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ON THE RATES OF POINTWISE APPROXIMATION OF CONJUGATE
FUNCTIONS

RADOSEAWA PEMPERA
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ABSTRACT. There are estimated the rates of approximation of function )? conju-
gated to the Lebesgue integrable function f , by the Cesaro and Abel-Poisson means
of conjugate Fourier series. As a measure of such approximation the characteristics
constructed on the base of definition of the points of differentiation of the indefinite
Lebesgue integral are used.

1. Introduction

Let L be the class of all real-valued functions 2r—periodic and Lebesgue-integrable on
the interval [—m, 7]. Let S[f] be the trigonometric Fourier series of f € L,and let S[f] be
the conjugate trigonometric Fourier series

(1) Z [ar (f)sinkx — by (f) coskz],

k=1

of f, and let fbe the conjugate function of f, i.e.([1],p.519 or [7],p.51,I)

fI—Hf (x_t)dt: 1 11mf7 €),
2tan(t/2) T em0+

(2)

where

flz4+t)—f(z—1)
/ 2 tan( t/Z) dt.

It is known ([7],p.254,1) that if f € L, then S[f] = S[f].
(1) Let o5 (f;2) = o), (x) be the (C,a) means of S[f],where (o > 0) (see [7],p.95,I),
thus

0 i) =~ [IF )= o - DIz
where N
f{,g (t) = ZA%:IIIEV (t) /Az (n:0*12,)

is the conjugate (C,a) kernel and because

v

t_ 1
-51/ (t) _ Zsin,ut: COs 3 — CO8 (V—I— 2)t

5 1
2s1n2

u=1
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so we can rewritten

~ 1 1 1 alcos(u—&—%)t 1 1 ~.

2s8in =
v=0 2

(77) Let H, (fyx;h) = PNIT(az;h) be the generalized Abel-Poisson means of g[ﬂ, where
h is a suitable real-valued, bounded function defined on [rg; 1], (ro > 0), (see [5], p.105).
Then

Z (1 = r) kh(r)) r* [ag (f) sinkz — by, (f) cos kz],

k=1
or in the integral form
~ 1 7
(5) Hywih) =1 [ fla -7 @)
™

where the conjugate kernel J, (t;h) = Jr (t) is given by the formula

i (1—=r)kh(r ))7’ sin kt (0<r<1).

k=1
Given any function f € L we write

u

(6) we(£:8) =ws (0) = swp |5 [ wn0t).

0<u<d

where ¢, (t) =: f (x +1t)— f (z — t) .-We observe that the function dw, (§) is non - decreasing
in ¢ and w, (5) — 0, (6 = 04) almost everywhere in @. The symbols C; (j =1,2,...) will
denote the suitable positive constants depending sametimes on parameters a or 3. Assuming
further that

it is easy to show that
(7) 12 ()] < wwg (u) .
Further we use the following relations:

1) Let

n

u(B,n,t) = Z ABe=ivt,

=0

then summation by parts gives

(8) u(B,n,t)= {—Aﬁe_"’(”'i'”f +u(f-1, n,t)} (1-— e_“)_1.
2)If0<a<m+1,meN andn =1,2... then

(9)

IN

t <),

K ()‘<cm (0
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(10) ‘dt’” ﬁg(t)‘ < Can—i—la (O St< 77)7
dm ~ 1 1

11 —H ()| < - —<t<r

(1) D <O (<i<n)

(cf.[7],p.64,11).
2. Main results
Privalov proved that the conjugate-Fejér sums 5; (f;2) of f at 2 will satisfy the relation

lim (ﬁ (fi2) = Flas %)) =0

provided that x is a B point of f, i.e.

/|f(.r+f)—f(:z:—t)|dt:0(h), (h — 0).

Now, we will extend this result to the case (C,«) means with o > 1 and present it in
approximation version

THEOREM 1. If f € L and a > 1, then

5g(f7x)—f(;v;%)‘< Cy /wz(f,t)dt

(12)

for all real x and every positive integer n.
From Theorem 1 we can immediately derive

COROLLARY 1. If fe L, a> 1 and w, (t) = O(tY), for v > 0, then

C57’L1_a Zf "‘/ > — 1,
<< Cen™Vlnn if y=a-—1,
0777,_7 7f "/ < o — 1

(13)

PROOF of THEOREM 1. It is easy to see, that

1/n ™
~ 1 1 ) o 1 ~ 1 1
oo (z) — =)< = h (1) K2 (t)dt - b () HS (4)dt| =: — |1, —|Ya,!.
5o - T | < 1) [eeoRzwa+ 1| [ o 0B @)= 210+
0 /n

By partial integration we obtain

1\ ~ 1 d ~_
LI<|Q. |- )KS | — Q. () =K (t) dt|,
ni<o (D)D) 4 [0 R o).

