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RANKS OF DIRECT PRODUCTS OF C*-ALGEBRAS

TAKAHIRO SUDO
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ABSTRACT. We show that the stable rank, connected stable rank, general stable rank and real
rank of direct products of C*-algebras are equal to supremums of these ranks of their direct
factors.

Introduction. The theory of the stable rank, connected stable rank and general stable
rank for C*-algebras was initiated by M.A. Rieffel [Rfl] as a noncommutative analogue
to the dimension theory for spaces, and for study of stability of C*-algebras such as the
cancellation of projections. On the other hand, the real rank for C*-algebras was introduced
by Brown and Pedersen [BP] as a real version of the stable rank. These ranks are ones of
the most important concepts in some recent topics of C*-algebras such as classification of
C*-algebras by K-theory (cf.[Bl]).

In this paper it is shown that the ranks of direct products of C*-algebras are equal to
supremums of the ranks of their direct factors. This formula is one of the most fundamental
formulas for the ranks so that it would be useful in the theory of the ranks, but it has
remained open till now except the case of the restricted (or ¢g-) direct sum ([Rfl, Theorem
5.2]).

Notation. Let 2 be a C*-algebra. Denote by sr(2), csr(2(), gsr(2) and RR(2) the stable
rank, connected stable rank, general stable rank and the real rank respectively ([Rf1], [BP]).
By definition, sr(2),csr(A), gsr(A) € {1,2, -+, 00} and RR(2A) € {0,1,2,---,00}. If 2A is
nonunital, we define its ranks by those of its unitization 2A*.

(F): For an exact sequence of C*-algebras: 0 - J — A — 2/J — 0,

st(3) V sr(/3) < sr(A), and RR(J)V RR(A/T) < RR(A),

where V is the maximum ([Rfl, Theorem 4.3 and 4.4], [Eh2, Theorem 1.4]).

The direct product II;c;%A; of C*-algebras {2;};c; indexed by a set J consists of all
elements a = (aj)jes with a; € 2; and the norm [la|| = sup,c; |la;|| finite. Then the
following main theorem is obtained:

Theorem 1. Let {™Ar}rea be a family of C*-algebras. Then

sr(ITxea2Ay) = supsr(™Ay), and RR(IIxea2Ay) = sup RR(2)).
AEA AEA

Moreover, it is obtained that

csr(IlyeaAn) = sup csr(Ay), and gsr(IlxeaAn) = sup gsr(Ay).
AEA A€EA
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Proof. If 2 is nonunital for some A € A, we consider 2[3\" Then IT A%y is a closed ideal
of MM ea2AS. Hence, it follows by (F) that
sr(ITyea®An) < Sr(HAEAQlj\_), RR(I\ea2y) < RR(HAEAQG\_).

By (F), Sr(HAeAQlA) > SUpPyecp sr(%) and RR(HAEAQ[)\) > Supyecap RR(Q[A).

Now suppose that

supst(2Ay) = supsr(Af) = M < o0.
AEA AEA

For any € > 0 and any (ax;) € Iea®Af (1 < j < M), there exists (by;) € e
such that [|ax; — bx || < exj < e and cy = Eﬁl b} ;bx,j is invertible in AT For a large
constant L > 0, we may assume that ¢y > /L > 0 for any A € A if necessary, by taking
€x,; small enough, and replacing by ; with its suitable perturbation and €, ; with €} ; <e,
when ¢y > 0y > 0 and ) < ¢/L for some X € A.

In fact, for a unital C*-algebra A, we have a continuous map ® from L, (A) = {(a;) €
A"| S aja; € AT 1} to the positive part A, of A, defined by (a;) — ZJ L aja;. Let

={be A+|||E] L afa; — bl <m, andb > Z] L @faj +n'1} for some n,n" > 0. Then
S is open in A, since for b’ € Ay with ||b — V'|| small, we can make the distance of their
spectrums small. Taking n, ' suitably, the distance between Z iy ajaj and § can be small
enough. Then there exists a small open neighborhood of (a;) such that its image under @
has the nonzero intersection with S.

