 77“7, )g(ll » X1, 7x,77 7‘:5,7)7
™ Lt

where the summation Z:—l+---+rj=k is taken over all positive integers rq, ..., r; satisfying ri +
—‘r’l“]‘. =k with j and k fixed and d(k,j) = Zr1+---+rj:kw(T17 coouryyk) for j=1,2,0 k.
Let U,({]) be the U-statistic associated with this kernel g¢;y(z1,... ,2;;k) for j = 1,... k.
The kernel g¢jy(x1,... ,2;;k) is symmetric because of the symmetry of w(r,... ,r;; k). If
d(k,7) is equal to zero for some j, then the associated w(ry,... ,r;;k)’s are equal to zero.

In this case, we let the corresponding statistic U,(lj) be zero.
The statistics Y, is given by

1 NEAWE
(1.1) Y, = mZd(k,J>(j)c£ ),

J=1
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where D(n, k) = Zfﬁ d(kvj)(n

"
positive, D(n, k) is positive. Note that U = Uy forw(l,...,1;k) > 0, because of g = ¢.

). Since w’s are nonnegative and at least one of them is

For example, let w be the function given by w(1,1,... ,1;k) = land w(rq,... ,rj;k) =0
for positive integers ry,...,r; such that j = 1,... ,k—1and r; +---+r; = k. Then
dk,k) =1,d(k,5) =0(j = 1,...,k = 1) and D(n,k) = (Z) Thus the corresponding
statistic Y, is equal to U-statistic U,, which is given by

(1.2) U, = <Z> ) Yoo 9l X5,

1< < <jr<n

where Elgjl<~~<jk§n denotes the summation over all integers jq,... , jx satisfying 1 < j; <
ce < gk S

Let w be the function given by w(r1,... ,rj; k) = 1 for positive integers r1,... ,r; such that
j=1...,kand ri +--- +r; = k. For the the equation v + --- +r; = k with 7 and £
fixed, the number of its solutions is (5:11) Hence we have d(k,j) = (];:D forj=1....,k,

and D(n, k) = 2521 <’f71) (n) = <n+]’:71). Thus the kernel g(;)(z1,... ;) is equal to

J=17\y

E—1\ 't
(] B 1) Zr1+---+rj:kg($1"" T N T3]

71 rj

In terms of the U-statistic Uf(,,j) associated with this kernel for j = 1,... k. the statistic Y5,
given by (1.1) is written as

-1 k
kf — ]_1 j n

J

which is equal to the LB-statistic B, given by

n+k—1 -t B
(1.3) B, = . Yoo gX, Xy X X)),
rit =k M N
where ZT1+.__+T”:,€ denotes the summation over all non-negative integers ry, ..., r,, satisfy-

ing ri +---+r, = k. (See Yamato (1977) and Nomachi and Yamato(2001).)

Let w be the function given by w(rq,... ,rj;k) = kl/(r1!---r;!) for positive integers
r,...,r;such that y=1,... /k and vy +---+r; = k. The Stirling number of the second
kind S(k, j) satisfies the relation jIS(k,j) = Z;l—l+"'+r_j:k EY/(rq!--- r;1). Hence we have
d(k,j) = jIS(k,j) for 5 = 1,... ,k. Thus we have D(n,k) = 2521 S(k,j)(n); = n* since
S(k, ) satisfies the relation t* = ijl S(k,j)(t);, where (t); = t(t - 1)---(t—j5+1). (For
Stirling number, see, for example, Charalambides and Singh (1988).) Therefore the kernel
9jy(T1, ..., xj) is equal to

1 + E!
mzm-&----—&-r’j:k ﬁg(xl, PR IR PN ,;L]').

1 rj
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In terms of the U-statistic U,(lj) associated with this kernel for 7 = 1,... , k, the statistic Y,
given by (1.1) is written as

k
1 ‘ . ;
= 2 Sk ), UL,
j=1

which is equal to the V-statistic V,, given by

1 n n
(1.4) Vo= 0 Y g(X, .. X,

n , ;
Ji=1 Je=1

(See Yamato and Toda (2001), Lee(1990), p.183-184 and Koroljuk and Borovskich (1994),
p.40). Nomachi and Yamato (2001) gives asymptotic comparisons of these statistics, that
is, U-statistic, V-statistic and LB-statistic, by deficiency.

