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CHAOTIC ORDER AMONG MEANS OF POSITIVE OPERATORS

Josip Pe�cari�c and Jadranka Mi�ci�c

Received January 8, 2002

Abstract. M. Fujii and R. Nakamoto discuss the monotonity of the operator function

F (r) = ((1 � �)Ar + �Br)
1
r (r 2 R) for given A;B > 0 and � 2 [0; 1]. They

proved it under the usual operator order: F (r) � F (s) if 1 � r � s or 1 � s � 2r.

Furthermore, they proved it under the chaotic order: F (r) � F (s) if r < s and

consequently s � limr!0 F (r) = A }�B, where }� is the chaotic geometric mean

de�ned by A }�B := e(1��) logA+� logB.

The aim of this paper is to generalize the above mentioned as follows:

Let M
[r]

k
(A;w) := (

P
k

j=1
!j A

r

j)
1=r (r 2 Rnf0g) be weighted power mean of posi-

tive operators Aj , Sp(Aj) � [m;M ] (j = 1; : : : ; k), 0 < m < M and !j 2 R+,
P

k

j=1
!j = 1. Let M

[0]

k
(A;w) be the corresponding chaotic geometric mean. If r � s

then real constants �1 and �1 such that �2M
[s]

k
(A;w) �M

[r]

k
(A;w) � �1M

[s]

k
(A;w);

are determined, when r 62 h�1; 1i, r 6= 0 or s 62 h�1; 1i, s 6= 0. Furthermore, if

r � s then real constant � such that �M
[s]

k
(A;w) � M

[r]

k
(A;w) � M

[s]

k
(A;w); is

determined.

1 Introduction. Let B(H) be the C�-algebra of all bounded linear operators on a

Hilbert space H, B+(H) be the set of all positive operators of B(H) and Sp(A) be the

spectrum of the operator A. We denote by � the usual order among self-adjoint operator

on H (i.e. A � B if A�B 2 B+(H)). We denote by� the chaotic order among invertible

operators of B+(H) (i.e. for A;B > 0, A� B if logA � logB).

M. Fujii and R. Nakamoto [2] discuss the monotonity of the operator function F (r) =

((1 � �)Ar + �Br)
1
r (r 2 R) for given A;B > 0 and � 2 [0; 1]. They do it under the usual

operator order:

Lemma A (M.Fujii-R.Nakamoto). Let A;B > 0 and � 2 [0; 1] be given. Then the

operator function F (r) = ((1 � �)Ar + �Br)
1
r (r 2 R) is monotone increasing on [1;1i,

i.e. F (r) � F (s) if 1 � r � s. In addition F (r) � F (s) if 1 � s � 2r, and F (r) is not

monotone increasing on h0; 1] in general.

Next, they do it under the chaotic order:

Lemma B (M.Fujii-R.Nakamoto). The operator function F (r) is monotone in-

creasing under the chaotic order, i.e. F (r) � F (s) if r < s. In particular, s�limr!0 F (r) =

A }�B, where }� is the chaotic geometric mean de�ned by A }�B := e(1��) logA+� logB.

We consider the following weighted power means of positive operators (see [6, 4, 1]). Let

Aj 2 B+(H) with Sp(Aj ) � [m;M ], 0 < m < M , (j = 1; : : : ; k) and !j 2 R+ such that
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P
k

j=1 !j = 1. We de�ne

M
[r]

k
(A;w) :=

8>><
>>:

�P
k

j=1 !j A
r

j

�1=r
if r 2 Rnf0g;

exp
�Pk

j=1 !j logAj

�
if r = 0:

(1)

The limit

s� lim
r!0

M
[r]

k
(A;w) =M

[0]

k
(A;w)

exists (see [1] or Lemma 7) andM
[0]

k
(A;w) reduces to the usual geometric mean in the case

of commuting operators. To remind, we de�ne usual geometric mean by G(A;w) := A
1=2

k�
A
�1=2

k
A
1=2

k�1 � � �
�
A
�1=2

3 A
1=2

2

�
A
�1=2

2 A1A
�1=2

2

�u1
A
1=2

2 A
�1=2

3

�u2
� � �A

1=2

k�1A
�1=2

k

�uk�1

A
1=2

k

where uj = 1� !j+1=
P

j+1

l=1 !l (j = 1; : : : ; k � 1).