1\ ~ 1 d ~
Vol <|Q. (=) HEe (= Q, (1) — H (t) dt| .
<o (L) E(5)|+] [ o0 Gz
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1) Case 1< v < 2

~ 1 n cos (l/ + l)t 1 ei(n+%)t n ‘
H* (t) = Aol 7N 270 Re{— Ao—l—wiy
o () A%; "7 2sind GIA%' 2sin L ’;) yoet

For the sum in the curly brackets we use the relation (8)

7i€i(n+1)t n

ﬁ(y )= R ‘40‘—2 —ivt
n() 6{/4.%(25111%)22 v € }7

v=0
S0
1 . ooon ]
Ha ‘ Red{—i i(n+1)t A0172 —ivt _
‘ Ag(2sin 1)? ef—ie .;0 v
1 > o
RF{ 7Pl(n+1)t <Z Aa 2 7wt Z AixZgwt)}‘ ]
A @(2sin £)? s o

The Cesaro numbers A2~ 2are positive,decreasing in v (-1<a — 2 < 0) and the sequence of
the sums Y. e~"*is bounded. Then from the theorem of Abel, we have

v=n-+1

oo
E Aoz 2 —zllt

<2A0 1 - e

n+1
v=n+1
Thus, for % <t<mw
- 1 (e 24972 o
PR B
Ag(2sin 5) A%(2sin L)
Cs Cy Cio
(14) natoz+1 + n2t3 — natoz+1'
Furhermore, using the estimates (9), (10),(11) and (14) we obtain
~ 1 1{1 1
go(x) — flo; ) < = | —wa [ = )n+Cun? [ Q. (2)] dt
ACRN R E e C RN AT
0
1 {1 Ci [ we(t)
- — Wy dt < dt.
+ﬂ— nu ( ) ta-‘rl —noz—l/ o
1/" 1/n

2) Case a > 2
_ i)t T ‘
Hg (1) = Rel o N Ap=2c71),

; i
A2(2sin 5)? ot

Similarly, for the sum in the curly brackets we use the relation (8)

ﬁ-a R 4& 3 z(n+ —v)t r’la72 1%
v (1) = P{hla 2sin £ <Z no
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and
. A
‘H ‘ Ag|(2sin £ | Z Ax|(2sin £)3| =

Cii : Cia Cis
< A3 < =
— nogd IZ:O vt n2td — nZ

Thus the proof of the first theorem is completed. N
In the sequel M; (j = 1,2,...), constructed to the H,, will denote the suitable absolute
positive constants or constans depending on ~.

THEOREM 2. If f € Landr € [,1), then

Ho(forih) = Flose(1 = )] <

K

(15) <1307 [1 + |1 — h(r)|](1 —r)? /

w(1—r)

We notice that, if h(r) = 0, then H, is the ordinary Abel - Poisson mean and the
inequality (15) leads us to the inequality (see[3])

T

ﬁr(.f-,l?; h) — fN(:c (1l — T))‘ < My (1—r1)* /

m(1—r7)

#+3

dt.

From Theorem 2 we can also derive

COROLLARY 2. If feL,r € [15 1) and w, (t) = O(t7), where v > 0, then

~ s My (1—=r)"[1 4|1 —=h(r)] if 0<y <2y
HT(x’h)_f(aj’Tr(l_T))‘<{Mg(l—r)2[1+|1—h(r)|}|ln(1—r) if =2

PROOF of THEOREM 2. It is easy to see that

Qtan t/2)

| Ho(wh) = flasn(L = )| < | ol h) — B(o)

+ B ap

'r(l r)

where gr is defined as

Er(x) = Er(f,r) = 3 {1 + g (1 —7"2)} rk(a,k sinkx — by coska) =

== [ 0@ (o -y

r(3 + r? — 4rcos t)sint
2(1+r? — 2rcost)?

and

Qr (t) =
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(see [4], p.159). The method of this proof goes in the similar way as in ([5] and [4]). Thus,
we can show that

147
h(r)— 5

2
s

H,(wsh) — Bi(x)) <

(1= | [ enoR, ) ar].

where
(1 — rz)r sint

1+7r2—2rcost)?’