In Section 2, we introduce a new statistic S, by choosing a weight function w different
from the above. The weight function is based on the Stirling number of the first kind.
In Section 3, by using H-decomposition of U-statistic we derive an asymptotic expansion of
the statistic Y,,. Making use of it, we evaluate the mean square error of Y,, asymptotically.
For the kernel of degrees 1 and 2, the two statistics V,, and S, are same. For the kernel of
degree lager than 2. these statistics have the same second order efficiency or deficiency. In
Section 4, we compare the statistics V,, and S, by the fourth order efficiency. We give two
examples.

2 New statistic As stated in Section 1, the LB-statistic is the Y-statistic determined
by the weight w(ry,... ,rj;k) =1 (j =1,... ,k and ry +--- + r; = k), which is the uni-
form weight over all the set (ry,...,r;)’s satisfying j = 1,... )k and rq +--- +r; = k.
The V-statistic is the Y-statistic determined by the weight w(r,... ,r;;k) = kl/(r!-- ;1)
(j=1,...,kand r1 +--- +r; = k), which gives more weight over the set (ry,...,r;)
associated with large j than over the set associated with small j. Now we shall consider a
Y-statistic associated with an intermediate weight w between the above two weight func-
tions.

We consider a new statistic S,, as an estimator of 8 given by (1.1), by choosing

k!
(2.1) w(re,... ,rk) =

ryeeeTy

for positive integers ry,... ,r; such that y =1,... ,k and ry +--- 4 r; = k. The Stirling
number of the first kind s(k, 7) has the expression j! | s(k,j) |= :JFWJF”:,C E(re-- ry)
(see, for example, Charalambides and Singh (1988)). Hence we have

(2.2) d(k,j) = j! | s(k,j)

. j=1,... .k

Thus we have

23) Din.k) = 3 |s(ked) | (n);:
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Therefore the kernel g¢;)(z1,... ,z;) is given by
1 + k!
0(7)(11, ,CZZ'J) = mzrl+---+rj:k ﬁg(I’l, s L1y .,CCJ./... ’lj).
71 rj
Since positive integers ry, ... ,ry satisfying ri +---+rx =k arer; = --» = r; = 1, we have
gy (1, rk) =g, ..o, wk).
Since positive integers ry,... ,rx_1 satistying r4 + - -+ rg—y = k are {ry,... ,rg—1} =
{271'/"' 71}7
1
g(k—l)(xlwﬂ 7'1716*1) = m[g(l’l,ml,iﬂz,.. : 7'17]6*1) +-- +g('r17"' 7$k*27$kflvxk*1)]'
We note that these two kernels are same for any weight w such that w(1,1,...,1;k)
and w(2,1,...,1;k) are positive.
In terms of the U-statistic U,(lj) associated with this kernel for 7 = 1,... , k, the statistic
Sy is given by
k
: L ki 7G)

where D(n,k) is given by (2.3). For the degree k = 1,2, the weight function w are same
for the V-statistic and S-statistic and so these two statistics are identical. For the degree

k = 3,4, we have
D(n,3) =n(n*+1), D(n,4)=nn®+4n+1).

In general, we can not write .S, in an explicit form, differently from the U-statistic, the
LB-statistic and the V-statistic given by (1.2), (1.3) and (1.4), respectively. But, in some
case we can write S, in an explicit form. For example, let us consider the kernel of degree
k = 3. The corresponding S-statistic S, is denoted as follows, using the V-statistic V;,.

1 n
Sp= 1 v N (X, XL X)),
‘ +n(n2+1);g( i Xi, Xj)

Especially, for the third central moment of the distribution F', the new statistic S, is given

by

where X is the sample mean of Xi,...,X, (see Section 4.2). For this parameter, the
U-statistic U, the V-statistic V,, and the LB-statistic B,, are

Un = m Z(Xz *Xv)ga Vn - E Z(Xz 7)2.)37

=1 =1

3

SCEETEE PR

=1
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respectively (see, Nomachi and Yamato (2001), p.96).

By the recurrence relation of absolute or signless Stirling number of the first kind which
is|s(n+ 1L,Ek)|=|s(nk—1) | 4n|s(n,k) |, we can get the recurrence relation of D(n, k)
as follows.

(2.5) D(n,k+1)=nD(n—1L,k)+kD(n,k), n=k+1k+2,---, k=12,...

