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CHARACTERIZATIONS OF PSEUDO-BCK ALGEBRAS
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ABSTRACT. A characterization of a pseudo-BCK algebra is provided. Some properties
of a pseudo-BC K algebra are investigated. Conditions for a pseudo-BC' K algebra to be
A-semi-lattice ordered (resp. N-semi-lattice ordered) are given.

1. INTRODUCTION

The study of BC K-algebras was initiated by K. Iséki in 1966 as a generalization of
the concept of set-theoretic difference and propositional calculus. G. Georgescu and A.
Torgulescu [1] introduced the notion of a pseudo-BCK algebra as an extension of BC K-
algebra. In this paper, we give a characterization of pseudo-BC K algebra, and investigate
some properties. We provide conditions for a pseudo-BC K algebra to be A-semi-lattice
ordered (resp. N-semi-lattice ordered).

2. PRELIMINARIES

For further details of BC K -algebras we refer to [3]. The notion of pseudo-BC K algebras
is introduced by Georgescu and Iorgulescu [1] as follows:

Definition 2.1. A pseudo-BCK algebra is a structure X = (X, <,*,0,0), where “<” is a
binary relation on X, “¥” and “¢” are binary operations on X and “0” is an element of X,
verifying the axioms: for all z,y,z € X,

(al) (z*xy)o(rx2)<zxy, (zoy)x(voz)<zoy,
(a2) ax(voy) <y, xo(vxy) <y,

(a3) @ <,

(ad) 0<

(ab) v <y, y<a= 2=y,

(a6) r<y<=zxy=0<= zoy=0.

Remark 2.2. ([1, Remark 1.2]) If X is a pseudo-BC'K algebra satisfying v «y = v oy for
all 2,y € X, then X is a BCK- algebra.

In a pseudo-BC K algebra we have (see [1])

(pl) <y = z*y<zxz, zoy<zoux.
(p2) <y, y<z=z <z

(p3) (+y)oz=(zoz)*y.

(pd) zxy<z<= z0z<y.

(p5) zxy <=z, zoy<u.

(p6) 20 =2 =z0.

(p7) z<y=az*x2<yx*z, zoz<yoz
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(p8) = Ay (and y A x) is a lower bound for {x,y}, where s Ay :=yo(y*a) (and y Aa :=
zo(x*y)).
(p9) Ny (and y N x) is a lower bound for {z,y} where x Ny :=y* (yox) (and yNa :=
z* (z oy)).
Definition 2.3. ([1, Definition 1.2]) We say that the pseudo-BCK algebra X is
o A-semi-lattice ordered if x Ay =y Ax for all x,y € X, that is, it satisfies the equality:
yo(yxz)=xo(xx*y), Yo,y € X,
o N-semi-lattice ordered if Ny = yNua for all o,y € X, that is, it satisfies the equality:
yx(yoa)=ax*(xvoy), Yo,y € X,

o inf-semi-lattice ordered if it is both A-semi-lattice ordered and N-semi-lattice ordered.

3. CHARACTERIZATIONS OF PSEUDO-BC K ALGEBRAS

For any element x of a pseudo-BCK algebra X, the initial section of x is defined to be
the set

le={yeX|y<a}
Proposition 3.1. Let X be a pseudo-BCK algebra. For any z,y € X, we have
Heny) Cle 0y and zny) Cle 0y

Proof. If z € [(x A y), then z < x Ay. Since z Ay is a lower bound for {z,y}, it follows
from (ab) that z < z and z < y so that z € |z and z € |y, that is, z € |z N |y. Let
w € [z Ny). Then w <z Ny. Since z Ny is a lower bound for {z,y}, it follows from (a5)
that w < 2 and w < y. Hence w € |o and w € ly, and thus w € |& N Jy. This completes
the proof. O
Lemma 3.2. ([1, Proposition 1.15]) Let X be a pseudo-BCK algebra.

