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ABSTRACT.

In this paper we give a special form of the Chomsky-Schiitzenberger-Stanley type
characterization of context-free languages.

1 Introduction There have been many papers on the homomorphic characterization of
language classes. Chomsky-Schiitzenberger-Stanley type characterization of the context-free
languages [2, 4, 11] states as follows: for an alphabet X, an alphabet A, a homomorphism
h : A* — ¥* and a Dyck language D over A can be determined such that for every
context-free language L over X, there can be found a regular language R over A satisfying
L=h(DNR).

Hirose and Yoneda proved in [6] that every context-free language L can be expressed
in the above form by a minimal linear and regular language R. By results of Shamir [10]
we can give a little bit stronger version of this statement such that we can write R in
the form X K*, or equivalently, in the form K*X, where K is a finite set and X is a
singleton. This statement can also be immediately derived from the new proof of the
Chomsky-Schiitzenberger theorem (i.e., Chomsky-Schiitzenberger-Stanley theorem) given
by Autebert, Berstel and Boasson in [1]. (Actually, we can also retrieve this result from
61.)

In this paper we give a special form of the Chomsky-Schiitzenberger-Stanley type charac-
terization of context-free languages. Some consequences of this statement are also discussed.

This paper organizes as follows. In the next section, some fundamental concepts and
notations related to formal language theory are given. In Section 3, a new homomorphic
characterization of context-free languages will be shown. Some concluding remarks will also
be stated in the last section.

2 Preliminaries In this section we provide some notions and notations on formal lan-
guages. (For notions and notations not defined here see, for example, [5, 9, 12, 7].) The
elements of an alphabet ¥ are called letters (¥ is supposed to be finite and nonempty). A
word over an alphabet ¥ is a finite string consisting of letters of X. The string consisting
of zero letters is called the empty word, written by \. The length of a word w, in symbols
|w|, means the number of letters in w when each letter is counted as many times it occurs.
By definition, |A| = 0. At the same time, for any set H, |H| denotes the cardinality of H.
If v and v are words over an alphabet X, then their catenation uv is also a word over X.
Catenation is an associative operation and the empty word A is the identity with respect
to catenation: wA = Aw = w for any word w. For a word w and positive integer n, the
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notation w™ means the word obtained by catenating n copies of the word w. w® equals the
empty word A. w™ is called the m-th power of w for any non-negative integer m. We also
use u* = {u™ | m >0} and ut = u* \ {\}. Moreover, put w? for the reverse of a word w.
(Then w? = w if w € TU{A}L)

Let ©* be the set of all words over X, moreover, let ¥7 = %%\ {\}. ©* and &% are the
free monoid and the free semigroup, respectively, generated by ¥ under catenation. Every
subset L of ¥* is called a (formal) language over X. L is called A-free if A ¢ L.

Let K and L be arbitrary languages. We put KL = {uv | v € K,v € L}, Kt =
{uyocoum | g, o yum € K}, K* =Kt U{\}.

A generative (Chomsky-type) grammar [3] is an ordered quadruple G = (V, %, S, P)
where V and ¥ are disjoint alphabets, S € V|, and P is a finite set of ordered pairs (u,v)
such that u is a word over V U ¥ containing at least one letter of V' and v is an arbitrary
word over V U X. The elements of V' are called nonterminals and those of ¥ terminals. S
is called the start symbol. Elements (u,v) of P are called productions and are written as
u — v. A word w over V derives directly a word z, in symbols, w = z, if there are words
Uy, U2, us, vy such that w = wguius, z = ugviuz, and uy — vy belongs to P. w derives
z, or in symbols, w = z if there is a finite sequence of words wg,ws, ... ,wg, k > 0 over
V UX where wg = w,w = z and w; = wiyy for 0 < ¢ < k — 1. If & > 0 then we also

say that w really derives z and we write w £ .. In other words, = is the reflexive and

transitive closure and = is the transitive closure of the binary relation = . We also say that
Wy = w1 = ... = wip_1 = wy is a derivation (of wy from wg). The (formal) language L(G)
generated by G is defined by L(G) = {w |w € ¥*, S5 = w}. G is minimal if V is a singleton
(le, if V= {S}). G is right-linear or regular if each production is one of the two forms
X = 2Y or X — o where XY € V,x € ¥*. GG is left-linear if each production is one of the
two forms X — Yo or X — 2 where X, Y € Vo € ¥*. G is context-free if each production
is of the form X — u where X € V and v € (V U 2)*. We say that G is a context-free
grammar given in Chomsky normal form if PC{X - YZ | X, Y, Z e V}U{X -z | X €
V.z € T}. Tt is said that G is a context-free grammar given in Greibach normal form if
PC{X —»aW|XeV,ze L, WeV*}L