The values of Stirling number of the first kind are, for example, s(k, k) = 1, s(k,k — 1) =
—k(k —1)/2, s(k,k —2) = k(k — 1)(k — 2)(3k — 1)/24, for k = 1,2,.... By using these

values, we can get the following asymptotic evaluation of D(n, k),

kk—1)k—-2) _,

(2.6) D(n,k) =nf|1+ 5 n"? +o(n"?)|.

3 H-decomposition and MSE In the followings we consider the kernel g of degree
k > 3. For the kernel g(;y(x1,...,2;) (j = 1,... ,k) associated with the Y-statistic given
by (1.1), we put

0]‘ :Eg(])(Xh ,X‘]‘),
and
T,L/)(]').’C(Il7... 7$c) = E[g(J)(Xl* 7AXJ‘) |X1 = T1y... ,XC = l‘c}’ Cc = 1*,‘]

We note that if w(1,... ,1; k) > 0 then by the reason stated in Section 2 we have gx)(z1, ...
zr) =g(z1,... ,a) and so 0 = 6. For j =1,... .k and ¢ = 2,3, ..., k, we put

B () = v 1 (1) — 85,

c—1
ht;;(xl, o) = Uy elrr, ... ,xc)—z Z hg;))(ml,... ,x1;) — 0.
=1 1<l <l <e

(o)
Let Hjy

—1
(e _(n (e) ~
(3.1) H = <C> oo G (X, X)),

1< < <le<n

be the U-statistic associated with the kernel th; that is,

Then, the U-statistic U,(lj) associated with the kernel g(;) can be written as follows,

This form is known as H-decomposition in the context of U-statistics, because it is due to
Hoeflding (see, for example, Lee (1990), p.26). In general, this kind of decomposition is
well-known as ANOVA decomposition (see, for example, Efron (1982), p.22). Using this
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H-decomposition to the right-hand side of (1.1), the statistic Y, can be written as follows.

a L Gy a
Y, — 6= )Zd(m)(])(@ 0, +6; —0)

( k (1) k (2) k (3)
(n,k) L)+ () Bt (5 H(k),,n
dik,k=1)( n k—1\ ) L — @
* W (k - 1) { ( 1 >H(k_1)7n + 2 H(k 1),n + ekfl - 6
n

dk,k—2)( n Eo2\ o
+W(k—2){( 1 >H<k 2y T 02 =0 + R,

where R; , is the residual term.
We assume that d(k, k) = w(l,...,1;k) > 0. Since Zle d(h])(?)/D(n,k) =1, we can
write the ratios d(k,j)(?’)/D(n, k) (j = k,k— 1,k — 2) such that

\_/f-\

(32) d((]; (1) =1 2 By,
(33 fj;”( ) ‘i )
(3.4) k k_z < > %-‘ro(%),

where 81(> 0), 32(> 0), (a1, and (22 are constants and B2 + B21 + S22 = 0. For the U-
statistic U, given by (1.2), we have 31 = 33 = 21 = 22 = 0. For the LB-statistic B, given
by (1.3),
1
51 = k(k — 1), ’821 = 5]{2(16‘ — ].)27
1 .
Bag = —k(k—1)*, Ba = §k(k —1)*(k —2).

For the V-statistic V,, given by (1.4),

1 1
Bu = Th(k=1). B = ock(k = 1)k = 2)(3k — 1),
1 1
Bao = —Lh(k — 1Pk~ 2), B2 = LR(E— 1)k - D3k - 5)
For the new statistic S,, given by (2.1),
B =

o = — k(1P (k—2), By = o k(k— 1)(k — 2)(3k 1),

k(b= 1), Box = 21—415(/% —1)(k —2)(3k —5),

N | —

For the V-statistic V,, and the new statistic S, the corresponding 3; and (35 are same,
and (21 and [z are different. Using the relations (3.2), (3.3) and (3.4), we can write Y,, — ¢
asymptotically as follows.

B kN -1y kN 2 kY r03)
(3.5) Yn—e_(1—7+n—2){<>H(k)n+ Hiyn+ 5 Hyy
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B1 | B E—1\ _ E—1\ _(
*(?*7”( 1) Tamna g M T =

where

Therefore, for k > 3 we can evaluate the mean squared error of Y, asymptotically which is
given by the following. Its proof is given in Appendix.