The aim of this paper is to generalize the above results of Fujii-Nakamoto as follows:

We shall determine real constants �1 and �1 such that

�2M
[s]

k
(A;w) �M

[r]

k
(A;w) � �1M

[s]

k
(A;w);

holds if r � s, r 62 h�1; 1i, r 6= 0 or s 62 h�1; 1i, s 6= 0.

Furthermore, we shall determine real constant � such that

�M
[s]

k
(A;w) �M

[r]

k
(A;w)�M

[s]

k
(A;w);

holds if r � s.

2 The usual operator order among means. In this section we discuss the usual

operator order among power means (1) when r 2 Rnf0g.

Theorem 1. Let Aj 2 B+(H) with Sp(Aj ) � [m;M ], 0 < m <M , (j = 1; : : : ; k) and

!j 2 R+ such that
Pk

j=1 !j = 1. If r; s 2 R, r � s, then

�2M
[s]

k
(A;w) �M

[r]

k
(A;w) � �1M

[s]

k
(A;w);(2)

where

�2 = � if (vi); �1 =

�
1 if (i) or (ii) or (iii);

��1 if (iv) or (v);

and

� =

�
r(�s � �r)

(s � r)(�r � 1)

�� 1
s

�
s(�r � �s)

(r � s)(�s � 1)

� 1
r

; � =
M

m
:

Here we denote intervals from (i) to (vi) as on the Table 1 (see Figure 1).

Remark 2. B. Mond and J. Pe�cari�c [6, 4] proved the following inequalities

M
[r]

k
(A;w) �M

[s]

k
(A;w) if (i) or (ii) or (iii);

M
[s]

k
(A;w) � ��1M

[r]

k
(A;w) if (vi):
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(i) s � r; s 62 h�1; 1i; r 62 h�1; 1i;
(ii) s � 1 � r � 1=2;

(iii) r � �1 � s � �1=2;
(iv) s � 1; �1 < r < 1=2; r 6= 0;

(v) r � �1; �1=2 < s < 1; s 6= 0;

(vi) s > r; s 62 h�1; 1i; r 6= 0 or r 62 h�1; 1i; s 6= 0:

Table 1: Intervals from (i) to (vi)

6

-
r

s

1

2
1�1

1

�
1

2

�1

�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�

(i)(i) (iv)(iv) (ii)

(i)

(iii)

(v)

(v)

Figure 1

For the proof of Theorem 1 we need some results. If Jensen's inequality and Mond-

Pe�cari�c method applied, then the following two theorems hold:

Theorem J ([6, Theorem 1]). Let J � R be an interval. Let Aj 2 B+(H) with

Sp(Aj) � J (j = 1; : : : ; k) and !j 2 R+ such that
P

k

j=1 !j = 1. If f is a operator convex
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function on J , then

f

0
@ kX
j=1

!jAj

1
A �

kX
j=1

!jf(Aj ):(3)

Theorem MP ([5, Theorem 5]). Let Aj 2 B+(H) with Sp(Aj ) � [m;M ], 0 < m <

M , (j = 1; : : : ; k) and !j 2 R+ such that
P

k

j=1 !j = 1. Let f be a strictly convex twice

di�erentiable function on [m;M ]. Suppose in addition that either of the following conditions

holds (i) f > 0 on [m;M ] or (ii) f < 0 on [m;M ]. Then the following inequality

kX
j=1

!jf(Aj ) � �f

0
@ kX

j=1

!jAj

1
A ;(4)

holds for some � > 1 in case (i) or 0 < � < 1 in case (ii).