Let G = (V, %, S, P) be a context-free grammar and w = z a direct derivation such that
w = pXu,z = pqu,p € L* u € (VUI)*, and of course, X — ¢ € P. Then we say that
w = z is a leftmost direct derivation and sometimes we emphasize this fact by using the

notation w =, z. Moreover, if there is a finite sequence of words wg, w1, ... ,wg, k > 0 over
VUX where wg = w, wi, = z and w; = w;4 for 0 <@ <k — 1 then we say that w derwes z
by leftmost derivation and put w = z. If k > 0 then we also say that w really derives z by

leftmost deriation and put w 2_}5 z. Then it is said that wy = w; = ... = wy is a leftmost
derivation (of wy from wy), in symbols, wg =, w1 =¢ ... = wi. It is well-known (see, for
example, [7]) that for every w € (V UX)* and u € ¥*, w = w if and only if w =, u. Thus
LG) ={u|uex"§Z,u}.

Let A be an alphabet. Then A is defined by A = {d | d € A}. Moreover, let S be a
symbol with S ¢ A UA. A Dyck language D over A is a language generated by a Dyck
grammar Ga = ({S}, A, Pa, S), where PA = {S = SSTU{S = 2S% | 2 € A} U{S = A}.
Then it is clear that a Dyck language is minimal context-free. We will use the notation
for @y ... U whenever u = uq ... Um,U1,... , Um € A. Moreover, we put A = \.

If G is regular or context-free then it is said that the language L(G) is regular or
context-free, respectively. In this sense we also speak about minimal regular and minimal
context-free languages. It is well-known (see, for example, [7]) that every regular language
can also be generated by left linear grammars. Moreover, it is also proved, if L is a A-free
context-free language then it can be generated by a grammar G given in either Chomsky
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normal form or Greibach normal form. (See [7] for a proof.) In addition, it is clear that
every minimal right linear language has the form LjLs, where Ly, Ly are finite languages.
Similarly, every minimal left linear languages have the form L; L}, where Ly, Ly are finite
languages. Thus a minimal right linear language is not necessarily minimal left linear and
vice versa. We say that a language is minimal regulor if it is minimal right-linear and
minimal left-linear.

Let A, X be two alphabets. A mapping h : A* — E* is called a homomorphism if h(\) =
A and h(pg) = h(p)h(q),p,¢ € A. If' S C A with h(z) = v,z € S and h(y) = A,y € A\ Z
then h is said to be a trivial homomorphism.

If2, Y ={% |2 € I}, A’ are pairwise disjoint sets and A = X UZUA', h(Z) = 2,T €
Y, h(y) = A,y € ZUA', then we say that h is quasi-trivial.

homomorphic image of L (with respect to the homomorphism h).

Let G = (V,X,S5,P) be a context-free grammar in Greibach normal form. To each
terminal letter a € ¥, associate the finite set ®(a) = {Xwf® € (VUV)* | X — aw € P}.
This defines Shamir’s homomorphism ® : ©* — P((V U V)*), where P((V U V)*) denotes

the power set of (V UV)*. An induction allows to prove Shamir’s theorem [10]:

Theorem 1 (Shamir) For every context-free language L C ¥* there exists an alpabet V),
a letter S € V and a homomorphism ® : ¥* — P((V U V)*) such that u € L(G) <—
{S}®(u) N Dy £ 0.

3 Homomorphic Characterization Results First we consider a context-free grammar
G = (V,X,5,P) in Greibach normal form. Then P C {X — u | u € ZV*}. We apply a
similar construction given in [1].

For every leftmost derivation S =¢ wy = ... = wi—1 = wy, define a word p(S =
Wy = ... = WE—1 = wy) in the following way. If £ = 1 and wy = aw, a € ¥ then let
p(S = w) = Swhaa. Now we suppose k > 1 and that p(S =, wy = ... = wr_g =
wg—1) is defined. Suppose that wi_1 = pXu,w; = pqu, with p € &%, v e (VUI)* X —
aw € Pya € 3. Then let p(S =¢ w1 =4 ... = wip—1 =0 wi) = p(S = w1 =4 ... =
wi—z =¢ wg—1)X wlaa. By induction we get that ¢(p(S =¢ wy =y ... =4 Wr—1 =¢ wg)) =
wy, € T* if and only if p(S = wy =¢ ... = wr—1 = wg) € Dyuy N {Xwlaa | X —
aw € P, a € }*, where ¢ denotes either the trivial or the quasi-trivial homomorphism over
(VUVUZ U™,

Thus we get the following statement.

