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ABSTRACT. We show that two point G -Hermite quadratic and T-cubic spline interpo-
lations to a smooth spiral are spirals if the interpolation points are taken close enough.
The use of spirals gives the designer an excellent and speedy control over the shape
of curve that is produced because there are no internal curvature maxima, curvature
minima, inflection points, loops and cusps in a spiral segment.

1 Introduction Smooth curve representation is required for visualization of the scien-
tific data. Smoothness is one of the most important requirements for the visual pleasing
display. Fair curves are also important in computer-aided design (CAD) and computer-
aided geometric design (CAGD). Cubic splines, although smoother, are not always helpful
since they might have unwanted inflection points and singularities (see [4], [5]). Spirals
are visually pleasing curves of monotone curvature; and they have the advantage of not
containing curvature maxima, curvatue minima, inflection points and singularities. Many
authors have advocated their use in the design of fair curves (see [1]). These spirals are
desirable for applications such as the design of highway or railway routes and trajectories
of mobile robots. The benefit of using such curves in the design of surfaces, in particular
surfaces of revolution and swept surfaces, is the control of unwanted flat spots and undu-
lations (see [8]). Some advantages of spirals are that they are parametric curves, the arc
length can be expressed as a polynomial function of the parameter, the curvature can be
expressed as a rational function of the parameter and the offset curve is a rational function
of the parameter. These last three properties result from the fact that the T-cubic (the
Tschirnhausen cubic) has a Pythagorean hodograph and can be expressed as cubic NURBS
for compatibility with existing computer aided design software. Meek & Walton has consid-
ered two-point Hermite interpolating spirals by joining T-cubic spirals and/or arc/T-cubic
spirals (see [2]). The T-cubic spline has a simple representation for treatment of its curva-
ture while the numerator of the derivative of the curvature is quintic and difficult to treat
even for the cubic curve.

If a smooth curve is a spiral, it is desirable that its approximation also be a spiral. Meek
& Walton([3]) have considered two-point G' Hermite biarc approximation (interpolation)
to the smooth planar spiral. The biarc spline composed of two circular arcs joined in a G!
manner passes from one given point to another such that its unit tangent vector matches
given unit tangent vectors at two points. Their results are as follows:

(1) If the interpolation points on the spiral are taken close enough, the biarc spline produced
from joining biarcs is a spiral.
(2) The accuracy of the biarc spline approximation to the spiral is Q(h®) where h is the arc
length of the spiral between the two interpolation points.
(3) The accuracy of the curvature approximation is O(h).

The object of this note is to derive the similar results for quadratic and T-cubic splines
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under the same assumption:

(a) If the interpolation points on the smooth spiral are close enough, the quadratic spline
and the T-cubic spline through the two points matching the two unit tangent vectors at
those points are spirals.

(b) The accuracy of their approximations to the spiral is O(h?).

(¢) The accuracy of their curvature approximations is O(h?).

Y

Figure 1: T-cubic spiral interpolating G' Hermite data taken from a spiral.

As in [3], let the spiral be

t ‘
cos(u) " sin(u)
(1) (0= et = | [ i, [ ) (20
o 2]

where t is the angle of the tangent vector with respect to the z- axis, and £ (= 1/w) is a
smooth non-negative and strictly monotone curvature of the spiral. Assume that the part of
the spiral to be approximated is the part from A = s(a) to B = s(b) (0 < a < b). Sections
2 and 3 deal with G' spiral (quadratic, T-cubic and cubic spline) approximations to the
spiral. At the end of Section 3, we show that the usual cubic spline Hermite interpolation
to the spiral is a spiral. We presented some examples of spiral approximations in Section 4.
At the end, there is an Appendix of Mathematica's program for (26) and (27) in Section
5.
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2 Quadratic spline approximation Consider a quadratic spline z2(¢)(= (z(¢),y(¢)))
of the form:

2(t) = uo(l —t)* + 2ut(1 — t) + ust?
(2)
y(t) = vo(1 — t)> 4+ 201t(1 — t) + vat®

Match the unit tangent vectors at A and B to give

2ug + 1o cosa = 2ug — 1y cos b(= 2uy)

(3)

209 4+ rosina = 2vy — rq sinb(= 2vy)

Conditions: z2(a)(= (ug,vq)) = s(a) and z2(b)(= (uz,v2)) = s(b) determine (rg,r) as:
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Figure 2: Quadratic spline approximation (thin mode) of spiral (thick mode) from (1).
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Figure 3: Graph of ka(t) — k(a(l —t) 4 bt) (left) and k5 (¢) (right) where 0 < ¢ < 1.