(1 —7*)rR, (t) := Zkrk sinka = (
k=1

By partial integration we obtain

T T d
/gﬁx(t)Rr (t)dt| = |Ry (7) Qg (%) — /Q@ (1) ERT (t)dt| =
0 0
m(1—r7) T 4
= / + / Qm(t)%Rr(t)dt < ||+ |I2].
0 ﬂ(i—r)
Since
d R, (1) = cost[(1 —r)? +4rsin®L] — 4rsin’t
™" [(1—r)?+4rsin2l]?
and
g <! mrtooy i 0Stsa(l-r),
dt - RY oS if #(l—r)y<t<m,
then
m(1—7) . w(1—r)
5
I < Q. (8)|dt + —— Q. ()] tdt <
‘1|7(1_r)4 | (>| +(1—7">6 ‘ ()|
w(l—r) (1—r)

Ao J o ()t ! B, (1) b,

and by the monotonicity of the function dw, (§) we have

(11%1)2 wg (T(1—1)).

The second component |Iz]| we can immediatly estimate as follows

I (t [ ow,(t
|I,| < 3= / [2: )]y o 570 / wr (1) gy
t 13

|| <

w(l—r) 7(1—7)

We observe that
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Thus
~ ~ 1+r wg (1)
‘Hr(z;h) — B,(z)| < 130x° hr)— 5 (1 —1)2 / 3 dt
w(1—r)
Similarly, a simple calculation shows that
fesn—fa-t | 1| 7" [
(x x —
dt| = — b (0)Q (1) dt — b ()P (1) dt|,
/ ey [ vwema- [ eoraa).
7r(1 r) 0 w(1—r)

where

P.(t):= %ctg;—l —Qr(1).

From ([4],p.167,168) we know that

Qg (7(1—71)) cth +

/ fle4+t)— (x—t)dt<i

2tan(t/2) T 27 2
7r(1 r)
| d 1] 7 d
= Q. (1) —=Q, (1) dt| + = Q. (t) — P, (t)dt|.
s [ amgemalso| [ amgno
0 (=)

The first component in the above inequality we can easly estimate

1 (1l —r) 1
- _ ARSI _
o Qg (7(1—1)) ctg 3 < 2ux( (1l —r)).
Since
d 3 11#? 2t
—Q, () < for0<t<7w(l—r),
FO O St T T Ty or 0 <t < 7(1—r),
d 17t (1 —r)* 51 —r)*
2P ) < for m(l—r) <t <,
dt ()‘ stt 16t° orr(l-r)sts
then
w(1—r) J
/ Q. (1) aQT (1) dt| < T9mw, (w(1 —71)),
0
r d 5r® [, (1) 1173 , [ w (1)
Q. (t) =P (1) dt| < 1—r)? Lt 171/ Ll dt.
[ emgrma <ot [ e Baonr [0
m(1—7r) m(1—7r) m(1—r)

Taking together the above estimates and observing that

T

(1—1)? / wy (t) dt > 24;2 wy (7(1—7)),

w(1—r)
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™ Ky

(1 / W) gy < Liq oy / w;(t)dt,

$5 - 72
w(l—r) w(l—r)

we obtain

L / flatt) = fla=t) ) 2743 (1 — 1) / we ()
7 2tan(t/2) t3
m(1—r) m(1—r)

and thus the proof is completed.
REMARK. From our estimations we can obtain the analogical inequalities for the norm
approximation. Using the classical modulus of continuity

w(f,8)x = sup [[f(o+h)—flo)llx

0<h<d

with respect to the suitable norms in the spaces X = X? = C, where p= o0 or X = X? =
LP where 1 < p < oo, we obtain the estimations

52 (f.0) — Flo. 4

n

T
ne— 1t
1/n

,

|Bo(f.05m) = Flom(t = )| < MallL = k()] + 1)1 = 1)? ; w(f, *)th
w(1—r)

for f € X, every positive integer n, o > 1, and all r € [% 1) .
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