(1) If X is A-semi-lattice ordered, then x Ny is the g.l.b. of {x,y} for all z,y € X.

(i1) If X is N-semi-lattice ordered, then x Ny is the g.l.b. of {z,y} for all v,y € X.

Proposition 3.3. Let X be a pseudo-BCK algebra. If X is N-semi-lattice ordered, then
HrxAy)=lz 0y

Proof. Let z € lx N Jy. Then z < z and z < y. Hence z < & Ay since x Ay is the g.1.h. of
{z,y} by Lemma 3.2. This implies z € [(z Ay). Thus |x N Jy C Yz Ay). Since the reverse
inclusion is by Proposition 3.1, we conclude that [(z Ay) = |z N Jy. O

Proposition 3.4. Let X be a pseudo-BCK algebra such that
e Ay)=lx N Jy forall a,y € X.
Then X 1s A-semi-lattice ordered.

Proof. For any x,y € X, we have

Heny)=le nly =Jy Nle =UzAy).
Hence z Ay € [(yAx)and y Az € [(x Ay). Therefore e Ay <yAzandyAz <zAy. It
follows from (a5) that @ A y = y A . This completes the proof. O
Proposition 3.5. Let X be a pseudo-BCK algebra which is N-semi-lattice ordered. Then
Heny)=lz 0 ly.

Proof. Let w € | N Jy. Then w < z and w < y. Since 2Ny is the g.L.b. of {z,y}, we have
w < Ny, that is, w € [( Ny). Hence |z N Jy C Yz Ny). This completes the proof. O
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Proposition 3.6. Let X be a pseudo-BCK algebra. If X satisfies the equality
Hzny)=lr N Jy forall z,y € X,

then X is N-semi-lattice ordered.

Proof. Let x,y € X. Then [(2Ny) =l N ly=ly N Jo = YyNz), andsoxNy € YyNz)
and yNa € [(zNy). Hence z Ny < yNa and yNa < xNy. Using (ad), we get Ny = yNa.
Consequently, X is N-semi-lattice ordered. O

Proposition 3.7. In any pseudo-BC K algebra we have
zk(yAz)=xzxy and zo(yNz)=zoy.

Proof. Note that z % (y Az) = x * (:1: o(x * y)) <z #y by (a2). Since y A x < y, it follows
from (pl) that z xy < z * (y A ). Hence, by (ab), we have = x (y A ) = = * y. Now using
(a2), we obtain

zo(yNa) :xo(x*(xoy)) < zoy.
The inequality y Nz < y and the condition (pl) imply = ¢y < z ¢ (y N ). Therefore
zoy=uxo(yNa) by (ad). This completes the proof. O

We now provide a characterization of a pseudo-BC K algebra.

Theorem 3.8. A structure X = (X, <,*,0,0) is a pseudo-BCK algebra if and only if it
satisfies (al), (ab), (ab) and

(bl) 2+ (0ocy)=x=z0(0*y).

Proof. Assume that X is a pseudo-BCK algebra. Then 2+ (0oy) <z and z o (0 xy) < z.
Now z o (x* (Ooy)) < 0oy =0 and x % (;Eo(O*y)) < 0%y = 0, which imply that
:co(:c*(()oy)) =0 and z * (:co(O*y)) =0, that is, v < z*(0oy) and v < zo(0#*y). Hence,
by (a5), we conclude that z % (0 oy) = 2 = z ¢ (0 % y). Conversely, let X = (X, <, *,¢,0)
be a structure satisfying (al), (a5), (a6) and (bl). Putting *+ = z = 0 in (al), we have
(0xy)o(0*x0)<0xyand (0oy)*(000) <0oy. It follows from (a6) and (b1) that

0=((0%y)o(0%0)) o (0xy)=(0xy)o(0%0) =0xy (3.1)
and
0=((00y)*(000))*(0oy)=(0oy)*(000) =00y (3.2)
so from (a6) that 0 < y. Combining (3.1), (3.2) and (bl) implies
rol=zo(0xy)=z=w*(00cy)=x=0. (3.3)