Note that

M
Z(bAJ (bx;) = Zb ibag) =(ax) € HAEAQl
j=1
Since su o ! o N
Prea llex || < (e/L)~" from the above argument, we have (¢, ") € Ilxca2AY . There-
fore, (cy) is invertible in HAEAQ@:.
The proof for the real rank case is the same as above.
Next, note that
est(ITaeaAn) = csr(A, & (Maea a2, A0)) = csr(Ay) V esr(Inea, a£uAn).
Hence, csr(IIxea2y) > supyep csr(2y).
Now suppose that every 20y for A € A is unital, and that

sup csr(Ay) = N < oo.

AeA
Then, for any (ax, ;) € IIxear (1 < j < N) such that
N N
D (an) (any) = O ai jan,) =1 = (Iy)
j=1 j=1

where T is the unit of 2, there exists a unitary matrix U = (UiJ)ijzl over ITycp2, such
that U; ; = (Ui ja)aea and Vy = (U',j,A)fVJ 1 is a unitary matrix over 2y in the connected
component of the unit 69 _, I of GLN () such that (ax ])N is mapped to (Ix,0x, - ,0y)
by Vi, where 0y is the zero of 2 (cf.[Rf2, Proposition 5.3]). This shows csr(IIyea%%y) < N.
When 2(, for some A € A is nonunital, we consider the split embedding from IIycx 2y to
I caRy . Then it is obtained that (cf.[Eh1, Theorem 2.11])
cst(Maean) = esr(Mea)).
The proof for the general stable rank is the same as that for the connected stable rank
given above (cf.[Rf2, Proposition 5.2]). O

Let ®xcan be the (restricted) direct sum of C*-algebras {Ax}aea (cf. [Pd, 1.2.4]).
Then it follows that
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Corollary 2. Let {Ax}rea be a family of C*-algebras. Then

sr(@acaAn) = supsr(Ay), and RR(®rcaAn) = sup RR(2L).
AEA AEA

Moreover, for any closed ideal J of Txca2y containing Ay for any A € A,

sr(J) = supsr(™Ay), and RR(J) = sup RR(Ay).
AEA AEA

Proof. Note that ®,ca%y is a closed ideal of IIycpRAy. O
Corollary 3. Let {/x}rea be a family of C*-algebras. Then

csr(@reay) = supcsr(Ay), and gsr(BacaAn) = sup gsr(2Ay).
AEA AEA

For any closed ideal 3 of TIxcpAy) containing Ay for any A € A, we have

14 supyep sr(RAn),

{ supyea csr(An) < csr(T)
14 supy ey sr(RAn).

<
supyep 8sT(An) < gsr(J) <

Proof. The first follows from the same inductive process as [Rfl, Theorem 5.1 and 5.2]. We
have gsr() < csr(A) < sr(A) + 1 for any C*-algebra 2 by [Rf1, Corollary 4.10 and Section
10. O

Remark. Note that sr(C(T)) = 1 while csr(C(T)) = 2 and gsr(C(T)) = 1 (cf.[Sh, p.381],
[Rf2, p.247]), where C(T) is the C*-algebra of continuous functions on the torus.

Corollary 4. Let A = IIyea®%An, B = [,cpB,. Suppose that for any A € A,u € M, we
have k(A ® B,) < rk(™Ax) + rk(B,), where rk means either sr, csr, gsr or RR, and ®
means the minimal C*-tensor product. Then

rk(2A @ B) < rk(A) + rk(B).

Proof. Note that
AR B 2 TMecp(An @ B) = HAGA(HpeMQlA & %#).
By Theorem 1 and the assumption, we have

rk(A ® B) = sup rk(Ay ® B) = sup sup rk(A ® B,)

AEA XEA pEM
< sup sup (rk(™Ax) + rk(B,)) = rk(A) + rk(B). O
AEA peM

Remark. The assumption of the product formula for the ranks is crucial. However, this
would be affirmative for some general C*-algebras (cf.[KO], [Ns1,2], [Sd1-5] and [ST1,2]).

Remark. The equality (ITxea®%) @ (I,emrB) = H(x pyeax v @B, is not true in general.
For example, [*°(N) @ [*°(N) C [>°(N?) (cf.[APT, Theorem 3.8]).
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