More precisely, a value of � for (4) may be determined as follows: Let �f = (f(M) �
f(m))=(M �m). If �f = 0, let t = to be the unique solution of the equation f 0(t) = 0 (m <

to < M); then � = f(m)=f(to) suÆces for (4). If �f 6= 0, let t = to be the unique solution

of the equation �ff(t) � f 0(t) (f(m) + �f (t�m)) = 0; then � = �f=f
0(to) suÆces for (4).

Corollary 3. Let Aj 2 B+(H) with Sp(Aj ) � [m;M ], 0 < m < M , (j = 1; : : : ; k)

and !j 2 R+ such that
P

k

j=1 !j = 1. If p 2 R, then

�2

0
@ kX
j=1

!jAj

1
A
p

�

kX
j=1

!jA
p

j
� �1

0
@ kX
j=1

!jAj

1
A
p

(5)

with

�2 =

8>><
>>:

~��1 if p < �1 or p > 2;

1 if �1 � p < 0 or 1 � p � 2;
~� if 0 < p < 1;

�1 =

�
~� if p < 0 or p > 1;

1 if 0 < p � 1;

where

~� � C(m;M ; p) =
Mmp �mMp

(1� p)(M �m)

�
1� p

p

Mp �mp

Mmp �mMp

�p

=
�p � �

(p� 1)(� � 1)

�
(p� 1)(�p � 1)

p(�p � �)

�p
; � =

M

m
:

Remark 4. Note that

C(m;M ; p) :=
Mmp �mMp

(1� p)(M �m)

�
1� p

p

Mp �mp

Mmp �mMp

�p
(6)

is called Furuta's constant [7] when p > 0.
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Proof of Corollary 3. We �rst consider �1. If 0 < p � 1, then the function f(t) = tp

is operator concave and from the inequality (3) follows �1 = 1. But, if p < 0 or p > 1, then

the function f(t) = tp is strictly convex (and f > 0). From the inequality (4) follows:

t0 =
p

p� 1

mMp �Mmp

Mp �mp
and �1 =

mp + M
p
�m

p

M�m
(t0 �m)

t
p

0

= ~�:

Next, we consider �2. If 0 < p < 1, then the function f(t) = tp is strictly concave and

it follows from inequality (4) that �2 = ~�. If �1 � p < 0 or 1 � p � 2, then the function

f(t) = tp is operator convex and from the inequality (3) follows �2 = 1. If p < �1 or p > 2,

then the function f(t) = tp is strictly convex. Similar to Mond-Mond-Pe�cari�c method, for

any s 2 [m;M ] we have gs(t) � f(s) + f 0(s)(t � s) � f(t) for all t 2 [m;M ]. Then the

following inequality holds (see [3, Remark 4.13]):

kX
j=1

!jf(Aj ) � �2 f

0
@ kX

j=1

!jAj

1
A with �2 = max

0�gs�f
min

m�t�M

gs(t)

f(t)
:

We choose s which is the unique solution of
gs(m)

f(m)
=

gs(M)

f(M)
. A simple calculation implies

�2 = ~��1:

Proof of Theorem 1. We prove this by a similar method as in [3, Theorem 5.7]. We

shall consider only the case when s 6= r.

Suppose that s � 1. If 0 < r < 1 then mr1H � Ar

j
� Mr1H (j = 1; : : : ; k) implies

mr1H �
Pk

j=1 !jA
r

j
� Mr1H . Putting p =

s

r
in Corollary 3 (for 1 < p � 2 or p > 2) and

replaced Aj by A
r

j
we have

0
@ kX
j=1

!jA
r

j

1
A
s=r

�

kX
j=1

!jA
s

j � C(mr;Mr ;
s

r
)

0
@ kX

j=1

!jA
r

j

1
A
s=r

if s=2 � r < 1 or

C(mr;Mr ;
s

r
)�1

0
@ kX

j=1

!jA
r

j

1
A
s=r

�

kX
j=1

!jA
s

j � C(mr;Mr ;
s

r
)

0
@ kX

j=1

!jA
r

j

1
A
s=r

if 0 < r < s=2, where

C(mr;Mr ;
s

r
) =

mr(Mr)
s

r �Mr(mr)
s

r

( s
r
� 1)(Mr �mr)