Substituting 0 for y and z in (al) and using (3.1), (3.2) and (3.3), we obtain
zorx=(rx0)o(z+x0)<0x0=0

and
zxz=(x00)*(z00)<060=0.
Since 0 < z for all « € X, it follows from (a6) that z ¢ = 0 = « * z, that is, z < z.
Replacing y by 0 in (al) and using (3.3), we get
ro(rxz)=(r*0)o(zxz)<zx0=2z2
and
rzx(zoz)=(xo0)*(zoz)<zo0=2z

Hence the structure X is a pseudo-BCK algebra. |

Proposition 3.9. In any pseudo-BCK algebra X, we have
(b2) (yAz)o(y=x) §x<>(x*(xAy)).
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(b3) (yNna)*(yox) <zx(xo(xNy)).
Proof. (b2) For any z,y € X, we have
((y/\;L) (y*f)) * (xo(x*(fAy)))
(( x*y (y*l))*(xo( (yo(y*x))))
((x * *(yo(y*a))))o(xxy))oy*z)
((x y*iﬂ))) (I*y)) o(y*w)
(y*(yo(y*z))o(y*a)
(y * ) (U *x) = 0.
It follows from (a4) and (a5) that
(yAz)o(y*xa))*(zo(zx(zAy))) =0,
that is, (y Az) o (y*a) <o (zx(xAy)).
(b3) Let x,y € X. Then
((yﬂa:)*(yox))o(:c*(xo(xﬁy)))
((x * (g:oy)) * (yoa)) o (@ * (xo(y*(yo:c))))
((x oy *(yow)))*(xoy))*(you)
((x y”)))*(fwy))*(yw‘)
( (y o x)) *(y o)
(y o ) (y ox)=0.
Since 0 < z for all # € X, it follows from (ab) that
(ynaz)+(yox))o(zx(zo(ny)) =0
sothat (yNa)*(yox) <a=x (x o(xnN y)) This completes the proof. O
Definition 3.10. A pseudo-BCK algebra X is said to be positive implicative if it satisfies

(a7) (w*z)o(y*z)=(xoy)*2 Va,y,2z € X,
(a8) (woz)*(yoz)=(xxy)oz Va,y,z € X,

Proposition 3.11. If X s a positive implicative pseudo-BCK algebra, then x xy = x oy
for allz,y € X.
Proof. For any z,y € X, we have
zxy = (zry)ol0=(zxy)o(y*xy)=
= (zry)oy=(roy)*(yoy)=
which completes the proof. O

y
x0=zoy,

Note from Remark 2.2 and Proposition 3.11 that every positive implicative pseudo-BC' K
algebra is a positive implicative BC K -algebra. That is, there is no positive implicative
pseudo- BC' K algebras which are not positive implicative BC K -algebras.

Proposition 3.12. If X is a pseudo-BCK algebra satisfying the following implication
<y = x=aAy (resp. x = Ny), (3.4)
then X is A-semi-lattice ordered (resp. N-semi-lattice ordered).
Proof. Since x Ay < x for all z,y € X, it follows from (3.4) that @ Ay = (¢ A y) A x, that
is,yo(y*a)=ax0 (az * (y o (y * ;L))) so from (p3), Proposition 3.7 and (al) that
(yoly*a))x(zo(zxy) = (9«"0( w(yo(y*x)))) = (zo(x*y))
(zo(xxy))) o (zx(yo(y*a)))

(z *
((x*y) oz *(yo(y*ua)))

yol(y*z))*y=0.