Proposition 3.1 We suppose that E[g(Xi,,... ,X;,)]> < oo for 1 <4y < -+ < iy <k
and w(l,...,1;k) > 0. Then, for k > 3 the mean squared error of Y, gien by (1.1) is
asymptotically given by

E(Yn - 9)2 == —]{‘25k (1

R2(k — 1)2

0% + B (Bamr — 6 + 28k (k — 1),

1 2¢2
+ﬁ{ —26:k%6F (1) +

1, . 1
+n—3{(,812 + 2051 K267 ) + R (k — 1)2(2

B1)8% () + (B = 1)BE65_4 1)
+2k(k — 1)(Bas — B, + (k= 1)2(k — 2)1C7, + 2k(k — 2)8:¢L,

. 2k — 1)2(k —2)2
281 o (s — O + 251 Ba(Bs — O)(Bg — 0) + - F =L (R =2)

1
512;,(3)} + O(nj)

6
where
53(1-) = Var[h%i))(Xl,... ,Xi)] for ce=k,i=1,2,3 and c=k—1,i =1,
G2 = Cov[h{)(X, .. Xi) bl (X, X)) for i=1,j=1,2 and i =2.j=1.

4 Higher order efficiency

4.1 Fourth order efficiency For the V-statistic and the S-statistic, the associated f;
and g(r—1) are identical, respectively. Therefore, by Proposition 3.1, their mean squared
errors are same up to the order n=2. Thus, the V-statistic and the S-statistic have no differ-
ence in the mean of the limiting risk deficiency. (For limiting risk deficiency, see Lehmann
(1983) p.350 and Nomachi and Yamato (2001).) Or the V-statistic and the S-statistic have
no difference in the mean of the second order efficiency. Therefore, we shall compare these
two statistics by the fourth order efficiency (FOE). We shall define FOE by taking the
second order efficiency into consideration (for the second order efficiency, see, for example,
Mikulski (1982)). Since we consider the efficiency in the class of nonparametric distribu-
tions, we define FOE as follows.

Definition 4.1 Let the mean squared errors of two statistics Y; , (1 = 1,2) be MSE(Y; )
(1 = 1,2), respectively. If there exists the finite limit

(- s

lim n
n—oo

then we say that this limiting value 1s the fourth order efficiency of Ys 5 with respect to Y 4,
which 1s denoted by FOE(Y3 . Y1 n).
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Lemma 4.2 If the two statistics Y; n, (i = 1,2) have the mean squared errors given by

/ 13 4 1
MSE(Yin) = —+ 5+ —+ol—), ar #0,
then FOE of Ys , with respect to Yq 5, is given by

FOE(Yyn, Y1) = 332 — 43,1

aq

Let Y7, and Y3, be statistics given by (1.1) with different weight function w’s which
have the same value only for ; in the relations (3.2) and (3.3). About the values used
in Proposition 3.1, the values associated with Y7 ,, are denoted by 32 1, 821.1, B22.1, (,(Cl_)z 1
and 0;_y 1. The values associated with Y3 , are denoted by 5.9, 8212, 8222, C,El_)z 5, and
Or—2,2. For Y1 , and Y5 ,, having positive weights w(l7 o L k)”s and w(2,1,...,1; k)7s, the
associated g(x) is equal to g, and

Joe-ny(x1, .. xp—1) = [g(@r, 21,22, .. 2p—1 )+ Hg(21, . Th—2, g1, Tp—1]/(E—1).

Thus, the corresponding values of 6, 8;_1 and g,ﬂl_)1 are same, respectively.

Theorem 4.3 We suppose that E[g(X;,,... , X, )]* < oo for 1 < iy < -+ < iy < k.
Let Y1, and Yy, be statistics given by (1.1) with different weight function w’s, where 34
have the same value in the relations (3.2) and (3.3), and the associated w(l,... ,1;k)’s and
w(2,1,...,1;k)’s are positive. Then, FOE of Y, ,, with respect to Y1 ,, 1s given by

A

B k25£7(1)’

FOE(Y—Z,n: Yl,n)

where

A= 2{k2(621,2 - 621,1)5;(1) + (,822,2 - 522,1) [k(k - 1)(1(;_)1 + 51(9k71 - 9)2]

(k= 2)(Ba G, — oGl ) + 81 (B — 0)[Ba (k25— 6) — B (B2 — 0)] }.