�
( s
r
� 1)((Mr )

s

r � (mr)
s

r )
s

r
(mr(Mr )

s

r �Mr(mr)
s

r )

� s

r

=
r(�s � �r)

(s � r)(�r � 1)

�
s(�r � �s)

(r � s)(�s � 1)

�� s

r

:

The function f(t) = t
1
s is operator increasing if s � 1 and it follows that

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

0
@ kX
j=1

!jA
s

j

1
A

1=s

� C(mr;Mr ;
s

r
)1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r
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if s=2 � r < 1 or

C(mr;Mr;
s

r
)�1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

0
@ kX
j=1

!jA
s

j

1
A

1=s

� C(mr;Mr ;
s

r
)1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r

if 0 < r < s=2, where C(mr;Mr ; s
r
)1=s =

n
r(�

s
��

r
)

(s�r)(�r�1)

o 1
s

n
s(�

r
��

s
)

(r�s)(�s�1)

o� 1
r

= ��1:

Furthermore, consider the case of s = 1. Then for 1 � 1=r � 2 we have�P
k

j=1 !jA
r

j

�1=r
�
P

k

j=1 !jAj ; so for s > 1 we have

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

kX
j=1

!jAj �

0
@ kX
j=1

!jA
s

j

1
A

1=s

� ��1

0
@ kX
j=1

!jA
r

j

1
A

1=r

if 1=2 � r < 1 or

�

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

kX
j=1

!jAj �

0
@ kX
j=1

!jA
s

j

1
A

1=s

� ��1

0
@ kX
j=1

!jA
r

j

1
A

1=r

if 0 < r < 1=2. Then we obtain desired inequalities for 1=2 � r < 1 or 0 < r < 1=2.

If r < 0 then Mr1H �
P

k

j=1 !jA
r

j
� mr1H and Corollary 3 (for �1 � p < 0 or p <

�1), with the fact that the function f(t) = t
1
s is operator increasing, gives

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

0
@ kX
j=1

!jA
s

j

1
A

1=s

� C(Mr;mr;
s

r
)1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r

if r � �s or

C(Mr ;mr;
s

r
)�1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

0
@ kX
j=1

!jA
s

j

1
A

1=s

� C(Mr ;mr;
s

r
)1=s

0
@ kX
j=1

!jA
r

j

1
A

1=r

if �s < r < 0, where C(Mr ;mr; s
r
)1=s =

n
r(��s���r)

(s�r)(��r�1)

o 1
s

n
s(��r���s)

(r�s)(��s�1)

o� 1
r

= ��1:

Therefore, similarly to above mentioned case s = 1 we have

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

kX
j=1

!jAj �

0
@ kX
j=1

!jA
s

j

1
A

1=s

� ��1

0
@ kX
j=1

!jA
r

j

1
A

1=r

if r � �1 or

�

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

kX
j=1

!jAj �

0
@ kX
j=1

!jA
s

j

1
A

1=s

� ��1

0
@ kX
j=1

!jA
r

j

1
A

1=r

if �1 < r < 0. Then we obtain desired inequalities for r � �1 or �1 < r < 0.
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Next, suppose that 1 � r < s. In this case we put p = r

s
. Then Corollary 3 (for

0 < p � 1), with the fact that the function f(t) = t
1
r is operator increasing, gives

C(ms;Ms;
r

s
)1=r

0
@ kX
j=1

!jA
s

j

1
A

1=s

�

0
@ kX
j=1

!jA
r

j

1
A

1=r

�

0
@ kX
j=1

!jA
s

j

1
A

1=s

;

where C(ms;Ms; r
s
)1=r = �:

Therefore, we obtain the desired results on the intervals (ii), (iv) and the part of (i) in

case s � 1 and r � s.

Secondly, suppose that s < 1. Then it follows that r � �1. Similarly, due to the mirror

re
ection direction s = �r, we obtain the desired results on the intervals (iii), (v) and the

part of (i) in case s < 1 and r � s.