IA
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Hence y o (y* z) < x o (z *y) by (ad) and (ab). Since z and y are arbitrarily, we get
yo(y*xxz)=uao(x=*y)forall z,y € X. Therefore X is A-semi-lattice ordered. Next, note
that z Ny < x for all z,y € X. Hence, by (3.4), we have t Ny = (z Ny) N, that is,
y*(yox) == (L o(y = (yow))). It follows that

(y*<y<>:ﬂ))<>(l‘*(:1;<>y)) = ( ( ( y<>¢ )0(¢* =L<>y)

= (vo(x (wy) ) ( o (y*(y o))
(zoy)*(zo o))
(y*(yo;v)) <>y— 0
so that y * (y ox) < a * (2 oy). The reverse inequality is also valid, because x and y are
arbitrarily. Hence y # (y o ) = & * (z o y), that is, X is N-semi-lattice ordered. O

IA

Corollary 3.13. If X us a pseudo-BCK algebra satisfying the following implication
r<y = crAhy=xz=x0Ny, (3.5)

then X s inf-semi-lattice ordered.

Proposition 3.14. If a pseudo-BCK algebra X 1s N-semi-lattice ordered, then
r<z,zxy<zxr = x < y.

Proof. Let z,y,z € X be such that + < z and z %y < z*2. Then z * 2z = 0 and
(zxy)o(zx2x)=0,and so

= (zo(z*x))*y:(z*y)o(z*x):().

Hence = <y, ending the proof. O
Proposition 3.15. If a pseudo-BC K algebra X is N-semi-lattice ordered, then
r<z,zoy<zor = z <.

Proof. Let z,y,z € X be such that 2 < z and 20y < z¢2. Then ¢z = 0 and
(zoy)*(z02)=0. It follows that

Toy = (Yf*O)Oy:(m*(moz))oy
= (sx(zom) oy =(z0y)*(z0m) =0

so that * <y. This completes the proof. O
Proposition 3.16. If a pseudo-BC K algebra X satisfies

ry<z,zoy<zox — x <y, (3.6)
then u=v* (vou) for all u,v € X with u < v.

Proof. Let u,v € X be such that v < v. Then v * (v ou) < v by (p5). Moreover,
Vo (L * (vou)) < wvou by (a2). It follows from (3.6) that u < vk (vowu). Since vk (vou) <u
by (a2), we conclude that u = v * (v o u). |

Proposition 3.17. Let X be a pseudo-BCK algebra such that
Ty <z,ziy<zikar — z<y. (3.7)
Then u=vo (v*u) for all u,v € X with u < v.

Proof. Let u,v € X be such that « < v. Note from (p5) that v o (v *u) < v. Since

v * (v o(v#*u)) < vs*u by (a2), it follows from (3.7) that v < v o (v * u). Recall that
vo(vxu) <u by (a2). Hence, by (ab), we have u = v o (v * u). |
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Theorem 3.18. A pseudo-BCK algebra X 1s N-semi-lattice ordered if and only of
y/\xzyo(y*(y/\x))./‘dx,yeX.

Proof. Since y Az <y for all x,y € X, the necessity is by Propositions 3.14 and 3.17. Let
X be a pseudo-BC K algebra which satisfies

yhae=yo(yx(yAuw)). Yo,y e X.
For any =,y € X with 2 <y, we have
r=x00=x0(z*y) :yo(y*(mo(r*y))) =yo(y*z)=xAy,
and so X is A-semi-lattice ordered by Proposition 3.12. O
Theorem 3.19. A pseudo-BCK algebra X is N-semi-lattice ordered if and only if
yNaz=y=x(yo(yna)), Yo,y € X. (3.8)

Proof. Let X be a N-semi-lattice ordered pseudo-BC' K algebra. Using Propositions 3.15
and 3.16, we know that y Na = y * (y o (yn 1)) for all #,y € X. Conversely, assume that
a pseudo-BCK algebra X satisfies the condition (3.8). Let 2,y € X be such that = < y.
Then

r = m*OZm*(ﬁ:oy):yﬁm:y*(yo(yﬁm))
= yx(yo(zx(roy)) =yx(yoz)=anNy,
and so X is N-semi-lattice ordered by Proposition 3.12. This completes the proof. O
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