b b
2 2

(4) ro = sin(b—a)/w(u) sin (b — u)du,ry = m /w(u) sin (v — a)du

a@ @

Note that the curvature k9 of the quadratic spline 29 is equal to

(=" x2")(t) _ rory sin (b — a)
O ) T TR0 R 2rrit(L— t)cos (a + 5}

(5)  ralt) (‘
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where 7 x”

and ||e]| mean the cross product of the two vectors and the Euclidean norm,
respectively. Note that the quadratic function of the denominator of k2 has its minimum

at t = t,,:

ro{ro —ricos(b—a)}
13+ 12 — 2rgry cos (b — a)

(6) tm =

to obtain the spiral conditions: ¢, < 0 (< the monotone decreasing curvature) and ¢, > 1
(&the monotone increasing curvature) from which follows the spiral condition

(7) rpcos(b—a)>rg or rgcos(b—a)>r

Let (a,b) = (¢ — d/2,c+ d/2),d > 0 and ¢; = w'(c)(the i-th derivative of w(t) at t = ¢) to
obtain

le]2

d?
(8) ro = cod — Cl6 FO(d®), 11 = cod+ 2 1+ O(d)
Since with ¢; = —«'(¢)/k?(c)
2 2
9 ricos(b—a —rozcld +O(d®), rocos(b—a —rlz—cld + O(d?),
3 ) 3

the spiral condition (7) is valid for small d. In addition, we have the following asymptotic
expansions, the proof of (b) and (c):

@0l = sttt =0+ 0 = { 2 deoscusine) + o)
(10)
(i) walt) — wla(l =)+ bt) = {3( ~ 3c0){1 ~ 6 ;66%2) —dei(1 =8t 31 } e
-I-O(d3)
VVheI'e we note
b
(11) h= /w(u)du =cod+ O(d*), ie., d=O0(h)

a

3 T-cubic spline approximation We consider the following T-cubic spline z3(t)(=
(z(t),y(t))) as

(12) A= (u(t)? — ot 2u(tp(t))) (0<t<1)

with

, b
u(t) = ro(l —t) cos % + 11t cos 3 (ro,m1 > 0)

b
v(t) =7ro(l —1¢)sin % + ritsin 3

From (1) and (12), it is easy to check that the T-cubic spline matches the unit tangent
vectors of the spiral at A and B as

(14) 24(0) = s'(a)(= ra(cosa,sina)), 25(1) = s'(b)(= ri(cosb,sinb))
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Figure 4: T-cubic spline approximation (thin mode) of spiral (thick mode) from (1).
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Figure 5: Graph of k3(t) — k(a(l —t) 4 bt) (left) and k5(¢) (right) where 0 < ¢ < 1.

Then, the curvature x3 of the T-cubic spline z3 is equal to

b—a

2

{r%(l — )2+ r%tQ + 2rgrit(1 — t) cos b_TH}Z

2rory sin

(1) ra(t) =

Note that the quadratic function of the denominator of the above curvature has its minimum
at t =1t,,:

1o = lro = ricos 5

2 2«
rg +r] — 2rgry cos

b—a

2

to obtain the spiral conditions: ¢, < 0 (& the monotone decreasing curvature of the T-

cubic spline) and t,,, > 1 (& the monotone increasing curvature of the T-cubic spline) from

which follows the spiral condition ([2]):

b—a S b—a
S 2To Or Trycos—

Z Z

(17) T1 COS >y

Conditions s(a) = z3(a) and s(b) = z3(b) give a quadratic system of equations in (rg,ry):

2 ‘ .
ro Cosa + rory cos

b
b 412 cosh = Ag :3/w(u)cosudu

2 . . .
ro Sina + rory sin

b
b .
5 +risinb = Ay :3/w(u)sinudu



112 7. HABIB and M.SAKAI

Letting r1 = mrg, from above

AO Al 2

(18) = (=15)
cosa + m cos L2+ m2 cosh sin a + m sin “';b—&—mz sinb

Define the positive two quantities p,r and one more ¢ that is positive or negative according
to the monotone decreasing or increasing curvature s of the spiral::

b

(19) p= / () sin(b — w)du, g = /bw(u)sin (u ¢ ; b) du,r = /bw(u)sin(u —a)du

a a a

to obtain (if necessary, with help of Mathematica)

2 nr . 2 72
(20) A e Vgp-l-élpr (- 14 ad | cd —|—O(d3)>

4deo 320%

Then, (18) gives

. d? d? .
(21) r2=cod — 2 4 O(d?), 12 =cod+ > (d*)
from which we get
(22) o] cosbia —rg = crdz —I—O(d%), o cosb_a —ry = C1d2 O(d%)

2 4./co 2 i

Hence, the spiral condition (17) is valid for small d. This completes the proof of (a).
Mathematica helps us give the asymptotic expansions, i.e., the proof of (b) and (c¢) as

() za(t) — sla(l — ) +bt) = {Cl’f(z—f)} (cos e.sine) + O(d)
(23)
(1)) ms(t) —r(a(l —t) + bt) = {
+O(d?)