3 The chaotic order among means. In this section we discuss the chaotic order

among power means (1).

Theorem 5. Let Aj 2 B+(H) with Sp(Aj ) � [m;M ], 0 < m <M , (j = 1; : : : ; k) and

!j 2 R+ such that
Pk

j=1 !j = 1. Denote � = M

m
. If r; s 2 R then

�(�; r; s)M
[s]

k
(A;w)�M

[r]

k
(A;w)�M

[s]

k
(A;w)(7)

where

�(�; r; s) =

8>>>><
>>>>:

n
r(�s��r)

(s�r)(�r�1)

o� 1
s

n
s(�r��s)

(r�s)(�s�1)

o 1
r

if r < s; r; s 6= 0;

�
e log �

p

�p�1

�

p

�p�1

� sign(p)

p

if r = 0 < s = p or r = p < s = 0:

(8)

Remark 6. Note that �(�; 0; 1)�1 �M�(1) :=
�

1
��1

e log �
1

��1

; (� = M

m
) is called Specht's

ratio and

�(�; 0; s)�s �M�(s) :=
�

s

�s�1

e log �
s

�s�1

(9)

is the generalized Specht's ratio [9, 8]. We remark that M�r (1) =M�(r).

Also, note that lims!0�(�; 0; s) = 1 by the Yamazaki-Yanagida result [9, Lemma 12]:

lims!0fM�(s)g
1
s = 1:

For the proof of Theorem 5 we need two more results.

Lemma 7. Let Aj 2 B+(H), Aj > 0 (j = 1; : : : ; k) and !j 2 R+ such thatPk

j=1 !j = 1. Then

s� lim
t!0

M
[t]

k
(A;w) =M

[0]

k
(A;w):
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Proof. This limit was discussed in [1] for !j = 1=k and proved in [2, Lemma 2] for

k = 2. As a matter of fact, applying the concavity of log-function and Krein's inequality

we have
kX

j=1

!j logAj �
1

t
log

0
@ kX
j=1

!jA
t

j

1
A!

kX
j=1

!j logAj (t! +0):

So s� limt!+0M
[t]

k
(A;w) =M

[0]

k
(A;w): Besides, for t > 0

M
[�t]

k
(A;w) =

2
64
0
@ kX
j=1

!j(A
�1
j
)t

1
A

1=t
3
75
�1

!

2
4exp

0
@ kX
j=1

!j log(A
�1
j
)

1
A
3
5
�1

=M
[0]

k
(A;w):

So s� limt!�0M
[t]

k
(A;w) =M

[0]

k
(A;w):

Lemma 8. Let M >m > 0 and �(�; r; s) be de�ned by (8). Then

lim
s!0

�(�; r; s) = �(�; r; 0) and lim
r!0

�(�; r; s) = �(�; 0; s):

For the proof of lemma 8 we need the following Yamazaki-Yanagida result [9, Proposition

14].

Lemma C (T.Yamazaki-M.Yanagida). Let C(m;M ; p) and M�(p) be de�ned by

(6) and (9), respectively. Then for p > 0 and M > m > 0,

lim
Æ!+0

C(mÆ;MÆ ;
p

Æ
) =M�(p);

where � = M

m
> 1.

Proof of Lemma 8. We have the the �rst limit putting Æ = s and p = r in Lemma C

and applying the following relations:

C(ms;Ms;
r

s
)
1
r = �(�; r; s) if s > 0; C(Ms;ms;

r

s
) = C(ms;Ms;

r

s
) if s < 0;

and

M�(r)
1
r = �(�; r; 0):

Similarly, we obtain the second limit.