Theorem 2 Every contezt-free grammar G = (V,X, S, P) given in Greibach normal form
determines a finite subset of words K = {Xw®aa | X — aw € P,a € =} over the alphabet
VUV UZUZE such that L(G) = ¥ (Dsuv N{STK™), where b denotes either the trivial or
the quasi-trivial homomorphism over VUV UX U X.

Now we give a grammar G = (V,%, S, P) in Chomsky normal form. Then P C {X —
u | uw € V2U X}, Similarly as before, for every leftmost derivation S =4 wy = ... =
wi—1 =¢ wi define a word p(S =/ w1 =/ ... =¢ wr_1 =¢ wy) in the following manner.

If k =1 and wy = a,a € % then let p(S =, wy) = Saa. If k = 1 and w; € V?
then let p(S =/ wy) = w1, Now we suppose k > 1 and that p(S =0 w1 =4 ... =y
wi_y =¢ wi_1) has already been defined. Suppose that wi_1 = pXu,w, = pau with
peEY, ue(VUI)* X - a € PacX Thenlet p(S =y wy =¢ ... = wg_1 =¢ wy) =
p(S =p w1 =y ... = wp_y =y wk,l)XaEL. Now we assume k > 1 and that p(S =, w; =

. =¢ Wwip—3 =¢ wr—1) has already been defined. Suppose wi—; = pXu,w; = pvu with
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peX*, ue (VU)X - ve Pve V2 Then let p(S = wy =4 ... = wp_1 = wyg) =
p(S = W1 =g ... = WE—2 =y wk_l)XvR.
Similarly as before, we obtain by induction that ®(p(S =¢ w1 =
LS wp—y = wi)) = wi € B* if and only if p(S = wy =y ... e wpo1 = wi) €
DyisN({Xaa | X = a € Pa € S} U{Xo® | X = v € Pv € V2})*, where ¢ denotes
either the trivial or the quasi-trivial homomorphism over (V UV U X U £)*. Therefore, we
get as follows.

Theorem 3 Every context-free grammar G = (V, X, S, P) given in Chomsky normal form
determines a finite subset of words K = {Xaa | X - a € Pia € S}U{Xv? | X v €
P,v € V2} over the alphabet VUV U U such that L(G) = ¢(Dsuv N{S}K*), where 1
denotes either the trivial or the quasi-trivial homomorphism over VUV UX U X.

Now we take a context-free grammar G = (V, X, S, P) given in either Greibach normal
form or Chomsky normal form. We define p(X — u) for every rule X — u as before:

For every rule X — aw,a € S,w € V*, let p(X — aw) = Xw?aa. Furthermore, let
p(X — a) = Xaa. Finally, put p(X — v) = Xoft if v € V2 Then we have p(S =, w;) =
p(S — w1) whenever S — w; € P. Let us consider a leftmost derivation S =, wy =/ ... =y
wi—1 =¢ wi such that & > 1, wi_; = pXu, wi, = pgu withp € ¥*, v € (VUID)*, X = g€ P.
Then we obtain p(S =/ wy = ... = wi—1 = wi) = p(S =¢ W1 =4 ... = WE_g =
wi—1)p(X = q).

We may obtain again by induction that ¥ (p(S =¢ wy = ... = wr_1 = wi)) = wi, €
Y if and only if p(S =¢ wy =¢ ... = wi—1 = wi) € Dyus N ({X’U/‘R(]ﬁ, | X — aw €
PacXlu{Xaa| X - ac PacXyU{Xo?| X = ve PoveV?})* where ¢ denotes
either the trivial or the quasi-trivial homomorphism over (V UV U X U )*.

Thus we get the following statement by induction which also can be derived from the
above two theorems.

Corollary 1 Let G be a context-free grammar giwen in either Gretbach normal form or
Chomsky normal form. Then G determines a finite subset K = ({Xwfaa | X — aw €
PacX}uU{Xaa| X +a€ PacSU{Xo®| X = ve&PveV?}) of words over the
alphabet VUV US U Y such that L(G) = ¥(Dxyuy N{SIK*), where 1 is either the trivial
or the quasi-trivial homomorphism over VUV U U .

Now we turn to arbitrary context-free grammars. Let G = (V, X, 5, P) be a context-free
grammar.
For every rule X — u € P in G construct the string p(X — u) such that

)?uR ifu=vw,veV,
p(X = u)=1{ Xuftu ifueX*,
Xuls  if u =vwz,v € £ wz € V(V UD)*.