In case of k = 3, we have g_2)(71) = g1)(71) = g(z1, 21, 21) for any w such that d(3,1) =
w(3;3) > 0. Thus we have 6 ; = 61 2 = 6;. We have also Cl(ll) = {712), which we denote by
il). From Theorem 4.3 we have the following.

Corollary 4.4 Let the degree of the kernel g be k = 3. Let Y1, and Y, ,, be statistics given
by (1.1) with different and positive weght function w’s, where 81 have the same value in the
relations (3.2) and (3.3). Then,

2

943 (1)

FOE(Yz,m Yin) = {9(,821,2 — 521,1)532,7(1) + (522,2 — Ba2.1) [6@(1) + (62 — 9)2]

+(B2,2 — B2,1) [3C1(1) + B1(62 — 6)(61 — 6)] }

4.2 FOE of S-statistic with respect to V-statistic As stated at the first paragraph
of subsection 4.1, the V-statistic and the S-statistic have no difference in the mean of the
second order efficiency. Since the V-statistic and the S-statistic have the same values for 3y
and (y9, by Theorem 4.3 we have the following.
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Proposition 4.5 For the kernel with the degree k > 3, we have

(k—1)(k-2) . | ) .
Tﬁ(l){z(k - 2)[(3k - 1)~I(c—)2,2 —(3k — 5)/(@—)2,1}

—8k87 ) + (k= 1)(Bx 1 — 6)[(3k — )65 — (3k — 5)84 2,1 — 46] }

FOE(S,.V,) =

where Ck 2.1 and Or_s.1 are the values associated with Vi, and Ck 2.2 and Br_o2 are the
values associated with Sh.

In the following, we consider the kernel g of degree k = 3. Then we have

.Q(3)('T11‘7:2’I3) = .0(57517502-,503),

[g(z1, 21, 22) + g(21, 22, 22)], gy(21) = g(@1, 21, 21).

N =

g1, 22) =

By the U-statistics U,(lg), U}f) and U,Q”, associated with the kernel g(s), g(2) and g1y,
respectively, we have

1. . .
Vo= [T 430 — )UP + (n— 1)(n - 2)UP],
and
S, = _ 20N +3(n — U 4+ (n—1)(n —2)UP] = i Vo + Ly,
(n2_|_1) n n n n2+1 T’L2-|-1 o

where UL = Z?:1 9(X;,X;,X;)/n. From Corollary 4.4, we have the following.
Proposition 4.6 For the kernel with the degree k = 3,

4

FOE(S,,V,) = (1) _ 362 1+ (6, — 6)(6 — 6)
362 (1){ S }
here 82 = Varlhly (X1)], ¢V = Cov[hl)(X1), A0 (X1)], B (21) = y
where 0z (q) arf (3)( ) G = Covf (3)( 1) (1)( )P (1 )(fl) = ga)(z1) 1

() = Elg(X1, X2, X3) | Xy = 01] = 0, 6 = Eg(X1, X, X3), 6, = Eg(X1, X1, Xy). and

61 E.g(*leleXl)-

Now we shall give two examples of Proposition 4.6.

Example 1 We consider the probability weighted moments, § = [z[F(x)]*dF(x).
Since its kernel is g(z1,29,23) = Max{zy,x2,23}/3, for the S-statistic Sn and the V-
statistic V;, we have g¢1)(21) = g(x1, 21, 21) = 21/3, g2y (21, 22) = {g(21, 21, 22) + g(21, 22,
79)}/2 = Max{v1,r2}/3 (Lee(1990); p.9). Let U(l) UL, and U be the U-statistics asso-
ciated with the kernels g(l)(xl) = .1:1/37 g(z)(rl,xz) = 1\/1'(1:17{351,352}/3, and g(z1, 79, 73) =
Max{xy,x2,23}/3, respectively. The corresponding S-statistic S, is

n

(n=1)(n-2) 2 , 2
= T T ey L 2 NG DX+ e X
S T +n(n2~|»1);(l KXo+ 35777

The corresponding V-statistics is

(n—l)(n—?),g) 2 ) 1
V= — 52 —U® + 3 Z(’ - DX+ 37}‘

n -
=1

n
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where X4y < -+ < X, is the order statistics of the sample {X;,... , X, }(Nomachi and
Yamato (2001)).