Proof of Theorem 5. We �rst show that for r; s 2 R n f0g, r < s,

log
�
�(�; r; s)M

[s]

k
(A;w)

�
� logM

[r]

k
(A;w) � logM

[s]

k
(A;w):

We assume 0 < r < s. Then m1H � Aj � M1H (j = 1; : : : ; k) implies ms1H �P
k

j=1 !jA
s

j
�Ms1H. Putting p =

r

s
(0 < p < 1) in Corollary 3 and replaced Aj by A

s

j
, we

have

C(ms;Ms;
r

s
)

0
@ kX

j=1

!jA
s

j

1
A
r=s

�

kX
j=1

!jA
r

j
�

0
@ kX
j=1

!jA
s

j

1
A
r=s

;
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where

C(ms;Ms;
r

s
) =

s(�r � �s)

(r � s)(�s � 1)

�
r(�s � �r)

(s � r)(�r � 1)

�� r

s

:

As the function f(t) = log t is operator monotone on h0;1i we have

r log

0
B@C(ms;Ms;

r

s
)1=r

0
@ kX
j=1

!jA
s

j

1
A

1=s
1
CA � log

0
@ kX

j=1

!jA
r

j

1
A � r log

0
@ kX
j=1

!jA
s

j

1
A

1=s

and so

log
�
C(ms;Ms;

r

s
)1=rM

[s]

k
(A;w)

�
� logM

[r]

k
(A;w) � logM

[s]

k
(A;w);(10)

where C(ms;Ms; r
s
)1=r = �(�; r; s):

Next, we assume r < s < 0. Then Mr1H � Ar

j
� mr1H , (j = 1; : : : ; k) and so

Mr1H �
P

k

j=1 !jA
r

j
� mr1H. Putting p =

s

r
(0 < p < 1) in Corollary 3 and replaced Aj

by Ar

j
, we have

C(Mr;mr;
s

r
)

0
@ kX

j=1

!jA
r

j

1
A
s=r

�

kX
j=1

!jA
s

j �

0
@ kX
j=1

!jA
r

j

1
A
s=r

;

and so

log
�
C(Mr ;mr;

s

r
)1=sM

[r]

k
(A;w)

�
� logM

[s]

k
(A;w) � logM

[r]

k
(A;w);(11)

where C(Mr ;mr; s
r
)1=s = �(�; r; s)�1:

Next, we assume r < 0 < s. If 0 < �r < s or 0 < s < �r, we put p = r

s
or p = s

r
in

Corollary 3 (�1 � p < 0), respectively. Then we have

0
@ kX
j=1

!jA
s

j

1
A
r=s

�

kX
j=1

!jA
r

j
� C(ms;Ms;

r

s
)

0
@ kX

j=1

!jA
s

j

1
A
r=s

or 0
@ kX
j=1

!jA
r

j

1
A
s=r

�

kX
j=1

!jA
s

j � C(Mr ;mr;
s

r
)

0
@ kX
j=1

!jA
r

j

1
A
s=r

:

So

logM
[s]

k
(A;w) � logM

[r]

k
(A;w) � log

�
C(ms;Ms;

r

s
)1=rM

[s]

k
(A;w)

�
;(12)

with C(ms;Ms; r
s
)1=r = �(�; r; s), or

logM
[r]

k
(A;w) � logM

[s]

k
(A;w) � log

�
C(Mr;mr;

s

r
)1=sM

[r]

k
(A;w)

�
;(13)

with C(Mr;mr; s
r
)1=s = �(�; r; s)�1. Then the inequality (7) holds when r < s; r; s 6= 0:

In the end, if r ! 0 in (10) and (12), then

�(�; 0; s) M
[s]

k
(A;w) �M

[0]

k
(A;w) �M

[s]

k
(A;w)
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by Lemma 8 and Lemma 7. Similarly, if s! 0 in (11) and (13), then

M
[0]

k
(A;w)� �(�; r; 0)�1 M

[r]

k
(A;w) � �(�; r; 0)�1 M

[0]

k
(A;w):

Then the inequality (7) holds when r = 0 < s or r < s = 0:

Remark 9. If we put r = 0 and s = 1 in Theorem 5, then we have the following

inequality between arithmetic mean and geometric mean:

exp

0
@ kX
j=1

!j logAj

1
A�

kX
j=1

!j Aj �
�

1
��1

e log �
1

��1

exp

0
@ kX
j=1

!j logAj

1
A :
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