We extend this definition to arbitrary leftmost derivation S =y w; =
LS WE—1 = Wk, W1, ..., wg € (VUE)* k> 1 in the following way.
o If k=1 then let p(S = wy) = p(S = wy).

e Suppose that & > 1 and the word p(S =/ wy = ... =4 wr_2 = wi_y) has
already defined. Moreover, suppose that wr_1 = pXu,wr = pqu, with p € ¥*, u €
(VUE)*, X - ¢€P.

o Ifu, g€ ¥ then put p(S = wy =¢... = wp_1 = wi) =p(S Spwy =7 ... =y
Wi—g =¢ wr—1)p(X — q)u.
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o0 If ¢ € ¥* and u = vw,v € T*,w € V(V UX)* then put p(S =, w1 =¢ ... =
Wi—1 =¢ W) = p(S w1 =y ... = wr—z =¢ wr—1)p(X — q)0.

o0 If ¢ ¢ =* then let p(S =¢ w1 =4 ... =p w1 = wi) = p(S =0 w1 =4 ... =4
wi—2 =¢ wi—1)p(X — q).

oo If u € VE* U{A} then let p(S =/ w1 =¢ ... =0 wi—1 = wg) = p(S = wy =y
oL = W2 =y wk_l)p(X — q).

 Consider the quasi-trivial homomorphism ¢ : (VUVUZUE)* — 5* with ¢(2) = 2,z €
Yo(y) = Ay € EUX UV UV. By induction we get the following statements.

Lemma 1 For every contest-free grammar G = (V, X, S, P) and leftmost derivation S =
Wy =g ... = WE— = Wk, k > 1, 1t follows:

o wi € X* if and only if Sp(S = w1 =4 ... = wr_1 = wi) € Dyus N{SHE UX)*,
where K = {p(X = u)| X — u € P}.

e wi € XF implies ¢(p(57:>g Wy =g =y wi)) = wg, where ¢ is the quasi-trivial
homomorphism of (V UV UX UX)* onto T*.

Theorem 4 For every context-free grammar G = (V,X,5,P) we can determine a finite
subset K of words over the alphabet VUV UXUY such that L(G) = (Dsuy N{SHEU)*),
where v is the quasi-trivial homomorphism of (V UV UX U)* onto 2%, K = {p(X — u) |
X —u € P}, and
Xult if u =vw,v €V,
p(X = u)=1¢ Xultu ifueyr,
Xuls  ifu=ovwz,v € T wz € V(VUD)*.

We note that the above two statements does not hold in general if we consider the trivial
homomorphism instead of the quasi-trivial one. We finish with the following example.

Example 1 Let G = ({S,A,B,D,&,F},{C,I,P,T,a,f,g,i,l.n,0,r,stu'}, S, {§—

CongrAioBDo!, A — atulat,B — nEof F, D —t,E — sToPr, F — I}). Consider the left-

most derivation S = wy,... ,ws = we using the consecutive rules S — CongrAioBDo!,

A — atulat, B — n€ofF, E — sToPr, F — I1,D —t. Then we get p(S = w; = ... = ws

= wg) = SSloDBoi ArgnoC CongrAtalutaatiulatioBF foEnnrPoTssToProf FIIDtto!.
Therefore, P (p(S =¢ w1,... ,ws = we)) will have the following value:

Congratulations To Prof Ito!

4 Concluding Remarks In this paper we studied a special form of homomorphic char-
acterization of the Chomsky-Schiitzenberger-Stanley type for context-free languages. First
we obtained special forms for context-free grammars given in Greibach normal form or
Chomsky normal form. Later we generalized our constructions to arbitrary context-free
grammars. Our results also show the following statement: For an alphabet ¥, an alphabet
A, a trivial homomorphism & : A* — ¥* and a Dyck language D over A can be determined
such that for every context-free language L over ¥, there can be found a singleton X and a
finite language K satisfying L = h(DNX K *). We note that we can also get this result in the
form L = h(D N K*X) considering rightmost derivation in our treatments. It is clear that
XK* is a minimal left linear language and that K*X is a minimal right linear language.
Moreover, by Theorem 3 we may assume that for every u € D N XK*, |u| = 3]y (u)| — 2.
This fact may be interesting in special applications.

It would be also interesting to extend our researches to larger classes of languages. For
example, we would like to get similar results for the class of indexed and linear indexed
languages. This is a challenging problem for the further researches.
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