For the sample of size n from the uniform distribution U(—7,7), we have § = 7/6,
f =7/9,6, =0, (5;(1) = 72/252, C{l) = 72/90. Thus we get

64
FOE(Sy.Va) = Iz

.

In this example, V;, is prefer to S, in the mean of fourth order efficiency.

Example 2 We consider the third central moment, § = fix;o(x — u)*dF(x) where p is

the mean of the distribution F'. Its kernel is given by
2+l a3 1
g(wr, w2, 23) = === S{at(es + 23) + w25 + 21) + 23 (@1 + 22) | + 201w

(Koroljuk and Borovskich (1994); p.18-19). Since g(x1,22,22) = —g(21, 21, 22), g(21, 21,
21) =0, g2y(x1,22) = 0, and g(1)(21) = 0 for this kernel, we have Uy = 0, Uy = 0 with
probability one.
The corresponding V-statistics is

Vi =

S|

Z(Xi - X))

Since g(1y(x1) = 0, the corresponding S-statistic Sy, is

__n w3

=1

We consider a continuous distribution which is symmetric about mean and have the 6-th
moment. Then we have § =0, 6, =0, §; = 0 and Cl(l) = 0. Since (53 1) = Var[hg;()(l)] is
finite, we get

FOE(S,,V,) = 2.

In this example, S, is prefer to V;, in the mean of fourth order efficiency.

5 Appendix : Values of [3’s The values of (3’s, given in Section 3, for LB-statistic,
V-statistic and S-statistic can be derived as follows:

For LB-statistic,
d(k. i Rk —
(k. J) (n) _(n),k(@ 1)7 i—lo.. .k
D(nvk) J [n}k VAVES!

where [n]p =n(n+1)---(n+k-1) = 25;1 | s(k,1) | n'.

For V-statistic,

d(k,j) (n Sk, j)(n); .
= ——— =1,2,... k.
D(n,k) (]) w0 T T
For S-statistic, ‘
dhsg) () _ st [0y,
D(n,k)

D(n, k) \J
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where D(n, k) = n* {1+ [k(k — 1)(k —2)/6]n"? + o(n"2)} by (2.6). By applying the values
of the Stirling numbers to the above, we can get the values of 31, B21, 822, B2. The Stirling
numbers of the first kind s(k, k), s(k,k—1), s(k,k—2) (k = 3,4,...) are given immediately
before (2.6). For the Stirling numbers of second kind,

k(k—1)
2

Sl k)= Mk 1)(1{:2—42)@’“ =9 34

S(kk) =1, S(k,k —1) =

Proof of Proposition 3.1 Any two components of H-decomposition are uncorrelated.
By the representation of covariance of U-statistics (see, for example, Koroljuk and Borovs-

kich (1994) and Lee(1990)) , we can get

Cov(H{) H( ) =0, i=12.3, j=12 (i#]),

Cov(H(i) qY

(k),n’ (k—2),n) = 07 L= 273:

and

HY, ) =0m").

COU(H((Q) HY, )=0, Cov(H (k=2),n

k—1),n’ 1 (k=2),n (k—1),n°

We use these results to the right-hand side of the squared (3.5). Then we get

E(Y, —6)°

Br B B\ (1) A (2) AN (3)
= _7+F)2{(1) Var(Hiy )+ 5 ) Vartiy )+ {5 ) VarHg )
B B f (k-1\" BTV,
_|_(1_|_222)2{< | ) Var(H((;)_U’n)—l—( 5 > Varr(H((:)_U,n)-&-(ﬂkﬂ —9)2}

n n

e Ba1 ., Ba2 k k-1 (1) (1)
+2(1 — . + F)(; + n? ) 1 1 COU(H(k),an(kﬂ),n)

RN (k=N g 5@
+(2)< 2 )COU(H(k)JUH(kl),n)

B Bar, B2 (k—2\ [k (1) (M
+2(1 - —+ —)—< 1 > (1)COU(H(k),n7H(k—2),n)+

n n? ’'n?
,61 /322 /32 1
+2(; + n_2)ﬁ(6k_1 —0)(Or—2 —0) + O(n_‘*)'

By using the representation of variances and covariances of U-statistics (see, for example,
Lee(1990) and Koroljuk and Borovskich (1994)) to each terms of the right-hand side , we
can get Proposition 3.1. O
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