deg(eg — co)(1 — 6t 4 6t2) — c2(5 — 18t + 18t%) ] ,
d
4803

The following results are not for the T-cubic spline but the usual cubic spline having
two more degrees of freedom. Consider the general cubic spline z(¢)(= (z(t),y(¢))) of the
form:

z(t) = uo(l —t)® + 3urt(l —t)* 4 Suat?(1 — t) + ust®
(24)
y(t) = vo(1 —1)® 4+ 3vit(1 — )% + Bvat? (1 — t) + vt®

Now, require the following Hermite interpolation conditions

(25) 2(0) = sa), =(1) = s(b); 2'(0) = (b a)s'(a), (1) = (b — a)<'(})

Then, note that all parameters u;,v;,0 < i < 3 are uniquely determined. Lettmg (ro,r1)
d(u(a) w(b)), then Mathematica greatly helps us show for the curvature k(t) = N(¢)//D
of the cubic spline z(¢)

(26) N'()D(t) — SN(1)D'(1)/2 = —Eerd® + O(dT),  D(t) = Ad? + O(d®)
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Figure 6: Usual cubic spline approximation (thin mode) of spiral (thick mode) from (1).
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Figure 7: Graph of k(t) — k(a(l —t) + bt) (left) and k'(t) (right) where 0 <¢ < 1.

from which follows

(27) K'(t) = —cl—z,d +O(d*)

€o

To obtain the first expansion of (26), one should calculate the coefficients of #/,0 < i <5
separately. Now, (27) implies that the cubic spline interpolation satisfying (25) is a spiral
if the interpolation points on the smooth spiral are close enough. In addition,

(1) z(t) — s(a(l —t) 4 bt) = {clt(;l_t)} d*{(co — 3¢2)(sin ¢, cos ¢)
+(c5 — 3¢1)(cos e, —sine)} + O(dS)
(28)
(CO — 3(:2)(1 — 6f + 6f2)

1203

(11) E(t) —k(a(l —t)+bt) = { } d* 4+ 0(d*)

Note that no useful sufficient spiral conditions for the usual cubic spline except the T-
cubic one have ever derived since the numerator N'(¢)D(t) — 3N (¢)D'(t) of £'(t) is a very
complicated quintic polynomial whose real roots must be outside [0, 1].

4 Demonstration and Analysis For all examples in figures 2-7, we take a = 1,0 = 1.8
and w(t) = e*'. Spiral from (1) is sketched in thick mode to compare it with the spiral
approximations of quadratic and cubic splines from section 2 and 3 respectively. One can see
that T-cubic spline approximation in figure 4 is the best approximation. Its accuracy can
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be seen in its curvature and derivative of curvature approximations in figure 5. Quadratic
spline approximation in figure 2 is also reasonable but usual cubic spline case in figure 6 is
poor. Curvature and derivative of curvature approximations of quadratic and usual cubic
splines are given in figures 3 and 7 respectively.

We conclude that two point Hermite quadratic and T-cubic splines interpolations to a
smooth spiral are also spirals. Fair curves can be designed interactively using quadratic
and T-cubic splines. Due to simple algorithm, these spirals can be easily achieved and then
implemented. Our future work directions are to revise this paper for G? case and investigate
the existence and uniqueness of Pythagorean hodograph quintic spiral (see [6],[7],[8]) in a
simple way and develop efficient algorithm for implementation.

5 Appendix Here is Mathematica's program code for (26) and (27).

ul = (3u0 + r0 Coslal)/3; vl = (3v0 + r0 Sinl[al)/3;

u2 (3u3 - rl1 Cos[bl)/3; v2 (3v3 - r1 Sin[bl)/3;

x[t_] :=u0(l - t)°3 + 3ul t(1 - £)°2 + 3u2 t°2(1 - t) + u3 t°3

y[t_] vO(1 - £)°3 + 3vl t(1 - £)72 + 3v2 t72(1 - t) + v3 t°3

Nnl[t_] := DID[y[t], t1, tID[x[t], t] - DID[x[t], t], tID[yl[t], t]

Dd[t_] := D[x[t], t1-2 + D[y[t], t]1-2

R[t_] D[Nn[t], t1Dd[t] - 3Nn[tID[DA[t], t1/2

u0 = Integratel[Cos[slwls], {s, 0, a}]; vO = Integratel[Sin[slwls], {s, 0, a}];
u3 Integrate[Cos[slwls], {s, 0, b}]; v3 Integrate[Sin[slw[s], {s, 0, b}];
a=c-d/2; b=c+ d/2; r0 = d wlal; rl d wlbl;

eql = Simplify[Series[R[t], {d, 0, 6}]]

eq2 = Simplify[Series[Dd[t], {d, 0, 2}]]

Simplify[Together[eql/eq2”(5/2)]]

—cderdS 4+ O(d™)
Ed* + O(d)
— 9+ 0(d%)
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